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Abstract The rank statistic S, (t) = 1/n Z?:l ¢ R;(t) (t € R?), with R;(t) being
therankofe; —t'x;,, i = 1,... ,nandey,..., e, being the random sample from
a distribution with a cdf F, is considered as a random process with t in the role
of parameter. Under some assumptions on ¢;, X; and on the underlying distribu-
tion, it is proved that the process {Sn(\%) — S5,(0) —E S, (t), |t|]o < M} converges
weakly to the Gaussian process. This generalizes the existing results where the
one-dimensional case t € R was considered. We believe our method of the proof
can be easily modified for the signed-rank statistics of Wilcoxon type. Finally, we
use our results to find the second order asymptotic distribution of the R-estimator
based on the Wilcoxon scores and also to investigate the length of the confidence
interval for a single parameter ;.

Keywords Rank statistics - Asymptotic linearity - Empirical processes -
U-processes

1 Introduction
Consider the linear regression model

Yi=oa+Bixin+--+Bpxipt+e =Ol+ﬂTX,-+e,', i=1,...,n, (L1
where o and 8 = (B4, ... ,,BP)T are unknown parameters, x; = (x;1, ... ,xip)T,
fori =1, ..., n are known constants, and ey, . .. , ¢, are independent, identically

distributed random variables with a cumulative distribution function F. Let R;(b)
be the rank of ¥; —b'x; among Y, —b'x,...,Y,—b'x,andX, = (%1, ..., )'c,,p)T
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be the vector of the means of the columns of the design matrix X. Then the R-esti-

mator [9 r(based on the Wilcoxon scores) of 8 can be defined as the solution of the
following minimization

p n
. 1 ,
> 18, ()] := min, where 5, (b) = — > "(xij — %uj) Ri(b).
j=1 i=1
Or more informally we can say that /§ r ‘almost’ solves the system of equations

1 n
Su(b) = (Su(b). ... S, )T = 75 > (% — %) Ri(b) = 0.
i=1

The keystone for the inference about R-estimators is the uniform asymptotic linear-
ity of the statistic S, (b). This means that the difference 7,,(b) = S, (% +B8)—S,(B)

differs from a linear function by an amount which tends to zero in probability as
the number of observations increases (Jureckova 1971). For the case of a one-
dimensional parameter 8 and Wilcoxon scores, Jureckova (1973) showed that if
the difference between the statistic 7,,(b) and the linear form is multiplied by a
suitable constant (usually /n), one obtains stochastic process which converges
weakly to a linear process. This result was further generalized for the Wilcoxon
signed-rank statistics by Antille (1976) and for some other types of score functions
by Huskova (1980), Puri and Wu (1985) and Kersting (1987). We will general-
ize the results of JureCkova (1973) for the case of a multi-dimensional parameter
B=,....8 ,,)T. Our approach can be also easily modified for the Wilcoxon-
signed rank statistics.

The rest of this paper is organized as follows. In Section 2 we state the general
assumptions and the main theorems. Section 3 contains the proof of the asymptotic
representation of the leading term of the process, while the asymptotic negligibility
of the remainder term is considered in Section 4. Section 4 also contains the proof
of Theorem 2.2. Section 5 uses the results of the preceding sections. In the first, part

we present the second order asymptotic representation for the R-estimator 8, and
in the second part we find the asymptotic distribution of the properly standardized
length of the confidence interval for a single parameter.

2 Notations, assumptions, theorems

2.1 Notations

Lett = (¢1,...,t,) and write R;(t) for the rank of ¢; — t'x;//n among e; —
t'x,/ /0, ..., e, —t'x,//n. In the following we will be interested in the pro-
cesses
_ 1 n ) 1 n n th[ thJ
S, (t) = - X;ci R/(t) = - ;ci X;H{ei — Rz - 2D
i= i= j=
T, (t) = 5,(t) — 5,(0), 2.2)

Y,(t) = T,(t) — E T, (t), (2.3)



Second-Order Linearity of Wilcoxon Statistics 387

witht € T = {s € R? : |s|, < M}, where | - |, stands for the Euclidian norm, and
M is an arbitrary large but fixed constant.

2.2 Assumptions

We will need the following assumptions on the distribution function F), the design
X1, ..., X, and the constants ¢y, ... , ¢,.

(F.1) F has a bounded and uniformly continuous derivative f = F".
(F.2)

+00 +A
hmoF / / LFz+ ) — fO)Pdzdy = 0.

We note that the condition (F.1) is for our convenience to make the proofs simple
and it could be weakened. A slightly weaker assumption is used in Omelka (2006).
On the other hand the densities f which satisfy condition (F.2.)but do not satisfy
the condition (F.1) are rather curious.
According to Antille (1976) the condition (F.2) is satisfied in these two impor-
tant cases:
(i) f is such that |f(x +¢t) — f(x)| < [t|*h(x), with ¢ > 1 and h(x) €
Ly(—o0, +00)
(i) f is absolutely continuous and f’(x) € L,(—00, +00).
We note that the second condition is satisfied if there exists a finite Fisher infor-
mation of the density f.
Let | - |, stands for the Euclidian norm.

(X.1)
i 0 1 i > 1 i maxi<;<p Cl-2 0
¢ =0, - =1, im ——+ =0,
i=1 l L oo 3T ¢}
(X.1)
“ 1 « maxj<;<, |Xil2
x; =0, N ' x2=00), lim — == =
; n g 2 n— 00 ﬁ
(X.1)
. lcil IXil2
Am e = =0
(X.1)

] n
=) cxli=0x)
n i=1

The conditions (X.1)—(X.3) are analogous to the conditions in Jureckova (1973).
The last condition (X.?) is again only for convenience. If B,f = O(1) was not sat-
isfied, we would work with the process S, t)={/nBy,) Z?:l x; R{(t) and derive
analogous results.
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2.3 Theorems

Put y :ffz(x)dx.

Theorem 2.1 Under conditions (X.1)—(X.4) and (F.1)—(F.2) the process {Y,(t),t €
T} satisfies uniformly int € T

tT n n
V) =——=> leaxi+iY ;x| (fle)—y)+o,(1).  (24)
ﬁi:l j=1

Specially, if we put

1 n 1 n 1 n
Aﬁ:;ZC?X,'X;r-F?)(;ZCiX,‘) (;Zcixf),
i=l i=l i=1

then the process Y, (t) = Y, (A, 't) converges in distribution to the centered Gauss-
ian process {Y (t), t € T} with the covariance function cov{Y (t), Y (s)} = o*t's,
where 02 = [ f3(x)dx — .

Theorem 2.2 Suppose that f satisfies the assumption (F.2). Then uniformly in
teT

Yt o
ET,,t = —— i Xj 1).
(t) ﬁ,»;CXH()

Corollary 2.1 Under conditions (X.1)—(X.4) and (F.1)—(F.2) it holds uniformly in
teT

- - ]/tT n t'|' n 1 n
S,t) —S,(0) + — X, = ——— X + L X
0) ﬁ;cx ﬁ; ¢ X "JZZI:CJXJ

(f(e:) —v) +op(D). (2.5)

2.4 Preliminaries
In order to prove Theorem 2.1, we approximate the process Y, (¢) by its projection
(see e.g. Serfling 1980)

Y\" =¥, =) ElN|Xi]l -~ DEY,.
i=1

We will show that the projection Y1) has the asymptotic representation (2.4) and
that the remainder term ¥® = ¥, — Y1) is asymptotically negligible.
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3 The convergence of the process YV

Calculating the projection of the process Y,, we find out that Y,f“(t) = Z,(t) —
E Z,(t), where

n

Z,(t) = %Z S e [F (e = 2222) = Feen)| = 3 Zu®). G)

i=1 j=1 i=1

In the following we will check the conditions of the Jain-Marcus theorem [orig-
inally in Jain and Marcus (1975), restated in van der Vaart and Wellner (1996),
p- 213]. Suppose we have an index set F equipped with the semimetric p. Then
the covering number N (g, F, p) is the minimal number of balls of radius ¢ needed
to cover the set F.

Theorem 3.1 Let Z,;, ... , Zy, be independent stochastic processes indexed by
an arbitrary index set F such that

| Zni (f) = Zni(®)] < Myi p(f. 8). forevery f,g € F, (3.2)

where M1, ... , My, are independent random variables and p is a semimetric on
F such that

/\/logN(s,]-', p)de < o0 3.3)
0

where N (e, F, p) is the covering number for the index class F, and

k’l
> EM} =0(1). (34
i=1

If the triangular array also satisfies the Lindeberg condition

kn
> ENZuilF iz, 1556 — 0. foralle > 0, (3.5)

i=1

where || Z,i ||l F = SUp re | Zyi (f)|, then the sequence Zf;l (Z,;—E Z,;) converges
in distribution in £>° (F) (the space of bounded functions) to a tight Gaussian pro-
cess provided the sequence of covariance functions converges pointwise on F x F.

In our situation the index set is quite simple F = T = {t : [t|, < M}
with the Euclidian metric p(t,s) = [t —s|, = ,/ le(ti — s;)2. This implies

N(e, F, p) < max {(6M/e)?, 1} [see e.g. Lemma 4.1 in Pollard (1990)] and so
the condition (3.3) is satisfied.
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By (F.1) K = sup,{f(x)} < oo. Now calculate

|Zni(t)—zm»(s)|s—Z|cl—c,|\F( IR 3]

IA

]
WZM —cil It =) (x; —x))|
j=1

IA

K n
—7 2 (il +1ej1) (%l + %) p(t,9)
j=1

Kp(t,s) n n
—n3/; nlci| 1x;l2 + Z lcjl I1Xil2 + lcil Z IX; |2

IA

n
+Z lejl ;12
=1
Kp(t,s)

= —n [(eil + D Ixil2 4+ [ei] O(1) + O(1)]
= My p(t,s), (3.6)

which implies that the conditions (3.2) and (3.4) are met. Moreover, as

KM
”Zm”T = sup |Zm(t)| = — [(|Cl| + 1) |X1|2 + 0(1)] —> 0
teM \/—

the Lindeberg condition (3.5) is satisfied as well. Now Theorem 3.1 implies that
the process Z, = Z, — E Z, is asymptotically tight. We can repeat the previous
steps with the process

Zy,(t) = ~ Z(cl—c])[ (e = Co20) - Fen)]

n

tT n
+TZ cixi+ 1Y x| (fle) =),
nia j=1

to find out that the process Z, = Z! — E Z! is asymptotically tight as well.
Moreover from the expansion

Zm»(t)%i(ci—cj)(F(e ) - Feen)

= _Z Ci — I:f(e’)t (x; _Xj) + \X,\erIxj\z (1)]
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_Sfleot’ ¢ 1
- n3/2 Z(C’X’ CiXj — CJX1+CJXJ)+0(T)

3T "
=—f(jn2t Cin“l‘%ZCij +0<\/L;>s (3.7)

j=1

it follows that for every fixed t € T
var{Z/, (t)} = Z var{Z,, ()} —— (3.8)
i=1
which implies that the process Z/, converges to zero marginally. This marginal con-

vergence and the just proved asymptotic tightness give us sup,.y |Z,(t)| = o »(1),
which proves the statement of the theorem.

4 Asymptotic negligibility of Y
In the following, we will show that

1Y P ll7 = sup [Y, P (t)] = op(1). 4.1
teT

To prove (4.1) we will adapt the theory of U-processes introduced in Nolan and
Pollard (1987). For convenience we will denote this reference as NP. Let us recall
that Y® =Y, — YV, At first using (3.1) we notice that Y (t) = U, (t) — E U,(t),
where

U,,(t):—XI:c,Z[ { ej—%}—ﬂ{eiz.ej}]
A5l (rfo- ) - )

i=1 j=1

Zzgij(eiaeja N/L;,),

i=1 j=1

with
g, v, w) =% [Hu —w'x; > v—wx;}—I{u > v}

_C’;_C/ [F(u — WT(X,‘ —X;)) — F(Ll)] :

In the following, it will be more convenient to index the process ¥» with the class

of functions G = {g, t € T}. Letusdefine R, (g¢) := Y P (t) = U,(g0) —E U,.(g0).
The proof will be divided into several steps.
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4.1 Symmetrization

The first step is the symmetrization of the process R, (g¢). Lete], ... , e, be inde-
pendent copies of ey, ... , e,. Denote

U0 =D ) sijlelej,2),  R,(8) =U,(g) —EU,(g)
i=1 j=1

U (60 =) Y g ej 5, R,(g)=U,(g)—EU, (8

i=1 j=1
U/ (g0 =) &jle e, 5, R (80 =U, (g) —EU, (8.
i=1 j=1

With the help of these processes we define the symmetrized process

R™(g0) = Ru(g) — R, (g) — R, (g) + R, (g0)
— e 0 LY 0. (0 0. LY o .(0 o L
—ZZ[g,,(el,ej,ﬁ) gijei,ej m) — gijleis €5, )
i=1 j=1

+gi(¢;, ¢, ﬁ)]
n n
=2 D s e e el o) = Rulg™. (42)
i=1 j=1

This process has the same distribution as the process

n n

o sym _ sym / / t
RI(g )= § E 0i0; 8;j (eiﬂejﬂeivejv %)7
i=1 j=1

where o1, ... , 0, are Rademacher random variables. Let us introduce

. 1 n n
Rig) == D 00 gijeiejs )
i=1 j=1
Then it holds
ElR.(g0)llg <EllR:(g’ g =EIR] (g llg <4EIR;(gVllg

where the first inequality is a complete analogy of Lemma 1 in NP (the important
thing is that the process R, (g¢) is degenerated in the sense that its projection is a
zero process) and the second inequality is a simple triangular inequality. Next put

g;;)=%[H{ei—%zej—%}—ﬂ{eiiej}] (4.3)

g = o [F (e - 22) - Fep). (44)
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One more application of the triangular inequality yields
EllR;(g0llg < ElIR; (8 )llg +ElR; (&)llg-

In the sequel we will show that E || Ro(g(l)) lg = op(1). The proof for the process
R; (gt( )) is completely analogous. For the simplicity of notation g; will hencefor-
ward stand for gt(l).

4.2 Exponential inequality

The second step is an exponential inequality. Denote E, the operator of the
expected value induced by the random variables oy, ..., 0, (we condition on
€1, ... ,€en).

As Lemma 3 in NP it is shown:

Lemmad4.1 Leto, ... , o0, beindependent signvariables forwhich Ploc = +1] =
Plo =—1]= % Then for each real symmetric matrix A = [a;;] with Y_;_, Z;’ i

2 o 1

s <
4ij = a2

n n

E, exp Xn:i:aiojaij < exp ZZ a;;

i=1 j#i i=1 j#i

But the following simple calculation shows that this Lemma is actually true for an
arbitrary real square matrix A (with Y-/, > a7 < 723), as

n n

non
E dij T dji + aji
o EXp E E 0,0 dij = (7 exXp E E 0,0

i=1 j#i i=1 j#i
L 4.1
emga exp ZZT[ (a,, +(1J,)
i=1 j#i
7'[2 non
< exp TZZai . (4.5)
i=1 j#i

4.3 Chaining and the maximal inequality

In the third step we will make use of the technique known as chaining. Let (S, d)
be an index class equipped with the pseudometric d (-, -). Write N (¢, S, d) for the
covering number of the class S. We will make use of the following Lemma 5 in
NP.

Lemma 4.2 Let V be a convex, strictly increasing function on [0, 00) with 0 <
W (0) < 1. Suppose that the stochastic process Z indexed by the class (S, d) sat-
isfies:
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(i) ifd(s,t) =0, then Z(s) = Z(t) almost surely;

(ii) if d(s,t) > 0, then EW (Z(s) — Z(¢)) /d(s,t) < 1;
(iii) there exists a point so € S for which sup ¢ d(s, o) < 00
(iv) the sample paths of Z are continuous on (S, d).

Then

0
E sup|Z(s) — Z(s0)| < 8/ YN, S, d))dx,

seS
0

where 6 equals one quarter of the supremum in (iii).
Define the (random) pseudometric d,, on the space T as

172

d,(t,s) = Zn: Zn: [gij (ei(w), ej(w), ﬁ) — &ij (81'(60)7 ej(w), %;)]2

i=1 j=I

To make use of Lemma 4.2 we need to find an upper bound for the (random)
covering numbers N (x, T, d,,). For this reason we will use the technique of pseudo-
dimension introduced in Pollard (1990) — EP. Consider

hij(@,8) = I{ei (@) — ej(@) = sT(x; — %))} — [{e; (@) — ¢; (@) = 0}.
Using e.g. Lemma 4.4 of EP we can deduce that the subset of the space R""~D
Hpw = {(hij(w,s), 1 <i# j<n)seR}

has for all @ € Q2 uniformly bounded pseudodimension. Now set

a=(pl<i#j<n="1<i#£j<n

and let & © h stand for the pointwise product in R""~1 with kth coordinate oy /.
Then

N(sa Tv da)) S N(sv o @ Hnan | . |2) (46)

As |h;j(w, s)| < 1 we will take the vector H = (1,1, ... , 1) as the envelope for
‘H..- Notice that uniformly for all n

n n 6‘2 1 n
2 i 2
|05@H|2=E E ;S; c; =1
i=1 j#i i=1

Now Corollary 4.10 of EP guarantees the existence of universal constants A and
W such that for all w and for all ¢ (0 < ¢ < 1) and also forall n € N

1 w
N(Sy(X@Hnwvl'b)fA(g) .
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Combining this inequality with the inequality (4.6) yields N(e, T, d,,) < A(é)W.
But this further implies that the covering integral

s

an(s) = /log(N(x, T, da)))dx
0

is uniformly bounded for all @ and J, (s, w) — 0 for s — O uniformly in w € Q.

For simplicity of notation write 7, for the measure that places mass one at each
of the n(n — 1) pairs (e;, e;)(i # j) measure 1. Using the notation common in
empirical processes we will write

T =YY file.e).
i=1 j#i
Now we are ready to formulate the analogy of Theorem 6 of NP.
Lemma 4.3 There exists a universal constant C such that for alln € N
ElR,(g)llg < CE (6, + Ja(60)), 4.7
where 67 = (1/16)[1 T, (D) lg-

Proof Set W(x) = 1/2exp(x/2mw — 1/8). For a fixed @ we verify that the process
R; (g¢) meets the conditions of Lemma 4.2. The only nonobvious condition is (ii).
Put f = gy — g and with the help of Lemma 4.1 calculate

E ex (IR;(gt)_R;(gs”)_E ex IR, ()l
o &XP 2rd(t, s) = FocXP 21T, (f2)

<E,exp —R'?(f) +Esexp —_Rs(f)
B 27/ T, (f?) 27/ T, (f?)

2

n ) — o (S
Lemma 4.1 5 ex n_ZZ,-:l D (gu (ﬁ) glj(ﬁ)> —dexp (1)
= P12 42T, (f2) — Pl

This gives the desired exponential inequality E , W (W) < 1. Thechoice

so = 0 in Lemma 4.2 yields

Hn
Eo|R;|| <8 / v (N(x, T, d,))dx
0

O,
<8 f % + 27 10g2N (x, T, dy)) dx < C (0 + Juo(®2)) -
0

Averaging out over the w gives inequality (4.7).
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By virtue of Markov’s inequality and inequality (4.7) to prove || R, (g¢)llg = 0, (1)
. . P
it suffices to verify that 6, —— 0.

n—oo

Let us denote &, = (2M/\/n) max<i<n |Xi|2. The condition (X.?) implies
&, = o(1). Observe that

N
[gij (ei,ej, J—ﬁ)] < ﬁﬂﬂei —ejl = el

This further yields

n 2
E6 < CEIfle) —esl < &) — 0,
n n— 00
i=l1

which implies 6, —— 0.
n—0oo

The proof of E || R;, (g¢)llg = o(1) for g, = gt(z) would be completely analogous.

Proof of Theorem 2.2. From the proof of Theorem 2.1 we can see that

+00
e T
FACESDIDD /[F(y — 2% = X)) = FOIdF(y) +o(1)
i=1

=%
Analogously as in Antille (1976) we can calculate

n n o0
D) = %;q > [1r (v s -x)

i=1%

tT n
—F()]dF () +y N > e
i=1

tT(x; —X;)

1 n n T NG
T / / fO=vf) — f(y)’dudy
i=1 j=1700 0
tT(x,-—x/-)
1 n n 1 NG
T on € / / [f(y —v) — fF(»]dvdy. (4.8)
i=1 J=1_% 0
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With the help of the conditions (F.2) and (X.1)—(X.4) we can see that for arbitrary
¢ > 0 for all sufficiently large it holds

e = 5Lt — x; 13
IDa(O)] = Elcflzlf
= Jj=

A

eM? | & 1 <
S [ lal [ B+ = x| =e0M). @9
i=1 j=1

5 Applications

5.1 Second order asymptotic representation of ﬁ R

We will use the asymptotic expansion (2.5) to find the second order asymptotic

representation for the estimator ;. Assume that there exists a positive definite
matrix V such that

V= 1m YV, = lim —Zx,

n—00 n—oon
i=l1

Then [according to Ren (1994)] when the conditions (F.1) and (X.?) are satisfied,
the estimator 8 ; admits the following first order representation

R v 2
VnBr—B) = —=) X F(e:) +0,(1). (5.1
R yﬁ; P
Letc = (xy7,...,%y)! be the [-th column of the matrix X, and suppose for a

moment that this column is orthogonal to the other columns of the matrlx X,,, that

is Y7 xyxij = O0forl # j. Thent'//n > ) Ci Xi = t//nY_|_, x3. Further
put T2 = (1/n) Y_/_, x3. Now insert t — V(B — B) into Eq. (2.5). After some
reorganization and using the fact S, (ﬂ r) = op(1/4/n) (see Jaeckel 1972) we get

ST R N1
V(B — B) VT2 Jm ;Zl Xi =,
R 1 n n >
_ _ T_E : v 2 :M
- (ﬂR ﬁ) y Tnzl\/ﬁ — Xi Xl + € — n
x(f(e) =) +or ()

T
6y 1 -l Zn
- _ﬁ {yﬁ XiF(ei)}

{ Z X xi + e T3) x(f(e,>—y)}+op (%) 62
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wheree; = (0,...,0,1,0,..., O)T is a vector of zeroes with the only one nonzero
element in the [-th coordinate. Both terms in the last equations are asymptotically
multivariate normal and in the case % Yo x;rx,- x;; — 0 also asymptotically inde-
pendent.

With the help of the Cramér—Wold device there seems to be no problem to
generalize the asymptotic representation (2.5) to the vector form. Put S,(t) =
(1/n) Y7 X R(1).

Then it holds

Sn<t>—Sn<0>+yﬁvnt———Z xi X[+ V,) (f(er) = ) t+0,(1). (5.3)

Inserting t — /n ([9 & — B) and after some reorganization we get

n

3 A\ Ri(B)
VnBr—B) — y—ﬁzsz

_ JM/-Zx,x +V,) (fe) =) (B — B) +0p(H)

1
(5D -~ { y?ﬁ Z (X +V,)) (f(er) — y)}
i=1

1 n
x {:—:‘/EZX,»F(&)} +op (%) (5.4)
i=1

The expansions (5.2) and (5.4) can be used as one of the theoretical insights to com-
pare different estimators, especially those which are first order asymptotic equiv-
alent. In Omelka (2005) in a simple linear regression model an R-estimator Bg

(based on the Wilcoxon scores) was compared with a M-estimator ﬁM. It is well
known that if a M-estimator is generated by the function ¥ (x) = ¢ (F (x) — %),

then /n(Br — Bu) = 0,(1). In Omelka (2005) the (nontrivial) asymptotic distribu-
tionof n (,3 R— ,3 ) was found, which implies that the R-estimator and M -estimator

are not second order equivalent.
Some numerical experiments show that the remainder term (o,,(ﬁ)) in rep-

resentations (5.2) and (5.4) multiplied by /n converges to zero rather slowly.
Analogous experiments for M-estimators (work is in progress) show that the sec-
ond order representations can be much more accurate (provided the i -function
and the underlying distribution of errors are smooth enough). We guess that this is
caused by the fact that a M-estimator can be a much smoother functional than an
R-estimator. Nevertheless the work of Lachout and Paulauskas (2000) indicates
that even in the case of very smooth M-estimators we can expect only a very slow
rate of convergence in the second order asymptotic distributional representations.



Second-Order Linearity of Wilcoxon Statistics 399

5.2 Length of the confidence interval for a single parameter §;

For b € R” denote b(r) the vector b with the /th coordinate replaced by ¢,
that is b(t) = (b1, ..., bi—1,t, biy1,...,b,). Next put S;,(t) = S,,Z(BR(I)) =
> > Xy Ri(Br(1)) and so S3,(B) = == D', xuRi(Bg). Let wy be the I-th
diagonal element of the matrix V, ' and z, = ®~'(1 — %), with ®~! being the
inverse cdf of a standard normal distribution. Then the confidence interval for the
parameter 8; can be constructed as D,ll =[b/, bf] with

by = sup{t : S5,(1) > %} b = inf{t : S3,(t) < %} (5.5)

For simplicity we will suppose again that the /-th column of the matrix X, is
orthogonal to the other columns of this matrix and 7,3 = 1 ™"  x2 = 1, which
further implies wy; = 1 [the general case can be found in Omelka (2006)].

The following theorem only restates the results of Sect. 5 of Jureckova (1973).

Theorem 5.1 If the conditions of Theorem 2.1 are satisfied, the lth column of the
matrix X,, is orthogonal to the other columns, Tnzl =1land J/n(Br —B) = 0,(1)
then the confidence interval D!, defined by (5.5) satisfies :

(i)

P(D.3p) —> 1—a
n—0oo
(ii)

Ly =/ =) (22) =1 =0

o n—00

(iii) put Aﬁ[ = %er'l:l xfl', + 3, then the standardized length of the confidence
interval \/nL,/A,; is asymptotically normally distributed with the parame-

3 .2
ters (0, [ wd—y? (Xy)fx Y ).

Proof From the uniform asymptotic linearity and with the help of our assumptions
about the matrix X,, it follows that uniformly for |b|, < M

Sut (L +B) = Su(B) + v bi| = 0,(1). (5.6)

Asb = ﬁ(ﬁR(ﬁl) — B) = 0,(1) and the [-th coordinate of the vector b is zero,
this yields S, (3R(,31)) = Su(B) + 0,(1), which further implies

P > ) =P (SiB) > 35) = P (SuBr(b) > )

=P (Snl(ﬂ) +o0,(1) > «7{72)

n
=P (# inzRi(ﬂ)-i-Op(l) > j%) — g,
i=1
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Analogously, we could show that P(b;r < B)) —— 35, which yields the state-
n—oo
ment (i) of the theorem.

To prove (ii), at first we need to show that

iy —B)=0,(1)  and  Ja®f —f)=0,(1). (57

For this reason let us calculate

P(J/nby —B) > 1) = P( nl <5Z+JL%> ~ Jzﬁ)

= P (Su (BetBi + ) > 3)

= P (Su(B) +yt +0,(1) > Z) —> 1-B(zy + ).

Thus /n(b; — ) is asymptotically normal. Analogously, we can prove that
\/r_z(b;r — B;) is asymptotical normal as well, which verifies (5.7). This enables

us to insert b — /n(Br(b) — B) as well as b — /n(Bg(b;) — B) in the
asymptotic linearity result (5.6). We get

SuBr(B) = Su(B) +y /] — 1) = 0,(1)
Su(Br(b;)) = Su(B) +y/nb; — B) = 0,(1).

Combining these two equations gives

y b = b)) = Su(Br®)) = SuBr®) +0p(1) = 25 + 0p(1),

which proves the statement (ii).
To show the last statement we insert successively b — /n(8 R(bl*) )

and then b — \/ﬁ(ﬁR(bI_) — B) in Eq. (2.5). Analogously as in the proof of the
statement (ii) we combine the resulting equations to get

j=1

1 n n
yn(b = b0) = Fs/n ==l —b) =3 | w45 )
i=1
X(f(ei) - V) + 017(1)7

which using the statement (ii) yields after some reorganizations
\/’ 1 n n
_ 3 2 2
Ja Vet =)L —1] = — |
i=1 j=1

x(f(e) —y)+op(D).

And so the statement (iii) is proved as well.
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5.3 Numerical example

We illustrate the results of Theorem 5.1 on the simulated regression model. As the
design matrix we used the Meyer matrix of order 27 x 2 (see Stigler 1986, pp. 16-25).
Further we normalize this matrix such that > ;_, x;; = 0 and % > xizj =1 for
Jj = 1,2. We were interested in 95% confidence intervals for the parameter 8;
constructed by the following three methods :

1 (LS) the traditional least squares estimate
2 (R ) the conf. interval based on the first order asymptotic representation (5.1)

r_ A za AW Za AWIL
D, = b~ 500 b+ 5275 ] (5-8)

where wy is the first element of the diagonal of the matrix V! and 7 is an appro-
priate estimate of y (to estimate y we have used the R-functionwilcoxontau,
see Terpstra and McKean 2004).

3 (R II) The confidence interval given by (5.5)

At first we were interested in small sample coverages and mean lengths of these
intervals. Some of the results, for the errors generated from standard normal dis-
tribution (N (0, 1)), ¢-distribution with five degrees of freedom (#5) and lognormal
distribution (L N (0, 1)), are to be found in Table 1. The first row of this table gives
us the estimated coverage probability, the second row presents mean length of conf.
intervals and the third row the variance of the lengths. We see that for symmetric
errors the method R II gives considerably smaller conf. intervals, but at the cost of
a slightly smaller than nominal coverage probability. We were surprised that for
asymmetric errors, R I method performs better than R Il in all aspects. Table 1 also
confirms the very well known fact, that LS method is tied down to normal errors.

Secondly, we wanted to assess the statements (ii) and (iii) of Theorem 5.1. We
chose the sample sizes n = 27, 54, 108 and 216 (as the design matrix we use the
appropriate multiples of Meyer matrix) and estimate the mean length of conf. inter-
val (multiplied by /n) and variance of this length (multiplied by n?). The results
for errors following exponential distribution (with density f(x) = e *I{x > 0})

Table 1 Results on confidence intervals for 81, n = 27 10000 random samples

N(,1) Is LN@O, 1
LS R1 RII LS R1 RII LS R1 R1II
Coverage 0952 0954 0944 0947 0950 0940 0.956 0.959 0.937

Mean (length) 0.787 0.852 0.784 1.005 0983 0915 1.537 0.832 0.835
Var (Iength) 0.013 0.025 0.019 0.053 0.042 0.036 0.762 0.054 0.073

Table 2 Results on confidence intervals for f;, for exponential errors 10000 random samples

n=27 n=>54 n =108 n =216 n=o0
RI RII RI R1II RI RII RI1 RII
Coverage 0.950 0935 0958 0947 0953 0946 0956 0951 0.950

/n Mean (length) 4.002 3.089 2.765 2.813 2.587 2.646 2.484 2534 2277
n? Var (length) 1407 1629 11.12 1398 9.540 12.51 8.556 11.18 8.068
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can be found in Table 2. Comparing the finite sample results with their asymp-
totic values (the last column of the table) we see that to approximate the mean
and especially variance of length of conf. intervals with their asymptotic values
is too optimistic, even in the situations with more than one hundred observations
and only two explanatory variables. But to be fair we chose one of the worst cases
(exponential errors). For normal errors the asymptotic approximations work for
n > 100 quite satisfactory.
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