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Abstract  In this paper, we consider a nonparametric estimator of the Lorenz
curve and Gini index when the data are subjected to random left truncation and
right censorship. Strong Gaussian approximations for the associated Lorenz pro-
cess are established under appropriate assumptions. A law of the iterated logarithm
for the Lorenz curve is also derived. Lastly, we obtain a central limit theorem for
the corresponding Gini index.
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1 Introduction

Let X be a positive random variable with continuous distribution function F, quan-
tile function Q and finite mean p. Gastwirth (1971, 1972) defined the Lorenz curve
corresponding to X as:

In econometrics, with X representing income, L(y) gives the fraction of total
income that the holders of the lowest yth fraction of income possesses. Most of the
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measures of income inequality are derived from the Lorenz curve. An important
example is the Gini index associated with F defined by

_ fol [u — Lr(u)]du
fol udu

where (CL)r = fol L (1) du is the cumulative Lorenz curve corresponding to
F. This is a ratio of the area between the Lorenz curve and the 45° line to the
area under the 45° line. The numerator is usually called the area of concentration.
Kendall and Stuart (1963) showed that this is equivalent to a ratio of a measure of
dispersion to the mean. In general, these notions are useful for measuring concen-
tration and inequality in distributions of resources, and in size distributions. For
a list of applications in different areas, we refer the readers to Csorgé and Zitikis
(1996a).

To estimate the Lorenz curve and Gini index, one can use the Lorenz statistics
L, (y) and Gini statistics G,, defined by

Gr

=1-2(CL)r,

Ly(y)==% [ Quw)du, 0<y<=<1,

o

1 (1.1)
G,:=1-2 [ L,(u)du,
0

where X is the sample mean and Q,(y) is the empirical quantile function con-
structed from i.i.d. sample taken from F. Goldie (1977) proved the uniform con-
sistency of L, to Ly and derived the weak convergence of the Lorenz process
Jr[L,(y) — L(»)],0 < y < 1 to a Gaussian process under suitable conditions.
A central limit theorem for the Gini statistics is also obtained. Csorg6 et al. (1986)
gave a unified treatment of strong and weak approximations of the Lorenz and
other related processes. In particular, they established a strong invariance principle
for the Lorenz process, by which Rao and Zhao (1995) derived one of their two
versions of the law of the iterated logarithm (LIL) for the Lorenz curve. Different
versions of the LIL under weaker assumptions are also obtained by Csorgd and
Zitikis (1996a, 1997). In Csorgd and Zitikis (1996b), confidence bands for the
Lorenz curve that are based on weighted approximations of the Lorenz process are
constructed.

However, data are often taken under restricted conditions. In this paper, we
consider data in the random left truncated and right censored (LTRC) model. In
contrast, we shall refer to the model above as the full model. Let X, T and S
be independent, positive random variables with continuous distribution functions
(df) F, G and L respectively. Moreover, F is differentiable with derivative f.
Let Y = min(X,S)and § = I(X < S).If Y > T, one observes (Y, T, §).
If Y < T, nothing is observed. We think of X as the variable of interest, the
observation of which is subjected to right censorship, S, and left truncation, T,
mechanisms. § indicates whether the observed Y is a censored item or not. This
is the LTRC model. Denote the df of Y by J. By the independent assumption,
we have 1 —J = (1 — F)(1 — L). Let (X;,T;,S;),i = 1, ..., N, be i.i.d.
as (X, T, S), where the population size N is fixed but unknown. The empirical
data are (Y;, T;,6;),i = 1, ..., n, where the number of observed triplets, n, is a
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Bin(N, ) random variable, with « := P(T < Y). The nonparametric maximum
likelihood estimator of F (Tsai et al. 1987) is

1 %
1—F,t) = ]_[ [1— nC,,(Y,-)} , (1.2)

iy <t

assuming no ties in the data where nC,(z) = Y., I{T; < z < Y;}. We shall
refer to F), as the product-limit (PL) estimator for the LTRC model. The quantile
function Q and its empirical counterpart Q,, are defined by

Q(p):=inf{z: F(t) = p} and Q,(p):=inf{r: F,t) = p} (1.3)

for 0 < p < 1. Gijbels and Wang (1993), established almost sure representation
of PL-estimator in terms of sums of normed i.i.d. random processes. Zhou and Yip
(1999) initiated and Tse (2003, 2005) established simultaneous strong Gaussian
approximations of the PL-process Z, (t) = /n [ F,(¢t) — F(¢) ] and the associated
PL-quantile process p,(p) := v/ f((Q(p)) [ Q(p) — 0, (p) ] by a two-parameter
Gaussian process.

Putting the PL-quantile function in place of the usual quantile function in (1.1),
we get an estimator of the Lorenz curve and the Gini index for the LTRC model.
Aside from enlarging the scope of application in econometrics, this is also impor-
tant in other areas, especially in the Medical and Health Sciences where such data
are frequently encountered. With such data, Lorenz curves and Gini indices could
be applied for measuring inequality between treatment or resources in different
geographical regions or income groups. In this paper, we develop these estimators
and study their asymptotic properties. In contrast with Goldie (1977) weak con-
vergence approach for the full model, we follow the lead of Csorgd et al. (1986) to
build on the strong approximation results of the PL-quantile process in Tse (2005).
While requiring stronger condition, the proof for this latter approach is much sim-
pler and the result is more powerful. The left truncation and the right censorship
model are included as particular cases. In the absence of both, our result reduces
properly to that of Csorgd (1983) for the full model.

2 Notation and preliminary results.

Conditional on the value of n, (Y;, T;, §;),i = 1, ..., n are still i.i.d. but with the
joint distribution of (Y, T) becomes

y
P{Y <y, TftITSY}=oF‘/G(tAz)dJ(z)
0

for y,t > 0. Here and in the following, fab = f(a p for0 < a < b < co. For
0<z<o0,let

Ce) :=5P(T <z<S)[1-Fi)]
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and F1(z) = P(Y <z, 6§ = 1| T <7Y). For the theorems below, we assume that
F, G and L satisfy the condition

oo

dF(z)
/ G <> Q2.1

0

The condition, while not optimal, serves to keep the variances of the limiting pro-
cesses finite near the lower end points and simplify the proof a great deal.

Forany df K, letax = inf{z : K(z) > 0} and bx = sup{z : K(z) < 1} denote
the left and right end points of its support. As in the random truncation model
(Woodroofe 1985,Gu and Lai 1990), F can be reconstructed only when ag < ay,
and bg < b;. For the sake of simplicity, we assume thatag = a; = Oand bg < by
throughout. For 0 < r < b < by, let

() := TR 2.2)
0

The next theorem is an adaptation of Theorems 2.1 and 2.2 from Tse (2005) that
would suit our purpose latter. The modification makes use of the law of the iterated
logarithm for two-parameters Wiener process, a proof of which can be found in
Csorg6 et al. (1981). The statements are conditional on the observed sample size
n.

Theorem 2.1 Suppose condition (2.1) is satisfied and 0 < py < p; < 1. Assume
that F is Lipschitz continuous and that F is twice continuously differentiable on
[O(po) — 68, O(p1) + 8] for some § > O such that f is bounded away from zero
there. On a rich enough probability space, one can construct a two-parameter mean
zero Gaussian process B(t, u) fort > 0andu > QwithCov [ B(s,n), B(t,m)] =
Jn/mk(s), forn <m,s <t such that, almost surely,

1 3/2
sup | pa(p) — (p1 — p) B(Q(p).n)| = O ((Orgll—’;g)> (2.3)

PO=P=pi

where 0 < Q(po) < Q(p1) < b. Moreover, B,(t) = B(t,n)//nforn=1,2,...
is a sequence of independent and identically distributed mean zero Gaussian pro-
cesses for 0 <t < b, b < by, with Cov [ B,(s), B,(t)] = k(min(s,t) ), for
0 < s,t < b < by such that, almost surely,

log n
sup | pa(p) — (p1 = p) B, (Q(p)) | = 0(}1,7), 2.4

PoO=P=p1

where 0 < Q(po) < Q(p1) < b.
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We shall apply Theorem 2.1 to establish strong approximation results for the
Lorenz process from which a LIL for the Lorenz curve will be derived.

3 Main theorems

Theorem 2.1 gives strong Gaussian approximations of the PL-quantile process over
restricted intervals [pg, p;] for fixed 0 < py < p; < 1. The restriction reflects
the presence of left truncation and right censorship, in the absence of which we
can take pg = 0 and p; = 1 under appropriate assumptions of F. For the LTRC
model, we present modified definitions of relevant notions over [pg, pi] in such
a way that results for the full model are recovered when pp = 0 and p; = 1. In
addition, we assume throughout that F has a finite expectation p.

In the full model, the total time on test transform curve corresponding to a
continuous distribution F on [0, 00), H;l(u), is defined for u € [0, 1] as (see e.g.
Langberg et al., (1980)

H () = f(l—y)dQ(y) _ (1—u>Q<u>+/ 0 dy, 0(0) =0.
0 0

Obviously, H ' (u) < H;'(1) := lim,y; Hy'(u) = p. For the LTRC model, we
modify the definition of H Y(u) as

Hy'(u) = (p —u)Q(u)+/ Q) dy, wu € [po, p1l. (3.1

po

As po | Oand p; 1 1, H;l(pl) — fol QO(y)dy = . We can regard H;l(pl) as
a surrogate for the finite mean w. A natural estimator for H, Yu) is

H'(u) = (p1 —u) Qn(u)+/ 0.(y»)dy, u€l[po,p1l. (3.2)
Po

where O, (u) is the right continuous version of the PL-quantile function. Lemma
3.1 says that this estimator is uniformly consistent over [pg, p;]. The following
lemmas hold in the probability space of Theorem 2.1.

Lemma 3.1 Suppose the conditions of Theorem 2.1 are satisfied and E X = [ is
finite. We have, almost surely,

lim sup |H,'(u)— H;'(u)| = 0.

gy
=00 py<u<pi
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Proof Here and in the following, we shall write sup for sup,, _, -, unless other-
wise stated. By Lemma 3.3 of Tse (2005), we have,

sup | H, ') — Hy'(u) | < SUP/ | Qn(y) — Q(y) [dy

po

+ sup [(pl —u)|Qn(u) — Q(u)l}

_ 0( lloglogn)
n

almost surely. O

Next, define the normed total time on test empirical process 7, (1) by

) := /n [ H'(u) — Hz'w)1,  u € [po, pil. (3.3)

Lemma 3.2 and its corollary characterize the asymptotic limit of 7, (u).

Lemma 3.2 Suppose the conditions of Theorem 2.1 are satisfied and E X = v is
finite. On a rich enough probability space, there exist a sequence of independent
and identically distributed mean zero Gaussian processes {B,(t),0 < t < b} for
b < by, with Cov|[ B,(s), B,(t) ] = k(min(s,t) ), for0 < s, t <b < by such
that, almost surely,

sup |t (u) —

Posu=pi
log n
_o(lm)

Proof By (3.1), (3.2), (2.4) and the definition of the PL-quantile process,

/ (p1 — y)B Q) dy + (p1 — ) B, (Qw))
(o) f(ow)

ta(u) = x/ﬁ/ 0, (y) = QW] dy + v (p1 —u) [ Qu(u) — Q(w) ]

(p1— ) B.(Q() (p1 —u)* B,(Qw)) ( log n )
dy + + O
/ floy) 7 7o) 21/

almost surely. The lemma is proved. O

The next corollary is a direct consequence of Lemma 3.2.
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Corollary 3.3 Suppose the conditions of Theorem 2.1 are satisfied and E X =
is finite. We have

sup /| H,'(u) — Hy'(u) |

Po=U=pi

sup
P0<u<p1

’

/ (P —y)B(Q(y)) dy + (p1 —w’B(Q())
(o) f(Qw))

where B(t) is a Gaussian process distributed as B, (t) in Theorem 2.1.

Next, we define the scaled total time on test transform, its statistics and asso-
ciated empirical process corresponding to F.

1 _1
= B W = e
Hp (p1) Hy'(p1)’ (3.4)

wy, (1) = \/ﬁ [ Wn(”) - WF(”)]

foru € [po, pi1]. Also, the cumulative total time on test transform and its empirical
counterpart are defined by

p1 P1
1
Ve = [ We(y)dy= ——— | H7'(y)dy,
F / F(y)dy le(l?l)/ F () dy
Po Po
D1
V, = / W, (y) dy. (3.5)

pPo

Lemmas 3.4 and 3.5 give the uniform consistency of W, («) and strong approxima-
tion of the scaled total time on test empirical process by limiting process respec-
tively. Lemma 3.6 is a central limit theorem for the normed cumulative total time
on test sequence v, := /1 [V, — V¢ ] that follows directly from Lemma 3.5.

Lemma 3.4 Suppose the conditions of Theorem 2.1 are satisfied and E X = . is
finite. We have almost surely,

lim sup | W,(u)— Wr)| =0.

— 00
n Po<u=pi

Proof By triangular inequality, the left hand side is bounded by

‘ H'uw)  H'w) ‘ Hi'(w)  Hi'(w
- T +su - TS
H, (p1) Hg (p1) Hp ' (p1)  Hg (p)
H:'(p)—H; ' (p1)

H, ' () —= - + SUP’

< sup
H, I(Pl) HFl(pl)

;[H—l(u) — H_l(u)]’|—>0
Hy'(py~ " "

almost surely by Lemma 3.1. O



682 S.M. Tse

Lemma 3.5 Suppose the conditions of Theorem 2.1 are satisfied and E X = | is
finite. On a rich enough probability space, there exist a sequence of independent
and identically distributed mean zero Gaussian processes {B,(t),0 < t < b} for
b < by, with Cov[ B,(s), B,(t)] = k(min(s, 1)), for 0 < s, 1 < b < by such
that, almost surely,

(p1 — ) B.(0Q(»)) (p1 —u)? Bn(Q(u)))
n dy +
wnl) = <p1> (f fley) 7 F(ow)

sup
po=u=p

H;'(u) / (1 —y)B (Q(y))d ‘z O<10gn>
T H o)’ (o) /e )

Proof By triangular inequality, the left hand side is bounded by

Sup‘Hn—l(u)ﬁ[Hgl(pl)—Hn—l(pl)] Hy'(w) /(pl—y)B(Q(y))d‘
Hy'(p) Hy ' (p1) (H:'(pD) (o)

- up Va[H ') - Hy'w] (/ (p1 —y) B.(QO)) 4
Hp (Pl)

Hy'(p1) )
(p1 —u)* B,(Q(w)) ) ' <log n )
+ =0
f(ow) n'/e
almost surely by Lemmas 3.1 and 3.2. O

Obviously, with (2.3) in place of (2.4) in the proofs of Lemmas 3.2 and 3.5, we
get companion statements of the results in terms of the two-parameter Gaussian
process in Theorem 2.1. The latter will be used in Theorem 3.7 below.

Lemma 3.6 Suppose the conditions of Theorem 2.1 are satisfied and E X =  is
finite. We have

o L (// (Pl—y)B(Q(y))d du +/ (p1 —u)’ B Q(u))du
Hp (Pl) f(em) f(Qw)

P (pi — ) B(O(Y)) )
-V d
i /p floy)

where B(-) is a Gaussian process distributed as B,,(-) of Theorem 2.1.

Next, we define the Lorenz curve corresponding to F in the LTRC model by

o i 0w
G

= oW e y € [po, p1l. (3.6)
Po



Lorenz curve for truncated and censored data 683

Note that from (3.1), (3.4) and (3.6), we have

(p1—y)0®)

Wr(y) = ,z,] 0G0 du

+ Lr(y). (3.7

Hence, defining the cumulative Lorenz curve corresponding to F as

P1
(CL)r 3=/LF(y)dy,

Po

we see that
D1 1 Py
/LF(y)dy = m // O(u)dudy
Po pPo Po Po

P1 D1 Pi

1 1
:W’//dyQ(u)du = W/(Pl—u)Q(u)du-

Therefore, we have Vp = 2 (CL)F, i.e., the cumulative total time on test transform
Vr is twice the cumulative Lorenz curve (CL)r. Hence, Lemma 3.6 is a central
limit theorem that can also be interpreted for

1 1
Evn = «/; [EVn—(CL)F}

and %Vn is a consistent estimator for (CL) . An estimator for the Lorenz curve is
the Lorenz statistics L, (u) defined by

20, (u) du

L,(y):= W,

y € [po, p1l,

and we have also the relationship

_ (1= Oy
Wn) =" 0, (u) du

Po

+ L.(y), ¥y € [po, p1].

The empirical Lorenz process [, is defined by

L(y)=vn[L.y) —Lr(»)]. ye€lpo. pil-
Similarly to Lemma 3.5 and recalling the remark after Lemma 3.5, we have

Theorem 3.7 Suppose the conditions of Theorem 2.1 are satisfiedand E X = w is
finite. On a rich enough probability space, one can construct a two-parameter mean
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zero Gaussian process B(t, u) fort > OQandu > Qwith Cov [ B(s,n), B(t,m)] =
Jn/mk(s), forn < m, s <t such that, almost surely,

L) — </ (pr = y) BIOG). m)
H:'(p) (pl) f(em)

— VWA 1 3/2
~Lru )/ o ”Q((g)(y) & dy)‘ = 0<—(0i178) ) (3:8)

sup
PoSU=Di

where 0 < Q(po) < Q(p1) < b. Moreover, B, (t) = B(t,n)//nforn=1,2, ...
is a sequence of independent and identically distributed mean zero Gaussian pro-
cesses for 0 < t < b, b < by, with Cov[B,(s), B,(t)] = k(min(s, 1)), for
0 < s, t < b < by such that, almost surely,

L) — (/ (p1 —y)B (Q(y))d
Hy (Pl) (o)

B, 1
s [ )| o(52). oo

sup
Po=u=pi

The weak convergence implication of this result generalizes that of Goldie (1977)
to the LTRC model, albeit under more stringent condition.
Recalling from (3.1) and (3.2) that H;l(pl) = fp’;‘ O(y)dy and Hn_l(pl) =

o' 0, (y)dy, we also have

Corollary 3.8 Suppose the conditions of Theorem 2.1 are satisfied and E X =
is finite. On a rich enough probability space, there exist a sequence of independent
and identically distributed mean zero Gaussian processes {B,(t),0 < t < b} for
b < by, with Cov[ B,(s), B,(t)] = k(min(s, 1) ),forO <s,t <b < bysuch
that, almost surely,

y) B, (Q(y))
f(em)

sup
Po<U=D)

logn
“o(t2r)

The next theorem gives a LIL for the Lorenz curve. We work on the probability
space of Theorem 2.1. Let b, = (2n log logn)'/?, D[a, b] be the space of func-
tions on [a, b] that are right continuous and have left limits and S be Strassen’s set
of absolutely continuous functions

Al H7 (p) Lo) — Hy ' (p) L) ] — /(Pl

1

s=1{g1g:00,11>R, g0 =0, /(g’(x))zdxfl
0
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Theorem 3.9 Suppose the conditions of Theorem 2.1 are satisfied and E X is finite.
On a rich enough probability space, 1,,(-) /b, is almost surely relatively compact in
DI pg, p1] with respect to the supremum norm and its set of limit points is

) ' B 1 7 h(y)
G = {gh s gn(u) = H;l(l?l) ( QOO

) ) }
L 5 = = ) h H )
F()/f(Q(y)) Posu=pe e

where

/
H= { h:Ipo, pil = R, h(w) =1(Q(p»))"* (p1 — u) g(%) ges }

Proof Observe that the process A(-) = (p; —+) B(Q(-), u) over [po, p1]foru > 0
is equal in distribution to the process

[
1@t o w (g ) wzof

over [po, p1], where W (¢, u) is a standard two-parameter Wiener process. Hence,
for u = n where n are natural numbers, A(y)/b, is relatively compact in D[ py, pi]
and its set of limit points is 7 from the standard functional LIL for a two-parameter
Wiener process (Theorem 1.14.1 in Csorg6 et al. 1981). (3.8) then gives the desired
result. O

Alternatively using Goldie (1977) arguments, the LIL can also be retrived from
Gu and Lai (1990). In the absence of both truncation and censorship, Csorgd and
Zitikis (1997) showed that at least finite £ X? is needed when pp = 0 and p; = 1.
Lastly, we define the Gini index for the LTRC model as

oo d L= Le@]du () — po)?/2 — (CL)E
" " udu (p1 — po)?/2

In the absence of truncation and censorship, po = 0 and p; = 1, the original
definition of Gini index is recovered. Since
(p1 — po)* —2(CL)r  (p1 — po)* — Vr

(p1 — po)? (P1 — po)?

Po

Gr =

we have
Vo= Ve =V, —(p1 — po)*[1 = Grl= "V, — (p1 — po)* 2(CL),

and the central limit theorem for v,, holds also for /n[ V,, — (p1 — po)> (1 — Gf) ]
and /n[ V, — (p1 — po)? 2(CL)F 1. In particular, the cumulative total time on test
statistics V,, /(p1 — po)? is a consistent estimator of 1 — G . Thus, an estimator for
the Gini index is the Gini statistics defined by

Vi

G, =1-—.
" (p1 — Po)?
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Theorem 3.10 Suppose the conditions of Theorem 2.1 are satisfied and E X = |4
is finite.
We have

R (p1 — po)? < /(m y) B(Q(»))
n[G,— G —— | 2(CL d

// (P1 =) BQG)) / (p1 =W B(OQW) )
uj.
F(0) F(ow)
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