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Abstract We consider the sampling properties of U -statistics based on a sample
of realization from a class of stationary nonlinear processes which include, in par-
ticular, linear, bilinear and finite order volterra processes. It is shown that if the
size n of the realization tends to infinity then certain normalized versions of the
U -statistics tend to be distributed normally with zero means and finite variances.
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1 Introduction

Structures of stationary stochastic processes (SSP) have been investigated quite
extensively in the past and volumes of literature on SSP’s have emerged over a long
period of time. Historically, the researchers in this area have adopted, essentially,
two different kinds of approach. Starting with the pioneering work in Rosenblatt
(1956) which, for the first time, introduced the concept of strong mixing (SM)
properties of the SSP, the probabilists have invented several other kinds of mixing
conditions to characterize the SSP’s. They have used terms such as absolutely regu-
lar (ABR), uniformly mixing (UM) and *- mixing among others. Ibragimov (1962)
and Ibragimov and Linnik (1971) have investigated weak laws of large numbers
relating to sums of observations on stationary SM and UM processes. Other works
in this area have appeared in Bradley (1983, 1986, 2001), Davydov (1968), Denker
(1986), Doukhan (1994), Oodaira and Yoshihara (1972), Yoshihara (1978), and
Withers (1981) among others.

Statistical analyses of time series data, on the other hand, have, traditionally,
followed a different path. Statisticians working in this area have characterized
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the concept of dependence in a SSP through terms like linear (which includes
autoregressive moving average (ARMA) schemes), bilinear, Volterra, and thresh-
old autoregressive models (TAR), and have attempted to derive the sampling prop-
erties of various statistics computed from samples drawn from these processes. As
results of this research several interesting cases of weak and strong laws of large
numbers have been explored over the years.

The first attempt to demonstrate that a linear process (LP), under certain mild
regularity conditions, satisfies the SM conditions is due to Chanda (1974), Goradet-
skii (1977) and Withers (1981). ABR properties of a LP have been established by
Phan and Tran (1985). A LP can, asymptotically, be treated as a m-dependent se-
quence where m is unbounded and the central limit theorem (CLT) relating to sums
of observations on a LP follows, essentially, from the result in Hoeffding and Rob-
bins (1948) and Berk (1973). It is not necessary to prove this CLT by appealing to
the SM conditions of a LP. In fact, it is quite possible that the LP does not satisfy
the SM conditions and yet the CLT can be applied to sums of observations on a
LP. Two classic examples of such a LP have been mentioned in Rosenblatt (1980)
and Goradetskii (1977).

If we follow the path of time series analysts then it is imperative that we know
the exact structural model for the time series before we can validly carry out the
appropriate data analyses. Such is not the case for probability models which sat-
isfy various mixing conditions. If {Xt } is a SSP which has SM properties then any
measurable functions {g(Xt)}, {g(Xt , Xt+s)} for a given s are also SM. But if {Xt }
is a LP the function {g(Xt)} is not ordinarily a LP. Therefore, if we want to analyze
the sampling properties of statistics derived from such a process we need to use
other statistical tools to carry out the data analysis.

Various weak and strong laws of large numbers pertaining to statistics computed
from mixing processes have been established in the past. Ever since the concept
of the U-statistics appeared in Hoeffding (1948), several attempts have been made
to extend the asymptotic results about these U-statistics to processes which have
SM properties. Such extensions have been possible due to the works appearing in
Denker and Keller (1983), Sen (1972) and Yoshihara (1976) among others. The
most recent result concerning the asymptotic properties of the U-statistics is due
to Borovkova, Burton, and Dehling (2001) who assumed that the {Xt } is itself a
functional of another process {εt } which is ABR. But no systematic effort has been
made in the past to investigate if the large sample properties of the U-statistics can
also be proved for time series which are LP, bilinear (BL), Volterra or TAR models.

Our main objective in the sections that follow is to establish the CLT relating
to the U-statistics computed from a general class of stationary nonlinear processes
which include the LP, the BL, and the finite order Volterra processes. We should
also mention that the regularity conditions that we use in this paper are more gen-
eral than those in Borovkova et al. (2001) in the sense that the primary process {εt }
which determines the structure of {Xt } can, itself, be a process which is not neces-
sarily even a SM process and unlike in Borovkova et al. (2001) the seed function
of the U-statistics needs not be bounded.

2 A general class of nonlinear processes

Statisticians who deal with time series data often encounter situations where the
SSP’s {Xt } do not conform to linear models. Some of the simple nonlinear processes
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they have used to model these SSP’s when linearity is in doubt include BL and
Volterra processes (for description of these processes see Priestley 1988). In this
paper we introduce a class of stationary nonlinear processes which among others
include the BL and the finite order Volterra processes (see Chanda 1991, 2003) and
is defined by

Xt = εt +
∞∑

r=1

Wr,t , (1)

where we assume that {εt } is a sequence of independent and identically distributed
(IID) random variables, Wr,t , (r ≥ 1) is a function fr(εt−1, εt−2, . . . , εt−r−ω), w
is a finite integer ≥ 0, E|Wr,t |k < Mhk

r for every r ≥ 0(W0,t = εt ) and for some
k ≥ 1 and {hr, r ≥ 1} such that

∑∞
r=1 rh

1/2
r < ∞ (here and in what follows M is

used a generic symbol to denote a universal constant > 0).
For any ε > 0 if we define AN = {|∑∞

r=N Wr,t | > ε} for N = 1, 2, . . . we
have that E|∑∞

r=N Wrt | ≤ ∑∞
r=N E|Wr,t | ≤ ∑∞

r=N E1/k|Wr,t |k ≤ M
∑∞

r=N hr .
This implies that P(∪∞

N=mAN) ≤ ∑∞
N=m P (AN) ≤ ∑∞

N=m E|∑∞
r=N Wr,t |/ε ≤

M
∑∞

N=m

∑∞
r=N hr/ε ≤ M

∑∞
r=m rhr/ε ≤ M(

∑∞
r=m rh

1/2
r )/ε → 0 as m → ∞.

This shows that the infinite sum on the right hand side of (1) converges a.s.
Although we have assumed in (1) that {εt } is a sequence of IID random vari-

ables it is only for the sake of simplicity of derivation of the results that appear
in Sect. 3. We can easily establish the same results when {εt }, more generally,
belongs to a class of stationary processes which can even be non SM and {Wr,t } is
defined in a slightly different manner than in (1). For example, if {εt } is, itself, a
LP which may not be SM but, otherwise, satisfies some mild regularity conditions
and Wr,t = ∑r

j=1 λr,j εt−j εt−j−1 where λr,j (1 ≤ j ≤ r, 1 ≤ r < ∞) are suitably
defined constants then we can show (details withheld) that the results of Theorems
4 and 11 below will hold.

3 Sampling properties of U-statistics

Consider the function g which belongs to a general class of functions, with
Eg(X1) = θ, and E(g(X1))

2 < ∞. We are interested in exploring the large sample
properties of

Un = n−1
n∑

t=1

g(Xt), (2)

and, in particular, of

Zn = n1/2(Un − θ). (3)

Our primary objective is to investigate situations (relating to different forms of g)
for which L(Zn) → N (0, σ 2) as n → ∞, where σ is a finite positive constant.

Note that the boundedness of the moments of g(X1) depends very critically on
the boundedness of the moments of ε1 and g(ε1), and the relation between g(X1)
and g(ε1) through some Taylor series like expansion of g(X1) in terms of g(ε1).
To this end let us define
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J1(α, β) := E(g(ε1 + β) − g(ε1 + α))2 (4)

where α, β(β ≥ α) are arbitrary but fixed real numbers, and assume that

J1(α, β) ≤ M|β − α|k(1 + |α|	 + |β|	), (5)

where k ≥ 1 and 	 ≥ 0 are arbitrary but pure constants. As examples of func-
tions g satisfying relation (5) we may cite the following cases. (i) Let g(x) be a
step function satisfying some mild regularity conditions. (ii) Let g(x) be a rational
function of the form g(x) = P(x)/Q(x) where P(x) and Q(x) are polynomial
functions of finite orders and |Q(x)| ≥ C for every x and some constant C > 0. If
in (1) we assume that F ′

0 (F0 is the distribution function (DF) of ε1) then (5) holds
with k = 1 and 	 = 0 whereas (5) holds for (ii) with k = 2 and 	 = 2(p + q + 1)
if we assume that E|ε1|s < ∞ where s = max(2p, 2(p + q + 1)). (iii) If g is a
differentiable function with an everywhere bounded derivative g′, then (5) holds
with k = 2 and 	 = 0, if Eε2

1 < ∞.
Let θ = Eg(X) and set Yt = g(Xt) − θ . Then we prove the following Lemma

which will be useful for establishing Theorem 4 which is stated later.
We also assume from hereon that w = 0 (the adjustments that are necessary when
w > 0 are only marginal).

Lemma 3.1 Let {Xt } satisfy the a.s. representation in (1). Assume that (5) holds,
Eg2(ε1) < ∞, E|ε1|k+	 < ∞, E|Wr,1|k+	 < Mhk+	

r (r ≥ 1) for some sequence
{hr, r ≥ 1} of positive numbers such that

∑∞
r=1 rh

1/2
r < ∞. Then Eg2(X1) < ∞

and

|
∞∑

v=1

EY1Y1+v| < ∞, (6)

where Yt = g(Xt) − θ .

Proof Define Xa,t = ∑a−1
r=0 Wr,t , a ≥ 1. Then by Minkowski’s inequality and

conditions of Lemma 1, we conclude that E|Xa,t |p ≤ (
∑a−1

r=0 E1/p|Wr,t |p)p ≤
M(
∑a−1

r=0 hr) ≤ M where p is any positive number ≤ k+	. Similarly we can show
that E|X1|p ≤ M and E|X1 − Xa,1|p ≤ MH

p
a (Ha = ∑∞

r=a hr). Again by (5) and
the fact that X1 − ε1 is independent of ε1 we conclude that E(g(X1) − g(ε1))

2 =
EJ1(0, X1 − ε1) < M(Hk

1 + Hk+	
1 ) ≤ M . Therefore Eg2(X1) < ∞ by (5) and

the conditions of Lemma 1. This implies that EY 2
1 < ∞ and |EY1| < ∞. Also if

v ≥ 1 then

|EY1Y1+v| = |EY1(g(X1+v) − θ)|
= |EY1(g(X1+v) − g(Xv,1+v)|. (7)

�	
The result above follows from the fact that Xv,1+v which involves ε1+v,

εv, . . . , ε2 is independent of Y1 and EY1 = 0. From (5) and the fact that X1+v−ε1+v

and Xv,1+v − ε1+v are both independent of ε1+v we conclude that whenever v ≥ 1

|EY1Y1+v| ≤ E1/2Y 2
1 E1/2J1(Xv,1+v − ε1+v, X1+v − ε1+v)

≤ M(Hk/2
v H

	/2
1 + H(k+	)/2

v )

≤ MH 1/2
v (because k ≥ 1). (8)
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(in (8) we have used the Hölder’s inequality E(|X1+v−Xv,1+v|k|Xv,1+v−ε1+v|	) ≤
Ek/(k+	)|X1+v − Xv,1+v|k+	E	/(k+	)|Xv,1+v − ε1+v|k+	 ≤ MHk

v H	
1 ). The relation

(8) implies that

∞∑

v=1

|EY1Y1+v| ≤ M

∞∑

v=1

H 1/2
v < M

∞∑

r=1

rh1/2
r ≤ M. (9)

This completes the proof of Lemma 3.1.
For any arbitrary but fixed integer m ≥ 1, set Ym,t = g(Xm,t ) − θm, θm =
Eg(Xm,t ), Zm,t = Yt − Ym,t and Vm,n = n−1/2 ∑n

t=1 Zm,t .
We now prove

Lemma 3.2 Let the conditions of Lemma 3.1 hold. Then

L
(

n−1/2
n∑

t=1

Ym,t

)
→ N (0, σ 2

m), (10)

as n → ∞ where σ 2
m = ∑

EYm,1Ym,1+v and the summation is over all v such that
|v| ≤ m − 1.

Proof Note that {Ym,t } is a (m − 1) dependent SSP which implies that (10) holds
by a result due to Hoeffding and Robbins (1948). �	
Lemma 3.3 Let m be an arbitrary but fixed integer ≥ 1 and let conditions of
Lemma 3.1 hold. Then

E V 2
m,n ≤ Mm, (11)

for every n ≥ 1, where Mm depends strictly on m but independent of n and Mm → 0
as m → ∞.

Proof Observe that E V 2
m,n < 2

∑n−1
v=0(1 − v/n)E Zm,1 Zm,1+v . By using an

argument similar to that leading to (6) we, therefore, have that

EZ2
m,1 < MHm (12)

and

|EZm,1Zm,1+v| ≤ MHm.

If v ≥ m + 1 we can, in a similar manner, using the facts that Xm,1+v and Xv,1+v

are both independent of Zm,1 and EZm,1 = 0 conclude that

|EZm,1Zm,1+v| = |EZm,1(g(X1+v) − g(Xv,1+v)|
≤ ME1/2Z2

m,1E
1/2|X1+v − Xv,1+v|k

(1 + |Xv,1+v − ε1+v|	 + |X1+v − Xv,1+v|	)
< MH 1/2

m (Hk/2
v H

	/2
1 + H(k+	)/2

v )

< MH 1/2
m H 1/2

v (∵ k ≥ 1). (13)
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Therefore,

|
∞∑

v=0

EZm,1Zm,1+v| ≤ M

(
m−1∑

v=0

EZ2
m,1 +

∞∑

v=m

|EZm,1Zm,1+v|
)

≤ M

(
mHm + H 1/2

m

∞∑

v=m

H 1/2
v

)
= Mm (say). (14)

(14) implies that (11) holds and the proof of Lemma 3.3 is complete. �	
We now prove

Theorem 3.1 Let {Xt } satisfy the a.s. representation in (1). Assume that (5) holds,
Eg2(ε1) < ∞, E|εk+	

1 | < ∞, E|Wr,1|k+	 < Mhk+	
r (r ≥ 1) for some sequence

{hr, r ≥1}of positive numbers such that
∑∞

r=1rh
1/2
r <∞. Setσ 2 =∑∞

v=−∞EY1Y1+v .
Then σ 2 < ∞. If σ > 0 then

L(Zn) → N (0, σ 2), as n → ∞. (15)

Proof The result of Theorem 4 follows from relations (6), (10), (11) and Theorem
7.7.1 in Anderson (1971). �	
Remark 1 Sometimes we can deal with functions which do not satisfy (5). For
example let {Xt } be an LP and let g(x) = exp(cx) where c is a finite constant. As-
sume that E exp(uε1) < exp(γ |u|θ ) for all u and some γ > 0 and θ ∈ (0, 2]. Then
Eg2(X1) < M exp(γ (2c)θ

∑∞
r=0 |gr |θ ) and J1(α, β) < M(β −α)2 exp(2|c|(|α|+

|β|)). We can then show that the results of Lemmas 3.1–3.3 will hold and hence
the result of Theorem 4 obtains.

Now consider a U-statistics of order a defined by

Un =
(

n
a

)−1∑
g(Xi1, Xi2 , . . . , Xia ), (16)

where g(x1, x2, . . . , xa) is a symmetric function of its arguments, and the summa-
tion is over all integer values of i1, i2, . . . , ia such that 1 ≤ i1 < i2 < · · · < ia ≤ n.
Write

θ =
∫

g(x1, x2, . . . xa)

a∏

j=1

dF(xj ), (17)

where F is the DF of X1. We shall establish the asymptotic normality of Zn =
n

1
2 (Un − θ) under some regularity conditions on g and F when Xt satisfies the a.s.

representation (1) with Wr,t being a function of εt−1, . . . , εt−r .
In order to simplify the details of derivation relating to an arbitrary but fixed

value of a we limit our discussion to the case a = 2. Only some tedious but routine
extension of this particular case will be needed in order to establish the general
case.
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Set

Zn := n
1
2 (Un − θ),

Tn := 2n− 1
2

n∑

i=1

(g1(Xi) − θ),

g1(x) :=
∞∫

−∞
g(x, y)dF(y) (18)

and

J2(a, b, α, β) := E(g(a + b, ε1 + β) − g(a, ε1 + α))2. (19)

Assume that

J2(a, b, α, β) < M(|b|k + |β − α|k)(1 + |a|	 + |b|	 + |α|	 + |β|	) (20)

for some k ≥ 1 and 	 ≥ 0.
As examples of situations where (20) holds we may cite the following cases. (i)

Let g(x, y) be a step function of x + y satisfying some mild regularity conditions
and assume that F ′

0 is uniformly bounded everywhere. Then (20) holds. (ii) Let
g(x, y) = P(x, y)/Q(x, y) where P and Q are polynomials of finite order and
|Q(x, y)| ≥ C for all x, y and for some C > 0. Then condition (20) is satisfied
for suitable choice of k and 	 provided some moment condition on ε1 holds.

Lemma 3.4 Let the symmetric function g(x, y) be such that Eg2(ε1, ε2) < ∞.
Assume that (20) holds, E|ε1|k+	 < ∞, E|Wr,1|k+	 ≤ Mhk+	

r for some sequence
{hr, r ≥ 1} of positive numbers for which

∑∞
r=1 rh

1/2
r < ∞. Then

L(Tn) → N (0, 4σ 2), (21)

where σ 2 = ∑∞
v=−∞ γv, and γv = E(g1(X1) − θ)(g1(X1+v) − θ)).

Proof Note that we can write g1(x) = Eg(x, X1). Let {ε̂t } be an independent copy
of {εt } and let {X̂t } be the correspondingly defined independent version of {Xt }.
Then by (20) and the conditions of Lemma 3.3 we conclude that

Eg2
1(ε1) = EE2(g(ε1, X̂1)|ε1)

≤ Eg2(ε1, X̂1)

≤ M(Eg2(ε1, ε̂1) + E(g(ε1, X̂1) − g(ε1, ε̂1))
2

≤ M(1 + EJ2(ε1, 0, 0, X̂1 − ε̂1))

< M(1 + E|X̂1 − ε̂1|k(1 + |ε1|	 + |X̂1 − ε̂1|	)
< MHk+	

1 < ∞. (22)

Similarly we can show that relation (5) is satisfied with k and 	 as defined in (20).
Therefore, all conditions of Theorem 3.1 hold and we conclude that

L(Tn) → N (0, 4σ 2), (23)

as n → ∞. This completes the proof of Lemma 3.4.
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Routine computation leads to the relation

EZ2
n =

3∑

α=1

Qα,n, (24)

where

Q1,n = C2
n

n−1∑

r=1

(n − r)EY1,1+r ,

Q2,n = 2C2
n

n−2∑

s=1

n−s−1∑

r=1

(n − r − s)

×E(Y1,1+rY1,1+r+s + Y1,1+rY1+r,1+r+s + Y1,1+r+sY1+r,1+r+s),

Q3,n = 2C2
n

n−3∑

t=1

n−t−2∑

s=1

n−s−t−1∑

r=1

(n − r − s − t)

×E(Y1,1+rY1+r+s,1+r+s+t + Y1,1+r+sY1+r,1+r+s+t + Y1,1+r+s+tY1+r,1+r+s),

Yij = g(Xi, Xj ) − θ and Cn = 2n1/2/(n(n − 1)). Similarly we can establish that

ETnZn =
5∑

α=4

Qα,n, (25)

where

Q4,n = Dn

n−1∑

r=1

(n − r)E(R1Y1,1+r + R1+rY1,1+r ),

Q5,n = Dn

n−2∑

s=1

n−s−1∑

r=1

(n − r − s)

×E(R1Y1+r,1+r+s + R1+rY1,1+r+s + R1+r+sY1,1+r ),

Ri = g1(Xi) − θ and Dn = 4/(n(n − 1)).
Our main objective at this stage is to show that E(Tn −Zn) → 0 as n → ∞, so

that we can be sure that Tn and Zn have the same asymptotic distribution. An appeal
to Lemma 3.4 will then establish the asymptotic normality of Zn. The following
Lemma will be useful in proving this asymptotic result. �	
Lemma 3.5 Let the conditions of Lemma 3.1 hold. Then for any positive integers
a, b, and r

E(g(X1, X1+r ) − g(Xa,1, Xb,1+r ))
2 ≤ M(Ha + Hb). (26)

Also if Eg2(ε1, ε2) < ∞ then

E(g(X1, X1+r ) − θ)2 = γ0 + O(H 1/2
r ). (27)
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Proof Note that since X1, X1+r − ε1+r , Xa,1 and Xb,1+r − ε1+r are independent of
ε1+r we have by (20) that the expectation on the left side of (26) is equal to

EJ2(Xa,1, X1 − Xa,1, Xb,1+r − ε1+r , X1+r − ε1+r )

≤ ME(|X1 − Xa,1|k + |X1+r − Xb,1+r |k)
×(1 + |Xa,1|	 + |X1 − Xa,1|	 + |Xb,1+r − ε1+r |	 + |X1+r − ε1+r |	)
≤ M(Ha + Hb).

By using similar arguments we can show that the expectation on the left side of
(27) is less than or equal to

M(E(g(X1, Xr,1+r ) − θ)2 + E(g(X1, X1+r − g(X1, Xr,1+r ))
2. (28)

It is easy to see from (26) that the second expectation in (28) is less than or equal to
MHr . Also since X1 is independent of Xr,1+r the first expectation in (28) is equal
to

E(g(X1, X̂r,1+r ) − θ)2 = γ0 + O(Hr),

where γ0 = E(g1(X1)−θ)2, and X̂t has been defined earlier in the proof of Lemma
3.4 with the corresponding formulation of X̂a,t . This completes the proof of Lemma
3.5. �	
Let us know go back to Qα,n(1 ≤ α ≤ 5) and show how to deal with the components
of these Q’s. The computations are tedious but routine and uses the methodology
described in Lemma 3.5. As an example we prove the following

Lemma 3.6 Let the conditions of Lemma 3.1 hold. Then for all positive integers
r and s we have the following relation.

EY1,1+rY1,1+r+s = γ0 + O(H 1/2
r ) + O(H 1/2

s ). (29)

Proof We have, by Lemma 3.5 and the fact that X1, Xr,1+r and Xs,1+r+s are mutu-
ally independent,

EY1,1+rY1,1+r+s = E[g(X1, Xr,1+r ) − θ + g(X1, X1+r )

−g(X1, Xr,1+r )][g(Xr,1+r , Xs,1+r+s) − θ

+g(X1+r , X1+r+s) − g(Xr,1+r , Xs,1+r+s)]

= E(g(X1, Xr,1+r ) − θ)(g(Xr,1+r , Xs,1+r+s) − θ)

+O(H 1/2
r ) + O(H 1/2

s )

= E(g(X1, X̂r,1+r ) − θ)(g(X̂r,1+r , X̃s,1+r+s) − θ)

+O(H 1/2
r ) + O(H 1/2

s ), (30)

where {ε̂t } and {ε̃t } are two independent copies of {εt } and {X̂} and {X̃t } are the cor-
respondingly defined independent versions of {Xt }. Another application of Lemma
3.5 will now lead to the fact that the last expression on the right side of (30) can
be written as

γ0 + O(H 1/2
r ) + O(H 1/2

s ).

This completes the proof of Lemma 3.6. �	
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By using arguments similar to those in Lemma 3.6 we can establish the follow-
ing results

EY1,1+rY1+r,1+r+s = γ0 + O(H 1/2
r ) + O(H 1/2

s ), (31)

EY1,1+r+sY1+r,1+r+s = γ0 + O(H 1/2
r ) + O(H 1/2

s ). (32)

We now use relations (24), (29), (31), (32) and the fact that
∑∞

r=1 H
1/2
r ≤ ∑∞

u=1

uh
1/2
u < ∞ and conclude that

Q1,n → 0 and Q2,n → 4γ0 as n → ∞. (33)

Consider now the components of Q3,n.

Lemma 3.7 Let the conditions of Lemma 3.1 hold. Then for all positive integers
r, s,and t we have that

EY1,1+rY1+r+s,1+r+s+t = γs + O(H 1/2
r ) + O(H 1/2

s ) + O(H
1/2
t )

EY1,1+r+sY1+r,1+r+s+t = γr + γs + γt + O(H 1/2
r ) + O(H 1/2

s ) + O(H
1/2
t ),

EY1,1+r+s+tY1+r,1+r+s = γr + γs + O(H 1/2
r ) + O(H 1/2

s ) + O(H
1/2
t ). (34)

Proof We can establish the results of Lemma 3.7 by repeated applications of argu-
ments similar to those in Lemmas 3.5 and 3.6. The details, however, are tedious to
derive but entirely routine and are, therefore, withheld. �	
Lemma 3.8

Q3,n → 8
∞∑

t=1

γt as n → ∞. (35)

Proof By Lemma 3.7 we conclude that

Q3,n = 48/(n(n − 1)2)

n−3∑

t=1

(
n−t

3

)
γt + Rn, (36)

where Rn is the contribution to Q3,n due to terms O(H
1/2
r )+O(H

1/2
s )+O(H

1/2
t ).

The first term on the right side of (36) → 8
∑∞

t=1 γt as n → ∞. In order to esti-
mate Rn we first choose an integer wn such that wn → ∞ but w3

n/n2 → 0 as
n → ∞. Then for any one of r, s or t exceeding wn the contribution to Rn due to
O(H

1/2
r )+O(H

1/2
s )+O(H

1/2
t ) is less than [M/(n(n−1)2)]n3∑∞

u=wn
H

1/2
u → 0

as n → ∞, whereas if none of the integers r, s, and t exceeds wn then the con-
tribution to Rn due O(H

1/2
r ) + O(H

1/2
s ) + O(H

1/2
t ) will be less than or equal to

[M/(n(n − 1)2)]nw3
n → 0 as n → ∞ (because each of the expectations on the

left side of (34) is bounded (by M)). This implies that Rn → 0 as n → ∞ and,
therefore, Lemma 3.8 is proved. �	

From relations (33), (34) and (35) we conclude immediately that

EZ2
n → 4γ0 + 8

∞∑

t=1

γt = 4σ 2. (37)
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Lemma 3.9

ETnZn → 4σ 2 as n → ∞. (38)

Proof Consider the relation (25) which shows that ETnZn = Q4,n + Q5,n. By
routine although somewhat long and tedious computation using arguments sim-
ilar to those leading to Lemmas 3.5 and 3.6 we conclude that Q4,n → 4γ0 and
Q5,n → 8

∑∞
t=1 γt as n → ∞. The result of Lemma 3.9 will, therefore, follow

easily from (25). Since ET 2
n → 4σ 2 as n → ∞,we have proved Lemma 3.9. �	

Theorem 3.2 Let the conditions of Lemma 3.4 hold. Then

L(n1/2(Un − θ)) → N (0, 4σ 2) as n → ∞, (39)

where σ 2 = ∑∞
r=−∞ γr and γr = E(g1(X1) − θ)(g1(X1+r ) − θ), −∞ < r < ∞.

References

Anderson, T. W. (1971). The statistical analysis of time series. New York: Wiley
Berk, K. N. (1973). A central limit theorem for m-dependent random variables with unbounded

m. Annals of Probability, 1, 352–354
Borovkova, S., Burton, R., Dehling, H. (2001). Limit theorems for functionals of mixing pro-

cesses with applications to U-statistics and dimension estimation. Transaction of the American
Mathematical Society, 353, 4261–4318

Bradley, R. C. (1983). Approximation theorems for strongly mixing random variables. Michigan
Mathematical Journal, 30, 69–81

Bradley, R. C. (1986). Basic properties of strong mixing conditions. In E. Eberlein, M. S. Taquu
(Eds.), Dependence in probability and statistics (PP. 165–192). Boston: Birkhauser

Bradley, R. C. (2001) Introduction to strong mixing conditions: Vol. I–III. Bloomington: Custom
Publishing, Indiana University

Chanda, K. C. (1974). Strong mixing properties of linear stochastic processes. Journal of Applied
Probability, 11, 401–408

Chanda, K. C. (1991). Stationarity and central limit theorem associated with bilinear time series
models. Journal of Time Series Analysis, 12, 301–313

Chanda, K. C. (2003). Density estimation for a class of stationary nonlinear processes. Annals
of the Institute of Statistical Mathematics, 55, 69–82

Davydov,Y.A. (1968). Convergence of distributions generated by stationary stochastic processes.
Theory Probability and its Applications, 13, 691–696

Denker, M. (1986). Uniform integrability and the central limit theorem for strongly mixing
processes. In E. Eberlein, M. S. Taquu (Eds.) Dependence in probability and statistics. (PP.
269–274). Boston: Birkhauser

Denker, M., Keller, G. (1983). On U -statistics and von Mises statistics for weakly dependent
processes. Zeitschrift fuer Wahrscheinlichkeitstheorie und Verwandte Gebiete, 64, 505–522

Doukhan, P. (1994). Mixing: properties and examples. Berlin Heidelberg New York: Springer
Goradetskii, V. V. (1977). On the strong mixing properties for linear sequences. Theory of Prob-

ability and its Applications, 22, 411–413
Hoeffding, W. (1948). A class of statistics with asymptotically normal distribution. Annals of

Mathematical Statististics, 19, 293–325
Hoeffding, W., Robbins, H. (1948). The central limit theorem for dependent random variables.

Duke Mathematematical Journal, 15, 773–780
Ibragimov, I. A. (1962). Some limit theorems for stationary processes. Theory of Probability and

its Applications, 7, 349–382
Ibragimov, I.A., Linnik,Y. V. (1971). Independent and stationary sequences of random variables.

Groningen: Walter Nordhoof
Oodaira, H., Yoshihara, K. (1972). Functional central limit theorem for strictly stationary pro-

cesses satisfying the strong mixing condition. Kodai Mathematical Journal, 23, 311–334



646 K.C. Chanda

Phan, T. D., Tran, L. T. (1985). Some mixing properties of time series models. Stochastic Pro-
cesses and their Applications, 19, 297–303

Priestley, M. B. (1988). Nonlinear and nonstationary time series analysis. New York: Academic
Rosenblatt, M. (1956). A central limit theorem and a strong mixing condition. Proceedings of

the National Academy of Sciences USA, 42, 43–47
Rosenblatt, M. (1980). Linear processes and bispectra. Journal of Applied Probability, 17, 265–

270
Sen, P. K. (1972). Limiting behavior of regular functionals of empirical distribution for stationary

*-mixing processes. Zeitschrift fuer Wahrscheinlichkeitstheorie und Verwandte Gebiete, 25,
71–81

Withers, C. S. (1981). Central limit theorem for dependent variables. Zeitschrift fuer Wa-
hrscheinlichkeitstheorie und Verwandte Gebiete, 57, 509–534

Yoshihara, K. (1976). Limiting behavior of U -statistics for stationary, absolutmdely regular pro-
cesses. Zeitschrift fuer Wahrscheinlichkeitstheorie und Verwandte Gebiete, 35, 237–252

Yoshihara, K. (1978). Probability inequalities for sums of absolutely regular processes and their
applications. Zeitschrift fuer Wahrscheinlichkeitstheorie und Verwandte Gebiete, 43, 319–329



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


