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Abstract Let & (= |lia+ 8] — | — Da+ 8] ( =1,2,...,m) be random
variables as functions of § in the probability space [0, 1) with the Lebesgue mea-
sure, where « € [0, 1] is considered to be an unknown parameter which we want
to estimate from the observation & := £}, &, ... &,. Let an observation £ be given,
which is a finite Sturmian sequence. We determine the likelihood function P, (&)
as a function of parameter «, and obtain the maximum likelihood estimator & (&) as
the relative frequency of 1s in a minimal cycle of &, where a factor n of £ is called a
minimal cycle if £ is a factor of #°° and 7, has the minimum length among them. We
also obtain a minimum sufficient statistics. The sample mean (&, +&,+- - -+§,)/m
which is an unbiased estimator of « is not admissible if m = 6 or m > 8 since it
is not based on the minimum sufficient statistics.

Keywords Sturmian sequence - Irrational rotations - Minimum sufficient
statistics - Admissible estimator - UMVUE

1 Introduction

Leté& =&, &, ...,&, be afinite 0-1-sequence. We denote the length m of £ by
|£] and the number of 1s in & by |£|;. We also denote p (&) := |&];/|&], the rela-
tive frequence of 1sin &. Let n = 1y, 2 ...n, be a finite 0-1-sequence. We say
that 7 is a factor of & if there exists an integer i with 0 < i < m — n such that
nj =&4+; (j=1,2,...,n). In this case, we denote n < &. We say that n is a
prefix of & if the above holds with i = 0.
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A finite O-1-sequence is called nontrivial if it contains both 0 and 1.
For a finite 0-1-sequence § = &, - - - §,,, we denote by €2, and €2 the set of
(o, B) € [0, 1] x [0, 1) satisfying

S=lia+pl—G—Da+p] (G=12,...,m), ey

and

respectively. Here | | denotes the floor (rounding down) function, and [ ] denotes
the ceiling (rounding up) function. Then, it holds for any finite 0-1-sequence & that
Q, # ¢ if and only if Q¢ # ) (Lemma 1). We call £ a (finite) Srurmian sequence
if 2, # ¥). We denote by St,, the set of Sturmian sequences of length m.

An infinite sequence &£,£,&; - - - such that

§i=lia+p]— G —Da+p] Vi) (or § = Tia+ ] — [ — Da+ B] (V)

for a fixed pair (¢, 8) € [0, 1] x [0, 1) with irrational « is called an (infinite)
Sturmian sequence which is a symbolic representation of the rotation R,0 =
0 + o (mod 1). It determines « as the relative frequency of 1 in &. Moreover,
such sequences are characterized as the least complex sequences other than the
eventually periodic sequences. Since the finite sequence & does not determine «,
it becomes a problem of statistical inference how to estimate o from £ under a
suitable statistical model. Sturmian sequences appear in biological neuron model.
Hata (1982) showed that aperiodic spike sequences generated by a single neuron
model (Nagumo-Sato model, Nagumo and Sato, 1972) are Sturmian.

The partition of [0, 1] x [0, 1) by Q¢s for m = 3 is as follows, where the set
Q¢ is denoted simply by &:

We may consider £ = £, - - - £, as a random variable defined by Eq. (1) with
random element § in the Lebesgue measure space [0, 1) and unknown parameter
a in [0, 1]. The sample space is St,,. As usual the probability, expectation and
variance under the parameter « is denoted by P,, E, and V,, respectively. Thus,
we have a statistical model (St,,,, P,, a € [0, 1]).

By Eq. (1),

Lma ] (B < 1—{ma})
|€|1=Lm0‘+ﬁJ:{LmaJ+1 (B =1— {ma}),

where { } denotes the fractional part. Hence, we have

Ey(p(§)) = (1/m)Eq(I511)

= (I/m)(Ima](1 = {ma}) 4 (Lma | + Dima})

= (I/m)(lma] + {ma})

= (1/m)(ma) = 3)
Vo (p(€)) = (1/m*) Eq (1§11 — ma)?)

= (I/m*)(Lma] = ma)*(1 — (ma}) + (Una] + 1 — ma)*{ma})

= (1/m*)(fma}* (1 = {ma})) + (1 — {ma})*{ma})

= (1/m*){ma}(1 — {ma}). “)
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Therefore, the sample mean p(£) is an unbiased estimator of o having the
variance given by Eq. (4). It is not admissible if m = 6 or m > 8 under the qua-
dratic loss function since it is not based on a minimum sufficient statistics (Theorem
2).

The following theorem is well known.

Theorem 1 (Morse and Hedlund, 1940) For any finite 0-1-sequence &, § is Stur-
mian if and only if it is balanced, i.e., | Z;H‘ & — Zj“ ;| < 1 holds for any
positive integers i, j, L suchthat 1 <i+ L <|&|,1 <j+ L <|&|.

Let m be a positive integer. Then, we have the partition (see Fig. 1)

[0.11x [0, 1) = | J 2 (disjoint). 5)
£eSt,

This partition is discussed in Yasutomi (1998) and Berstel and Pocchiola, (1996)

In Berstel and Pocchiola, (1996), it is proved that for any finite Sturmian se-
quence &, the domain £2; is surrounded by at most four pieces of line segments, at
most two from above and at most two from below. Thus, there are only three cases
as in Fig. 2 for the shape of £2;.

In this paper, we prove that in the third case in Fig. 2, the abscissas of A and
B coincide (Lemma 7), which implies that the graph of P, (&) with respect to «
given & is of triangular shape as in Fig. 3. The value & = &(&) which maximize
P, (&) is the maximum likelihood estimator. That is,

Py(§) = max Py (§). (6)

«el0,1]
In Takahashi (2002) and Takahashi and Aihara (2003), it is proved that |o; —
a| < 2m—1/m@m —1) forany m = 2,3,... and £ € St,, where «; and

3
100 110
111
101
010
000
001 011
(8}

Fig. 1 Partition by Qs form =3
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AN

Fig. 2 Shape of 2,

Pa(f)

Fig. 3 Likelihood function

oy are such that [«, ;] is the support of the likelihood function P, (§) (Fig. 3).
This implies that the maximum likelihood estimator & as a function of («, 8) €
[0, 1] x [0, 1) and m through & € St,, defined by Eq. (1) converge to « as m — o0
for any B € [0, 1), i.e., & always converges to o without exception, which is a
stronger property than the strong consistency, i.e., lim,, .o & = « (P, — a.e.).

Let& = £,& ---&, be a 0-1-sequence. A positive integer p is called a period
of & if

‘i:i:%_i-‘rp (Zzl’zﬂ’m_p) (7)

This is equivalent to saying that for any factor n of & with |n| = p, § < ™ holds,
where n° implies the infinite time concatenation of 7.

The minimum positive integer p as Eq. (7) is denoted by per(£). Note that
per(£) always exists since |£| is clearly a period of &. A factor n of £ is called
a minimal cycle of & if |n| = per(&). We define p(§) := p(n), where n is any
minimal cycle of &.

For example, let £ = 0100100100 then m = |&£| = 10, periods of & are 3, 6, 9,
per(§) = 3 and factors are 0, 1, 01, 10, 00, 001, 010, 100, . ... We see that n = 010
is a minimum cycle, p(¢§) = p(n) = 1/3 and p(§) = 3/10.

Recall that a statistics T = T'(€) is called sufficient if for any £ € St,, and ¢,
the conditional distribution P, (¢ | T = t) does not depend on o € [0, 1] as long
as P, (T =1t) > 0.

This condition of sufficiency is equivalent to the following: for any &, &’ € St,,,
T(§) = T(&) holds if and only if &(§) = &(§"), a1 (§) = a1 (§') and ax(§) =
a3 (&") holds (Fig. 3). A sufficient statistics T is called a minimum sufficient sta-
tistics if for any sufficient statistics 7', the partition on St,, induced by T is finer
than that induced by 7T'. Note that a minimum sufficient statistics is unique in the
sense of the partition induced on St,,. Clearly, the triple (&, o1, &) is @ minimum
sufficient statistics.
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For & € St,,,, we define
1) = {i €ef{0,1,....m}; B —ip) = Ogr}igm(Ej —jﬁ(E))}

1(§) = {i €{0,1,... ,m} B —ip§) = 0r<nja<xm(3j —jﬁ(é))},
where E; ;=& +---+§& (i =0,1,...,n). The maximum or minimum value
in /(&) or 1(&) considered as a function of £ is denoted by max 7 (&), min (),
max I(£) or min /(£). We prove that max () — min /(%) is the slope of the
left line segment and max /(&) — min I(£) is minus of the slope of the right line
segment in Fig. 3.
In this paper, we prove the following theorem.

Theorem 2 For the statistical model (St,,, P,, o € [0, 1]) with the quadratic loss
function, we have

1. The maximum likelihood estimator & satisfies that @(§) = p(€) and the likeli-
hood at & satisfies that Py(§) = 1/per(&).
2. As for ay and o in Fig. 3, it holds for any nontrivial & € St,, that

1

* (max 1(§) — min 1(&))per(£)
n 1

o+ —
(max 1(§) — min /(§))per(§)

3. The statistics (p, max I —min I, max I — min I) is a minimum sufficient
statistics.

4. The sample mean p = p(&) is not based on the minimum sufficient statistics
and is not admissible if m = 6 orm > 8.

5. The Bayes estimate oz with respect to the uniform prior distribution on o €
[0, 1] is determined by

~

o) =

oy =

o+ o +an
BET3

6. There is no UMVUE (uniformly minimum variance unbiased estimator) for o
ifm> 3.

Remark 1 Form = 1,2,3,4,5 and 7, the sample mean p is based on the above
minimum sufficient statistics. But we do not know whether it is admissible or not
except for rather trivial cases m = 1, 2 where p is admissible.

2 Prime segments

Leté =&,&...§, be a0-1-sequence. We denote
0:=0and B =) & (i=12....m). 8)

j=1

o]
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Lemmal Let§ = £\&, - - - &, be a 0-1-sequence.

1. Q. # ¥ ifand only if Qs # 0.
2. For (o, B) € [0, 1] x [0, 1), the condition (1) is equivalent to the following

condition:

E <ia+B<E+1 (=0,1,...,m). 9)

3. For (a, B) € [0, 1] x (0, 1], the condition (2) is equivalent to the following
condition:

B <ia+B8<E+1 (i=0,1,...,m). (10)

4. If § is nontrivial, then S is the set of («, B) satisfying Eq. 9.
5. If & is nontrivial, then ﬁg is the set of (a, B) satisfying Eq. 10.

Proof 1. IfQé # (), then there exists («, 8) € [0, 1] x [0, 1) satisfying Eq. (1).
Then, there exists 8’ with 8 < B’ < 1 satisfying Eq. (1) such that iaz + 8’ is
not an integer forany i = 0, 1, ... , m. Then, we have

& = lia+p] — LG — Da+p'] = Tie+ 71— [( — Da + 7.
Thus, (o, B') € 55 and 55 # (). The converse is proved similarly (Fig. 4).
2. If (o, B) € [0, 1] x [0, 1) satisfies Eq. (1), thenfori = 1,2, ..., m, we have

12
==
Jj=1

= (Lje+ Bl — LG — Da+ )
j=1

= lia + B].

Fig. 4 The graph of y = ax + B with (@, B) € Q;
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Hence, we have Eq. (9).
Conversely, if («, 8) € [0, 1]1x [0, 1) satisfies Eq. (9), thenfori = 1,2, ... ,m,
we have

lig +B] — [ — Da+B) = & — B = &.
3. The proof is similar to 2.
4. Assume that Eq. (9) holds for (¢, 8). Then, wehave 0 = Eyp < 8 < Eo+1 = 1.
Moreover, since & is nontrivial, we have 1 < E,, <m — 1.
Hence, ma > E,, — B >0andma < E,, + 1 — B <m, sothata € (0, 1). Thus,
(o, B) €10,1] x [0, 1). Then by 1., (a0, B) € Qé The converse follows from 1.

5. The proof is similar to 4. O

Let & = && ---&, be a Sturmian sequence, which is fixed throughout this
section. Let ', and I'¢ be the minimal concave function and the maximal convex
function, respectively, defined on the interval [0, m] satisfying that

i)=& (=01,...,m) (11
and
Te@)<Ei+13G=01,....m), (12)
respectively. Clearly, they are piecewise linear functions such that I';(0) = 0,
L (m) = Ep, Fg(_O) = 1 and T¢ (m) = B + 1 (Fig. 5). .

A point (Z, j) in [0, m] x [0, c0) is called an integer point if both i and j
are integers. A closed line segment AB with A = (A,, A,), B = (B,, By) and
A, < B, contained in the graph of T’ such that the set of integer points on AB is
{A, B} is called a prime segment of Fg. A maximal closed line segment A B with

A, < B, contained in the graph of T'; is called a maximal segment of T's. In the
same way, we define a prime segment of I'; and a maximal segment of I';..

[1]
[
[V

| | | |
1 2 3 4

511
=2}

Fig. 5 The graph of I'; and Te
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Lemma 2 ]. For any (o, B) € [0, 1] x [0, 1), («, B) € 2 holds if and only if
Fi(x) sxa+p < Fg(x)for any x € [0,m]. In partlcular, F:(x) < Fg(x)
holds for any x € [0, m]. . '

2. For any (o, B) € [0, 1] x (0, 1], (o, B) € S2¢ holds if and only if I (x) <
xa+ B < FE (x) for any x € [0, m].

3. Any integer point A on the graph of Uy (or Fg) satisfies that A = (i, ;) [or
A = (i, E; + 1)], respectively] for somei =0, 1, ... ,m.

4. There is no integer point in the domain

{(.y): 0<x <m, T.(x) <y <T:x)}

5. For a maximal segment CD of FE (or T¢), both C and D are integer points.
Moreover, there exists a positive integer k such that for any prime segment AB
of Ly (or Fg) contained in C D, we have CD = kAB where AB implies the
vector from A to B.

Proof 1. Let («, B) € ;. Then by Lemma 1, we have Eq. (9). Therefore, there
exists B’ > B such that

B <ia+Bf<ia+p <E+1 (=01,...,m). (13)

Since the functions xa + 8 and xa + B8’ of x € [0, m] are concave and convex at
the same time satisfying Eq. (13), we have

F.(x) <xa+p <xa+p <Tex) (14)

for any x € [0, m] by the minimality and the maximality of I'; or fg, respectively.

Conversely, if Iy (x) < xa + B < Fg (x) holds for any x € [0, m]. Then, we
have Eq. (9) since

B <L) <ia+B<T:()<E+1 (=01,....,m).

Then by 2 of Lemma 1, we have (o, B) € £,

Finally, since there exists (¢, 8) € £2;, we have Le(x) < Fé (x) for any x €
[0, m] by Eq. (14).

2. The proof is same as 1.
3. Let (i, j) be an integer point on Lé Then, by 1, we have

B <T()=Jj<T:() <& +1,

which implies j = E;. .
The proof is similar for I'¢.

4. Suppose that there exists an integer point (i, j) satisfying 0 < i < m and
Ly (i) < j < T¢(i) then we have

B <L() < j <Teli) < & +1,

which is a contradiction since both E; and j are integers.
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5. If either C or D is not an integer point, then we can decrease the function I,
near the point C or D, respectively, keeping the concavity and the inequality
(11), which contradicts with the minimality. Thus, C and D are integer points.

LetC = (C,, Cy), D = (D, Dy) be their coordinates and let k be the greatest
common divisor of D, — C, and D, — C,. Then, any prime segment A B contained

in C D satisfies that CD = kAB since B is the nearest integer point on C D to the
right of A. .
The proof is similar for I'¢.

Let C D be amaximal segment of I' .. We call C D central if there exists («, 8) €
€2, such that CD is on the graph y = xa + B. Let CD be a maximal segment of
I'c. We call CD central if there exists («, B) € Q¢ such that CD is on the graph
y = xa + fB. A prime segment CD of I'; (or I'¢) is called central if it is contained
in a central maximal segment of I, (or T'¢, respectively).

Lemma 3 /. Let AB be a central maximal segment of 'y (or T), then we have
By >2A,and 2B, — A, > m.

2. A central maximal segment of Uy (or FE) is unique if it exists.

Proof 1. Suppose to the contrary that either B, < 2A, or 2B, — A, < m holds.
Without loss of generality, we assume 2B, — A, < m. Define B’ by AB =
2AB. Then, we have B', < m.

Since by 5 of Lemma 2, both A and B are integer points, B’ is also an integer
point. Since AB is central, there exist («, 8) € Qg such that AB is on the graph
y = xo + B. Since B’ is also on this graph, we have Ep, < B’y < Ep, + 1.
Since B’ is above the graph y = I'; (x), we have B’y > [',(B'y) > Ep,. Thus,
8p, < B’y < Ep,+1.Thisisacontradiction since both E ' and B’y are integers.

2. Suppose that there exist two distinct central maximal segments AB and CD
of [5. Assume that B, < C,.Since 0 < A, < B, < C, < D, < m, either
B, <m/2or C, > m/2. This implies that either 2B, — A, < mor D, <2C,
which contradicts with 1. O

Lemma 4 Atleast one of the central maximal segment of Fg or the central maximal
segment of L'y exists.

Proof Assume that the central maximal segment of Tz does not exist. By 1 of
Lemma 2, there exists (o, f) € £2; such that I'y (x) < xa + 8 < FE (x) for any
x € [0, m]. Fixing o, we increase 8 € [0, 1) until Fg (x) = xa + B holds for some
x € [0, m] for the first time. If the equality holds for more than one point, then
the equality holds for a maximal segment of I'¢, which is central since it is on the

graph y = xa + 8 with (a, B) € §g, which contradicts with our assumption.
Hence,

L.(x) <xa+B <Tex) (15)
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holds for any x € [0, m] with the equality xo + 8 = Fg (x) for just one point
x = xo. Then, A = (xo, Fg (x0)) = (x9, xoo + B) is an integer point since it must
be a broken point of the piecewise linear graph y = I's (x) by the uniqueness.

Let o increase and B decrease keeping the value xoor + 8 invariant until the
graph y = xa + B touch the graph y = T¢(x) for the first time. By the above
argument with our assumption, the graph y = xa 4 B does not touch the graph
y = Fg (x) at a different point from A before it touch the graph y = I, (x) for the
first time. Let (o1, B;) be the value of («, ) when the graph y = x« + 8 touches
the graph y = T'¢ (x) for the first time. Then we have

L (x) < xa; + Bi < Te(x) (16)

for any x € [0, m],andg(x) = xo + B holds for some x € [0, m], say x|, while

xap + B = Fg (x) holds if and only if x = x, (Fig. 6).

Starting again from Eq. (15), let & decrease and S increase keeping the value
xoa + B invariant until the graph y = xa + B touch the graph y = T'; (x) for the
first time and the value («, 8) when it touch the graph y = ', (x) for the first time
be (a2, B2). Then we have

Le(x) < xay + B2 < Te(x) 7)

forany x € [0, m], and I'; (x) = xaa + B holds for some x € [0, m], say x», while
xay + B = ¢ (x) holds if and only if x = xo.

slope ay

slope a1

T o o

Fig. 6 Central maximal segment
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Then, we have x| < xp < x, and

Te(xo) < T¢(x0) = xoa1 + B1 = xp02 + Bo.

Since

Le(x0) — L (x1) - T (xo) — Lo (x1) _
X0 — X1 X0 — X1

al’

there exists x3 € (xy, xo) such that Lé’ (x3) < «a;. In the same way, there exists
x4 € (xg, X2) such thatgé/(m) > «y. Therefore, we have x| < x3 < x4 < x and

L/(x1 —0) > o > L/(x3) > T/ (x4) > o2 > [ (x2 + 0).

Hence, there exists a maximal segment BC of s with the slope a3 = Esl()%)
satisfying that @ > a3 > ap and x; < B, < C < x5.

We prove that BC is central. Let y = xa3 + 3 be the graph which contains
BC. Then, by 1 of Lemma 2, it is sufficient to prove that

L (x) < xa3+ B3 < Te(x) (Vx €[0,m]).

Since Li(x) < xo3+ B3 holds for any x € [0, m] by the concavity of L. it is
sufficient to prove that

xa3 + B3 < Fg(x) (Vx € [0, m]). (18)

Since BC is below the graph y = xa; + f; except possibly for B and a3 < «j,
we have

xaz + B3 < xay 4 B < Te(x)
for any x € (B,, m]. In the same way, we have
xo3 + B3 < xap + B < Te(x)
for any x € [0, C,). Thus, we have Eq. (18). O

Lemma S Assume that a central prime segment of 'y and a central prime segment
of FS exist at the same time. Then, their lengths and slopes coincide.

Proof Let AB and C D be the central prime segments of I, and of T, respectively.
Suppose that either their slopes or lengths do not coincide.

Lety = xa + 8 and y = xo’ + B’ be the graphs containing AB or CD,
respectively. Let x; = Ay A Cy and x, = B, Vv D,. Denote

A={(x,y): x1 £x =X, xa + B <y <xa' + B},

Since both AB and CD are central, A\(AB U CD) is contained in the domain
{(x,y); 0 < x < m, L) <y < Fg(x)} and has no integer point by 4 of
Lemma 2.

Assume that the slopes of AB and C D do not coincide. Without loss of gener-
ality, assume that the slope of A B is less than the slope of C D. Let F be the point

suchthat DF = CA if Ay < Cy,and BF = ACif A, > C,.Then, F is an integer
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point since A, B, C, D are integer points. Moreover, we have F € A\(ABUCD),
which contradicts the fact that A\(AB U C D) has no integer point.

Assume that A B and C D have the same slope but different lengths, say |AB| <
|C D]. Let F be the point such that BF = AC. Then, F is an integer point since
A, B, C, D are integer points. Moreover, F is in the interior of the line segment
C D, which contradicts with that C D is a prime segment of T;.

Thus, we have AB = CD, which implies that a central prime segment of I';
and a central prime segments of Fg have the same length and slope. O

3 Shape of 2,

Let & = &&, - - - &, be a Sturmian sequence, which we fix throughout this section.
In Berstel and Pocchiola, (1996), the duality between the domains

Zo={(x,y): 0<x<m, [;(x) <y <Te(x)}
Te={(x,y); 0<x <m, [;(x) <y <Te(x)}
and the domains Qé and 55 is discussed, although the notations used there are

slightly different from ours. We reproduce their results there in our framework.
For (x, y) € [0, m] x [0, c0), denote

(xx, )" ={(@ p) €[0,1]1 x [0, 1]; xa + B =y}
x, T ={( B) €l0,1]1 x [0,1]; xa + B < y}
(x,y)” ={(a, B) €[0,1] x [0, 1]; xax + B > y}
(x, ) = (x, )T U, )
()7 =, y)" U, n"

Thus, (x, y)* is a straight line in the domain [0, 1] x [0, 1]. Conversely, for («, 8) €
[0, 1] x [0, 1], denote

(a0, B ={(x,y) € [0,m] x [0,00); xa+ B =y},

so that («, B)* is a straight line in [0, m] x [0, 00). For a subset S of [0, m] x [0, c0)
or a subset T of [0, 1] x [0, 1], we denote

[ .9

(x,y)es

and

= () @p)"

(a.p)eT

Then we have the dualities: ((x, y)*)* = (x, y), for any (x, y) € [0, m] x [0, c0);
(e, B))* = (a0, B), for any (e, B) € [0, 1] x [0, 1].
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Lemma 6 We have
2 =()GE) " NG E+1D".
i=0 i=0
and
Q=[G E N[ )68+ D
i=0 i=0

In particular, both Q. and 55 are convex domains surrounded by a finite number
of line segments with nonpositive slopes.

Proof Clear from Lemma 1. O

Let Qéd be the closure of €2, which is a compact convex set surrounded by
line segments with nonpositive slopes. Let ex(£2, °!) be the set of extremal points of

Qéd. Take a point on a boundary of QECI and move it around the boundary counter-
clockwise. Then, the direction of the movement changed when it arrives at extremal
points. There is a unique extremal point such that the horizonal component of the
direction changes from negative to positive at this point, which is called the left
vertex. Also, there is a unique extremal point such that the horizonal component
of the direction changes from positive to negative at this point, which is called the
right vertex. The other extremal points are either upper or lower as defined below.

An upper edge ofgé is defined as ﬁg N3, 8 + D*forsomei =0,1,... ,m
if it contains at least two points. A lower edge of €, is defined as £, N (i, E;)*
for some i = 0,1,...,m if it contains at least two points. An upper vertex is
an intersection of two distinct upper edges belonging to Q¢. A lower vertex is an
intersection of two distinct upper edges belonging to £2;.

Lemma7 1. For Q € [0, 1] x (0, 1], Q is an upper vertex of 2 if and only if
Q* contains the central maximal segment of Fg. In this case, the slope of the
central maximal segment of FE is Qu, where Q = (Qq, Qp). Moreover, an
upper vertex is unique if it exists.

2. For Q €10,1]x[0, 1), Q is a lower vertex of Q2 if and only if Q* contains the
central maximal segment of ;. In this case, the slope of the central maximal
segment of L'y is Q4. Moreover, a lower vertex is unique if it exists.

3. Either the upper vertex or the lower vertex of S exists. Moreover, if both of
the upper vertex P and the lower vertex Q exist, then we have Py, = Q.

4. If the central maximal segment of Iy or the central maximal segment of T

exists, then their slopes coincide with the maximum likelihood estimator & (&)
(Fig. 3).

Proof 1. Let Q € Q¢ be an upper vertex of ¢- Itis the intersection of two distinct
upper edges, say PQ and QR, where P, < Q, < R,. Since P Q is an upper
edge, there exists i = 0, 1, ... , m such that the graph y = xa + &; + 1 — i«
in [0, m] x [0, oo) passing (i, &; + 1) is contained in the domain X for any
o with P, < a < Q,. Also, there exists j = 0, 1, ..., m such that the graph
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y=xa+E;+1—jain [0, m] x [0, 00) passing (j, E; + 1) is contained in

the domain ¢ for any & with Q, < @ < R,.

Fora = Q,, the graphs y = xa + &, + 1 —icandy =xa + E; + 1 — jo
should coincide, since otherwise, one of them is above the point (i, &; + 1) or
(j, 8j + 1) and is not in the domain Eg, which is a contradiction. Therefore, those
graphs coincide and pass both points (i, E; + 1) and (j, &; + 1). Since this graph
is contained in fg, these points are on the central maximal segment of T'¢ (x) with
the slope Q.

Conversely, if O* contains the central maximal segment of Fg (x), say AB.
Then, the graph y = xQ, + Qp contains AB and is contained in the domain .
Starting from o = Q4 and B = Qg, we can decrease « and increase 8 keeping the
graph in the domain X and keeping the equation A,a + 8 = A y. Hence, QN A*
contains at least two points including Q. The same thing holds for Q; N B*. Hence,
they are distinct upper edges whose intersection is Q. Thus, Q is an upper edge.

2. The proof is similar to 1.
3. It follows from 1, 2 and Lemma 5.
4. Clear from 1 and 2 and the shape of the domain €2, (Fig. 2). O

4 Main results

Leté =&, &, ... &, beaSturmian sequence, which we fix throughout this section.
For a pair of positive integers (u, v) with v < u, we denote by A(u, v) the
0-1-sequence of length u such that

Alw,v); = Liv/u] — [(G —Dv/u] (G =1,2,...,u),
and by A(u, v) the 0-1-sequence of length u such that
AMu,v); = Tiv/ul =[G — Dv/ul (=1,2,...,u).
For integers i, j with 0 <i < j < m, we denote
§li, jl1:=&iw18iv2 -+ 6.
Lemma8 /. Let AB be a prime segment of I'c. Then, we have Ay = E,,,
B, = Ep, and §[A;, B,] = A(B, — A,, B, — A,). Moreover, By — A and
B, — A, are coprime.
2. Let AB be aprime segment of T's. Then, we have A, = E4, +1, By = Ep, +1
and E[A,, By] = X(BX — Ay, By — A)). Moreover, B, — Ay and B, — A, are
coprime.

3. Let AB be a prime segment of L'y ( Fg ). It is central if and only if B, — A, is
a period of &. Moreover, B, — A, = per(§) holds in this case.

Proof (1) Let AB be a prime segment of Fg Since A and B are integer points on
the graph y = I (x), we have Ay = E,4, and By, = Ep by 3 of Lemma 2.
Since AB is in the domain X, (i, E;) is on or below AB and (i, E; + 1) is
above AB for any i with A, < i < B,. Therefore, we have

EBi<(@—-A)B,—A)/(By—A)+A, <E;+1, (19)
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or equivalently,
Ei =0 —A)By —Ay)/(B, — Ay)] + Ay (20)
for any i with A, <i < B,. Hence, we have

EA+i = Bati — Ba4ia1
= Ll(By - Ay)/(Bx - Ax)J - |_(l - 1)(By - Ay)/(Bx - Ax)J
= A(Bx - A)u By - Ay)i

fori =1,2,..., By — Ay, and hence £[A,, B] = A(B, — A, By — A,).
That B, — A, and By, — A, are coprime follows from the fact that AB contains
no integer point other than the end points A and B.

2. The proof is similar to the proof in 1.

3. Let AB be a central prime segment of .. Then, the graph y = xa + 8 (x €
[0, m]) which contains AB is in gg, so that for any i with 0 <i <m, (i, E;)
is on or below the graph and (i, E; + 1) is above the graph. Therefore, we have
Eq. (19), and hence, Eq. (20) for any i with 0 < i < m. This implies that

[1]

i+B,—A, = g + By - Ay 0O=<i=<m-—(B,—A),
and hence,

Eivp—a, =& (1 <i<m—(By—Ay)).

Thus, B, — A, is a period of &.
Conversely, let AB be a prime segment of I, such that B, — A, is a period of
&. Then, we have

Eivp—a, =& (1 <i<m—(By—Ay)).

Since E4, = A, and Ep, = B,, it follows that

B,r_A,\
Z E[+i = By - Ay
i=1

for any £ with 1 < £ < m — (B, — A,). Moreover since £[A,, B,] = A(B, —
A, B, — Ay), we have

J
Bi=Ay+ Y A(By— Ay, By — Ay + k(By — Ay)
h=1
= Ay + L](B\ - A)‘)/(Bx —A)]+ k(BV - Ay)
= |.(J + k(B — Ax))(By - A}')/(Bx —A)+ AyJ

= [( —A)(By = A))/(B: — Ay) + A, ]

for any i with 0 < i < m, where j and k are integers with 1 < j < B, — A, and
i =A;+ j+k(B, — Ay). Therefore, the graph y = (x — A,)(B, — A,)/(B, —
Ayx) + Ay (x € [0, m]) which contains AB is in the domain X.. Thus, AB is
central.
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Let AB be a prime segment of I'. Suppose that p := per(§) < B, — A,. Let
B, — A, = p +r with a positive integer r. Since (i, E;) is below the line segment
AB foranyi with Ay <i < By, (Ax+ p, Ba,4+p) and (A, +r, E4 4,) are below
AB. Hence, we have

Eatp — Ay B, — A, 21
p Bx - Ax
Eaar— A B,— A,
xt+r y < y Y . (22)
r B, — A,
Moreover, since p is a period of £, we have
By - aAX"'ﬁ = 4B, — SA+p
= SA+ptr T SA+p
EAX'H’ - EA;('

Then by Eqgs. 21 and 22, we have a contradiction:

By — Ay = (By — Ea4p) + (Eap — Ay)
= (EA,H - EA») + (EA#p - Ay)
B, —A, B, — A,
< Bx—Axr+Bx—Axp
(B, A)( +p)
B, — A,

Thus, B, — A, < per(§) holds for any prime segmentof I, and B, — A, = per(§)
holds for any central prime segment of I'; since in this case, B, — A, is a period
of & as is proved in the above.

The proof is similar for a prime segment in Fg. O

=B, —A,.

Let AB be a central prime segment of Lé Then, the factor £[A,, B,] of & is

called a convex kernel of €. Also, for a central prime segment A B of FE’ the factor
E[Ay, B,] of € is called a concave kernel of .

Lemma9 [. For a convex kernel n of &, we have n = A(u, v) withu := |n| =
per(§) and v := |n|, = per(§)p(&). Hence, a convex kernel of & is unique if it
exists.

2. For a concave kernel ¢ of &, we have n = A(u, v) with u := |¢| = per(&) and
v:=1C|y = per(&§)p(&). Hence, a concave kernel of & is unique if it exists.

3. Either the convex kernel of & or the concave kernel of & exists.

4. For the maximum likelihood estimator, we have a(§) = p(§).

5. For the convex kernel n of &, we have

. 1
min{|0]; — |0|p(m)} = -1+ TR (23)

and for the concave kernel ¢ of &, we have

1
max {|0]; — |0]p(¢)} =1 — T2

where “min” and “max” are for all prefixes 6 of n or ¢, respectively.
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Proof 1. Follows from Lemma 8 and the fact that

[nli = per(§)p(n) = per(§)p(§).

2. Similar to 1.
3. Follows from Lemma 4.
4. Follows from 4 of Lemma 7.
5. Letu := |n| and v := |n|;. Then, u# and v coprime by Lemma 8.

Since n = A(u, v), we have

memcomili — Imsmz.omilp() = Lliv/u] —iv/u=—j/u

foranyi =0,1,...,u, where j = iv (mod u) with 0 < j < u — 1. Since u and
v are coprime, there existsi = 0, 1, ... , u such that j = u — 1 holds in the above.
Thus, we have Eq. (23).

The other part is proved in the same way. O

Proof of Theorem 2 1. We have already proved that @(§) = 6(§) in Lemma 9.

To prove that P;(§) = 1/per(£), we may assume without loss of generality that
there exists the convex kernel  of £ such that n = £[i, i +u] withu = per(£). Then,
AB isacentral prime segmentof I';, where A = (i, E;) and B = (i +u, &;4,). Let
AB be on the graph y = xa + B8 (x € [0, m]). Then,by Lemma 7, = & = a(§).
Let B, be the maximum value of § such that the graph y = xa + 8 (x € [0, m]) is
in the domain fg. Then, y = x& + B8 (x € [0, m]) is in the domain PIP if and only
if B; < B < B,. Hence by 1 of Lemma 2, P;(§) = 5, — Bi-

Since the graph y = x& + B, (x € [0, m]) is in the domain fg, any point
(h, 8, +1)forh =0,1,...,mison orabove the graph. Moreover, by the maxi-
mality of f3,, there exists an integer & with & € [0, m] such that (h, E, + 1) is on
the graph y = x& + B,. Since u = per(£) and & = p(#), such an & can be found
in the interval [i, i + u]. Therefore, we have

Bo=En+1—ha= min {E;+1— ja}.

i<j<itu
Since B; = B; — i@, we have

B— B = i<‘}1<i}’+u{(5-f +1—ja) — (B —ia)}
=1+ min {l&n&2.. & — Em&ie. . Elom].

i<j<i+u

Hence, by Eq. 24,

1 1
Pa&) =P —pi= — = ——,
O=p—pr=rr=—

which completes the proof of 1.

2. Let & € St,, be nontrivial. Let « = & — ¢ for a sufficiently small & > 0. Let
the graph y = xa + 1 (0 < x < m) be in X, but not in ¥ and let the
graph y = xa 4+ f, (0 < x < m) be in fg but not in X,. Then, we have
Pu(§) = B2 — 1.



590 T. Kamae and H. Takahashi

Leti := max /(£)and j := min I(£).Then, the point (i, E;)ison y = xa+p;
and the point (j, 8; + 1) ison y = xa + fB,. Therefore,

P.(&) = B — B
= (8, +1— jo) — (& —ia)
= (8 +1—j(@—e) — (8 — i@ —¢)
= (B, +1—j&)— (8 —ia)— (i — j)e
= P;(§) — (max 1(§) — min 1(£))e,

which implies that the slope of the graph between «; and & in Fig. 3 is max 1(£) —
min /(&). Since P;(§) = 1/per(§), this proved the formula for «;. Similarly, we
can prove the formula for «;.

3. The statistics (&, max I — min /, max / — min /) is the minimum suffi-
cient statistics since it induces the same partition as (&, a1, a;) by the above
formulas. Note that per(£) is a function of & since it is the denominator of the
irreducible rational fraction equal to &.

4. Let T := (&, max I —min /, max / — min I).

Let m be an even number with m > 6. Let

E=Am—1,2)1
n=Aim-—1, 2)0.

Then, we have |§| = [n| = m, per(§) = per(n) = m — 1 and p(§) = p(n) =
2/(m — 1) while p(§) = 3/m and p(n) = 2/m. Moreover, it is easily seen that

1) = {m/2}
I(n) = {0, m—1}
1) =10, m =1}

I(n) ={(m —2)/2}.
Thus, we have

max /(£) —min 1(§) = (m/2) — 0 =m/2
max I(n) —min I(n) = (m — 1) — (m —2)/2 =m/2
max (§) —min I(§) = (m — 1) — (m/2) = (m —2)/2
max I(n) —min I(n) = (m —2)/2 —0= (m —2)/2.
Hence, we have T(§) = T(n) while p(&§) # p(n), which implies that p is not

basedon T.
Let m be an odd number with m > 9. Let

£E=x(m—2,2)10
n=i(m—2, 2)00.
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Then, we have |§| = |n| = m, per(§) = per(n) = m — 2 and p(§) = p(n) =
2/(m — 2) while p(¢§) = 3/m and p(n) = 2/m. Moreover, it is easily seen that
1) = {(m—1)/2}
1) = {0, m -2}
1) =1{0, m —2}
I(n) ={(m —3)/2}.

Thus, we have
max [(§) —min I(§) =(m —1)/2—-0=(m — 1)/2
max I(n) —min I(n) = (m —2) — (m —3)/2 = (m — 1)/2
max I(§) —min I(§) = (m —2) — (m — 1)/2 = (m — 3)/2
max /() —min I(n) = (m —3)/2 — 0= (m — 3)/2.

Hence, we have T(§) = T(n) while p(&§) # p(n), which implies that p is not
basedon T.

5. Since the Bayes estimate o3 for the observation & with respect to the uniform
prior distribution on o € [0, 1] is the mean of « measured by the normalized
likelihood function for & and the graph of the likelihood function is as in Fig.
3, we have

B a+o+a

B 3

6. Suppose that there exists a UMVUE T for «. Consider two unbiased estimators
§1+&+ -+ &n

o3

o) =

b+t
m—1

of a.

At first, assume that m is odd. Then for o = (m+1)/(2m), we have V,(p) = 0,
since P, is supported by the following m sample points:

1(01)(01) - - - (01), (0O1)1(01) - - - (O1), ..., (O1)(O1) - - - 1(01), (O1)(O1) - - - (O1)1
1(10)(10) - - - (10), (10)1(10) - - - (10), . .. , (10)(10) - - - 1(10)

each point of which has the same weight 1/m. On the other hand, if « = 1/2, then
we have V,(p") = 0, since P, is supported by the following two sample points:

0101---010, 1010---101

each point of which has the same weight 1 /2. Note that the sample point 1010 - - - 101
belongs to the both sets. Since 7 is UMVUE, we have

Vin-17em)y(T) < Vin—1y,em(p) =0 (24)
Vip(T) < Vip(p') =0. (25)
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It follows from Eq. (24) that 7 (1010 - - - 101) = (m — 1)/(2m), while by Eq. (25),
we have T(1010---101) = 1/2, which is a contradiction. Thus, UMVUE does
not exist.

For the case that m is even, we can do the same argument for « = 1/2 and
m/(2m — 2) to lead a contradiction.

Example 1 St consists of the following 36 elements:

000000 100000 010000 001000 000100 100100
010100 000010 100010 010010 001010 101010
011010 010110 110110 101110011110 111110
000001 100001 010001 001001 101001 100101
010101 110101 101101 011101 111101 101011
011011 111011 110111 101111 011111 111111

where 010100,001010, 101001 and 100101 have the same (&, a1, o) = (2/5, 1/3,
1/2), and 101011, 110101, 010110 and 011010 have the same (&, a1, @) =
(3/5, 1/2, 2/3). In the other cases, the sample mean coincides if the minimum suffi-
cient statistics coincides. Since p(010100) = p(001010) = 1/3, p(101001) =
p(100101) = 1/2, p(101011) = p(110101) = 2/3 and p(010110)
= p(011010) = 1/2, we have

5/12 & € {010100, 001010, 101001, 100101}
U) = E(p|&, oy, o)) = { 7/12 & € {101011, 110101, 010110, 011010}
p (&) otherwise.

Clearly, U is an unbiased estimator of «. For any o with 1 /3 < o < 2/5, since we
have

P,(010100) = P,(001010) = P,(101001) = P,(100101) = 3a — 1,

it holds that

1/1  5)\?
V,(U) = Vy(p) — 4GB — 1) §(§_E> +

= Vu(p) —4(1/2){6a}/144
— {6a}(1 — {6a})/36 — {6a}/72
= {6a}(1/2 — {6a})/36

In the same way, we have

{6a}(1/2 —{6a})/36 1/3 <a <2/5
({6a} —1/3)(1 — {6t})/362/5 <a < 1/2
Ve (U) = {6a}(2/3 —{6a})/36 1/2 <a <3/5
({6a} — 1/2)(1 — {6a})/36 3/5 < < 2/3
{6a}(1 — {6a})/36 otherwise.



Statistical problems related to irrational rotations 593

Example 2 St; consists of the following 36 elements:

000000 100000 010000 001000 000100 100100
010100 000010 100010 010010 001010 101010
011010 010110 110110 101110 011110 111110
000001 100001 010001 001001 101001 100101
010101 110101 101101 011101 111101 101011
011011 111011 110111 101111 011111 111111

where 010100,001010, 101001 and 100101 have the same (&, a1, o) = (2/5, 1/3,
1/2) and 101011, 110101, 010110 and 011010 have the same (&, a1, an) =
(3/5,1/2,2/3). In the other cases, the sample mean coincides if the minimum
sufficient statistics coincides.
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