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Abstract We study the large deviation principle for M-estimators (and maximum
likelihood estimators in particular). We obtain the rate function of the large devia-
tion principle for M-estimators. For exponential families, this rate function agrees
with the Kullback—Leibler information number. However, for location or scale fam-
ilies this rate function is smaller than the Kullback—Leibler information number.
We apply our results to obtain confidence regions of minimum size whose coverage
probability converges to one exponentially. In the case of full exponential families,
the constructed confidence regions agree with the ones obtained by inverting the
likelihood ratio test with a simple null hypothesis.

Keywords M-estimators - Maximum likelihood estimators - Large deviations -
Empirical processes - Kullback—Leibler information

1 Introduction

We discuss the large deviation principle (LDP) for M-estimators. M-estimators
have many good properties and they are used in many different situations. Their
main property is that they are robust statistics. As an application, we obtain new
results on the large deviations of maximum likelihood estimators (mle’s).

The large deviations of mle’s have being considered by many authors. Let
{f(-,0) : & € O} be a family of pdf’s, where ® is a Borel subset of RY. Let
{Xj}‘]?o:] be a sequence of i.i.d.r.v.’s with a pdf belonging to { f(-,0) : 6 € ®}. An
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mle é,, = é,,(Xl, ..., X,) of 6 is a value such that
n n
[1rX;. 60 =suw]]rx;.0.
=1 6e® =1

Given an estimator 7,, of a parameter 6, the error of the estimation is |7, — 8|. The
probability that the error of estimation is bigger than € is Py{|7, — 6| > €}. The
limit
J(T,, €,0) :=liminf n=" In (Pp{|T,, — 0] > €}). (D)
n—0o0
is called the inaccuracy rate of the estimator 7,. In the one dimensional case,

Bahadur (1967, 1971) proved that, if 7, is a consistent estimator of 6, then, for
eachf € O,

lim liminf € 2n " In (Po{|T,, — 0| > €}) > =20 (0), )

e—>0 n—o©

where v(60) is the Fisher information at 8 and PPy is the probability when 6 obtains,

i.e.
aln f(X,0)\* 92In (X, 0)

Bahadur also proved that, under regularity conditions, for each 6

lim lim inf €2~ In (P9{|én 6> e}) — 27 1y0), 3)

e—>0 n—o0

This shows that mle’s are asymptotically efficient in the sense that they minimize
the former limit.

Bahadur et al. showed that if 7, is a consistent estimator of 8, for each § € ©,
then, foreach 6 € O,

liminf =" In (Pe{|T, — 0] > €}) @)
n—>oo
> —inf{K(f (-, 01), f(-,0)) : 6 satisfying |6, — 0] > €},

where K is the Kullback—Leibler information of the densities f (-, 8;) and f (-, 9),
i.e., for densities f and g with respect to a probability measure u,

K(f.g) = f In (&) £ du().
g()

In this situation, mle’s are not optimal estimators. Kester and Kallenberg (1986)
gave examples of mle’s satisfying and not satisfying

liminfn~"In <P9{|é,, —6 > e}) (5)
n—oo
— —inf{K(f(, 6), f(-,0)) : 6, satistying |6; — 0] > €}.

For exponential families, there exists equality in the previous expression. We will
prove that for location families which are not member of an exponential family,
the previous equality does not hold.
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Our techniques are based on the (LPD) large deviation principle of empirical
processes. In Sect. 2, we present new results on the LPD for empirical processes
with values I, (T), where T is an index set and /o, (T) is the set of bounded func-
tions in 7 with the norm |z|c := sup,y |2(¢)[. A sequence of stochastic processes
{U,(t) : t € T}1is said to follow the LDP in /,,(T") with speed en_l, where {¢,} is
a sequence of positive numbers converging to zero, and with good rate function /
if:

(i) Foreach0 < c¢ < 00, {z € [,o(T) : I(z) < c}is a compact set of [ (T).
(i1) Foreachset A C Io(T),

—inf{l(z) : z € A°} <liminf ¢, In(P.{{U,(t) :t € T} € A})
< limsupe, n(P*{{U,(t) :t € T} € A})

n—oo

< —inf{l(z) : z € A},

where A° (resp. A) denotes the interior (resp. closure) of A in [o,(T) and P, (P*)
denotes the inner (outer) probability. General references on the LDP are Deuschel
and Stroock (1989) and Dembo and Zeitouni, (1998). The main property of the
LDP is that it is closed by continuous functions: if {U,(¢) : t € T} satisfies
the LDP with speed €, !"and good rate function 7 and F : [(T) — R?isa
continuous function, then F({U,(¢) : t € T}) satisfies the LDP with speed €, 1
and with good rate function

Ip(t) =inf{l(2) : z € I(T), F(z) =t}

[see for example Lemma 2.1.4 in Deuschel and Stroock (1989)].

From the LDP of estimators, it is possible to obtain the inaccuracy rates of
estimators. Suppose that a sequence of estimators {7,,} satisfies the LDP with rate
function I, (¢), when 6 obtains. Assuming that

inf{ly () : t satisfying |t — 6| > €} = inf{ly(¢) : ¢ satisfying |t — 6| > €},
we have that
J(T,, €,0) =inf{ly(¢) : t satisfying |t — 0] > €}. (6)

In Sect. 3, we present sufficient condition to obtain the LDP for M-estimators.
Letg : § x ® — R be afunction such that g(-, ¢) : § — R is measurable for
eacht € ©, where ® be a Borel subset of R¥. A natural estimator of a parameter

6 € O suchthat E[g(X,t) — g(X,0)] > 0foreacht # 6, is the estimator @n
such that

n n

-1 Ay -1 )
n' Y e(Xj.6) =infa”t Y e(X ). (M

j=1 j=1

Since the estimator 6, is minimizing the stochastic process

n_IZg(Xj,t):te('*) , )
j=1
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it is expected that, under certain conditions, é,, satisfies the LDP with the rate
function

I5(t) = inf{l,(2) : z € [x(®), z(-) is minimized at ¢},

where I, is the rate function of the LDP of the sequence of stochastic processes in
Eq. 8. Heuristically, this is true because in some sense, the function which assigns to
a function the value where the minimum of the function is attained is a continuous
function. R

We also consider M-estimators 6, defined by

n 'Y h(X;.60,) =0, )

j=1

where h(-, 1) : S — R? is a measurable function for each t € ©. Here, én is
estimating a value 8 characterized by E[h(X, 6)] = 0. In this case, it is expected

that, under certain conditions, 6, satisfies the LDP with the rate function
I5(t) = inf{l;(2) : 7 € [x(®), z(t) = 0},

where I, is the rate function of the LDP of {n~! Z?:l h(X;,t) 1t € ©}). Wewill
show that

I;0) =~ inf In Efexp('h(X. 1)) (10)

For some one dimensional M-estimators, Sievers (1978) and Rubin and Rukhin
(1983) obtained that the rate of certain M-estimators is given by Eq. 10. Fu, Li,
an Zhao (1993) obtained much more general results for the large deviation of
one dimensional mle’s. Kester (1985) and Kallenberg (1986) found the inaccuracy
rates of mle’s from an exponential family. Borovkov and Mogulskii (1992) gave
upper and lower bounds for the large deviations of M-estimators parameterized
by a compact set. Joutard (2004) considered the large deviations of M-estimators
over a sequence of necessarily identically distributed sequence of r.v.’s when the
parameter set is compact. Our results apply non necessarily compact parameter
sets.

When applied to the mle’s, we obtain that, under certain conditions, when 6

obtains, the mle 6, satisfies the LDP with speed n and rate function

Ip(t) := — inf In EglexpA'V,1In f(X, 1)], (11
reRd

where V, denotes the (vector of partial derivatives) gradient of In f(x, t). We
prove that foreach 1,60 € O, Iy(t) < K(f(-,1), f(-,0)). Ifforeach?,0 € O,
Iy(t) = K(f(-, 1), f(-,0)), then the mle minimizes the limit in Eq.4 among all
possible estimators. However, in general Ip(t) < K(f(-, 1), f(-,0)),fort # 6.
Theorem 3.2 determines when Iy(t) = K(f(-,t), f(:,60)). For an exponential
family, we have that Iy(¢) = K(f(-,t), f(-,0)). The only location families for
which Iy(t) = K(f(,1), f(-,0)), foreach t,0 € ©, are the ones which are
exponential families.
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In Sect. 4, we apply the results in Sect. 3 to obtain confidence regions whose
coverage probability approaches to 1 exponentially. Suppose that, when 6 obtains,

é,, satisfies the LDP with speed n and rate function /5 (-). Given 0 < a < 00, define
Upo = {t eR? : I(t) < a}and

CoX1,...,. X)) ={0 €O én(Xl, vy Xp) € Up ol (12)
Assuming that {t € R? : I;(t) < a}is an open set, then Co (X1, ..., X,,) is a
confidence region for ® such that foreach6 € O,
lim supn’1 In(Py{0 € Co (X4, ..., X)}) (13)
n—0o0

= limsupn~'In (Pe{le(én) > 05})

n—00

< —inf(Iy(0) : I(1) = @) < —a.

The confidence regions obtained in this way have some minimality properties. In
some sense, they are the smallest regions based on 6, satisfying Eq.13. Suppose
that given 0, Gy 4 is a set such that {t € RY : I@t) < a) Z Gy, then,

liminf 7! In (Pg{é,,(xl, o X)) € G }) > _inf{ly(1) : 1 € Goa ) > —at.

n—o0

Hence, if

liminf n~" In (Pg{é,l(xl, LX) d GM}) < —a,
then {t € R? : I4y(t) < a} C Ggy. Assuming that {t € R? : I4(t) < a}is
an open set, we have that {r e R? : I;j(t) < a} C (m)". When the mle’s are
sufficient statistics, one should expect that the regions in Eq.12 are the smallest
regions over all the regions satisfying Eq.13.

The classical asymptotic confidence intervals are constructed fixing the cover-
age probability to a fixed number less than one and letting the size of the region
go to zero as n — 00. The procedure here is opposite. We allow the size of the
confidence region do not go to zero, but the coverage probability goes to one as the
sample size goes to infinity. In the case of full exponential families, the constructed
confidence regions agree with the ones obtained by inverting the likelihood ratio
test for a simple null hypothesis. In Brown et al. (2003), it is argued that for a big
group of exponential families the confidence intervals obtained by inverting the
likelihood ratio test are best overall. Our results complement the results of these
authors. These authors study the size of the confidence regions when the coverage
probability is constant.

Large deviations have many applications in statistics. Large deviations are used
in some definitions of efficiency (see Bahadur, 1971; Serfling, 1980; Nikitin, 1995).
Often in sequential analysis, it is of interest to use confidence intervals of fixed
length. Fu (1975) proved that the limits of the density of a sequence of estimators
is related with their large deviations. Jensen and Wood (1998) have used the large
deviations of mle’s to study the density of mle’s (see also Skovgaard, 1990).

The proofs of the theorems in Sects. 2, 3,4 are in Sect. 5. We will use usual multi-
variate notation. For example, given u = (uy,...,ug) € R and
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v = (v,...,v9) € R, uv = Zle wjvj and |u| = Q) u?)‘/z. Given
feRYande > 0,B(0,¢) = {x € R : |[x—0| < €}.Givenad x d matrix A,
Al = SUp,, y,erd v, |.juy=1 V1 AV2. Given arate function I and a set A, we denote

I(A) = inf{I(x) * x € A)

2 Large deviation principle of empirical processes

In this section, we study the LDP of empirical processes. Let {X ;}52 | be a sequence
of i.i.d.r.v.’s with values in a measurable space (S, S). Let {f(-,¢) : t € T} bea
collection of measurable functions on (S, S), where T is an index set. Let X be a
copy of X . Necessary and sufficient conditions for the LDP of empirical processes
{n~! Z;le f(X;,t) : t € T} withspeedn were given in Arcones, (2003a). How-
ever, we need to represent the rate function in a convenient way. Our method, using
the dual (vector space of continuous linear functionals) of certain Orlicz space, is
a variation of the method used by Léonard and Najim (2002) to determine the rate
function of the LDP of empirical measures. We refer to the theory in Orlicz spaces
to Rao and Ren (1991).

A function ® : R — Ris said to be a Young function if it is convex, ®(0) = 0;
®(x) = O(—x) for each x > 0; and lim,_, o, P(x) = oo. The Orlicz space
L®(S,S) (abbreviated to £*) associated with the Young function ® is the class
of measurable functions f : (§,S) — R such that E[®(ALf(X))] < oo for
some . > 0. Let W be the Fenchel-Legendre conjugate of &, i.e. W(x) =
sup,cg (xy — ®(y)). The Minkowski (or gauge) norm of the Orlicz space L2(S,S)
is defined by

No(f) =inf{r > 0: E[®(f(X)/0)] < 1}.

It is well known that the vector space £® with the norm Ng is a Banach space.
In the case of large deviations, we have that given functions fi, ..., f, such
that for some & > O andeach | <k <m, E[exp(A| fx(X)])] < oo, then

("l Zfl(xj), cn! Z fzn(Xj))
=1 =1

satisfies the LDP in R™ with speed n and rate function

Iy, ....oup)= sup | Y djuj—InE |exp | 1;f(X) (14)
j=1 j=1

(see Corollary 6.1.6 in Dembo and Zeitouni, 1998. We will work in the space
L :={f:8—> R:E[® (A f(X)])] < oo for some A > 0},

where @ (x) = el — |x| — 1. Let (L®)* be the dual of (£®', Ng,). The func-
tion f € L*  In(E[e/®®]) € Ris a convex lower semicontinuous function.

D
Observe that if f, L—; f, then f,(X) LlD> f(X), which, by the Fatou’s lemma,
implies that
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In (E[e/™]) < liminf,_ In (E[e/*™]). The Fenchel-Legendre conjugate of
the previous function is:

J() := sup (I(f) —In(E[e/MT)), 1 € (£L™)". (15)
feL®

J is a function with values in [0, co]. Since J is a Fenchel-Legendre conjugate,
it is a nonnegative convex lower semicontinuous function. It is easy to see that if
J() < oo, then:

(i) I(1) = 1, where 1 denotes the function constantly 1.

(i1) [ is a nonnegative definite functional: if f(X) > 0 a.s., then I(f) > 0.

Since the double Fenchel-Legendre transform of a convex lower semicontinu-
ous function coincides with the original function (see e.g., Lemma 4.5.8 in Dembo
and Zeitouni, 1998), we have that

sup (I(f) — J()) = In E[e/™)]. (16)
le(LP1)*
We also will consider the convex function ®,(x) = e* — 1. The Fenchel-

Legendre conjugate of @, is

wz(x)=x1n(f)+1, if x>0 Wy(0)=1: and Wy(x)=o00, if x<0.
e

a7
We also have the following:
Lemma 2.1 If] € (L®)* and (1) = 1, then
J()= sup (I(f)—E[e/™ —1]).
feL®
Given a nonnegative function y on S such that E[y(X)] = 1 and

E[W(y(X))] < oo, thenl,(f) = E[f(X)y(X)] defines a continuous linear
functional in £®'. Besides, it is easy to see that

J(y) = sup E[f(X)y(X) — O2(f(X))] = E[Wa(y (X))]. (18)
feL®

Observe that by the Fenchel-Young inequality,

sup E[f(X)y(X) — ®2(f(X))] = E[2(y (X))].

feL®
Givenl < M < oo, taking f(x) = In(y(x))I(M~! < y(x) < M) and letting
M — oo, we get that

sup ELf(X)y(X) = ®2(f(X))] = E[(y (XO)].

feL®
Hence, Eq. 18 follows. E[W,(y(X))] = E[y(X)In(y(X))] is the Kullback—
Leibler information number of the probability measures y (-) du(-) and du(-),
where p(-) is the distribution of X. But, the set {/, € (LY Ely(X)] =
1, E[V2(y(X))] < oo} does not have the compactness properties that {I €
(L®)* : J() < oo} has.

We may express, the rate function in Eq. 14 using the function J:
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Lemma 2.2 Let f1, ..., fu € L. Then, foreachuy, ..., u, € R,

m m
sup ijuj—ln E | exp ijfj(X) AL, An €R

J=1 J=1

=inf {J(0): 1 € (L"), I(f;) =u, foreach ] < j <m}.
In the case of one function f, the rate function is
Ip(t) ;= inf {J (1) : 1€ (L®)*, I(f)=t}=sup{rt —In(E[exp(Lf (X))]) : LR}

Let uy = E[f(X)]. Letby = inf{t € R : P(f(X) > t) = 0} be the least
upper a.s. bound of f(X), where inf ¢4 is interpreted as co. Letay = sup{r € R :
P(f(X) < t) = 0} be the most lower a.s. bound of f(X), where sup @ is inter-
preted as —oo. It is well known that / is convex in R, I is continuous in [a, by],
If is inﬁnity in R — [le, bf], If(/,bf) = 0, If(af) = —In P(f(X) = af),
Ir(by) = —In P(f(X) = by), I is nondecreasing in [u s, 00) and I is non-
increasing in (—oo, pr] (see Lemma 6 in Chernoff, 1952). This implies that for
1= uy,

inf(J(): 1€ (L*) () =ty =inf(J() : L € (L*) 1) =1} (19)
and fort < uy,
inf{J (1) : 1 € (L2)",1(f) <t} =inf(J(D) : 1 € (L), 1(f) =1} (20)
By Theorem 1 in Chernoff, (1952), foreacht > uy,
limn'In [P n*IZf(Xj)zt = —17(t) 1)

n—0o0
j=1

and foreachr < puy,
n
limn'In [P n—lzf(xj) <ty | =—1,0). (22)

n—oo
j=1

The previous limits and the continuity of the function / imply that for each b, >
= uy,

PR -1 ) - _
Jim n~'In | P an ;‘f(xj)w = —I(t) (23)
iz
and foreacha; < t < uy,
n
limn 'In|P n_]Zf(Xj)<t = —I:(1). (24)

n—oo
j=1
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By Lemma 1 in Chernoff, (1952), if P(f(X) < 0) > Oand P(f(X) >
0) > 0, then there exists Ay € R such that

—In Elexp(Aof(X))] = inf (—In E[exp(af(X))]). (25)

We also will use that by the Chebyshev inequality, we also have that for each
t € R,

n'n|P n—IZf(Xj)zt < —sup(At — In (E[exp(Af (X)])). (26)

=1 A>0

As to the LDP of empirical processes. If {n ! Z';:] f(X;,t) : t € T}satisfies
the LDP in [ (T) with speed 7, then the rate function is
1(z) == sup{ly, 4, (z(t1), ..., 2(t))ith, .ot €T, m>1},  z€1o(T), (27)

where

Ly iUy, ..., uy,) = sup ijuj—lnE exp ijf(X,tj)
A , ,
j=1 j=1

(28)

(see Arcones, 2003a). The next lemma shows that this rate can be represented using
the function J:

Lemma 2.3 Let I and let I, ; beasin Eqgs. 27 and 28. If {f(-,t) : t € T}is
a totally bounded set of L*, Ng,), then:

(i) Foreach z € lo(T),
sup{ly,,...,, 2(t1), ..., z(ty) 1 t1, ..., tw €T, m > 1}
=inf{J () : | € (LP)*, I(f(-,1)) = z(t), foreacht € T}.

(ii) Foreachk > 0, {z € [oo(T) : I1(z) <k} is a compact set of loo(T).
(iii) Foreacht,,...,t, € T andeachuy, ..., u, € R,

Ly Uy, .o uy) =1nf{1(z) 1 2(t;) = uj foreach 1 < j < m}.

The total boundedness condition in the previous lemma is best in the following
sense:

Lemma 2.4 Let {f(-,t) : t € T} be a collection of functions of (L®', Ng,). Let
Iandlet 1, . beasin Egs. 27 and 28. Suppose that:

(i) Foreachk > 0, {z € [oo(T) : 1(z) < k}is acompact set of loo(T).
(ii) Foreacht,...,t, € T, and eachuy,...,u, € R,

Ly, oo uy) =1nf{1(2) 1 2 € lo(T), 2(t) = Uty ..., 2(tn) = Up).

Then, {f(-,t) : t € T} is a totally bounded set of (L®", No,).
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Finally, we present the main result to be used:

Theorem 2.5 Let {f(-,t) : t € T} be a collection of measurable functions,
where T is a compact subset of RY. Suppose that:

(i) Foreacht € T, f(-,1) € L®.
(ii) Foreach A > 0, and eacht € T there exists an > 0, such that
Elexp(A  sup [f(X,s)— f(X,D)]] < oo.

seT,|s—t|<n

(iii) Foreacht € T,

lim sup |f(X,s)— f(X,t)]=0a.s.

€=>05eT |s—1<e

Then, {n~! Z;Zl f(Xj,t) : t € T} satisfies the LDP in lo(T) with speed n
and rate function

I(z)=inf{J():1l e (L¢')*,l(f(~, t)) = z(t), foreacht € T}, z € Io(T).

3 Large deviations for M-estimators

In this section, we present several results on the large deviations for M-estimators.
First, we consider the LDP for the M-estimators defined in Eq.7.

Theorem 3.1 Let © be a convex set of R%. Let g : S x ® — R be a function
such that for eachx € S, g(x, -) is a convex function. Let0 € ©. Let {K,,},>1 be
a sequence of compact convex sets of R? contained in © and containing 6. Suppose
that:

(i) There exists a sequence of r:v.’s é,, = én (X4, ..., X,) such that G, (én) =
inf,c@ G, (1), where G,(t) = n~! 22:1 g(X;, 0).
(ii) Foreacht € ©, E[g(X,t)] > E[g(X,0)].
(iii) {g(-,1) : t € ®} C L.
(iv) limy,— 00 SUP, 45k, Infrer E[exp(A(g(X, 1) — g(X,0)))] = 0.
(v) For eacht € ©°, there exists a function h(-,t) : § — R? such that

lim [v|~' No, (g( 7 +v) = g(,1) = v'h(- ) = 0.
v—>

(vi) For eacht € ©° such that —inf,cge E[exp(M (X, 1))] < O, there exists
€; > 0 such that for each €, > € > 0,

—inf E[exp(/h(X. )] < _inf (— inf E[exp(k’lh(X,t)—i—)»’zh(X,tl))]>.

|t A1, A €RA
Then, {é,,} satisfies the LDP with speed n and rate function

—inf{In(E[expWVA(X, )]) : A € RY}  if t € @°,

[ = {oo ifrese.
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Observe that this is the natural rate. Under regularity conditions, {G,(t) : t €
®} satisfies the LPD in [, (®) with rate function

inf{J():1l e (E‘D‘)* J(g(-, 1) = z(t), foreacht € B}, 7 € 1o (0).

In the proof of Theorem 3.1, it is shown that for each/ € (£*)" with J(I) < oo,
the function/(g(-, 1)), t € ©,isdifferentiablein ® with derivativeisl(h(-, t)),t €
©. Besides,

inf(J () 1€ (L), 1(g(, ) =supl(g(-,11))) (30)

He®

=inf{J(): 1 € (L*)",I(h(-, 1))=0}.
By Lemma 2.2, foreacht € T,

inf{J():l e (£<1>,)* A, 1) =0} = — Ainﬂgd In (E [exp(X'h(X, 1))]). (31)

The conditions assumed on Theorem 3.1 are minimal conditions. Example 3
shows that condition (i) in Theorem 3.1 is needed. Condition (iv) in Theorem 3.1
is used to show that the M-estimator is eventually inside a compact set. Condition
(vi) in Theorem 3.1 is used to get Eq.30.

It follows from the previous theorem that for each € > 0,

—inf{I(t): |t —6] > €} <liminfn~'In (P{|§n 6> e})
n— o0

< limsupn'In (]P’{|én —0] > e})

n— oo

< —inf{I(t): |t — 0] > €}.
A possible choice for the sequence of compact convex sets in Theorem 3.1 is
Ky=1{te®:|t—0<mand d(t,0)>m™"}, m>1.
Example 1 Let {f(-,¢t) : t € ©} be a family of pdf’s with respect to a mea-
sure u defined on a measurable space (S, S). We will assume that the support of
f (-, t) does not depend on ¢ and that for each t € ©, V,In f(x, t) exists. The
M-estimator with respect to the kernel g(x,¢) = —In f(x, ¢) is the mle. It is well

known that, by the concavity of the logarithmic function and the Jensen inequality,
for any densities f and g with respect to the measure u,

£ )
In{—)d 0. 32
S/ “(g(x)g(x) #lx) = (52)

Hence, foreacht,6 € ®

Ep[ln f(X, )] = Ep[ln f(X,6)],
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where Ej is the expectation when X has pdf f(x, ). If the conditions in the previ-

ous theorem apply when 6 obtains (the data comes from the pdf f (-, 9)), 6, satisfies
the LDP with rate function

I (1) - Ainﬂgd In (Eg [exp(A'V, In f(X,1))])

= inf{Jy(1) : | € (L2)*,1(V,In f(X,1)) = 0},

where E;b ' (LI;I> ")* and Jy are defined when 6 obtains. We claim that for each
0,t € ©,suchthat K(f(-, 1), f(-,0)) < ooande,f(x,t) u(x) = 0, then

Iy(t) < K(f(.0), f(-.0)). (33)

Observe that we may define [, € (L';D‘)* byl (g) = E/g(X)] = Eslg(X)y:(X)],
g € LY, where y,(x) = f(x,1)/f(x,0). We have that Eg[y;(X)] = 1 and

L(ViIn f(X,1) = / Vif(x, t)du(x) =0.
So, by Eq. 18,
Io(t) < Jo(l;) = Eo[Wa(yi (X)] = K(f(, 1), f(-,0)).

The next theorem discerns when there exists equality in Eq. 33:

Theorem 3.2 Suppose that [V, f (x, t)du(x) = 0. Then,

(i) If there exist A9 € R? and ¢,y € R such that
)\;’QV, In f(x,t) +c9p=In f(x,t) —In f(x,0), P, —as. (34)
then,

— inf In (Ey [exp('Vi In(X, 1)]) = K(f (.0, f(,0) = e

(ii) If there exists A, o € R? such that

— inf In (Eo [exp(X'V, In £ (X, 1))])

= —In(Eg [exp(A, ,V; In f(X, 1))])
=K(f(, 1), f(-,0)),

then

In f(x,t) —In f(x,0)— ,\;yevr In f(x,t) = K(f(-, 1), f(-,0)), P —as.
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Example 2 Let{f(x—80) : 8 € R} beaonedimensional location family. Assume
that f(x) > 0, for each x € R. Then, condition Eq. 34 holds foreach¢,6 € R if
and only if for each t € R, there exists A(¢) and c¢(¢) such that
J'(x)
A(I)W +c()=Inf(x) —In f(x —t), foreachx eR. (35)
X

Itis easy to see that the normal pdf f(x) = 27)~"/?0 " exp (—27'o ~2(x — p)?),
where 1 € R, and o > 0, satisfies Eq.35 with A(1) = ¢ and c(t) = 27 'o~2¢%.
We also have that the pdf

fx) = T@) ' yla®exp (—ae’ ™ + ay(x —0)) (36)

wherea > 0,y # Oand @ € R, satisfies Eq. 35 with A(r) = y~! (1 —e™7%)
and c(t) = a(e™”" — 1+ yt).If X has the pdfin Eq.36 and ¥ = y ' In(Xa) — 0,
then Y has a Gamma(c, 1) distribution.

The following theorem determines the one dimensional location families for
which the rate function of the large deviations of the mle coincides with the
Kullback-Leibler information number.

Theorem 3.3 Suppose that f is a second differentiable pdf satisfying Eq.35, then
either f is a normal pdf or f is as in Eq.36, for some a > 0, y #0and 6 € R.

By Theorem 2 in Ferguson (1962), the normal family, with a fixed o', and the
family in Eq,36, with some fixed « > 0 and y # 0, are the only one dimensional
location families, which are exponential families.

Theorem 3.1 gives the following for a one dimensional location family:

Theorem 3.4 Let{X ;} beasequence ofi.i.d.r.v.’s withapdfbelonging to{f (-—t) :
t € R} where f is a pdf. Suppose that the following conditions are satisfied:

(i) Foreachx € R, f(x) > 0.

(ii) f has a continuous first derivative.
(iii) —In f(-) is a strictly convex function.

(iv) limy 100 f(x) = 0.

(v) limy o infrer [0 (f (x = D) (f(x))' T dx = 0.

(vi) Foreacht, ) € R, ffooo exp(A\f'(x —1)/f(x — 1)) f(x)dx < oo.
(vii) The functiont € R — (X —1)/f(X —t) € L®' is continuous.

Then, there exists a sequence of r.v.’s én = é,l(Xl, ..., X,) suchthat G, (én) =

inf,co G, (1), where G,(t) = —n~! Z’;:l In f(X; —1t). Besides, when 0 obtains,
{é,,} satisfies the LDP with speed n and rate function I (t — 0), t € R, where

1(1) = —igﬂgln(Eo[eXp(kf’(X —0/f(X =0)D. (37)

Condition (v) in the previous theorem follows if for some 0 < A < 1,
[22.(f(x)'™ dx < oo (using conditions (ii) and (iv)).

For a scale family of pdf’s, we have results similar to the ones for the location
family. For example, it is easy to see that if {A~' f(A~'x) : A > 0} is a scale
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family, then this family satisfies Eq.34 if and only if f(x) = a;|x|~'g;(In(—x)),
ifx < Oand f(x) = ozlx_lgz(lnx), if x > 0, where aj,ar > 0, o] +ar =
1 and g; and g, are two pdf’s satisfying condition (35). Hence, g; and g, are
either normal or as in Eq.36. This implies that f(x) = &) fi(—x), if x < 0 and
f(x) =y fr(x),if x > 0, where f; and f, are pdfs on (0, oo) for the form either
fx) = @r) 2o xTexp (=270 2(In x — p)?), where . € R,and o > 0,
or f(x) = (M) e ¥ re*x* !, where o, r, ¢ > 0.

A common family of pdf’s is the exponential family. Let u be a measure on
R?. Define ¥(¢) := In [p, e’ du(x). Let ® = {t € R : ¢(t) < oo}. Let
f(x, 1) = e* VO The family of pdf’s { f(x,f) : t € O} is a full exponential
family with a canonical representation. By a change of parameter, any full expo-
nential family of distribution can have this representation (see Brown, 1986). It is
easy to see that a full exponential family of pdf’s satisfies Eq.34. If t € ®?, then
the Kullback—Leibler information of f(-,¢) and f(-, 6) is

K(fC.0), f(.0)=4%0) —y@) + /(t — 0)xexp(t'x — (1)) du(x)(38)
=yO) -y () + @ —0)Vy@),

because by taking derivates inside the integral,

-1
V() = /xexp(t’x) dp(x) (/ exp(t'x) du(x)) .

Theorem 3.1 gives the following for a full exponential family:

Theorem 3.5 With the notation above, let & € ©° and let {K,,},,>1 be a sequence
of compact convex sets of R? contained in ® and containing 6. Suppose that:

(i) There exists a sequence of r.v.’s én = é,, (X1, ..., X,) such that
() — 0/ X, =inf(y (1) —1'X,),
te®

where X,, 1= n~! Z;Zl X;,
(ii) im0 SUP, gk, infser (O +A(1—0))— Y (0) — A(Y (1) — ¥ (6))) = —oc.
(iii) Foreacht|,t, € ©° Vi (t;) # VY (ty). Then, when 6 obtains, én satisfies
the LDP with speed n rate function

_JKW(fCon, f(.0)  ifte®,
o= {oo ift €00. (39)
Condition (ii) in Theorem 3.5 holds if lim,,_, . inf,cec % = 00, where

On={te®:d(t,d0)>m", |t — 0] <m)}.
Observe that taking . = 19|t — 6|~!, where 7y < d(6, ©°), we get that
inf (Y(® + At —0)) =¥ (©) — AW (1) — ¥ ()
> YO+ tolt — 017 (1 = 0)) = Y (0) — wlt — 0" (Y (1) — ¥ ().
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Example 3 Consider the measure u in R defined by {0} = w{l} = 1 and
U@R—{0,1}) =0.Lety(t) := In .[]R" e du(x) = In(1+e¢')andlet f(x,1) :=
e VW =¥ /(1 4 ¢'), for x € {0, 1}. The family of pdf’s { f(x,?) : t € R}is
a reparametrization of the Bernoulli distribution. In this situation, the mle is not
defined: sup, .z (tX, — In(1 + €')) is not attained if either X, = 0 or X, = 1.
Theorem 3.5 does not apply to this example. The mle exists as a random element
with values in [—o00, o0]. It is easy to see that the mle (when defined in [—o00, 00])
when 6 obtains satisfies the LPD in [—o00, oo] with rate function

In(1/p) if t = —o0,
Ii(t) = 3 uln(u/p) + (1 —w)In((1 —u)/(1 — p)) ifteR,
In(1/(1 — p)) if 1 = oo.

where p = e’/(1 +¢’) and u = ¢’ /(1 + e'). This example shows that condition
(i) in Theorem 3.5 is needed.

In Theorem 3.1, we assumed that for each x, the function g(x, -) is convex.
Next, we consider theorems which apply to other situations. Next, we consider the
one dimensional case.

Theorem 3.6 Let h : S x R — R be a function such that for each x € S,
h(x,) : R — R is a nondecreasing function. Let 0V = inf{t : H,(t) > 0}
and let 0 = sup{t : H,(t) < 0}, where H,(t) = n~! Y h(Xj,1). Let 0,

be a sequence of [—00, col-valued r.v.’s such that é,fl) < én < QA,EZ). Let9 € R.
Suppose that:

(i) {h(-,t) : t € R} C L.

(ii) E[h(X,6)] = 0.

(iii) For eacht > 0, P(h(X,t) < 0) > 0, and for eacht < 0, P(h(X,t) >
0) > 0.

Then, for eacht > 0,

lim n~"'In (IP’{@AH > t}) = inf In(E[exp(uh(X, 1=)));

n—oo

foreacht > 6,

lim n~"'In (P{é,, > t}) = inf In(E[exp(uh(X, 1-))]);

n—oo

foreacht < 6,

lim 7~ In (P{é,, < t}) = inf In(E[exp(Lh(X, 1-)]);

n—0o0

and for eacht < 0,

lim n~'In (IP’{én < t}) = inf In(E[exp(-h(X, 1-))]),

n— 00

where h(x,t—) = lim;_,_ h(x,s) and h(x, t+) = lim,;_,,; h(x, s).
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The previous theorem is very close to Theorem 2 in Rubin and Rukhin (1983).
However, there is an error in Theorem 2 in Rubin and Rukhin (1983).

Example 4 Given a sequence of i.i.d.rv’s {X;}72, and 0 < p < 1, a sample p-

quantile 6, is defined as in the previous theorem with h(x, 1) = I(x <t) — p.
Suppose that P(X < 6) = p. Theorem 3.6 gives that for each t > 6, such that
P{X >t} >0,

~ P(1 — 1-p
lim n~' In(P{G, > 1)) = —ln( p”(1 — p) ) ’
n—o0

(F@=)r(1 = F(t—)'r

and

_ 1-
lim n~' In(P{d, > t}) = —ln( pP(l—p)'r >;
e (F(t))P(1 — F(t)'-r

and foreacht < 0, such that P{X < ¢} > 0,

lim n~ ' In(P{f, < 1}) = —ln(

n—o0

pr(l—p)'r
(F(0)P — F(t))“”)

and

. P(1 = p)l-»
lim n~" In(P{6, <t})=—ln< p'd = p) )

(F=)r(A = F@—)'r

Example 5 Condition (iii) in Theorem 3.6 is needed. Suppose that iz (x, t) = (t—x)
10 <x < t),ift > 0;h(x,0)=0;and h(x,t) = (t — x)I(t < x < 0),if
t < 0. Suppose that X has a nondegenerate distribution symmetric about 0. Then,
the rate functions of the large deviations of 6" and 0® are different. We have
that 0 = —o0,if X; > 0,foreach 1 <i < n; 0" = max{X; : X; < 0},
if X; < 0,forsomel <i <n;0® = oo,if X; <0, foreach1 <i < n;
5,52) = min{X; : X; > 0},if X; > 0, forsome 1 < i < n. We have that for
each t > 0, lim, oo n” ' In(P{A" > 1}) = —o0 and lim, oo n~ ' In(P{HP >
t})) = —In2;and for each r < 0, lim,_ oo n " ln(IP’{érfl) <t}) = —In2 and
lim, oo n ' In(P{P? < 1}) = —c0.

Theorem 3.6 gives the large deviations for the mle over an one-dimensional
exponential family under minimal conditions:

Theorem 3.7 Le u be a measure in (R, B(R)) such that:
(i) Foreacha € R, u(R — {a}) > 0.

(ii) ® ;= {reR: fe” du(x) < oo} has nonempty interior.

Let Yy (t) := lnfe”‘ du(x), t € ©, and let f(x,t) = exp (tx — ¥ (1)), x € R,
t € O Let a, = inf{t € R : [e*du(x)} and let by = sup{t € R :
fe”‘ du(x)}. Let {X ;} be asequence of i.i.d.r.v.s fromthe pdf f (-, 0), where 6 € ©°.

Let é,, = inf{t € ®° : n~! Z?zl(tﬂ’(t) — X;) = 0}, where inf (%) = ay.
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Then, for each by, >t > 0,

lim 7' In <P{é,, > z}) — —K(f(-,0), £, 0))

n—oo

and for eachay <t < 6,

lim 7' In (P{én < t}) — —K(fC, 1), £ 0)).

n—oo

The following theorem deals with the multivariate case.

Theorem 3.8 Let © be a subset of RY. Let h : S x ® — R? be a function.
Let {K,,}m>1 be a nondecreasing sequence of compact sets of RY contained in ©.
Suppose that:

(i) There exists a sequence of 1:v.’s én = é,,(Xl, ..., X,) such that Hn(é,,) =0,
where H,(t) 1= n~! Z';:l h(X;,1).
(ii) {h(-,1) : t € ®) c L.
(iii) t € © + h(-,t) € L® isa continuous function.
(iv) inf,co_k, |H(t)| > 0, where H(t) = E[h(X,1)].
(v) Foreacht > 0, lim,,_ o sup, . (At — In(E[exp(AR,;,(X))])) = oo, where

. h(x,t)—H(t
R (x) 1= supco g, | "5 2

(vi) Foreachm > 1, {n™! Z?:l h(X;,t) : t € Ky} satisfies the LDP in l.(K,,)
with speed n.

(vii) For eacht € @®° such that —inf;cge E[exp(Mh(X,1))] < O, and each
Hh € 0,

— inf E[exp(Mh(X,1))] < — inf E[exp(X|h(X, 1) + Ah(X, 11))].
reRd AlyA R

Then, 6, satisfies the LDP with speed n and rate function
1(t) = —inf{In(E[exp(A'h(X,1))]) : & € RY}.
Condition (v) in the previous theorem can be checked using Theorem 2.1.

Example 6 The previous theorem applies to many common parametric families

of pdf’s. For example, consider the mle over the family of pdf’s {f(x,?) :=
x—1)?2
1 67(2172) :t > 0}, ie. t~(X — 1) has a standard normal distribution. If 6

2mt
obtains, 6, satisfies the LDP with speed n and rate function Iy (t) = r(t/6), where

r(a):=2""InQ2 + (4 + 54*2 — a)»)'?) — 27" In(54%)
+27' —27\a 4+ (3/4)a? — 2724 + 54°(2 — a)H) /2.

It is easy to see that if ¢ # 6, Eq.34 does not hold. The Kullback—Leibler informa-
tion is

oy
K(f(nt),f(n@))—(@) (9) ln(e)-

Foreacht # 0, K(f(-, 1), f(-,0)) > Iy(t),ie.fora # 1,a> —a—Ina > r(a).
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4 Confidence regions

As mentioned in the introduction, the LDP of statistics can be used to obtain confi-
dence regions of non vanishing size such that their coverage probability goes to one
exponentially fast. These confidence regions have a certain minimality properties.
Let ® be a parameter set. Suppose that, when 6 obtains, 6, satisfies the LDP with
speed n and continuous rate function Iy(-). Given 0 < o < oo, let

Cal(X1, .., Xn) :=1{0 € O : [h(,(X1, ..., X)) < a}. (40)
AssumingthatUy, := {t € R? : I,(t) < a}isanopenset,thenCy (X1, ..., X,)
is a confidence region for ® such that

limsupn='In (Ps{0 & Co(X1, ..., X,)}) < —a. 41)
n—o0

By the results in Sect. 3, the rate function for the LDP of mle’s is
Iy(t) = — iand In Eglexp(X'V,In f(X, )] (42)
re
Because of the equivariance properties of the mle, the constructed confidence

regions satisfy the usual equivariance properties. For a location family of pdf’s,
ie,® =RY, f(x,t) = f(x —1),0 € O, where f is a fixed pdf, then

— inﬂg In Eg[exp(M(VIn fY(X — )] =1t —0),
A€R?

where

I(t) = —)\iélﬂ{d In Eglexp(X(VIn £)(X — 1))].

Hence, the confidence region in Eq.40 is Cy (X, ..., X,) :={0 € © : I(én —
0) < a}. Similarly, for a scale family (® = (0, c0), f(x,t) =t~ f(t~'x), where
f is a fixed pdf), Iy(¢t) = 1(t/6), where

1(1) = —g&ln E, [exp (%m (z—lf(le)))} )

Example 7 Let X1, ..., X, be a i.i.d.r.v.’s from an exponential distribution with
mean® > 0.The mle of  is 6, = X,,. From the results in Sect. 3, 6, satisfies the
LDP with rate function

Iy(t) = —ir){f]n Eg[exp(kgln fX,tN]=(@/0) —1—1In(z/0),

when 6 obtains. Given @ > 0, takea, < 1 < b, such that
ay — 1 —In(ay) = b, — 1 —In(b,) = a. (43)

Then, the confidence region in Eq.40 is (bglé, a;l, 6). By Example 9.3.4 in Casella
and Berger (2002), the shortest confidence interval based on the pivotal quantity
6-1X, has the form [~ X,,, a=' X, ], where a'*" 'e=¢ = b1+ 'e=b Asn — oo,
this condition goes to Eq.43. Simulations show that the two confidence intervals
are very close.
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For mle’s from a full exponential family the constructed confidence regions
agree with the confidence regions obtained by inverting the acceptance region of
the likelihood ration test with the null hypothesis Hy : ¢t = 6.

Theorem 4.1 Consider the parametric family {f (x,1) :=e*V® .t ¢ O}in
Theorem 3.2. Assuming that sup, . ¢ L(t) is attained in the interior of ©, then

—n'In <&> =Y (©) — V(0 — O — 0V (6,)
sup,.o L(1) ) " !

= K(f(, 60, f(-,0)),

where L(t) = [, f(X;, ).

5 Proofs

Proof of Lemma 2.1 If (1) = 1, then

sup (l(f) — E[ef(X) — 1]) = sup (l()»l +f) - E[e?~+f(X) _ 1])

feL® feL® reR
= sup (A+I(f)—E[’/M]+1)
feL® reR
= sup (I(f)—1In E[e/)]),
feL®
(the maximum over A is attained when 1 = e* E[e/]). o

Proof of Lemma 2.2 Define

m

m
IO, .. up)=sup > dju;—In [E lexp > 4, f;O)| |z 21 ... dm €RY,
j=1 =1

and
1D, .. ) =inf{J(l) : 1e (£%)",1(f;) = u; for each 1 gjfm}.

Then, IV and I® are convex lower semicontinuous functions. To prove that the
two functions are equal, it suffices to prove that their Fenchel conjugates agree.
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Using Eq.16, we have that foreach Ay, ..., A, € R,

m
sup ijuj —1(2)(u1,...,um) Uy, ..., Uy €R
=1

= sup sup > Aju;—J(I) : e (™) I(f))=u; foreach 1<j<m

Uy, €ER =

m

= sup sup{l| Y xifi | =T D: 1), I(f;)=uj for each 1 < j <m

Ul,..ns u,eR =1

=sup AL [ Y nifi | =T 1e (™)

Jj=1

=In| E|exp ijfj(X)

Jj=1

We will need the following lemma :
Lemma 5.1 (i) For each k > 0 and each function f € L,
sup{|{(f)| : 1€ (L), J(D) <k} < (k+ 1+ 2"2)Ng, (f).
(ii) For each function f € L%,

In(2) .
(—ln(8e2)> No, (f) < sup{ll(f)] : L€ (L™)",J1) < 1}.

Proof First, we prove (i). Let A := Ng, (f) (sothat E[e* 'V ®_1-1| £ (X)|1<1).
By Eq.15, foreachl € L1,

107 f) < JO +In(Ele* /D)) < J() + E[e* /X — 1,
1(=27'f) < T+ In(E[e™ IO < J() + E[e™ 7 — 1.
So, for J with J(I) < k,
()] < AJ (1) + AE[e* DI 1]

< Ak + E[|f O[]+ AE[ VO _1 371 r(x)|]
<ak+ 1)+ E[ £ X

‘We also have that
GENFGOM? < EV2 L0 < 2E[ VO 1 31 r (X)) < 2.

From these estimations (i) follows.
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As to (ii). Define

I fllx :=sup{|ELf(X)y (X1 : E[y(X)] =1, E[¥2(y(X))] < 1}.

First, we prove that for each function f with E[f(X)] = 0 and each nonneg-
ative function y, with E[y(X)] = 1,

IELfF(X)y (X]] = (A + E[W2(y (X)DIfllx (44)

Eq.44 is obviously true if E[W,(y(X))] < 1. If E[W(y(X))] > 1,take t =
(E[\Ilz(y(X))])’l. By convexity E[W,(ty(X) +1 —1)] < tE[WV(y(X))] = 1.
So, |[E[f (X) @y (X)+1-D]| < fllx and |E[f (X)y (XON<E[Y2(y (XD]IIf (Xl x-
Hence, Eq.44 holds.

Next, we prove that for each function f with E[ f(X)] = 0,

In(2¢)
No (f) < Q)

[rare (45)

Given a function f with || f||x < 1 and E[f(X)] = 0, we get from Eq.44 with
y(x) =e/POI(f(X) = 0)(E[e’/MI(f(X) = 0D~ that

E[f(X)e!PI(f(X) = 0(E[’™MI(f(X)=0D"]
< 1+ E[W(y(X))]
=1+ E[e/OI(f(X) = O(E[’PT(f(X) =0
xIn (e/®(E[/PI(f(X) =0
=1+E[fX)I(f(X) =0/ XE[/MI(f(X)=0)D7"]
—In(E[e’M1(f(X) = 0)]).

So, E[e/MI(f(X) = 0)] < e. Similarly, we get that E[e /X I(f(X) <0)] <e.
Hence, E[e!/®)] < 2e. Finally, we have that

E["@ e If Ol _ | _1n(2)(In2e)) " | £(X)I]
< E[en@m@e) (X0l _ ]

)ln(2) (In(2e))~!

< (E[elf(X)I] 1<1.

Hence, if || f||x < 1, then No, (f) < 1{’;(2;)) and Eq.45 follows.

Using that |[E[ f(X)]| < || fllx and Eq.45,

No, (f(X)) = No,(f — ELf(X)]) + No, (E[f(X)])

In(2e)
=7 I f = ELfXOlllx + 1ELf (O]
n(2)

In(2e) _ (In(8¢*)
< (1 +2p ) 1F Ol = ( o ) Tear

Hence, (ii) follows. O
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By the previous lemma, given a class of functions { (-, ¢) : t € T}in £L® and
l € (/J‘D‘)* with J(I) < oo,thent € (T,de,) — I(f(-,t)) € Ris a Lipschitz
function, where do, (s, 1) = N, (f (-, s) — f(-,1)). We also have thatif z € [,o(T)
satisfies sup; , 7 £5.(2(s), 2(t)) < oo, thent € (T,ds,) > z(f) € Ris a Lips-
chitz function. Observe thatif sup , . I,(z(s), z(t)) < c,thenforeachs,r € T,
there exists | € (£®)" with J(1) < ¢, 1(f(-,5)) = z(s) and [(f (-, 1)) = z(1).
So, by Lemma 5.1 (i)

2(s) — 2O = 1(f(,8) — FCoO) < (e + 1 +2Y)dg, (s, 1).

Proof of Lemma 2.3 First, we prove (i). Let

1Y) =sup{ly, 4, @), ooy 2t)) t ty ety € Tym > 1),

.....

and let
9@ =inf(J() : 1 € (L), I(f(-,1)) = z(t) foreacht € T}.

By Lemma 2.2, for each z € I,(T), we have that I(V(z) < 1P (z). To prove the
reverse inequality, we may assume that /V(z) < oo. Since for each
Fiyeoos¥m,S1, ..., 8, € Tandeachuy, ..., up,vi,...,v, € R,

Ir1 ..... Tm (l/ll, ey um) < Ir|,....rm,sl,...,s,,(uh ey Uy, ULy e e vp)7

we can find a sequence {s,} of 7' such that
Tim I, @051, 2Gm)) = 10 (2)

and {f (-, s,)}°2, isadense setof { f(-,¢) : t € T} withrespect to the norm Ng,.

n=1

Take l, € (L£®')" such that1,(f (-, s;)) = z(s;) foreach | < j < n and
T) < Iy, @0s1), s 2(s0)) A0

Letk :=sup,., J(l,) < 0o.ByLemma 5.1, {l,} is a bounded set of (£*')". By

the Alouglu theorem, {/,,} is compact in the o ((LCD‘ )* , L®') topology. Hence, there
exists a subnet {/,,, } of {{,,} which converges in the weak* topology. Let/ be the limit
of this subnet. We have that foreach j > 1,1(f (-, s;)) = z(s;). Since the functions
t € (T,de,) — I(f(-,1)) € Randt € (T,ds,) — z(t) € R are continuous,
we get that [(f(-, 1)) = z(¢t) foreacht € T.Hence, I?(z) < J(I) < IV ().

To prove (ii), we show that each sequence {z,,} in [ (T), such that I (z,,) <k, has
a converging subnet. Take /, € (L) suchthat J(1,) < k+ land[,(f (- 1) =
zu(t) for each t € T. Since sup,.; J(l,) < oo, there exists a subnet /,, and

I € (£*)" such that [,, — [ in the weak* topology. Hence, for each t € T,
L, (f(, 1)) = I(f(-,1)). Since {/,} and [ are uniformly Lipschitz functions from
(T, do,) into R, sup, 7 |1, (f (-, 1)) = I(f(-,1))| = 0.

Part (iii) follows from (i) and Lemma 2.2. O
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Proof of Lemma 2.4 Fix k > 1.Since K := {z € I(T) : I(z) < k}isa
compact set of [ (T"), K is totally bounded. Hence, (T, e) is a totally bounded set,
where e(s, t) = sup, . ¢ |z(s) — z(#)|. We have that

e(s, 1) = sup{|z(s) — z(1)| : 1(z) <k} > sup{|v —u| : I, (u,v) < k}
= sup{l{(f(,5) — fC. D] 1 L e (L), TU) < k)

> (22N Ny (£ — £ )
- 1[](862) (o ’ N ’ ’
by Lemma 5.1. So, the claim follows. O

Proof of Theorem 2.1 We apply Theorem 2.8 in Arcones, (2003a). Let d(s,t) =
|t — s|. By conditions (ii) and (iii), given € > Oandt € T, thereexistsadé > 0
such that

E[ sup [f(X,s) = f(X,D]] <e. (46)

seT,|s—t|<8

This implies that {f(X,7) : t € T} is a totally bounded set of L, i.e. condi-
tion (a.1) in Theorem 2.8 in Arcones, (2003a) holds. Conditions (i) and (ii) imply
that there exists a A > 0 such that E[exp(AF(X))] < oo, where F(x) :=
sup, 7 | f(x, 1), i.e. condition (a.2) in Theorem 2.8 holds. Conditions (i) and (ii)
and the compactness of 7" imply that given A > 0, there exists an > 0, such that

Elexp(A sup [f(X,s)— f(X,1)])] < oo.
d(s,t)<n

i.e. condition (a.3) in Theorem 2.8 in Arcones, (2003a) holds. Since T is a compact
set of R? and Eq.46 holds, given € > 0, there exists ¢,...,t, € Tand§ > 0
such that foreach 1 < j < m,

teT,|t—t;|<s

and T C U;f’zl{t e RY ¢ |t — tj| < &}. Hence, by the Blum—DeHardt theorem
(see for example Theorem 7.1.5 in Dudley, 1999, condition (a.4) in Theorem 2.8
in Arcones, (2003a) holds. O

In the proof of Theorem 3.1, we will use the following lemma:

Lemma 5.2 Let ® be aconvex set of R?, let K be a compact convex set contained in
O, letty € Kandletg : ® — R be a convex function. If g(ty) < inf,cyx g(1),
where ty € K, theninf,cyx g(t) < inf, ¢ g g(1).

Proof Taket gK.LetC, :={ue R : to+u(t—t)€®}andletr,:C;, — Rdefined
byri(u) =gto+ult —1t)),u € C,.Leta=sup{u € R : ro+u(t—1y) € K}.
Since K isacompactset,fy € K°andt ¢ K,0<a<landfy+a(t—1t)<€dK.By
convexity of the function r;, a~! (r; (@) — r;(0)) < (1 —a)~'(r,(1) — r;(a)). Using
that 0 < inf,cyx g(t) — g(t0) < ry(a) —r;(0), we getthat 0 < r,(1) — r,(a) =
g(t) — g(to + a(t — 19)). Hence, inf ¢ yx g(s) < g(7). mi
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Proof of Theorem 3.1. First, we prove that

lim limsupn~"' In (P{én ¢ Km}) = —o0. (47)

m—=00 p—-oo

By Lemma 5.2,
P{6, & K} < P{G,(0) > inf G,(1)}.
tedk,,

By Corollary 3.5 in Arcones (2003b), for each compactset T C O, {G,(¢): t € T}
satisfies the LPD. In particular, we may take T = {0} U 0K,,. Since the set {z €
loo(T) : z(t) = inf,cpk, 2(2)} is a closed set of [, (T"), we have that

n—oo

lim supnilln (IP’{Gn(Q) > inf Gn(t)})
tedk,

< —inf{(J() : (L®)*, and I(g(-,0)) = Anf I(g(, 1)}

d

Using that if J(I) < oo, then I(g(-, 1)), € O, is a continuous function, Eq.19
and Lemma 2.2, we have that

inf(J (1) : 1€ (L®),1(g(-,0)) = inf I(g(, 1) (48)

inf{J() : 1l e (C‘b‘)*,l(g(-,G)) > 1(g(-, 1)) for some t € 3K,,}
16151[1; inf{J () : L€ (L), 1(g(-,0) = (g(-. 1))}

Jnf inf(J() : Le (L)1, 0) =g, )

= inf (— ilellg In (Efexp(A(g(X, 1) — g(X, 9)))]))

tedk,,

= — sup inf In (E[exp(A(g(X, 1) — g(X,0))]) .
tedk,, MR
Hence, by condition (iv), Eq.47 holds.

Next, we prove that if J(I) < oo, wherel € (,CCD')*, then the convex func-
tion I(g(-, 1)), € ©, has a minimum on ®. By (iv) and Eq.48, for m large
enough, [(g(-, 0)) < inf,cyk, [(g(-, t)). Hence, Lemma 5.2 implies that /(g (-, 0))

< inf, ¢k, [(g(-, t)). Therefore, the function /(g(-,?)),t € ©, has a minimum
on ©.
To prove that for each open set U,
liminfn ' InP{f, € U} > —1(U) (49)
n—oo

it suffices to prove that for each t € R and each e > 0,

liminf n ' In(P{d, € B(t, €)}) > —I(1). (50)

n—oo

If 1(r) = oo, Eq.50 is obviously satisfied. Assume that /(¢) < oo. By Lemma
5.2,

P, € B(t,€)} > P{G,(t) < inf  G,(1)).

HeB: |t —t|=e
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Since the set {z € [o(T) : z(t) < inf; co.j—gj=c 2(t1)}, where T = {t} U {t; €
® : |t —t| = €}, is an open set of [, (T),

liminf n~ ' InP{6, € B(z, €)} (51)
= —inf(J() s Le (L2) 1Cm) < | inf  1(g( ).

Using that if J(I) < oo, and [(h(-, t)) = 0, then the function /(g(-,?)),t € ©,
has a minimum at ¢, and condition (vi), we get that

inf{J (@) : e (L), (1) =0,1(g(-, 1) = tlz\tilrlt;lzel(g(.’ 1))}

= inf  inf{J() : L€ (L"), Ih(, 1) = 0,1(g(-, 1) = 1(g(-,11))}

He®: |t —t|=e€

= inf  inf(J() : Le (L), UG, 0) = Lh(, 1)) =0} > 1(2).

HeB: |t —t|=e

So,
1@) =inf{J(D):1 (L)1, 1)) = 01GgC, )<, Milrglql(g(-,tl))} (52)
> inf{J () : 1€ (L) 1. 0) < oinf _ 1gC.m))).

Eqgs.51 and 52 imply Eq.50.
‘We claim that for each closed set F,

limsupn~—' InP{h, € F} < —I(F). (53)

n—oo

We may assume that / (F') < oo.The case I (F) = oo is similar. Take m such that
inf{J(l) : 1 e (L®)",1(g(-.0)) > inf 1(g(, 1)} > 1(F). (54)
tedk,,

We have that
P{6, € F} < P{6, € FNK,,} + P{h, € K.}

Using that the set {z € [o(K},) : inf;ek,nr 2(t) = inf,ck,, 2(¢)} is a closed set of
l(K,,), we get that

limsupn~! In (P{én € FN Km})

n—oo

< limsupn~"In (IP{ inf G,(0) = inf Gn(t)})
e m teky

n—oo

<—inf{J() : L € (ﬁd)‘)*,te}:I%mel(g(',l‘)) = Inf I(g(, D)}

Letl € (C‘D‘)* such that J(I) < oo and inf,erni, ((g(-, 1)) = infpek,, L(g(-, 1)).
If I(g(-,0)) > inf,ek, I(g(-, 1)), then, by Eq.54, J(I) > I(F).
Ifl(g(-, 0)) < infpesk, [(g(-, 1)), then, by Lemma 5.2, inf,co [(g(-, 1)) = inf,ck,,
[(g(-, 1)) = inf;epnk, [(g(-, 1)). Thus, there exists ; € F N K,, be such that
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inf,col(g(-, 1))
=1(g(-,#;)). By Lemma 5.1 (ii) and hypothesis (v), [(g(-, 1)), t € O, is differen-
tiable in ®? and V(I (g(-, t))) = [(h(-, t)). Hence, [(h(-, #;)) =0,
J() > infinf{J () : [ € (L™)", 1(h(-, 1)) = O}.
teF
and Eq.53 holds. O

Proof of Theorem 3.2 (i) By Eq.33, it suffices to prove that I(t) > K(f(-, 1),
£ (-, 0)). We have that

I@t) = — Ainﬂgd In (Eq [exp(X'V, In(X, 1))])

> —In (Eg [exp(X 4V, In(X, 1))])
= —In (Eg [exp(n(f (X, 1)/f(X,0)) — cr9)]) = cro

and

K(fC,0), f(-,0)) = E [In(f(X,1)/f(X,0))]
=E [)\;ygvt In (X, 1) + Ct.e]

= /(A;’GV,f(x, 1)+ cpf(x,1)du(x) =crg.

(ii) Let g(x) = In(f(x,1)/f (x,8)) — A, 4V, In f(x,1). Then,

—In (Ep [exp(A, 4V, In(X,1))]) = —1In / e 8 f(x, 1) du(x)
and
K(fG.0), f(.0)) = /ln(f(x,t)/f(x,9))f(x,t)du(X)
= /(/\ﬁ,gvr In f(x, 1) +g(x)) f(x, 1) duu(x)

= /g(X)f(x,t)du(X)-

Hence,

exp </ —g(x) f(x,1) d,u(x)> = /exp(—g(x))f(x’t)du(x)

which implies that g is a constant P; a.s. O

Proof of Theorem 3.3 Letg(x) = In f(x). We have that A(1) g’ (x) +¢(t) = g(x) —
g(x — 1), foreach x, ¢ € R. Taking derivatives with respect to ¢ and with respect
to x, we get that for each x, ¢ € R,

K (D)g"(x) = g"(x — 1), (55)

If g”(x) = 0,foreach x € R, then g is a linear function, which contradicts the fact
that f is a pdf. So, there exists xo € R, such that g”(x¢) # 0. Using Eq.55., we
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getthat A'(¢) = g"(xo —1)/g" (x0). So, from Eq.55, we get that g"(xo —)g" (x) =
g"(x0)g"(x — 1), for each x,t € R. Hence, h(x + y) = h(x)h(y), for each
x,y € R, where h(x) = g”"(x + x0)/g"(xo). This means that & satisfies the
Cauchy’s exponential equation, #(0) = 1 and it is measurable. So, by Theorem 5
in Aczél and Dhombres (1989), h(x) = e** forsomea € R.Hence, g”(x) = be?*
for some @ € R and some b # 0. If a = 0, then g(x) = 27'bx? + cx + d,
for some b # 0 and some ¢,d € R, and f has a normal pdf. If a # 0, then
g(x) =a?be™ +cx +d, forsomea # 0,b # 0and ¢, d € R. Since e!™) is pdf,
b < Oandac > 0.Takinge =a~'c,y =aand 0 = —a~'In(—a"'c7'b), we
getthatln f(x) = —ae’*? +ay(x —0) +d +ayf, wherea > 0,y # 0 and
0 € R. Hence, f has the form in Eq.36. O

We will need the following lemma:

Lemma 5.3 Let X be ar.v. defined in a measurable space (S, S). Leth : SXT —
R be a function such that h(-, t) is measurable for eacht € T, where T is an index
set. Let ty € T. Suppose that for eacht € T, h(X,t) € L®. Then, M(t) =
inf{J({) : 1 € (Cq")* MG, 1)) = L(h(, 1)) = 0}, t € T, defines a lower
semicontinuous function in (T, d,), wheredg, (s, t) = No,(f(X,s5) — f(X,1)).
Proof We need to prove that if d¢, (f,,¢) — 0, then, liminf,_, . M(t,) >
M(t). We may assume that ¢ := liminf,_ . M(#,) < oo. There exists [, €
(£%)" such that J(I,) < M(t,) +n~" and 1,(h(-, t0)) = L,(h(-,t,)) = 0. Since
sup, . J(l,) < oo, there exists a subnet /,, and [ € (L£®)" such that [,, — I

in the weak™ topology. This implies that J (/) < cand [(h(, #p)) = 0. By Lemma
5.1, 1, (h(-, t,,)) = L(h(-,1)). Hence, J(I) > M (t) and the claim follows. O

Proof of Theorem 3.4 Without loss of generality, we may assume that 0 = 0. We
apply Theorem 3.1 to g(x,t) = In(f(x —1)/f(x)), ® = Rand K,, = [—m, m].
Since G, (-), is a continuous function and lim;_, 1, G, (f) = o0, there exists a 6,
such that G,,(6,) = inf;co G,,(t). Hence, (i) in Theorem 3.1 holds. Condition (ii)
in Theorem 3.1 follows from Eq.32. Using that f’(-)/f(-) is a decreasing function,
foreacht>0and eachx € R,

tf' )/ f(x) < —In(f(x —0)/f(x) < tf'(x —0)/f(x —1).
Hence, for each A € R, Ep[exp(X In (f(X —1)/f(X)))] < oo. A similar argu-
ment holds for # < 0. Hence, condition (iii) in Theorem 3.1 follows. Condition
(iv) in Theorem 3.1 follows from (v). Again using that f/(-)/f(-) is a decreasing
function, foreach v > 0,eacht € Randeachx € R,

0 < —v'In(fx—t—0)/fx =)+ (f'x—0/f(x—1)

<—fla—t=v)/fx—1t=v)+(f'(x =0)/f(x = 1)).

By the monotone convergence theorem,
No, (=(f' (X=t=v)/f(X—=t—=v)+(f'(X =1)/f(X —1)))—> 0,asv — 0 +.

A similar argument holds if v — 0—. Hence, condition (v) in Theorem 3.1 follows.
By Lemma 5.3, to prove condition (vi) in Theorem 3.1, it suffices to prove that if
t| # tp, then

—inf M(L,0) < — inf M(h, A), (56)
LeR A, €eER
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where
M (k1 A2) 1= Eolexpi(f' (X —1)/f(X — 1) + 1a(f (X — ) /f(X — )]

Since limy 100 f(x) = 0,lim,_, o f'(x)/f(x)>0andlim,_ o f'(x)/f(x)<O.
Hence

Po{f'(X —t1)/f(X —11) < 0} > Oand Po{f'(X —1))/f(X —1;) > 0} > 0.
Hence, by Eq.25, there exists A7 € R, such that

M.k, 0) = — inf M (X, 0) (57)
reR

Since —infer M(A,0) < —inf,, ;,er M (A1, X2), to prove Eq.56, it suffices to
prove that

~M(.0) < — inf M(:j, 1a). (58)

The derivative at zero of the function M (A%, A,), A, € R, is

Eol(f' (X —)/f(X — ) exp(A] f'(X — 1)) /f (X — t1))]

If we show that the previous number is different from zero, then Eq.58 will follow.
Since A} satisfies Eq.57,

Eol(f'(X =t)/f(X —t1)) exp(A] f'(X — 1)) /f (X —11))] = 0.
Since f'(-)/f(-) is a decreasing function and #; # t,,

Eol(f'(X — 1) /f(X — ) exp(hy, f'(X — 11)/f (X — 11))] # 0.
Therefore, condition (vi) in Theorem 3.1 follows. |

Proof of Theorem 3.5 We apply Theorem 3.1 with g(x,t) = —t'x + ¥ (¢) and
h(x,t) = —x+ Vi (¢). Condition (i) in Theorem 3.1 is assumed. Condition (ii) fol-
lows from Eq.32. Since 6 € ®°, there exists a Ao > 0, such that [ e*P1+9% ;1 (x) < oo,
This implies condition (iii) in Theorem 3.1. We have that

Eglexp(g(X, 0)—g(X,1)))]= /GXP(X(—G’X +Y @)+t x = (1))’ VD du(x)
=exp (Y (O+A(—0) =y (O) -2 ()Y (©))) .

Hence, (ii) implies condition (iv) in Theorem 3.1. Condition (v) in Theorem 3.1
holds because for each t € ®°, Vyr(¢) exists. For each t1,1, € ©° with t; # 1,
taking A} = —Xy = u(Vyr(t)) — Vi (fp)), we get that

inf  E[exp(\ (X, 1) + Ah(X, )] < inf exp(u| Vi (1)) — Vi (82)[?) = 0.
A, h€R ueR

Hence, condition (vi) in Theorem 3.1 holds. ]
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Proof of Theorem 3.6 We only provethecaset > 6.Thecasest =6 andt < Ois
similar. Let H,(t) = n~! > h(Xj, 1) and let H,(1—) = n~! Y h(Xj, ).
We have that for each ¢t > 6,

(Ho(t=) < 0} {8V =ty C{f, = 1} C (6 = 1) = (Ha(t—) < 0).
and

{Ha(t4) < Oy = {0V > 1} C {6, > 1} C {0 > 1} C {Hu(t+) < O}

By hypotheses (ii) and (iii), we have that 0 = E[h(X,0)] < E[h(X,t—)] <

E[h(X,t+)]andif & < t < s, then
sup{u : P{h(X,t—) < u} =0} sup{u : P{h(X,t+) < u} =0}
sup{u : P{h(X,s) < u} =0} < O.

=
=<

Hence, by Eqs.22 and 24,

lim 7~ In (]P’{én > t}) = inf In(E[exp(uh(X, 1-)]).

n—o0o

and

lim 7' In (P{é,, > t}) = inf In(E[exp(Lh(X, 1-)]).

n—0oo

O

Proof of Theorem 3.7 We apply Theorem 3.6 to h(x,t) = ¢'(t) —x,t € ©°.
Note that Theorem 3.6 holds true if the range of 7 is restricted to ®°. Since u
is nondegenerate, ¥ is a striclty convex function. Hence, h(x,1) = ¥'(¢) — x is
an increasing function on ¢, for each fixed x. It is easy to see that hypotheses (i)
and (ii) in Theorem 3.6 hold. Let a, = sup{t € R : u(—oo,t) = 0} and
b, = inf{t € R : p(t,o0) = 0}. Then, foreacht € e, a, < Y'(t) < b,.
The support of X contains (a,, b, ). Hence, hypothesis (iii) in Theorem 3.6 hold.
We have that

inlg In(Es[exp(Ah(X, 1))])

= inf n [ expC.(8'(1) — X)) exp(xt ~ (6 )
= inf (/) + V(0 = 1) — ¥ (6)

=y(®) -y ©®) — - )Y'®)
=—-K(f(¢. 0, f(.0)),

because of convexity of the function v,
inf ('O + YO -2 —v©®) - WO —¥O) — 1 —OY' 1)
=Inf(Y® —2) — Y1) —(© -2 — DY’ (1))
= Inf (Y (u) =y (@) — (u— DY) = 0.
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Proof of Theorem 3.8 First, we prove that

lim limsupn~" In (]P’{é,, ¢ Km}> - (59)

m—0oQ n—00
Given 1 > € > 0, we claim that foreachm > 1,
D Ru(X)) < 1—€} C{f, € K} (60)
j=1
Ifn! Z?:l R,(X;) < 1—¢, thenforr € ©® — K,
[H ()| — |Hy(2)]

A

|H, (1) — H(1)]

n' Y (X, 0 — H(D))

j=1

IA

IH®™ Y Ru(X))
j=1
< (1=OlH®).

IA

So,fort € ®—K,,,|H,(t)] = €|H(t)] > einf, ¢k
0. Therefore, Eq.60 holds. By Eqs.26 and 60,

|H(0)| = inf, ¢, [H@)| >

m

n~'n (P{é,, £ Km}) <n'n [P Y Ru(X) = 1—¢)
j=1

< —sup(A(l —€) — In (E[exp(A R, (X)])).
A>0

Letting m — o0, using (v), Eq.59 follows.
Next, we prove that for each t € R4 and each € > 0,

liminfn ' In(P{f, € B, €)}) > —1(1). (61)

n—oo
We may assume that /(t) < oo. Take an integer m > 1 such that
limsupn~" In (P{én ¢ Km}) < —I1().
n—>oo

We have that
P{f, € B(t,e)} = P{ inf  [H,(1))| > 0} — P{f, & K,,}.

HeKy,|lth—tl|>e€
Since the set {z € [o(T) : inf; <7 |2(t;)] > 0} is an open set of /. (T"), where
T'={n € Ky :|th—1t] = €},
liminfn'InP{  inf |H,(t)| > 0}

n—00 HeKy,|lh—t| =€

> —inf{J() : L e (L"), inf  |I(h(-,1))| > O}.

HeEKy,|lth—t| =€
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From the previous estimations, to finish the proof of Eq.61, we need to get that

inf(J() : Le (£, inf  Ji(h( )| > 0} < 1(). (62)

HEKy,|h—t] =€
By condition (vii), I(t) < g, where
g =inf(J(1) : L e (L"), I(h(, 1)
=1I(h(-,t))) =0, forsome t; € K,,,, |ty —t| > €}.

Thus, for each T > 0, there exists [y € (£*)", with [(h(-,1)) = 0, J(lp) <
I(t) + = and J(lp) < gq. Since Ily(h(-,1)), t € O, is continuous,
inf, ek, 11— =e loCh(-, t1))] > 0and

inf(J(0) : Le (£, inf  |I(h(,n)| >0} < J(o) < 1) + 1.

HnEKy, |n—t|=z€

Since T > 0 is arbitrary, Eq.62 holds.
‘We claim that for each closed set F', we have that

limsupn~—' InP{f, € F} < —I(F). (63)

n—oo

Assume that I (F) < o0. The case I (F) = oo is similar. Take m > 1 such that

limsupn~" In (P{é,, ¢ Km}) < —I(F).

n—0o0

‘We have that

P(6, € F} < P{0, & K,,} + P{ inf |H,(r)| = 0}.
teFNK,,

Since the set {z € lo(F N K,,) : inf,epnk, 12(t)| = 0} is a closed set of [, (F N
K,

limsupn~'In(P{ inf |H,(t)| = 0})
n— 00 teFNK,,

< —inf{J() : 1 € (£*)", inf [I(h(-,1)] =0}
teFNK,,

Proof of Theorem 4.1. By algebra

—n"'In (&) = (0, —0)X, — Y (0) + ¥ (0)
sup, e L(1) o " & ’

By Eq.38,
K(f (00, f(-,0)) = B — 0) VY (B,) — ¥ (6,) + v (6).

Since the mle maximizes likelihood function, Vl/f(én) = X,. O
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