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Abstract. Consider the random Dirichlet partition of the interval into n frag-
ments with parameter § > 0. Explicit results on the statistical structure of its
size-biased permutation are recalled, leading to (unordered) Ewens and (ordered)
Donnelly-Tavaré-Griffiths sampling formulae from finite Dirichlet partitions. We use
these preliminary statistical results on frequencies distribution to address the follow-
ing sampling problem: what are the intervals between new sampled categories when
sampling is from Dirichlet populations? The results obtained are in accordance with
the ones found in sampling theory from random proportions with GEM(v) distribu-
tion. These can be obtained from Dirichlet model when considering the Kingman
limit n T oo, # | 0 while nf =y > 0.
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1. Introduction

The joint distribution of unordered (or ordered) frequencies of a sample from random
proportions with Griffiths-Engen-McCloskey, or GEM (v), distribution is the Donnelly-
Tavaré-Griffiths formula (or the Ewens sampling formulae). The GEM () distribution
will be defined later (see also Kingman (1993), Chapter 9, for example).

We first reconsider the same sampling problems and formulae when sampling is from
random proportions with Dirichlet D, (6) distribution, hence with a finite number n of
fragments in the partition. The usual Ewens and Donnelly-Tavaré-Griffiths sampling
formulae can be found when passing to the Kingman limit n T o0, 8 | 0, nf = v > 0.
These preliminary results which are recalled are used to study the intervals between
consecutive categories and number of distinct categories when sampling is from D, (6).
The results obtained are in accordance with particular cases of those of Yamato-Sibuya-
Nomachi when sampling is from GEM (), while passing to the Kingman limit.

The organization of this manuscript is the following. Consider the random Dirichlet
partition of the interval into n fragments with parameter ¢ > 0. Elementary properties
of its D,(6) distribution are first recalled in Section 2. Explicit results on the law of
its size-biased permutation are also recalled there. These are useful when considering
the Donnelly-Tavaré-Griffiths sampling formula from Dirichlet partitions in subsequent
Subsection 3.3, as given in Theorem 3.3. A size-biased permutation of the fragments
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sizes is the one obtained in a size-biased sampling process without replacement from a
Dirichlet partition. The main points which we recall are the following: in Lemma 2.1,
its residual allocation model structure is recalled. In Lemma 2.2, the order in which
the consecutive fragments are visited is considered. In Theorem 2.1, we recall the joint
law of the size-biased permutation fragments sizes explicitly. Using this, it is recalled
in Corollary 2.1 that consecutive fragments in the size-biased permuted partition are
arranged in stochastic descending order.

Section 3 recalls the (unordered) Ewens and (ordered) Donnelly-Tavaré-Griffiths
sampling formulae when sampling is from finite Dirichlet partitions. In more details,
Subsection 3.1 is devoted to the first Ewens sampling formula when sampling is from
Dirichlet partition D, (#). Here the order in which sequentially sampled species arise is
irrelevant. Subsection 3.2 concerns the second Ewens sampling formula under the same
hypothesis (as a problem of random partitioning of the integers) and Subsection 3.3
deals with the finite Dirichlet version of the Donnelly-Tavaré-Griffiths sampling formula.
Here, the order of appearance of sampled species is taken into account. Main results are
displayed in Theorems 3.1, 3.2 and 3.3 for each of the problems alluded to. As corollaries
to these theorems, the usual well-known sampling formulae can be deduced in each case
when sampling is from GEM distribution which is the limiting version of the size-biased
permutation of Dirichlet partitions in the sense of Kingman.

The main body of our new sampling results is in Section 4. We use the previous
statistical results on frequencies distribution to address the following sampling problem:
what are the intervals between new sampled categories until exhaustion of the list, when
sampling is from Dirichlet populations? One intuitively expects these intervals to be
increasing while approaching complete exhaustion. Our main results on the statistical
structure of these intervals are summarized in Theorems 4.1, 4.2 and 4.3, considering
both cases of a fixed and then unlimited sample size.

The results obtained are in accordance with the Yamato-Sibuya-Nomachi ones when
sampling is from random proportions with GEM («) distribution. These can naturally
be obtained from Dirichlet model when considering the Kingman limit. Results in this
direction are displayed in Corollaries 4.1, 4.2 and 4.3 to Theorems 4.1, 4.2 and 4.3,
respectively.

2. Size-biased permutation of the Dirichlet distribution

2.1 Dirichlet partition of the interval

Consider the following random partition into n fragments of the unit interval. Let
6 > 0 be some parameter and assume that the random fragments’ sizes S, := (S1,...,S5y)
(with -7 _, S, = 1) is distributed according to the (exchangeable) Dirichlet D, (6)
density function on the simplex, that is to say

(2.1) for (51, 5n) = L) ﬁ 01§ can
- 81,052 \815- -3 0n) = F(Q)n m (Zm=1 sm—1)"
m=1
Alternatively, the law of S,, := (S1,...,S,) is characterized by its joint moment function

n ] F(ng) L F(9+Qm)
(2.2) E [ ,,131 S J O+ ey dm) ,gl re) -

We shall put S, < D, (9) if S, is Dirichlet distributed with parameter 6.
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If this is so, Sy, 2 Sn, m =1,...,n, independently of m and the individual frag-
ments sizes are all identically distributed. Their common density on the interval (0, 1)
is a beta(f, (n — 1)6) density.

When 6 = 1, the partition model equations (2.1), (2.2) corresponds to the standard
uniform partition model of the interval.

In the random division of the interval as in equation (2.1), although all fragments
are identically distributed with sizes of order n~!, the smallest fragment’s size grows like
n~(#+1)/8 while the one of the largest is of order % log(nlog?~! n). The smaller 6 is, the
larger (smaller) the largest (smallest) fragments’ size is: hence, the smaller 4 is, the more
the values of the S,,s are, with high probability, disparate. Smaller the parameter, the
size of the largest fragment S(;) tends to dominate the other ones. On the contrary, large
values of @ correspond to situations in which the range of fragments’ sizes is lower: the
fragments’ sizes look more homogeneous and distribution equation (2.1) concentrates on
its centre. For large 6, the diversity of the partition is small.

Although S, has a degenerate weak limit when n T oo, 8 | 0 while nf = - > 0, this
situation is worth being considered (as first noted by Kingman (1975)). Indeed, many
interesting statistical features emerge.

2.2 Size-biased permutation of Dirichlet partitions

The results on size-biased permutation of Dirichlet distributions presented in this
section are not new. When 6 = 1, they can be found in Huillet (2003); they were gener-
alized to all & > 0 in Barrera et al. (2005), to solve a problem consisting in computing
the search-cost distribution arising from heaps processes. Part of them are reproduced
here for the sake of completeness and to make the presentation self-contained. They will
prove useful in the sequel.

Assume some observer is sampling the unit interval as follows: drop points at ran-
dom onto this randomly broken interval and record the corresponding numbers of visited
fragments. We shall consider the problem of determining the order in which the various
fragments are discovered in such a sampling process. To avoid revisiting the same frag-
ment many times, once it has been discovered, we need to remove it from the population
as soon as it has been met in the sampling process. But to do that, the law of its size
is needed. Once this is done, after renormalizing the remaining fragments’ sizes, we are
left with a population of n — 1 fragments, the sampling of which will necessarily supply
a so far undiscovered fragment. The distribution of its size can itself be computed and
so forth, renormalizing again, until the whole available fragments population has been
visited. In this way, not only the visiting order of the different fragments can be un-
derstood but also their sizes. The purpose of this section is to describe the statistical
structure of the size-biased permutation of the fragments’ sizes as those obtained while
avoiding the ones previously encountered in a sampling process from Dirichlet partition.

o The RAM structure of size-biased permutation. Let S, := (S1,...,S,) be the
random partition of the interval [0, 1] considered here. Let Ly be the length of the first
randomly chosen fragment M; := M, so with Ly := Sy, and P(M; =my | Sp) = Sm, -
One may check that L; 2 beta(l + 6, (n — 1)8). A standard problem is to iterate the
size-biased picking procedure, by avoiding the fragments already encountered: by doing

so, a size-biased permutation (SBP) of the fragments is obtained. It turns out that
SBP(S,,) has a residual allocation model (RAM) structure.
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In the first step of this size-biased picking procedure indeed, S, =: S(0 -
(L1,51,- -, Smy~1,SMy+1, - - -, Sn) which may be written as S, — (L1, (1 — Ll)S(l)l)
with SS_)I = (Sfl),...,S](Vlli_l,S,(\zH,..., ,(,1)) a new random partition of the unit

interval into n — 1 random fragments.

Given L, £ beta(1l+ 6, (n —1)6), the conditional joint distribution of the remaining

components of S, is the same as that of (1 — Ll)S( )1 where the (n — 1)—vector Sgl_)l <

D;,_1(0) has the distribution of a Dirichlet random partition into n — 1 fragments (see
Kingman (1993), Chapter 9). Furthermore, Sill_)l is independent of 1 — L. Pick next at
random an interval in Sgll and call V; its length, now with distribution beta(1+ 6, (n —
2)6), and iterate until all fragments have been exhausted.

With Vi := L,, the length of the second fragment by avoiding the first reads Ly =
(1 — V1)V, Iterating, the final SBP of S, is L, := (Ly,...,L,) and we shall put
L, = SBP(S,). From this construction, we easily get

LeEMMA 2.1. Let L, = SBP(S,,). If (V1,...,Va_1) is an independent sample with
distribution Vj, L beta(1+0,(n—k)0), k=1,...,n— 1, then,

(2.3) Ly=[[Q-ViVe, k=1,...,n-1
i=1
n—1 n—1
(2.4) Ly=1-) Ly=[JJa-W)
k=1 k=1

is the RAM representation of the size-biased permutation L, of S,.

Note that V; :=1-V; & beta((n —7)8,1+6) and that V,, should be set to 1. These
are well-known construction and properties; see Kingman ((1993), Chapter 9, Section 6)
and Donnelly (1986, 1991).

This RAM representation allows to compute the joint distribution of the size-
biased permutation L, of S,,. We shall say in the sequel that, if L, = SBP(S,,), then

L, 2 SBD,(6) assuming that S, 2 D, (0). Before addressing this problem, we shall
first consider the order in which fragments are visited.

e The visiting order of the fragments in the SBP process. For any permutation
{m1,...,mp}of {1,...,n}, with M{,..., M}, k=1,... n, the first k distinct fragments
numbers which have been visited in the SBP sampling process, we have

k-1

S,
(2.5) P(M] =mq,...,M, =my | S,) = ——— S
izl_‘[ 1- 22:1 Sml
so that
Sm
(2.6) P(Mj, = my | Sp, M] =my,...,Mj_; =my_1) = 1_—Zk’°1§
As a result,
(2.7) P(M}, =m | 8,) = Sm > H

(m1s-#Emp_1)#m i=1 Zz 1 m,
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is the conditional (given S,) probability that the k-th visited fragment is fragment
number m from D, (0).

LEMMA 2.2. Given M{ = mq,...,M{_; = mg_1, M| is uniformly distributed
on the set m € {1,...,n}\{m1 # --- # mg_1}. The joint probability distribution of
M{,...,M|, k=1,...,n, is Bose-Einstein distribution

1

2.8 Py(M =mq,..., M, =my) = ————,
( ) 9( 1 1 k k) Hf;ol(n_l)

withmy # -+ £mg € {1,...,n}.

PRrROOF. Although this result is immediate by symmetry, we shall supply a short

mp myp

proof of it. From equation (2.6), the function S, — T = 5=
T La=1 P

is homogeneous with degree 0. Applying (ii) of Theorem 1 p. 471 of Huillet and Martinez

(2003), with {T1,...,T,} iid gamma(f) distributed random variables, we get

Sm

Sm
Pg(M,’szk|M{=m1,...,M,’c_1=mk_1):E[ k :l
Lot o, mi_y} Om
T 1
[Zl:k Tl] n-k+1
The Bose-Einstein distribution of Mj, ..., M] results from Bayes formula. O

o The joint distribution of the size-biased permutation. The SBP of S, is L, with
L, 2 SBD,(6) and S, 2 D, (0). First, we have

(29) (Ll”L’n):(SM{775M,'L)7

and consequently

n—1
Smy

(2.10) P(Ly = Sp,,...,Ln = Sm, | Sn) = [[ —=—=5m..-
k=1 1- Zf:l Sml

Consider now the joint moment function of the random size-biased permutation L, =
(Ly,...,Ly). In Barrera et al. (2005), using the RAM representation of L,, the following
result was proven.

THEOREM 2.1. The joint moment function of the SBP L, = (Li,...,Ly) L

SBD,(0) reads

(2.11) E[ﬁLgk]z 3 E[nﬁ St Sqn+1:|
k=1

(magtmn} k=1 1T Sy Sm
M (T4 (n—k+1)9)
=11 {m +0)I((n — k)0)

5 F(1+9+qk)1“((n—k)9+qk+1+---+qn)}
TA+(n—k+1)0+qs+ +qn) '

k=1
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e One-dimensional marginals. From Theorem 2.1, we get the one-dimensional law
of the Lgs, k = 1,...,n. Furthermore, one may check that the Lgs are arranged in
stochastically decreasing order (denoted by >). More precisely (see Barrera et al. (2005))

COROLLARY 2.1. (i) The law of Ly, for k =1,...,n, is characterized by
k=1
(2.12) E(Lf] = [] EVIEWV]

i=1

_ T D(n— )+ @T((n — i +1)6 + 1)
S T((n =90 ((n—i+1)0+1+gq)
8 F1+60+r(1+ (n—k+1)0)

r1+6r(l+(n—-k+10+4q)

(i) Let Bin—k+1)8,1 L beta((n — k +1)0,1). Then,

d
(213) Lk = B(n——k+1)0,1 g Lk-—17 k= 2, ceay Ty

where pairs B,_x41)0,1 ond Lx_1 are mutually independent for k = 2,...,n.
(i) Ly > > Lg = -+ = L.

The Kingman limit
Consider the limit n T oo, # | 0 while nf = v > 0. Such an asymptotic was first

considered by Kingman (1975); we shall “star” the results (as in i) when referring to

such an asymptotic. As noted by Kingman, S, 4 D, (0) itself has no non-degenerate
limit.

When k = o(n), recalling Vi i beta(l + 0, (n — k)6), we have Vi < Vi 4 beta(1,~)
and the SBD,(#) distribution converges weakly from equations (2.3), (2.4) to a Griffiths-
Engen-McCloskey or GEM (vy) distribution.

Namely, (Ll,...,Ln)g(L{,...,L;,...) =: L* where

k—1
(2.14) Ly=[[Vive, k>1L

i=1

Here (V7,k > 1) are iid with common law V;* L beta(l,7) and V] = 1 — V" L
beta(vy,1). Note that L} > --- > Ly > ---, and that L* is invariant under size-biased
permutation. In the Kingman limit, (S(,),m = 1,...,7n) converges in law to a Poisson-

Dirichlet distribution (sz),k > 1) 2 PD(v) with Lty > - > Ly > ---. The

size-biased permutation of (L{y,, k = 1) is (L}, k > 1) 2 GEM(7y) (see Kingman (1993),
Chapter 9). '

The model (2.14) generates a random countable partition of the unit interval, with
many fundamental invariance properties (for a review of these results and applications
to Computer Science, Combinatorial Structures, Physics, Biology ..., see Tavaré and
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Ewens (1997) and the references therein for example; this model and related ones are
also fundamental in Probability Theory; see Pitman (1996, 1999, 2002) and Pitman and
Yor (1997).

3. Dirichlet partitions: sampling formulae for unordered and ordered sequences

Ewens’ sampling formula (ESF) gives the distribution of alleles (different types of
genes) in a sample with size k from the Poisson-Dirichlet process PD(~y). Alternatively, it
can be described in terms of sequential sampling of animals from a countable collection of
distinguishable species drawn from GEM (). It provides the probability of the partition
of a sample of k selectively equivalent genes into a number of alleles as population size
becomes indefinitely large. Depending on whether the order of appearance of sequentially
sampled species matters or not, we are led to the first ESF for unordered sequences or to
the Donnelly-Tavaré-Griffiths (DTG) sampling formula for ordered sequences. A third
way to describe the sample is to record the number of species in the k-sample with
exactly ¢ representatives, i = 0,...,k. When doing this while assuming the species
have random frequencies following GEM () distribution, we are led to a second Ewens
Sampling Formula. We recall here the exact expressions of both first, second Ewens
and DTG sampling formulae, when sampling is from finite Dirichlet random partitions.
These sampling formulae give both ESF and DTG formulae from GEM(+y) when passing
to the Kingman limit (see Sibuya and Yamato (1995) for further results). Most of the
results (and their proofs) presented therein can be found in Huillet (2005).

3.1 The first Ewens sampling formula for Dirichlet partitions

We first consider a sampling formula from Dirichlet partitions for which the or-
der in which the consecutive fragments are being discovered in the sampling process is
irrelevant.

Let §,, be the above Dirichlet random partition with parameter § > 0. Let k > 1
and (Ui, ..., Ug) be k iid uniform random throws on [0, 1]. Let then (M, ..., M) be the
(conditionally iid) corresponding fragments numbers (or animals’ species), with common
conditional and unconditional distributions

(3.1) PM=m|8,)=8n me{l,...,n}
1
(3.2) Po(M =m):=EP(M=m|S,)]=ES,, =—.
n
Let B, x(m) = Zle I(M; = m) count the random number of occurrences of frag-
ment m in the k-sample and P, := Y., _, I(By x(m) > 0) count the number of dis-

tinct fragments which have been visited in the k-sampling process. We let () :=
6(6 +1)(6 + k — 1). In Huillet (2005) we obtained

THEOREM 3.1. (i) We have

(3.3) Po(Bn k(1) = ki, Bnx(p) = kp; Puk = p)

- Oz o

g=1 g=1
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(ii) With

k

B p(x1,T2,...) = 2 Tk_'____Hx:n

oo ileiggl o
aiZO:Zf=1 ia;=k; I_L_l vi=1
k
Zi:l a:i=p
the Bell polynomials,

(3.4) Py(Por=p) = (_n%ﬁﬁBk,p((e)la (0)2,...)

(iii) We have
(35) Pg(Bn,k(l) = kl, e ;Bn,k:(p) = kp | Pn,k = p)

_ k! 1 B (O)x,
B p' Bk,p((e)h (0)27 . ) H ’

q=1

Note in particular that if p = k = 2, with k; = k2 = 1, equation (3.3) gives

(n—1)8
Py(B,2(1) =1, =1; =2)= ——.
6(Bn2(1) =1,B12(2) =L, Pop = 2) = = o=
This is the probability that the first 2 random throws will visit any 2 distinct fragments.
The complementary probability that it does not is thus 1 — ﬁzg—l)lg = n%‘%.
Remark. (the law of succession) We would like to briefly recall a related question
raised in Donnelly (1986) and Ewens (1996), concerning the law of succession.
(i) Let the “Mj41 is new” denote the event that My, is none of the previously
visited fragments. One can prove (see Huillet (2005))

(36) PO(Mk+1 is new | Bn,k(l) = kl, . 7Bn,k(p) = kp; Pn,k: = p)
_ (n—p)o
nd+k’
which is independent of cell occupancies ki,...,k, but depends on the number p of

distinct fragments already visited by the k-sample.

(ii) Similarly, let the event “Mj1 € species seen k, times” denote the fact that
the (k + 1)-th sample is one from the previously encountered fragment already visited
k. times. We easily get

(3.7)  Po(Mj41 € species seen k. times | By x(1) = k1,...,Bnk(p) = kp; Pox = p)
04k
Cnl+k’

which is independent of occupancy numbers &y, g € {1, ...,p}\{r} and also of the number
p of distinct observations.
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Remark. (number of distinct observations) From equations (3.6) and (3.7), we also
have the transition probabilities

(n—p)d
P
— _ - T:1(0+k7') _p9+k
Py(Pop+1=p| P =p) = nl + F = TR
Next,
_,_(n=p+1)0 B pd + k .
Po(Poj+1=p) = g Po(Por=p—1)+ T 5 Po(Po =p).

Using equation (3.4), we obtain the following triangular recurrence for Bell polynomials
Bk,p((g)l’ (9)23 .- ')’

Biet1,p((0)1,(0)2, - ..) = 0By p—1((0)1,(6)2, - . .) + (PO + k) B p((0)1, (0)2, - - ).
These should be considered with boundary conditions
Bi,o((0)1,(8)2, .. .) = Bop((0)1,(0)2,...) =0,
except for By o((0)1,(0)2,...) :=1.
This leads in particular to By 1((6)1,(0)2,...) = (8)k, k > 1 and to

n(ﬂ)k

Po(Por=1) =7 5%

The Kingman limit

Consider the situation where n T oo, 6 | 0 while nf = v > 0 in equations (3.3}, (3.4)
of Theorem 3.1. Proceeding in this way, we recover the first Ewens sampling formula
(1972):

COROLLARY 3.1. (i) In the Kingman limit,
Py(Bn k(1) = k1, .-, B k(D) = kp; Pnk = p)
converges to
k! ~P
TP (M= kg

(ii) With sk p the absolute value of the first kind Stirling numbers, we get

(3.8) P> (Bk(1) = k1, ., Bi(p) = ky; P = p)

« Y’ Sk,p
3.9 P (P,=p)=2kr 1.k
(3.9) 3(Pe =p) R p
and " )
3.10 P = =k, | Po=p)= ————5—.
( ) ,\’,(Bk(l) k17 7Bk(p) §4 l k p) p' Skip Hf;:l kq

Remark. (the law of succeséion) In the Kingman limit, the probabilities displayed
in examples (3.6) and (3.7) converge respectively to
Y kr

3.11 — d .
(3.11) yY+k an y+k
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3.2 The second Ewens formula for Dirichlet populations
Let now A, 1 (%), ¢ € {0,...,k} count the number of fragments in the k-sample with
1 representatives, that is

(312)  Ani() =% {me{l,...,n}: Bos(m) =i} = > I(B,r(m)=1).

Then Zf:o Ap k(i) = n, ZLI A, k(i) = p is the number of fragments visited by the
k-sample and A, x(0) the number of unvisited ones. Note that Zle tAn k(i) = k is the
sample size.

The vector (An k(1),...,An k(k)) is called the fragments vector count or the species
vector count in biology, see Ewens (1990). In this case, see Huillet (2005), we have

THEOREM 3.2. (i) For any a; > 0, i = 1,...,k satisfying Zle ta; = k and
Zle a; = p, we have

(313) Po(.An,k;(l) = a1y, An,k(k) = Ak, Pn,k = p)
k -

n! k! 1 a
= P, e (8 1O

i=1?

(ii) With By p(x1,22,...), the Bell polynomials, we have

n! I'(n@)

(3.14) Po(Poi=p) = (n = p) T(nb + )

Bkyp((e)l, (9)2, .. )
(iii) We have
(3.15) Po(Ani(1) = a1,..., Ani(k) = ax | Py = p)

B k! ()
" B p((0)1,0)2,.-.) H aigl’

The Kingman limit
Consider the limit n T 0o, 8 | 0 while nf = v > 0. We recover the celebrated Ewens
Sampling Formula (1972).

COROLLARY 3.2. (i) In the Kingman limit, the probability displayed in (3.13) con-

verges to
(3.16) P*(Ax(1) Ax(k) = ax; Py = p) kP
) t(D)=ay,..., Axlk)=ax; Pr=p) = ————r.
! (V) [15-; i9a;!

(i) With sk p the absolute value of the first kind Stirling numbers,

* ;}/Pskp
3.17 P.(P, =p) = —=£, =1,...,k
(3.17) ~(Px =p) T
and il
(3.18) P:(Ak(l) =ai,...,Ax(p) = ax | Pe =p) = - .

k.,
Skp [ Lg% a;!
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3.3 Donnelly-Tavaré-Griffiths sampling formula for the Dirichlet partition
We now consider sampling formulae from Dirichlet partitions for which the order in
which the consecutive fragments are being discovered in the sampling process matters.
Consider a k-sample and let m; # mg # --- # m, denote the ordered number of
the first, second, ..., the p-th distinct animals sampled from S, when only P, = p
distinct fragments were visited. Let Cp, x(g), ¢ = 1,...,p be the number of animals of
the g-th species to appear. Using Theorem 2.1, we can prove (see Huillet (2005))

THEOREM 3.3. For anycy > 1, ¢ = 1,...,p satisfying > -7¢q = k and any p =
1,...,n Ak,

(3.19) Po(cn,k(l) =ci,..,Cnk(P) = Cp; Pop = D)
( - 1)! F'l+(n—p+1)0)L'(0+cp)
= [Pl k- >te) T+ OT((n - p+ DO+ ¢, )1(c)

x H {F(1+(n—q+1)0)F(0+cq) T((n—q)0 +cqs1+- - +¢p) }
T1+ 0T ((n—q)0)I(cy) T((n—qg+1)0+cg+---+cp) )

Remark. (the law of succession) (i) Consider equation (3.19) and, with m, €
{mq,...,mp}, let

P(Mgy1=my |Cri(1) =c1,...,Co(p) = cp; Pok = D)

be the conditional probability that the (k + 1)-th sample is one from the previously
encountered species already visited c, times. One can show, see Huillet (2005), that, as
for the ESF,

(3.20) Py(Mj41 € species seen ¢, times | Cp x(1) = c1,...,Cnk(p) = ¢p; Pox = p)
_O+c
T nf+k’

which is again independent of ¢4, ¢ € {1,...,p}\{r} and also of p.
(ii) Summing over r = 1,...,p, the conditional probability that Mg, € {any one

of the species previously seen} is thus > 7_; thi'iE = flg%’;. Taking its complement to 1,

we obtain
(321) Pg(Mk_H is new I Cn,k(l) =C1,... ,ka(p) = Cp; Pn,k: = p)
_(n—-p)
nf+k’
which is independent of cell occupancies ci,...,c, but depends on the number p of

distinct fragments already visited by the k-sample.

The Kingman limit

Passing to the Kingman limit in Theorem 3.3 gives the celebrated Donnelly-Tavaré-
Griffiths sampling formula given in Donnelly and Tavaré (1986), p. 10 (see Huillet (2005)
for details).
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COROLLARY 3.3. (i) In the Kingman limit, the probability (3.19) converges to

klyP
Mkl (cg+ -+ cp)

(ii) With sk, the absolute value of the first kind Stirling numbers,

(322)  PL(Ck(1) =c1,...,Ch(p) = cp; Pr =p) =

* '7p3kp
3.23 P2(P, =p) = —=, =1,...,k
( ) 'y( k p) (7)1‘: D
and ol
3.24 P (Ck(1) =cy,...,C =c, | Po=p) = : .
(3.24) FCe(1) =1 x(P) =¢p | P =p) P § A A

4. Intervals between new sampled species from Dirichlet partition

In this section, we shall consider the following sampling problem from Dirichlet
partition. From the knowledge of the order in which new fragments are being discovered,
what can be said about the random number of samples separating the discovery of
consecutive new fragments until exhaustion of the list? We shall first consider the case
of a fixed sample size k and then the case of an unlimited size.

Assume there are P, x = p < n Ak := k,, distinct species visited by the k-sample

drawn from S, g Dy(0), with k > 2. Let my # - - # m, be their fragments numbers
in order of their appearance. Let D, x(r), r = 1,...,p — 1 be the sample size between
the discovery of the r-th and the (r + 1)-th new fragments. Let x; = 1 and y; =

L_:ll I(M, # My),l=2,...,k. This binary sequence takes the value 1 each time a new
species is visited by the k-sample; otherwise its value is 0. Let d, > 1,r=1,...,p—1,
dp ==k — ’T’;; d, > 1and d, = Se=1de T =1,...,p, dy := 0. The following two
events are identical

c‘Dn,k(l) = dl, e ’Dn,lc(p— ]_) == dp—1§Pn,k: =pa7
and
c‘X1=1,X2=--.=Xd1 =O’Xdl+1:17Xd1+2="'
:XEZ =O;-.-,X2p_1+1 = 1,Xap_1+2 = ... =XEP =0,

Next, from the above law of succession displayed in (3.21), with by,...,b € {0,1}, we
get

(n — Yu_1 590
P =1 =by,... =p) = —=9= 7
o(X1+1 | x1="b1,...,x1=b) o0 11
1+6-3 b
P — — =b z—q—u‘
o(xiv1 =0 x1=0b1,...,x0 =b) Y

Using this, we obtain

THEOREM 4.1. Letp < kn. Withd, >1,r=1,...,p—1,dp:=k—Y"_1d. > 1
and d, =30 _ 1 dg, 7 =1,...,p, do := 0, we get



SAMPLE FROM DIRICHLET PARTITION 609

(i)
(41) Pe(Dn,k(l) = dl, ces >Dn,k(p — 1) = dp—l; Pn,k: = p)
67n! i -
= Gl—:—;))'(n—ﬁ)k 1:[1(1 + 70+ dro1)d. -1
(ii)
(42) PO(Dn,k(l):dlaw-; nk(p_l)_ p— 1|Pnk::p)
or
= (1+ 70+ dr_1)a,—
Bip((0)1,(0)2, 1_]1 -t

ProOOF. (i) We have:

Pg(Dn k(l) = dl, N 7Dn,k(p_ ].) = dp—l;Pn,k = p)
dr—1

(n—r){) T [+ rf
—H d, +né H H [+nb

r=1 l_ar 1+1

y 2 P d—].

= Hr— (z+ e) H ]'[ (1+76)

r=11=gd,_,+1

n!

" (n—p)! (b (n0 H(l + 70+ dr_1)d,—1,

(ii) follows from the expression (3.14) of Pg(Pnx = p). O

Remark. (Waring distribution) Let us recall here some elementary facts on Waring
distributions in the generalized hypergeometric of type B3 class. A discrete random
variable W € {0,1,...} has Waring distribution W (b, a) with parameters b > a > 0 if

P(W =z) = (b— a)f2=;. We have E(W) = a/(b—a—1) if b—a > 1, = +c0 if not.

Regrouping the events “W > n”, a random variable bW € {0,1,...,n} has bounded

Waring distribution bW (n, b,a) if P(bW = z) = (b — a) (IS;I)“” ,if z € {0,1,...,n — 1},

P(W =n) = {2 if bW = n. We obtain E(bW) = ;=2 (1— {&=) if b# a +1 and
EBW) = (b—1)[¢'(b+n) —¢'(b)] if b=a+ 1, where ¢'(b) :=I"(b)/T'(b).

One may check that if W & W(b,a), then W L geom(beta(a,b — a)) where G L
geom(p) is a geometrically distributed random variable with law P(G = ) = p*(1 — p),

x > 0. Here, p is the random success probability, with p & beta(a, b — a), independent
of G. From this, we get

PW =z) = Tra=l(1 — p)edp

I'(a) I‘(b " a) /
_ I'(b) MNa+z)I'(b—a+1) —(b—a)
- T(@l(b-a) Th+z+1) (®)z+1
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Furthermore, P(W > n) = F—(a%é’g—_aj fol p a1 —p)b-a-ldp = ((—‘;;f. Let bG have

bounded geometric distribution such that P(bG = z) = p*(1—p), ifz € {0,1,...,n—1},

n+1

PG = n) = p™ if bG = n. Using E(G) = p/(1 — p) and E(bG) = _p_p p— the
claims on E(W) and E(bW) follow from randomization of p.

Now, we are ready for presenting subsequent results. As a consequence of Theorem
4.1, we have

THEOREM 4.2. Letl <r <k,.

(i) Withdi,...,d, > 1, d, <k, we have

(4.3) Po(Dp (1) = dy,...,Dni(r) =d;)

N (n(i;i)'l) (1 +9T9 H(l + 99+ dg-1)d,-1-

In particular, if r =1

44)  Po(Dur(l) =di) = 6(n— 1)((11—12;#1, di € {1,... kn—1}
_ (1+0)d1—1 : _
= 0 n8)a 1’ if di = kn,

and D, (1) —~1 has bounded Waring distribution bW (k, —1,14+n0,1+0). Consequently,

1+8 [ _ ((2+9)kn—1].

(4.5) E¢[Dn k()] =1+ (n—1)§—1 14+ nb)g, 1

(ii) Let 1 <r < ky. Withdy,...,dr >1,dr_y =d>r—1,d, =d+d, <k, we
have

(46) Pg(Dn,k('f‘) = dr ‘ Dn,k(]-) dl, e n k(T - 1) r 1)

(1+7‘9+d)d -1 .
= O(n — - el kn—d—
O(n—r) ETTEY P if dre€eq kn—d—1}
_ (I+0+4d)g, 1

T (14 nb+d)g, 1

» Zf drzkn_da

showing that, given 5n,k(r —-1):= Z;;} Drx(q) = d, Dni(r) — 1 has bounded Waring
distribution bW (k, —d— 1,1+ n0+d,1+rf + d). Note from the preceding remark that

(4.7) E¢Dpir(r—1)] =1+

14+r60+d 1 24710+ d)k,—a-1
(n—r)f -1 (14+n0+d),—d-1

(iii) Forr =1,...,k,—1, the cumulative random variable _ﬁn,k(r) = ZZ=1 Dy x(q)
has distribution
___ (n_ 1)!Bd,7‘((0)1’(0)2"") _
(48) P9<an(7') d) = (n—r—l)!(1+n0)d , d=7r,...,k, — 1
_ n‘ Bd,r((9)17 (9)2, N )
m=ri  (nb)a
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where Bqr((6)1,(8)2,...) are Bell polynomials.

ProOF. (i) The following two events coincide
“Dpi(l) =dy,...,Doi(r) =d.”

and “Xl =lLx2=:-"-= Xd1 = 0)Xd1+1 = 17Xd1+2 == XEZ = 07"'7X3r_1+1 =
LXg, 42 = =Xz, = 0,xz. 4, = 17. Proceeding as for the proof of Theorem 4.3
gives (i).

In particular,

6*n! (1 -+ g)dl_l
(n—2)!' (n)4, 11

Po(Dp (1) =d1) =

(n—1)(0)a (14 0)q,—1
= 2 g1 :
(1 +nb)q, (n—1) (1 +nb)g,
so that, withd =0,...,k, — 1
(1+9)d
Po(Dur(l)=1=d) = 0(n—1)— 29 g0, kn—2
0(Dnk(1) ) = 0(n )(1+n0)d+1
_ (1+0)4 e
= UFnb)y if d=k,—-1

which is a bounded Waring distribution W (k, — 1,1+ n6,1 + 8). The expected value
of Dy, k(1) displayed in (4.5) follows from the preceding remark.
(i) If d. € {1,...,k —d — 1}, it follows from the law of D,, k(1),..., Dy x(r) that

Pe(Dn’k(’l") = dr | 'Dn,k(l) = dl, Ce ,Dmk(r - 1) = dr—l)

(n0)as1
=0n—r)———(1+710+d)g._
(’I’L T) (ne)d+dr+l ( r )dr 1
. B (1+T0+d)dr_1
A C by oy

where d := d; + --- + d,_1. This conditional distribution depends on di,...,d,_1 only
through their sum.

From this, one may check that given D, x(r — 1) = d, Dnx(r) — 1 has bounded
Waring distribution 8W(k, —d — 1,1 + nf + d,1 + 76 + d). The expected value of
D x(r — 1) displayed in (4.7) follows from the preceding remark.

(iii) This results from the Ewens sampling formula displayed in Theorem 3.2.

Suppose that (Dnk(1),...,Dnk(p — 1); Py k) has distribution given by (4.1). Let

r and d, be integers > 1 such that r < d. < k,. Let a4, ... ,ag > 0 be an unordered
partition of d, for which chtr a; = r and Z‘fT ia; = dr. Then
Po(ADL(D) = as,..., AT\ () = az)
= Po(Dny(1) =di,...,Dpi(r) = dy)
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where summation runs over all distinct ordered partitions dy, . . ., d, of d, which give rise
to the unordered partition ay,...,a; of d,. From (4.3), we get

Po(AL (1) = ar,..., AL (@) = az)
n! 2! T _
= @)% if dp=kn
(n =) ] _ 1021 (0 )H

(n—1)! d,! H a -
1 <
(n—r—1)|H Z|a1a|(1+n0d l_((;? s dr < hn

with

Z —d_ H(ﬁ)‘“ = B3 ((0)1,(8)2,...)

H T17/|a'az i=1

Next, ford=r,7+1,...,k, — 1, we have
Py(Dpp(r) =d) =Y Po(AT)(1) = ay,..., ALL(d) = ag)
where summation runs over a; > 0 satisfying Z'li a; =r and Z‘f ia; =d. O

Lastly, we shall turn to the related question of computing the law of D, (r), the
sample size separating consecutive visits to the r-th and the (r + 1)-th new species, when
sampling is from D, (#) with unlimited sample size. For this problem, we obtain

THEOREM 4.3. Letl <r<n-1.
(i) The law of Dy (r) is given by

(4.9)  Po(Du(r)>d) = > (kl, d k)

kiyeskr 200y 7 kg=d

1+ (n-qg+1)8)
8 H {ru +O)T((n—q)0)

F(l+9+kq)r((n—q)9+kq+1+--~+kr)}
Tl+m—q+1)0+ky+-+ k)

and the following stochastic domination property holds
Dyp(r) = Dp(r —1).

(i) With1 <r <n -1, the mean value of D,(r) reads

(4.10) Eo(Dn(r)) = H (”_q“ i (n-r)f>1

fl

+oo, zf not.
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ProoOF. (i) Given S,, we have

d
P(Du(r)>d| M, =my,...,M. =m,, S (Zsmq>

since, if D,(r) > d, at least d sample need to fall in the already visited fragments.
Averaging over §, and summing over all realizations my # - -- # m,. of My, ..., M/, we
get

r d
(4.11) Py(Dp(r)>d)=E (Z Lq>

Developing with the help of the multinomial identity and using the joint moment function
of Lq,...,L,, as obtained from (2.11), gives the result. The stochastlc dommation
property Dy (r) &= Dy (r — 1) follows from the fact that (3_7_, Ly)¢ > (s ¢ which
is maintained when taking the expectation.

(i) Concerning the mean value of Dy (r), recalling 1 — =7 _, L = H2=1 V, where

Vg4 q¢=1,...,r are independent with law V, 2 beta((n —q)d,1+6) we have from (4.11)

Ee(Dn(T)) = ZPQ(Dmk(T) > d) = FEy (ﬁ)

d>0

—E<Hq1 ) HE( )

The expected value of Eo( ) is finite and equal to %% if and only if (n —q)8 > 1.
q

We note that when r > n—6071! is such that (n—7r)8 < 1, the expected time separating the
visit from the r-th to the (r + 1)-th new fragment becomes infinitely large. In particular,
for values of 8 such that § < 1/(n — 1), Eg(D,(r)) = oo for each 1 < r <n —1. On the
contrary, if 8 > 1, Eg(Dy,(r)) < oo foreach 1 <r<n-—1.

Note that, if (n — r)6 > 1, since § > 0

(n—r+1)0
(n—r)6 -
The expected visiting times sequence to consecutive new species, when these exist (when

they are finite), is an increasing one, as conventional wisdom suggests. These results are
consistent with the ones of Huillet (2003), obtained in the particular case § = 1, namely

Eo(D,(r)) = = Bo(Da(r — 1)) > Eo(Du(r - 1)).

r

Eg—1(Dn(r)) = H

q=1

n—q+1 n(n—1)
n—-qg—1 (n—-r)(n-r—1)

foreachl1<r<n-1.0

Remark. With Z;=1 kq = d, the following term arising from (4.9)

( d ) T(1+ (n—q+DOT(L+ 0+ k)T((n — )0 + kgsr + - + ky)
koo k FrQA+6r((n—g)) Q1+ (n—qg+1)0+ky+ -+ k)
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is the joint probability Po(Dn(r) > d; B, 4(l) = k1,...,Bna(r) = k) that D,(r) > d
and that cell occupancies B, 4(q) = kg, ¢ = 1,...,7 where B, 4(¢q) counts the random
number of occurrences of the g-th previously visited fragment in a d-sample from D,,(6).

The Kingman limit
Consider the situation where n T oc, 8 | 0 while nf = v > 0. In this case, we recover
part of the results given by Yamato et al. (2001) in a broader (two-parameter) model.
As a corollary to Theorem 4.1, we have

COROLLARY 4.1. Letp <k. Assumed, >1,7r=1,...,p—1,dp:=k—3"_d, >
1andd, = Z;zl dg, r=1,...,p, do := 0. Then, the weak limits Dk(r) = lim, n,k(r),
r=1,...,p—1 exist and

(i)
(4.12) P (Dy(1) = dy,...,Dr(p~1) = dyp_1; Pr = p)
= (L ﬁ 1+ dr—1)d,-1-
(ii)
(4.13) P (Di(1 ) -sDr(p—1) =dp_1 | Pr = p)

dy,
P
H (14dr_1)d.—1.

PROOF. Immediate. This is consistent with the result of Yamato et al. (2001),
Theorem 2, p. 21, putting @ = 0 in the general two-parameter Pitman class where
sampling takes place. This distribution is called DT'GII by Yamato (1997). O

As a corollary to Theorem 4.2, we get

COROLLARY 4.2. Letl <r< k.
(i) Withd,,...,d.>1,d, <k,

(4.14) P:(Dy(1) =dy, ..., Di(r) = dy)

r+l T
(7) H(l + dg—1)d,-1-
dr+1 4
In particular, if r=1

. d; — 1)!

(k—1)!
= =k
(I +7)k-1 !

showing that Dk(1) — 1 has bounded Waring distribution bW (k — 1,1+, 1), with

x DI S ST
(4.16) EX(Dy(1)) =1+ 1 (1 7(7)19) .
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(i) Let 1 <r<k. Withdy,...,d, >1,dr1=:d>r—-1,d, =d+d, <k,

(417) P:,('Dk(’r) = dr I Dk(l) = d1, e ,Dk(’l‘ - 1) = dr—l)
_ (A +d)g, 1 , —d—
—7(1+7+d)dr’ if dTE{l,...,k d 1}
(1 +d)k_d_1

= ’ ‘ d'r =k— d7
Qtr+dias 7

showing that, given Di(r — 1) := Z;;i Dr(q) = d, Dk(r) — 1 has bounded Waring
distribution bW (k —d — 1,1+ v+ d,1 + d). In particular,

ka(Q) = d)

1+d ( 2+ d)k—dq-1 )
1-— .
(1+y+d)k—a-1

(4.18) E: <Dk(r)

iii) Forr =1,...,k — 1, the cumulative variable Dx(r) := ' _. Dy(q) has distri-
g=1
bution

* (TN 7T$dT
4.19 P (Di(r)=d) = ————, d=rr+1,...,k—-1
(419) JDulr) = d) = G
=7T8d,r

(Y)a ’

d=k,

where sq,r are the absolute values of first kind Stirling numbers.

PrOOF. Immediate. These are again consistent with results of Yamato et al.
(2001), as from Theorem 3, Propositions 3 and 4, putting a = 0 in their formula. O

Finally, as a corollary to Theorem 4.3, we easily obtain

COROLLARY 4.3. Letr > 1.
(i) The law of D(r) := lim, D, (r) is given by

* ~"d! 1
(4200  Pi(D(r)>d)= ) _
(’Y)d k1,...,kr20:zz kq=d qul{'Y + kq + + kr}

and the following stochastic domination property holds
D(r) = D(r —1).

(ii) With 1 <r, the mean value of D(r) reads

(4.21) EX(D(r)) = (%—J if v>1

= +00, if 0<vy<1.
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Proor. Immediate from Theorem 4.3. O
Remark. With Y77_, k; = d, kg > 0, the following term arising from (4.20)

~"d! 1
(V)a H2=1{7 +kg+ -+ ke }
is the joint probability P2 (D(r) > d; By(1) = ki, ..., Ba(r) = k) that D(r) > d and that

cell occupancies are Bg(q) = kg, ¢ = 1,...,r, where B;(g) counts the random number of
occurrences of the g-th previously visited fragment in a d-sample from GEM ().
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