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Abstract. Portmanteau test statistics are useful for checking the adequacy of
many time series models. Here we generalize the omnibus procedure proposed by
Duchesne and Roy (2004, Journal of Multivariate Analysis, 89, 148-180) for mul-
tivariate stationary autoregressive models with exogenous variables (VARX) to the
case of cointegrated (or partially nonstationary) VARX models. We show that for
cointegrated VARX time series, the test statistic obtained by comparing the spectral
density of the errors under the null hypothesis of non-correlation with a kernel-based
spectral density estimator, is asymptotically standard normal. The parameters of
the model can be estimated by conditional maximum likelihood or by asymptotically
equivalent estimation procedures. The procedure relies on a truncation point or a
smoothing parameter. We state conditions under which the asymptotic distribution
of the test statistic is unaflfected by a data-dependent method. The finite sample
properties of the test statistics are studied via a small simulation study.

Key words and phrases: Vector autoregressive process, cointegration, exogenous
variables, kernel spectrum estimator, diagnostic test, portmanteau test.

1. Introduction

Many real life situations can be described by vector autoregressive models with
exogenous variables (VARX). These models represent a generalization of the popular
vector autoregressive models (VAR) in the sense that explanatory variables (or exogenous
variables) can be included, which is a desirable property in many practical situations;
see for econometric applications Judge et al. (1985) and Liitkepohl (1993), among oth-
ers. Statistical properties of VARX models are described in Hannan and Deistler (1988),
among others. Many economic and financial time series exhibit characteristics that are
believed to be nonstationary. An important nonstationary model of considerable practi-
cal importance occurs when the determinant of the autoregressive operator admits unit
roots, while all other roots are outside the unit circle. With multivariate VARX models
with unit roots, a classical approach consists to differentiate each component in order to
obtain stationarity. However, differencing the series tends to introduce complications,
as for example rank deficiency in coefficient matrices and noninvertibility problems (see,
e.g., Liitkepohl (1982) and Ahn and Reinsel (1990)). Therefore, it appears important to
be able to directly describe and model the nonstationarity, since this approach gives an
increased understanding of the nature of the nonstationarities (see, e.g., Granger (1981),
Engle and Granger (1987)). Furthermore, direct modelling of the unit roots provides
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more accurate long-term forecasts (Yap and Reinsel (1995)).

Diagnostic checking of VARX models (stationary or partially nonstationary) ap-
pears to be a critical step. Test procedures based on the residual autocovariances and/or
autocorrelations have been found useful for diagnosing the adequacy of time series mod-
els. In stationary VARMA models, Hosking (1980) proposed a test procedure based
on the residual autocovariances. In that approach, VARMA models are fitted and the
test statistic relies on the residual autocovariance matrices of the residual time series.
Duchesne and Roy (2004) proposed test statistics, using a spectral approach, for check-
ing the adequacy of VARX models using kernel-based spectral density estimators of the
residual time series. Their test statistic is based on a distance measure between a non-
parametric kernel-based spectral density estimator and the spectral density under the
null hypothesis of non-correlation. It can be expressed as a weighted sum of a function
of the residual autocovariance matrices at all lags 7, 1 < 7 < n — 1, n being the sample
size. The kernel-based test statistic depends on a kernel function k(-) and a trunca-
tion point or a smoothing parameter, noted p,,. When the truncated uniform kernel is
adopted, the resulting test statistic corresponds to a generalized Hosking’s (1980) test.
However, many kernels k(-) exhibit better power than the uniform weighting offered by
the truncated uniform kernel.

The main contribution of this paper is to establish the asymptotic distribution of
the kernel-based test statistic in the case of a cointegrated VARX model. Using the
error correction representation, the parameters of the VARX model can be estimated by
the conditional maximum likelihood method, or with other methods which are asymp-
totically equivalent. Such estimation procedures have been studied in Ahn and Reinsel
(1990) for VAR models, and we discuss how to adapt them when exogenous variables
are included in the model. We will show that the kernel-based test statistic introduced
in Duchesne and Roy (2004) admits a standard normal distribution under the null hy-
pothesis of adequacy.

The method of proof differs considerably from the one developed in Duchesne and
Roy (2004). In partially nonstationary models, we exploit the error correction form of the
cointegrated VARX model; such a process can be written as the sum of a nonstationary
process with stationary increments and of a stationary process. The decomposition
has been studied in Ahn and Reinsel (1990) in VAR models. See also Yap and Reinsel
(1995) and Pham et al. (2003) in VARMA models. To handle properly the nonstationary
component represents one of the technical achievements of the paper.

In practice, the choice of the smoothing parameter in the kernel-based test statis-
tic needs to be determined. In the stationary VARX model, Duchesne and Roy (2004)
considered in their empirical study the cross-validation procedure. However, their asymp-
totic analysis establishing the asymptotic distribution of their test statistic assumed a
non-stochastic p,. Here, we would like to study the asymptotic distribution of the test
statistic when p, is determined by the observed data. Consequently, a second objective
of the present paper is to state precise conditions under which the asymptotic distribu-
tion of the kernel-based test statistic is not affected by a data-dependent method. The
method of proof is valid for the cointegrated VARX model and it can be easily adapted
for the stationary case. Under the stated conditions, the test statistic admits a stan-
dard normal distribution under the null hypothesis of adequacy, when the smoothing
parameter has been determined with the data available.

The paper is organized as follows. In Section 2, some preliminaries are introduced,
where the cointegrated VARX model is presented and the sample residual autocovariance
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matrices are defined. In Section 3, we give the hypotheses of interest for model adequacy.
The estimation of the cointegrated VARX model is considered and we present the test
procedure for diagnostic checking. The asymptotic distribution of our portmanteau
procedure is derived under the null hypothesis of non correlation in the error term. In
Section 4, we discuss data-driven methods for the bandwidth. We give precise conditions
under which the asymptotic distribution of our kernel-based test statistic, based on a
data-driven smoothing parameter, is still standard normal under the null hypothesis.
Some simulation results are reported in Section 5. The proofs of our results are contained
in the Appendix.

2. Preliminaries

Let Y ={Y;:t€Z} and X = {X,:t € Z} be two multivariate processes, where
Y, = (¥:(1),...,Yi(d)) and X, = (X¢(1),...,X:(m))". We assume that X is of mean
0. We suppose that these processes can be represented by a multivariate linear dynamic
model with second-order stationary exogenous variables VARX(p,s), defined by:

(21) A(B) Yt = V(B)Xt + a,

where A(B) =I5 — > | A;B', A, # 0, I being the d x d identity matrix, V(B) =
Sio ViBY, Vs # 0, B denoting the usual backward shift operator, a = {a;,t € Z}
is a white noise, that is a; = (a:(1),...,a:(d))’, t € Z, are identically and independent
distributed (iid) random vectors with mean zero and regular covariance matrix X, =
(0a,ij)ij=1,..,d- The process X is supposed strictly exogenous, that is X and a are
assumed independent.

Partial nonstationarity of the process Y is assumed, as characterized by the exis-
tence of dyp < d unit roots in the VAR operator A(B). More precisely, det{A(B)} =0
admits dg < d unit roots, where det{ A} stands for the determinant of the square matrix
A. However, it is supposed that the remaining roots are outside the unit circle. The
rank of A(1) is r, that is rank{A(1)} =7, r = d —dy > 0. Now let P = (P, P3),
with P; a full rank d X dp matrix such that A(1)P; = 0, P being a d X r matrix such
that P is nonsingular. Partitioning P~ = Q into @ = (Q), @3)’, and noting that
P,Q, + P>Q, = 1,4, it is possible to show, using the arguments of Pham et al. (2003)
that Y, = P1Z1;+ P2 Zy,, where {Z1; = Q, Y.} is nonstationary with {Z1;—Z1 -1}
stationary, while {Z3; = Q, Y} is stationary.

Let u = {us,t € Z}, where uy = (u(1),...,u(d))’, be an arbitrary second order
stationary process whose mean is 0. The autocovariance at lag j will be denoted by

T.(j) = E(usu;_;), JjeZ.

If we write T'y(j) = [Cu,pq(§)]% 4=1, and if

o<

Z'Fu,pq(j)|<ooa p,q=1,...,d,
j=0
the spectral density f(w) of u is defined by

o

(2.2) flw)y= % Z Tu(h)e ™"  we[-mn].

h=—o0



578 PIERRE DUCHESNE

When the existence of the fourth order moments will be required, we will suppose
that the process wu is fourth order stationary and the fourth order moments and cumulants
will be denoted respectively by

pa(p, ;7 8) = E(ur(p)ue(q)ue(r)ue(s))
and
’ipqrs(ia Jiks l) = Cum(ui(p)’ Uj (q)a uk(r)’ ul(s))’

where p,q,7,s =1,...,d and 4,4, k,l,t € Z. Imposing the existence of the fourth order
moments is equivalent to the existence of the fourth order cumulants. If the process u
is Gaussian, it is well known that the fourth order cumulants vanish.

Given u, ..., u, a realization of length n of the process u, the sample autocovari-
ance at lag j, 0 < |j| < n —1, is defined by

-1 771_. / ) ~_—_0’1".., _1,
(23) Cu(]) = n , EF—]‘!—l utut—g .7 n
Cu(_])v ]:—1,”_,__;”_'_1_

The classical nonparametric kernel-based estimator of the spectral density f(w) of u is
given by

n—1
(24) Falw) =5 3 KG/p)Culi)e,

j=—n+1

where k(-) is a kernel or a lag window. The parameter p,, is a truncation point when
the kernel is of compact support, or a smoothing parameter when the kernel support
is unbounded. We suppose that p, — oo and p,/n — 0. Examples of p, satisfying
these criteria are p, « n®, with o € (0,1), and p, x log(n). Using the rectangular
or truncated uniform kernel krgr(z) = I[|z] < 1], where I{A) is the indicator function
of the set A, we retrieve the familiar truncated periodogram (Priestley (1981), Section
6.2.3). Here, we will also use kernel-based estimators of the form (2.4) with the usual
assumptions on the kernel that are summarized as follows.

AsSUMPTION 2.1. The kernel k : R — [~1,1] is a symmetric function, continuous
at 0, having at most a finite number of discontinuity points and such that k(0) = 1,

75 K (2)dz < 0.

Examples of kernels or lag windows frequently used in time series analysis are studied
in Priestley ((1981), Section 6.2.3), among others.

Once a cointegrated VARX model is estimated, the residual time series a;, t =
1,...,n, can be computed. The residual autocovariance at lag j is obtained from (2.3)
with wu, replaced by a; and it is noted C3(j), j = —n+1,...,n—1. Similarly, the residual
spectral density estimator f, (w) is obtained from (2.4) where C;(j) is substituted for
C.(j), that is

n—1
. 1 , Ny
(25) Fa@ =5 30 k(i/pa)Cali)e™.
j=—n+1
The estimation of the cointegrated VARX model, the hypotheses of interest for diagnos-
ing the model, the kernel-based test statistic and its asymptotic distribution are discussed
in the following section.
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3. Estimation of the model and the test statistic for adequacy

The hypothesis of interest states that the error process a is a white noise against
the alternative of serial correlation of arbitrary form. More formally, it can be written
as

Hp:T.(j) =0, Vj #0, against
T'.(j) # 0, for at least one j # 0.

The hypotheses can be written in terms of the spectral density f(w) of a. For example,
Hy can be expressed as f(w) = fo(w), w € [—m 7], where fo(w) = I[',(0)/(27) =
¥./(27), w € [—m, 7]

We now discuss estimation of the cointegrated VARX model. The model (2.1) can
be written as:

(3.1) A*(BYW;=CY, 1+ V(B)X; + a;,

where W, = (1= B)Y;, C = —A(1), A"(B) =I4— Y P_  AIBY, A = - 30 Ax
and A(1) = Iy —3%_; A;. Equation (3.1) represents the error correctlon form of the
model (2.1) (see, e.g., Granger and Weiss (1983), Engle and Granger (1987), Ahn and
Reinsel (1990)). As noted by Yap and Reinsel (1995), a model form as the one given by
(3.1) is particularly convenient, since the nonstationarity of the VAR operator A(B) is
concentrated in the behavior of the matrix C.

Let ® = (C,A;5,... A;‘J 1 Vo, V1,...,V ) be a d x (dp + m(s + 1)) matrix
of parameters and H, = (Y;_, Wi_,..., Wi__ ., X},...,X; ) bea (dp+m(s+
1)) x 1 vector. The model (3.1) can be written in the compact form W, = ©H; + a;
and the least squares (LS) estimator © of @ is given by

- (Z WtH’t> (Z HtH’t)

The LS estimator of the error covariance matrix X, is given by 3, = C:(0), where
a,t=1,...,n denote the LS residuals. It can be shown, using an approach similar to
Ahn and Reinsel (1990), and using results of Phillips and Durlauf (1986) and Sims et al.
(1990), that the convergence rates of c, A ,i=1,...,p—1, V;,i=0,...,s are such
that

-1

(C—~C)P1=0,(n?), (C—-C)Py=0,n""?),
(3.2) A=A =0,(n V%, i=1,....,p—1,
Vi—-V,=0,n"Y%, i=0,...,s
The matrices P; and P5 are defined in Section 2. The mathematical developments that

follow are valid for any estimator of @ that verifies (3.2). For this reason, it is hypoth-
esized that our estimation method satisfies the following assumption for the estimator ©.

ASSUMPTION 3.1. The estimator © of © in the VARX model satisfies (3.2).

Remark 1. Often, there are linear constraints on the parameters, for example pa-
rameter values that are fixed to zero. Let 8 = vec(®) = R+, for a known matrix R.
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Then, the model (3.1) can be written as W, = (H; ® I) Ry + a; and the LS estimator
4 can be derived easily. In this situation, the LS estimator of © is given by ® = R#%.

Explicit imposition of unit roots may lead to considerable improvement on prediction
performance. Consequently, to incorporate the dg unit roots in the estimation of the
partially nonstationary VARX model may be highly desirable. Estimation of the error
correction model (3.1) with the reduced rank structure C = AB imposed, where A and
B are full-rank matrices of dimension d x r and r x d, has been investigated in Ahn and
Reinsel (1990) and Yap and Reinsel (1995) in VAR and VARMA models. For a unique
parameterization, the matrix B can be normalized such that B = (I, Bg), where By
is an r X do matrix of parameters. This leads to the reduced rank model

(33) A*(B) Wt =AB Yt—l + V(B)Xt + a;.

Let 8 = (By, a')’, where By = vec(Bg) and a = vec(A,A],..., A5y, Vo,..., V).
Based on the n observations { Y;,t = 1,...,n}, the Gaussian log-likelihood becomes

1 n
t=1

Taking the same approach that Ahn and Reinsel (1988, 1990), Gaussian estimators are
obtained using the Newton-Raphson algorithm, which is based on an initial consistent
estimator satisfying Assumption 3.1. Using a first-order Taylor expansion similar to Ahn
and Reinsel (1990), an asymptotic representation is obtained and we can establish that
the Gaussian estimator 3 satisfies

A-—A=0,n""?%, By—By=0,n"),
(3.4) A} — A =0,(n"Y?, i=1,...,p—1,
Vi—Vi=0,(n"%, i=0,...,s

The assumptions on the reduced rank estimator are summarized as follows.
ASSUMPTION 3.2. The estimator 3 of 3 in the VARX model satisfies (3.4).

Other estimation methods verify Assumption 3.2, as discussed in Ahn and Reinsel
((1990), Section 8) in the context of VAR estimation. Let the LS estimators of C be
written as € = (C1, C3), where Ag;; = Cy is d x 7, and let By oy = (A;ltﬁlglﬁalt)“l-
(A.,2-1C,). Tt follows that Boaw — By = O,(n~!) and this estimator can be
shown asymptotically efficient. Let Ba; = (I T,B()’alt). A possible two-step estima-
tor, which delivers asymptotic efficiency, of 4, A}, j=1,...,p—1, V;, i =0,...,s
based on this initial B’O@lt, is obtained as the usual least squares regression of W, on
Bu:Yi 1, Wi g,...,W:_p11, X4,..., Xt—s. Using a cointegrated VAR(1) model,
Ahn and Reinsel (1990) compared the two-step estimator with the Gaussian estimator
and they found, from their empirical study, that these methods perform rather compara-
bly. The two-step procedure represents a particularly convenient method, since efficient
estimators are obtained using a computationally attractive procedure. Obviously, this is
highly desirable in practical applications.
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Let C = AB be an estimator of C = AB, such that A and B satisfy Assump-
tion 3.2. Note that using the straightforward identity AB-AB=(A-A)(B-B)+
A(B—B)+(A—- A)B, and since BP; = 0 (Ahn and Reinsel (1990), p. 817), it follows
from Assumption 3.2 that (C — C)P1 = O,(n~!) and (C — C)P3 = O,(n"/2).

Once a particular VARX model has been adjusted, a sound practice consists to test
the null hypothesis of non-correlation in the error term {a,t € Z}. To this end, we first
consistently estimate fq(w):

p C3(0)
w) = € [-m,n).
Folw)= 222, we-m]
Secondly, we construct a non-parametric spectral density estimator of the residual time
series, @;, t = 1,...,n, based on the reduced rank estimator:
1 n—1
(3:5) Fa@)=o- D K(i/pa)Cali)e™™.
Jj=—-n+1

Note that @; and C;(j) are defined similarly as a; and C;(j), where we recall that
the a,’s denote the LS residuals and the é;’s correspond to the reduced rank residuals.
Consider the normalized quadratic distance

Q*(f1,f2) =2 /ﬂ 65 (0){f1(w) = £2(w)} T (0{f1(w) — f2(w)}]dw

—T

where for a matrix A, A* denotes the transposed conjugate of A, that is A* = A'. The
proposed test statistic is essentially a standardized version of Q*(f,,, fo), defined by:

n Y721 k2(j/pa) tr{ C5(3) C3 1 (0)Ca(5) C3 ' (0)} — A2 M, (k)

(3.6) T, = 2V, ()}
where M,, (k) and V,,(k) are given by:
n—1
(3.7) Ma(k) =Y (1 = §/n)k*(j/pn),
j=1
n—2
(3.8) Va(k) = Y (1= j/n)(1 = (5 + 1)/n)k*(5/pn)-
j=1

If p, — oo and p,/n — 0, we can show that p,; M, (k) —» M(k) = fooo k%(z)dz and
PrlVia(k) — V(k) = [;° k*(z)dz. Under some additional assumptions on k and/or p,
(Robinson (1994), p. 73), p; M, (k) = M (k) + o(pn /2y Consequently, asymptotically
equivalent test statistics are obtained from (3.6), where M, (k) (V,(k)) is substituted for

M(k) (pnV(k)); see Duchesne and Roy (2004).

For a stationary VARX model, Duchesne and Roy (2004) have proposed the test
T, for testing serial correlation of arbitrary form. In a multivariate regression model,
they showed that if the dependence structure of {a,t} is such that > ITa()I? < oo
and )7, 37 37 [Kpgrs (8t + 4,2 + 5, +1)| < oo, then T, p(n/p ?), meaning that the
test procedure T, is consistent, since p,, — oo and p,, / n is assumed to converge to zero.
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Computing the asymptotic relative efficiency in the Bahadur sense (ARFEg) of one kernel
with respect to another, they found that many currently used kernels in spectral density
estimation lead to an AREp greater than one with respect to the truncated uniform
kernel.

However, there is a growing consensus among statisticians and econometricians that
many vector time series may contain unit roots. Recent studies (see, e.g., Engle and
Granger (1987), Ahn and Reinsel (1990), Reinsel and Ahn (1992), Yap and Reinsel
(1995)) find the presence of unit roots in economic and financial time series. In light
of this, we justify the asymptotic distribution of the test statistic given by (3.6) for
cointegrated time series. The asymptotic analysis for the generalization from stationary
VARX to partially non stationary is nontrivial, because one can no longer exploit the
stationarity of {Y;} under the null hypothesis. The asymptotic analysis relies strongly
on the error correction form of the model, where we decompose Y; as the sum of a
nonstationary process with stationary increments and of a stationary process. Different
arguments are needed to manipulate adequately the nonstationary component; see the
proofs of Theorems A.1 and A.2 in the Appendix. Furthermore, the different convergence
rates of the estimators of the parameters in Assumption 3.2 need to be properly taken
into account in the proof of the result.

Our main result is stated in the following theorem. The symbol — stands for
convergence in law.

THEOREM 3.1. Suppose that Y is a cointegrated VARX(p, s) process as defined by
(2.1) and that the fourth order moments of {a.} exist. Under Assumptions 2.1 and 3.2,
P — 00 and p,/n — 0, the statistic T,, defined by (3.6) admits an asymptotic normal
distribution, that is T,, —1, N(0,1).

When {a.} is a Gaussian process, the test statistic T, can be used to test for the
hypothesis Hy of independent errors. In general, (3.6) can be used to check for the
hypothesis of no serial correlation in the error term. As in the stationary case, we do not
assume that the innovations are Gaussian and we do not need to assume that the fourth
order cumulants vanish. The detailed proof is technical and is presented in the Appendix.
Note that since {a;} is stationary, it follows according Theorem 1 of Duchesne and Roy
(2004) that

n Y01 k2(j/pa) tr{ C31(0) Ca(5) C31(0) Cly(7)} — d®> My (k)

(3.9) T = RV,

—1 N(0,1).

The cointegrated VARX model does not intervene in this part since T}, is completely
defined by the innovation series a1, ..., a,. The proof of our main theorem is completed
if we establish that

(310) 3 R0/ (€50 Cali) OO Cl(i)}

Jj=1
—tr{C;'(0)Ca(4) C;(0) C5 (1)} = 0p(v/Pn/n).

From (3.10), it is easily seen that 7}, — T}, is 0,(1) and Theorem 3.1 follows. The proof
of Theorem 3.1 assumes a non-stochastic p,. Let the dependence of the test statistic
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(3.6) on p, be more explicit: T,, = Tn{(p,). Conditions under which the asymptotic
distribution of the test statistic T,,(p,) is the same as the one of T},(py), where p, is a
data-driven bandwidth, are given in the next section.

4. Choice of the smoothing parameter in the new test statistic

The kernel-based spectral density estimator given by (3.5) and the test statistic
(3.6) rely on a truncation point or a smoothing parameter, depending of the nature of
the kernel k(). The choice of p,, may affect the power of the test statistic T,,. However,
this is a difficult issue to choose an optimal p, to maximize the power. When k(:)
corresponds to the truncated uniform kernel, the weighting is uniform. In this situation
pn, POSsesses an easy interpretation: it corresponds to a lag order. However, when the
kernel is of unbounded support, p, is a smoothing parameter, and it may be more
difficult to interpret. Therefore, it seems highly desirable to choose p, via appropriate
data-dependent methods. These methods will reveal some important information on the
shape of the true spectral density. Theorem 4.1 gives conditions on the data-driven p,,
under which T, (pn) — Tr(pr) = 0p(1) under the null hypothesis. In particular, it follows
by the Slutsky’s Theorem that T, (pn) —r N(0,1).

AssuMPTION 4.1. The kernel £ : R — [—1,1] satisfies a Lipschitz condition:
|k(z1) — k(22)| < A1lzy — 22|, 21,22 € R, A € (0,00) and [k(z)| < As)z|™b, Vz € R
and for some b > 1/2.

Assumption 4.1 allows for most commonly used kernels. It rules out, however,
the truncated uniform kernel. We now state Theorem 4.1, which is an extension of
Theorem 3.1, allowing for a data-dependent bandwidth p,,.

THEOREM 4.1.  Suppose that Y is a cointegrated VARX(p, s) process as defined by
(2.1) and that the fourth order moments of {a.} exist. Suppose that the data-dependent
DPn satisfies the relation

P _3/2a
(41) —-1= Op(pn3/2 +1)7

Pn
where a > (2b — 1/2)/(2b — 1). Suppose that py, is such that p, — oo and p%/n — 0.
Under Assumptions 2.1, 3.2 and 4.1, the statistic T, (py) defined by (3.6) satisfies

Tn(ﬁn) - Tn(pn) = 017(1)'

In Theorem 4.1, the range of possible ,, is function of a, and a depends on b and the
kernel k(). A small g is associated with a large range of possible $,. When the kernel
admits a compact support, such as the Bartlett and Parzen kernels, k(z) = 0if z > ¢, for a
certain ¢. Consequently, any a > 1 is allowed. With the Daniell kernel, we have that b = 1
and any a > 3/2 is permitted. In all these situations, to satisfy the relation (4.1) seems
rather easy. Note that in a different context, Hong and Shehadeh ((1999), Section 2)
proved a result similar to Theorem 4.1, when testing for conditional heteroskedasticity
in univariate stationary time series. Our proof represents an adaptation of their result
in a multivariate framework, when testing for serial correlation in vector cointegrated
time series.
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The cross-validation procedure of Robinson (1991) for determining the bandwidth of
a kernel spectrum estimator of a time series is an appropriate data-driven procedure. In
a multiple regression model, Robinson (1991) justified under certain conditions the con-
sistency of a particular cross-validation method of automatically determining a desirable
degree of smoothing. Robinson (1991) showed that, asymptotically, such chosen cross-
validated p,, minimizes a weighted integrated mean squared error of the spectral density
estimator with suitable weights depending on the true spectral density. Robinson’s pro-
cedure represents a generalization of the method of Beltrao and Bloomfield (1987), which
is valid for Gaussian time series. Besides establishing the consistency of the procedure
for non-Gaussian time series, Robinson (1991) also discusses various multivariate gener-
alizations and he presents practical implementations. A possible procedure is to retain
for p,, the value of M that minimizes the pseudo-log-likelihood defined by

> llogdet £, (%) + tr{I(\)F £ (A 71,

Jj=1

where I(-) represents the periodogram, ff‘;[)() is a leave-two-out type smooth peri-
odogram and A; = 2wj/n, j = 1,...,n denote the Fourier frequencies. In practice,
the optimization can be performed using a grid search, for example for the values
M =2,3,...,20. Note that M is real-valued. However, the impact of integer-clipping
of M on spectral density estimators is likely to be negligible.

The cross-validation procedure delivers a p, which is asymptotically optimal for the
estimation of the spectral density, when the criterion is a certain integrated weighted
mean squared error. Consequently, in an hypothesis testing framework, this choice of p,
does not give necessarily the T,, with the best power. This is a theoretically interesting
issue, but the asymptotic analysis involved seems complicated. Nevertheless, the simu-
lations of the next section suggest that the cross-validated p,, delivers very reasonable
power in many situations.

5. Simulation results

In the previous sections, we have studied kernel-based test statistics, for diagnosing
cointegrated VARX models. However, from the point of view of the applied statistician,
it is natural to inquire for their finite sample properties. In particular, it is relevant to
study the level and power of the kernel-based tests for reasonable time series length, to
investigate if the properties in the partially nonstationary case are similar to what have
been observed for stationary series. For a given bivariate data generating process (DGP)
described below, we examined frequencies of rejection of the null hypothesis, a) when it
is in fact true, b) for a fixed alternative, using the kernel-based tests with nominal levels
1, 5 and 10%. We considered three series length, n = 50, 100 and 200. Five kernels have
been adopted: truncated uniform (TR), Bartlett (BAR), Daniell (DAN), Parzen (PAR)
and Bartlett-Priestley (BP). The precise definitions of the kernels are given in Table 1
of Duchesne and Roy (2004).

The following DGP was used:

(5.1) Yi=AMYi 1+ VoXi + ay,

where Y, = (Y;(1),Y;(2))" and {X.} is a scalar exogenous variable satisfying X; =
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0.8Xy_1 + by, {b:} 1id N(0,4) (giving (d, m) = (2,1)), and

. 1.00 .
AL = 0.60 , Vo = 2.0 .
0.12 0.70 4.0

The process { Y} can be written in the following error correction form:
W;=CY;_ 1+ VoX; + ay,

with C = (—0.40,0.12)(1.00, —2.50) = AB. Two cases were considered for the error
term {a.}:

(56.2) a; = e,
(5.3) a;=e,—Ze 1,

where {e;} is iid Ny(0, X.), independent of {b;}, with

= _ [ 024 0.08 s 25.0 5.4
~ \0.00 0.04)’ ¢ 54 9.0/

The form of this DGP is inspired of the structure of the model studied in the
simulation example of Ahn and Reinsel ((1990), Section 8). The first case (5.2) allowed
us to study the level whilst the second one (5.3) was chosen in order to study the power.

In the level study, 10000 independent realizations were generated from DGP (5.1),
for each value of n, and the computations were made in the following way.

(1) The Gaussian white noise {a}, which satisfies (5.2), and {b;} were generated
independently using the subroutines GOSEZF and GO5FDF from the NAG library.

(2) Using the initial values Yy = 0, Xg = 0, N = 2n + 1 values X; and Y,
t=1,...,N were obtained. The first n + 1 values were discarded, giving a time series
of length n, in order to minimize the effect of the initial values.

(3) For each realization, the true DGP was estimated by the two-step approach, as
described in Section 3. In a first step, least squares are calculated and in a second step,
reduced rank estimators are determined. The residuals a;, t = 1,...,n were obtained.

(4) With each residual time series, the test statistic T,, was computed for the five
different kernels TR, BAR, DAN, PAR and BP. For each kernel, the three rates p, =
[log(n)], pn = [3.-5n°2] and p, = [3n%3] have been used (see Duchesne and Roy (2004)
for more details on the different rates). The data-driven procedure of Robinson (1991)
was also employed. Note that Robinson’s procedure necessitates positive definite kernels.
It rules out the truncated uniform kernel.

(5) Finally, for each series of length n, for each kernel &, for each value of p,, and
for each nominal level, we obtained from the 10000 realizations the empirical frequencies
of rejection of the null hypothesis of non-correlation. The results in percent are reported
in Table 1. The standard errors of the empirical levels is 0.099% for the nominal 1%,
0.218% for 5% and 0.300% for 10%.

The power analysis was conducted in a similar way, except that {a.} satisfies (5.3)
and that the number of realizations was set to 1000.

We now discuss the results from the level study. They are presented in Table 1. In
general, the normal approximation improves with the time series length, as expected.
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Table 1. Empirical levels (in percentage) of the test statistic 7, defined by (3.6) for different
kernels, different truncation values, when the data are generated from (5.1) with an error term
satisfying (5.2).

o =0.01 a = 0.05 a=0.10
Pn BP BAR DAN PAR TR BP BAR DAN PAR TR BP BAR DAN PAR TR

4 2.52 2.52 2.59 2.63 242 6.66 648 6.71 6.71 6.72 10.33 10.35 10.47 10.37 10.95
8 2,57 2.64 265 2.59 2.83 6.89 6.85 6.85 6.87 7.00 10.82 10.61 10.90 10.77 11.19
10 2,63 266 269 271 3.01 6.98 6.88 7.07 695 7.22 10.89 10.73 11.09 11.15 11.43
CV [3.08 342 3.04 295 NA 7.55 820 7.60 7.35 NA 11.60 12.52 11.85 11.54 NA

n =100
222 221 215 214 210 597 565 585 5.87 592 968 9.63 9.72 9.68 10.24
214 216 218 2.16 2.12 587 584 591 5.95 6.50 10.22 10.05 10.18 10.11 10.61
12 2.20 2.13 2.19 221 2.28 6.02 6.03 6.13 6.16 658 10.44 10.19 10.46 10.69 11.38
CV 1275 3.01 265 2.88 NA 6.95 7.37 693 720 NA 11.11 11.68 11.26 11.75 NA
n = 200
6 215 2.22 219 213 1.77 6.23 6.22 6.30 6.19 570 10.00 10.00 10.07 10.16 10.10
10 2.02 2.02 2.04 191 1.8 6.17 6.25 6.26 598 6.11 10.00 10.01 10.06 10.08 10.40
15 1.86 1.88 1.86 1.78 1.97 b5.87 6.06 594 5.85 6.41 10.14 10.02 10.13 10.24 10.67
CV [2.88 3.29 287 3.07 NA 7.43 802 7.38 835 NA 11.51 12.41 11.51 12.76 NA

Some overrejection is observed at the 1% level, but in general, the approximation ap-
peared satisfactory, particularly at the 10% level. Except for the truncated uniform
kernel, the choice of the kernel had little impact in our experiments, since the various
kernels and p, values gave comparable results. The truncated uniform kernel seemed
slightly inferior, specially when p,, was larger.

At the 5% level, all the test statistics based on non-stochastic p,, lead to rejection
rate around 6.5-7% when n = 50, between 5.7%-6.5% when n = 100 and n = 200.
The cross-validation lead to rejection rates slightly higher than those obtained with non-
stochastic p,. This additional noise in the rejection rates represents the price to pay to
estimate p, with the available data. However, this price does not seem too high, at least
in our experiments. As reported in the power analysis, the power gain that emanates
from the cross-validated p, compensates largely. At the 10% level, the rejection rates
of the test statistics based on non-stochastic p, are much closer to the nominal level for
all sample sizes, particularly for n = 200. For this nominal level, the observed rejection
rates are within two standard errors in most cases, or very close of this. The cross-
validation exhibited slight overrejection, but for all sample sizes the empirical levels
were reasonable.

We now turn to the analysis of the power results, which are presented in Table 2.
We computed the power using the asymptotic critical values and using the empirical
critical values (given in parentheses), obtained from the 10000 realizations of the level
study.

It is interesting to note that the power results indicate that, as in the stationary
case, the kernel DAN, PAR and BP behave similarly, BAR seemed slightly superior, and
the truncated uniform kernel was inferior. As an illustration, for n = 200, a = 5%, using
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Table 2. Empirical powers (in percentage) based on the asymptotic and empirical (in paren-
theses) critical values of the test T;, defined by (3.6) for different kernels, different truncation
values when the data are generated from (5.1) with an error term satisfying (5.3).

a = 0.01 a = 0.05 a = 0.10
Pn BP BAR DAN PAR TR BP BAR DAN PAR TR BP BAR DAN PAR TR
n =50
4 182 186 184 17.2 11.1 29.1 29.8 30.2 283 206 37.5 378 375 37.1 27.0
(10.2) (10.6) (10.1) (10.2) (5.3) (25.8) (26.1) (26.1) (24.9) (17.5) (36.5) (37.5) (36.8) (36.1) (25.5)
8 14.2 155 14,5 13.3 9.0 239 266 23.7 237 183 326 344 324 31.7 26.0
(8.2) (9.4) (8.3) (7.7) (3.7) (20.0) (22.0) (19.9) (20.3) (14.8) (30.9) (33.2) (30.6) (29.8) (24.6)
10 12.9 14.5 129 124 81 229 246 233 234 175 29.7 33.0 299 29.8 251
(6.8) (8.9) (7.3) (6.9) (3.0) (20.0) (20.9) (20.1) (18.8) (13.0) (28.8) (31.3) (29.0) (28.5) (22.6)
Ccv 214 220 209 176 NA 33.1 34.5 33.1 30.0 NA 431 44.5 42.0 40.7 NA
(11.0) (11.1) (11.7) (9.8) NA (27.9) (26.7) (26.4) (25.9) NA (38.7) (39.0) (37.6) (37.4) NA
n = 100
5 31.9 33.7 32.1 307 14.3 477 496 483 452 29.1 56.8 57.7 56.6 55.0 383
(23.0) (24.6) (23.1) (22.4) (8.8) (44.5) (46.7) (45.6) (42.7) (25.6) (57.4) (58.3) (57.3) (55.3) (37.4)
9 244 275 23.7 226 12.8 37.2 41.5 374 35.7 23.0 46.9 50.7 473 455 31.6
(14.1) (18.5) (14.4) (13.4) (7.1) (34.7) (38.7) (34.8) (33.5) (20.4) (46.6) (50.7) (47.1) (45.4) (30.3)
12 19.6 24.2 19.5 187 11.2 334 371 33.1 322 214 424 47.7 426 412 303
(11.6) (14.8) (11.5) (11.0) (6.8) (30.1) (35.1) (30.5) (30.0) (17.7) (41.3) (47.1) (41.0) (39.9) (28.1)
cv 41.5 42.6 41.1 352 NA 564 57.2 551 516 NA 653 66.7 652 61.9 NA
(29.0) (28.5) (28.9) (22.0) NA (51.5) (51.8) (50.1) (44.8) NA (63.2) (63.3) (61.3) (58.6) NA
n = 200
6 66.9 70.8 67.6 64.2 355 80.2 84.1 806 784 535 87.7 90.0 876 86.5 64.8
(58.0) (61.8) (58.2) (55.5) (27.8) (77.9) (81.0) (78.0) (76.4) (51.1) (87.7) (90.0) (87.6) (86.3) (64.3)
10 53.1 60.1 53.8 50.0 259 697 763 695 67.7 43.3 78.6 834 79.0 76.5 53.7
(44.6) (51.3) (44.4) (41.4) (17.8) (66.0) (72.6) (66.6) (63.9) (40.4) (78.6) (83.4) (78.9) (76.5) (52.8)
15 41.6 51.4 42,0 388 20.1 606 684 61.1 587 373 706 763 71.3 683 495
(33.5) (43.0) (33.2) (31.3) (13.7) (57.8) (65.2) (58.2) (55.8) (31.5) (70.8) (76.2) (71.0) (68.0) (47.9)
Ccv 81.1 83.0 79.6 743 NA 89.8 91.0 885 881 NA 929 933 923 91.9 NA
(70.6) (69.1) (68.8) (62.0) NA (87.5) (87.8) (86.0) (80.3) NA (91.7) (92.2) (91.1) (90.1) NA

the empirical critical values, T, (pn; k), k¥ # krgr, was at least 50% more powerful than
To(pn; kTr), for all the p,’s under investigation.

In general, results based on the empirical and asymptotic quantiles are seen rea-
sonably comparable, except maybe at the nominal level 1%. The rejection rates were
similar at the 5% level, and even closer at the 10% level.

The data-driven procedure for p, worked very well. Without any information on
the true alternative, the cross-validation procedure revealed valuable information on the
true alternative.

Note that in unreported results, we included in our experiments Hosking’s (1980)
test. However, as in the stationary case, it seems that an adjustment is needed for this
test statistic, to take into account the presence of exogenous variables. See Duchesne and
Roy (2004), who observed serious overrejection of the null hypothesis in their level study,
when the critical values are taken from the chi-square distribution. However, based on
the empirical critical values, the power results of Hosking’s (1980) test based on P = p,
lags were identical to those of T, (pn; kTr), as expected.

Overall, from this very limited empirical study, it appeared that the tests statistics
behave as satisfactory in the partially non-stationary situation than in the stationary
case, since with time series length as low as n = 50, reasonable levels have been observed.
The flexible weighting, offering the possibility to give more weight to low order of lags and
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less weight to high order of lags, displayed powerful procedures, since kernels different
from the truncated uniform had interesting power properties, at least in our experiments.
Data-driven p, revealed some valuable information on the true alternative and were
powerful for hypothesis testing. Test statistics based on such adaptive procedure are
fully operational in practice, which is another serious advantage in real applications.

6. Conclusion

In this paper, we generalized the omnibus procedure proposed by Duchesne and
Roy (2004) for multivariate stationary autoregressive models with exogenous variables
(VARX) to the case of cointegrated (or partially nonstationary) VARX models. We
showed that in the case of a cointegrated VARX time series, the test statistic obtained by
comparing the spectral density of the errors under the null hypothesis of non-correlation
with a kernel-based spectral density estimator, is still asymptotically standard normal
under the null hypothesis. The parameters of the model can be estimated by the con-
ditional maximum likelihood method, or by asymptotically equivalent estimation proce-
dures. We discussed how to adapt the estimation methods of Ahn and Reinsel (1990)
to VARX models. Since the proposed methodology relies on a kernel function, a trun-
cation point or a smoothing parameter has to be determined. We stated conditions
under which the asymptotic distribution of the test statistics is unaffected by a data-
dependent method. The finite sample properties of the test statistics were studied in a
small simulation study for non-stochastic smoothing parameter and when it is chosen
via the cross-validation method. Our main conclusions are that the new test statistics
perform well in partially nonstationary VARX models, since they displayed reasonable
levels. Under the considered alternative, using a flexible non-uniform weighting gave
better power properties than uniform weighting. The cross-validation procedure offered
some overrejetion in the level study but exhibited high power. Overall, for diagnosing
cointegrated VARX models, the kernel-based test statistics based on Bartlett or Daniell
kernels with p, chosen by cross-validation should be appropriate in practice.
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Appendix

ProoF OF THEOREM 3.1. The following notations are adopted. The scalar prod-
uct of z,, &, € R" is denoted by (z:, zs) = xzs; and the norm of x; by ||z:]| =
v/ {@+, 2¢). The matrix norm of a matrix A = (a;;)nxm is defined by ||4]|% = tr(44') =

S ey ay. Let kny = k(j/pn), be = 3,'%a,. The process b = {b¢,t € Z} has
mean 0 and variance Iy. Let 6,4 = @;—a;and €, = 2;1/26m, where {a;,t =1,...,n}
denote the residuals of the adjusted reduced rank model. Using the error correction form,

we can write

6nt = {A*(B) — A*(B)}Wt — (é — C)P2Z2’t_1 — (é — C)Plzl’t_l
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where Yt = P1Q1 Yt + P2Q2 Yt = P1Z1t -+ P2Z2t, that is QYt = (let,Zét)l.
Recall that {Z;} is nonstationary, with stationary increments, while {Z2;} denotes a
stationary process. In the whole proof, special attention has to be paid to {Z;}, since
the arguments in the stationary case do not extend to the nonstationary situation.

The following lemma will be useful:

LEMMA Al o7t 300, [[€ll® = Op(n™h).

PRrOOF OF LEMMA A.1. Note that ||€,,||? = tr(£,,£.,) —tr(z“W 6,:6.,52%).
However, using the inequality tr{(3°F_, A,)(3°F_, 4:;)'} < 2P71 3% | tr{A4; A :} and
Cauchy-Schwarz inequality, it follows that

p—1

tr(X; 26,6, 2,7 < A Ztr{(f\;* —A)'E7HAY - ADHIW_|?
i=1
+tr{PL(C — C)Y'E;1(C — C)P3}||Z2,:-1]
+tr{P}(C - CYE;HC — C)P1}||Z1,+-1)?

+ Ztr{(f/i — V)EH V= VOHIXe—s?

=0

where A is a generic constant. We have that n™! >°1 | [| W,_;||2 = 0,(1),i=1,...,p—
L0 S0 Bl = Op(1), n ' S, IXecillE = Op(1), i = 0.5, since { W},
{Z2} and {X.} are stationary processes. Because {Z;} is nonstationary with sta-
tionary increments, using Lemma 3.1 of Phillips and Durlauf (1986), it follows that
n=23 " 11Z1,t-1]> = Op(1) and by Assumption 3.2 it follows that n=! 37| [|€,.,]12 =
O,(n~1), as announced.

Let b, = X, Y 2&t. As in Duchesne and Roy (2004), it can be shown that to
replace in (3.10) expressions C,o(0) and C;(0) by ¥, has no impact asymptotically.
Consequently, we decompose

Zk it {C3() C4 ()}~ tr{Co(f) Ch(7)}] = Sn1 + 2Sn2,

where

Sn1 = Z—:kij tr[{ C3(5) — Co(NHC3() — Cr()}],

n2——zk [ Cu(){C30) — Co(Y

To show Theorem 3.1, it suffices to establish Theorems A.1 and A.2.

THEOREM A.l. S,; =O,(n~1).
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THEOREM A.2. S, = op(p,l/ 2/n).

PrOOF OF THEOREM A.1. We write C(j)— Cp(j) = AC1(j)+AC2(j)+ACs(j),
where AC1(j) = n7' 30 i 1 €nibij, AC2(5) = n7P 0 bk, ACs(5) =
n Y1 €nin ;e It follows that Spy < A(Ain + Agp + Aszy), Where

n—1
A =Y k2, tr{AC1(j)AC)(5)},
=1

n-—1
Az =) K2 tr{AC(1)AC()},
j=1

n—1
Agn =) ka; tr{AC3())ACH(5)}-

Jj=1

To study A, | = 1,2,3, we introduce the following cross-covariance measures.

n
Cws(—i)=n"' Y Wb, i=1...,p—1,

t=j+1
n n
Czp(j—1)=n""! Z Zap1bi_;, Czp(G—1)=n"! Z Zy14-1b;_j,
t=j+1 t=j5+1
n
Cxp(j—i)=n"" > Xiyibj_;, i=0,...,s
t=j+1

The following lemmas will be useful.

LEMMA A2, E[ftr{Cws(j—9)Cwi(i—9} < Ain~ 14280209 i=1,...,p—1,
where |¥;]|g < Kp’, for a constant K > 0 and p € (0,1), ¥(B) = (I4 — P2Q,B) -
{A=(B)} ' =3, ¥;B.

n~! + Ayp?U-1) where

LEMMA A3. E[tr{Cz,(j — 1)C7%,(7 — 1} < A
(B) = Q,{A™(B)}™" =

I%;le < K@, for a constant K > 0 and p € (0,1),
P 77:20

A
'

LEMMA A4, tr{C3z,,(j —1)C%,(j — 1)} = Op(1), independently of j.
LEMMA A5. tr{Cxp(j —i)C'%p(j — 1)} = Op(n~1), independently of i and j.

PROOF OF LEMMA A.2. Since (I — B) = (I4 — P2Q,B)(I4 — P,Q,B) and
A(1)P; =0, it follows that A(B)Y; = V(B)X + a: can be written as

Wi= (14— P2Q;B{A**(B)} ' V(B)X:+ (1. — P2Q;B){A™*(B)} 'a.,

where A(B) = A**(B)(I; — P1Q,B), with A**(B) = A*(B)(I4— P2Q,B) + A(1)B.
See Pham et al. ((2003), p. 556). Consequently, we can write

Wt = H(B)Xt + ‘II(B)a,t,



SERIAL CORRELATION IN COINTEGRATED MODELS 591

where II(B) = (Is— P2Q,B){A**(B)} ' V(B) = 352 II; B, and ||IL;|| < K, p} for a
certain K and p; € (0,1). Similarly, ¥(B) = (I4;~P2Q,B){A**(B)}~! = Z;io ¥, B,
||| < Kap) for a certain Ky and py € (0,1). For i = 1 (other cases are done similarly),
we have that

n~t i Wi_1b;,_;j=n"" Z {I(B)X,_ 1}b +nl an {¥(B)as_1}b;_

t=j+1 t=j+1 t=j+1

In Lemma A.11 of Duchesne and Roy (2004), a bound is derived for a moment similar to
E[tr{C ws(j—1) C'y(j—1)}], but when the process admits an autoregressive component
of order one. Here, we need to invert more general operators. To generalize their
lemma is cumbersome but straightforward, since | ¥;||g < Kp?, K > 0 and p € (0,1).
Consequently, proceeding as in the Lemma A.11 of Duchesne and Roy (2004), this shows
Lemma A.2.

ProOOF OF LEMMA A.3. Note that
(A1) (I,—P1Q,B)Y;={A*(B)}"'V(B)X: + {A*(B)} 'a;.
Since Q,P; = 0, then
Zy= QY= Q{A™(B)}'V(B)X: + Q,{A**(B)} ta; =I(B) X, + ¥(B)a.,

where ||IL;]| < K,/ for a certain K; and f1 € (0,1), ||¥,]| < K27} for a certain Ky and
P2 € (0,1). At this point, the proof is then the same as the proof of Lemma A.2.

PrOOF OF LEMMA A.4. Multiplying (A.1) by Q,, since @, P, = Ig4,, we find
that
(I, = B)Z1: = Q{A™(B)} ' V(B)X: + Q{A™(B)} a,

and consequently {Z:} admits stationary increments. It follows that
(Ia, — B)Z1: = I(B)X: + ¥(B)a; = us,

where {u;} is a stationary process. Consequently, we deduce that Z;; = Z§=1 u;. By a
direct calculation:

tr{Cz,s(i —1)Ch(— D} =n"2 D" Y (Z141,Z1021){b1—js baryj),
t=j+1s=j+1
n t—1 s—1

3 Y TS ubl by

t=j+1s=j+1i1=1142=1

It follows that E[tr{Cz,5(j —1)C’ (i — 1)}] = Bin + Ban, where

n n t—1 s-—1 - ~
2y 3 E{TI(B)X,,} {TI(B)X ,}JE(b}_;b,-,),
t=j+1ls=j+1li3=1i2=1
n n t—1 s—1 ~
By, = n~?2 Z Z E[{‘I’(B)ah} {‘il(B)a'iQ}b;—ij—j]‘
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It is easy to show that By, = O(1). Now, we decompose Bs, as Ba, = Ba1, + 2Baoy,
where

o /! z
Z E(agl—hwll‘]:llQaiZ_lzb;—jbs_]‘)'

Since {a;} is iid and > ;2 H‘i’lﬂ < 00, it follows using results on fourth order moments
(see Hannan (1970)) that |B21,| < A and [Bag,| < A. This shows the Lemma A .4.

PROOF OF LEMMA A.5. The proof is obtained by developing directly C xs(j —
i)C'%,{j — i) as in the proof of Lemma A.4 and taking the trace. Using the strict
exogeneity between { X} and {b:}, it is easily seen that the mathematical expectation
of the resulting expression is O(n~!), showing the result.

We now show that A4;, = Op(n~1), 1 =1,2,3. We begin with A;,. We can write

(A2) ACi(j) = Z;V2(C - C)P1Cz,(j — 1)+ =;Y3(C - C)P3;Cz,(; — 1)

p—1
+Y VA - AN Cwi(j i)
=1
+ Y EVAV - V)Cxs(j ).
1=0
Consequently,
p—1 _ _
An < A D tr{(A7 - A}'ENHA] - A))}Din
i=1
_ 5 n—1
+tr{P5(C — C)'B;'(C — C)P3} Zkij tr[Cz,5(j — 1) Clz,5(j — 1)]
j=1
_ 5 n—1
+tr{P{(C - CYZ;}(C - C)P1} > k2, tr{Cz,5(j —1)C7,,(i — 1)}
7j=1

+ i:tr{(f’i - Vi)’zgl(f/i - V)}Ein|,

=0
where
n—1
Din =Y k2 tr{Cws(j =) Cwp(i— 1)}, i=1,....p—1,
7j=1

n—1

Eim=> kit{Cxs(j—i)Cx(i—9}, i=0,...,s.

j=1
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Using Lemmas A.2-A.5 and Assumption 3.2, this shows the announced result for Aj,.
Note that because of the nonstationarity, the rate of the moment tr{ C z,5(j—1) C’; (5 —
1)} in Lemma A.4 appears somewhat larger than the rates of the moments obtained in
the other lemmas. However, from Assumption 3.2, we have that (C — C)P; = Op(n~!),
which allows us to show the announced result for A;,. The proof of Ay, is similar. The
proof of Ag, follows by using Lemma A.1l.

Proor orF THEOREM A.2. We write Sa, = Aspn + Asn + Agn, where

7
n—1 n
A4n=zkﬁjtr{0b(j) nt Y 5ntb§—j) }
j=1

t=j+1

j=1 t=j5+1

’
n—1 n

’
n—1 n
j=1

t=j+1

For Ay, = Z;’;ll k2, tr{ Cs(j)AC(j)}, we can decompose this expression using formula

(A.2). Each term is treated separately: using Cauchy-Schwarz inequality for each term,
Lemmas A.2-A.5, we obtain that globally A4, = 0, (p,l/ 2 /n). Similarly, As, = o0p (p,ll/ 2 /n)

and Ag, = op(p,lz/ 2 /m). Collecting the results, we obtain Theorem A.2.

PROOF OF THEOREM 4.1. Let M, (k) and V,(k), defined by (3.7) and (3.8), de-
pend more explicitly on p, : M,(k) = My(k;pn), Va(k) = V,(k;pn). According to
Lemma A.2 of Hong and Shehadeh (1999), if follows that

Mo (k; Bn) /Pn = Mn(k; pn) /pn + 0p(p /%),
Va(k; Pn)/Pr = Va(k; pn)/Pr + 0p(1).

The proof of Theorem 4.1 is completed provided the following result is proven:

(A3) SR G/50) ~ G o)} 5(57 Cali) S5 C4)) = oplplf? ).

We decompose the left hand of (A.3) as:

S 08203 /n) ~ K2 /pa)} e C5) CY(3)} = Gin + G,
where
Gin = 3 (K /5a) ~ K /pn)} {Co(3) Ch 00}

Gon = 3" (K2(/B) — K23 /pn)} r{ C3() ()} — tr{ Co() Ch(}].
j=1
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We decompose further G, as G1,, = Hy, + Ha, — Hs,,, where

l
Hin = Y _{k*(j/Bn) = K*(/pn)} tr{ Cs(5) C1 ()},
Hn= 3 Ki/50) e{Co() Ch(3)),

j=l+1
Hin= 3 K(i/p) tr{Co(5) Ch(3)},

j=l+1

where | = [p%] is a truncation point, @ > (2b — 1/2)/(2b — 1) ([z] denotes the integer
part of z). Since |k(z)| < Alz|7% and E[tr{C4(j)C},(5)}] = O(n~!), it can be shown
that Ho, = op(p}/2/n). Similarly, Hs, = op(pk/Q/n). Writing k2(j/pn) — k2(j/pn) =
(k(5/Bn) = k(5/Pn))? + 2k(j/pn)(k(j/Brn) — K(j/prn)), we can decompose Hi, in two
additional terms that we study separately, say Hy, = H11, + Hi2,. Using the Lipschitz
condition on k(-), it can be shown that Hi;, = op(p}l/ 2/n) For His,, the Cauchy-
Schwarz inequality and the result for Hyy, allow us to show that Hia, = 0p (p},/ 2 /n) and

it follows that G, = o,,(p,ll/ %/n).
For G3,, a reasoning similar to the proof of Lemma A.3 of Hong and Shehadeh
(1999) allows us to show that

S R/ (G5 () C5 )} — tr{ Co() Ch ()] = 0p(1).

n j=1

Using Theorem 3.1, it follows that Gz, = op(p}/ 2 /n). Collecting the results, this yields
the announced result.
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