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Abstract. In the paper we prove strong consistency of estimators as solution of
optimisation problems. The approach of the paper covers non-identifiable models,
and models for dependent samples. We provide statements about consistency of
M-estimators in regression models with random and with non-random design.
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1. iIntroduction

The main goal of this paper is to provide a concept for proving strong consistency
of estimators which are obtained as a solution of an optimisation problem or as an
approximate solution of it. This concept uses ideas from stochastic optimisation and is
based on the idea of epi-convergence. The application of the concept is demonstrated in
the case of M-estimation.

In his pioneering work Wald (1949) proved consistency of maximum-likelihood esti-
mators and had so an impact on later consistency proofs for parametric estimators. In
the last decades three main techniques have been developed for proving strong consis-
tency of estimators as solution of optimisation problems. The first one goes via uniform
laws of large numbers (cf. Shorack and Wellner (1986), Potscher and Prucha (1997)).
The second technique uses a statement on convergence of convex functions (Andersen
and Gill (1982)). The third one applies the idea of epi-convergence. Epi-convergence al-
most surely was considered by Salinetti and Wets (1986) and since then, it has been used
in several further papers, for example Dupacovd and Wets (1988), Artstein and Wets
(1994), Korf and Wets (2001) etc. Strong consistency of estimators arising from optimisa-
tion problems was studied in papers by Pfanzagl (1969), and Dupacové and Wets (1988).
Hess (1996) proved strong consistency of approximate maximum-likelihood estimators.
Dudley (1998) showed strong consistency results under a bracketing condition.

Asymptotic normality of estimators coming from optimisation problems is examined
in papers by Dupacova and Wets (1988), Shapiro (1989, 1991), Geyer (1994) and Pflug
(1995). In settings which are different from ours, King and Rockafellar (1993) derived
consistency results and statements on asymptotic normality.

*The research was partially supported by the Deutsche Forschungsgemeinschaft (project number
436TSE113/40) and by the Grant Agency of the Czech Republic under Grant 201/03/1027.
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In this paper we employ the approach using epi-convergence. So we avoid deriving
uniform strong laws of large numbers. Providing such laws could be a problem in situ-
ations of complicated dependence structures of the sample. We work with convergence
properties of the objective function which are similar to but slightly weaker than epi-
convergence almost surely. A general theorem on the strong convergence of minimizers of
stochastic minimisation problems is the starting point of our concept. Subsequently, we
provide sufficient conditions for the conditions of this general theorem. The advantages
of our approach are the following:

(i) Our approach covers discontinuous and non-identifiable models, and cases
where a unique optimum of the underlying limit problem does not exist.

(ii) The results can be applied to samples of independent random variables as well
as to samples with complicated dependence structure.

(iii) The space of parameters is not restricted to R%, e.g. it could be a separable

metric space of real functions.
So we obtain generalisations of statements of several earlier papers. Furthermore we
consider approximate estimators which are defined similarly to Hess (1996) and Dudley
(1998). Our definition includes the situation where an approximate value of the optimiser
is supplied by a certain numerical estimation algorithm. This situation often occurs in
applications.

The paper is organised as follows: In the first part of Section 2 we introduce some
notions connected with epi-convergence almost surely and follow the presentations by
Vogel (1994), and by Vogel and Lachout (2003a, 20035). The main results of the present
paper are given in the second part of Section 2.

In Sections 3 to 5 we consider several applications. Section 3 deals with M-estimation
in random design regression models where the sample is a part of an ergodic sequence.
In Section 4 it is discussed how we can get consistency even when the aspect of model
selection is incorporated. The consistency of M-estimators in fixed design regression
models is studied in Section 5.

2. General theory

Let (2, .A,P) be the probability space and {f,} be a sequence of functions f, : E x
2 = RU {400} which can be regarded as a sequence of random functions {f,(-)} where
fn(z) stands for f,(z,-). We equip the space = with a metric d. In the sequel we give
some definitions for the convergence of { f,} to a deterministic function. These definitions
were taken from Vogel (1994) and Vogel and Lachout (2003a, 2003b). Moreover, we
provide two useful lemmas.

DEFINITION 2.1. The sequence {f,} of random functions is a lower semicontinuous
approximation almost surely to f : & - RU {+o00} on © C E (symbol: f, Lg—'s% f)if
and only if for P-almost all w, all 2o € © and for all sequences {z,} tending to xo,

hminffn("”n»“-’) > f(wO)
n—oo
LEmMA 2.1. f, __l___(‘;_'f'__, [ is equivalent to

(2.1) P< sup liminfinf f,(¢t) > f(00)Vbp € © ; = 1.
VEN (o) M teV



STRONG CONVERGENCE OF ESTIMATORS 293
N (6y) is the system of neighbourhoods of 6.

DEFINITION 2.2. The sequence {f,} of random functions is an epi-upper approxi-

mation almost surely to f : E - RU{+00} on © C E (symbol: f, cpiuza.s f) if and

only if for P-almost all w and all yo € ©, there is a sequence {y,} such that

yn — Yo and  limsup fr(yn,w) < f(yo)-

n— oo

f epi—u—a.s.
n -

LEMMA 2.2. [ is equivalent to

]P’{ sup limsup mf fa(t) < f(60)VO, € @}
VeN(6p) n—oo

It is straightforward to establish an “upper” version of the first definition and an
“epi-lower” version of the second one, but we need only the above definitions in our paper.
Lemmas 2.1 and 2.2 can be found in similar versions in several papers (see Rockafellar and
Wets (1998), p. 242). In the subsequent theorem, we employ the two above definitions

for different sets. If the sequence {f,} satisfies both f, — N f and f, M f

then it epi-converges almost surely (cf. Salinetti and Wets (1986) Hess (1996)), i. e. for all
w € Q, the sequence of deterministic functions {f,(-,w)} epi-converges where P(Q) = 1.
Thus, to explain the relationship between epi-convergence almost surely and several kinds
of convergence of sequences of random functions, it suffices to consider the relationship
between the corresponding types of convergence for sequences of deterministic functions.
Uniform convergence implies epi-convergence provided that the limit function is lower
semicontinuous. Thus our concept uses weaker assumptions in comparison to the concept
of uniform convergence. For a sequence of convex functions on D C R”, epi-convergence
to a function f is equivalent to uniform convergence to f on compact sets in the interior
of D (cf. Proposition 7.17 in Rockafellar and Wets (1998)). Concerning epi-convergence
of sequences of deterministic functions, we refer to the monograph by Rockafellar and
Wets ((1998), Chapter 7B). Several stochastic versions of epi-convergence are discussed
in Salinetti and Wets (1986) and Pflug (2003).

Let 8, be an estimator for the unknown parameter §p € © where © is the parameter
set of some model. Assume that 6, is an €,-minimiser of f,, i.e.

(2.2) fu(n) <m, +e, for neN

where {¢,} is a sequence of positive random numbers tending to zero almost surely and
my, = infgece fn(@). This definition includes many cases in applications where a numerical
approximate minimiser 6,, is computed by a numerical algorithm. An other argument
for using approximate minimisers is that the infimum m,, need not be measurable. The
following theorem provides some sufficient conditions for the consistency of the estimator.
Let

d(z,A) = inf{d(z,y) :y€ A} for z€R, ACR.
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THEOREM 2.1. Suppose that (2.2) is satisfied, and either © is compact or there is
a compact set K C ©, an a € R, such that with probability one,

(2.3) 0#£{z: fa(z) <a}C K  forall n>ne(w).

Furthermore, assume that there is a function f: © — RU {400} such that

l—a.s.
2.4 a :
(24) f —‘é‘w—’f
(2.5) In —Lu__a-s—» f  for some 6 € ¥ := argmin f(6),
{6} 6ce
and U # (.
(a) Then
. i < mi .S.

(2.6) llﬂsolip My < 1in f(@) as and
(2.7) lim d(6,,¥) =0 a.s.

n—oo

(b) Moreover, if in addition, ¥ = {69} holds, then

lim 6, =60y a.s.
n—o

Remark 1. This theorem is closely related to Theorems 4.1 and 4.2 proved by
Vogel (1994). We require the convergence of f, on a smaller set here. A similar result
where (2.4) and (2.5) are replaced by the more restrictive assumption of epi-convergence
a.s., follows from Theorem 7.33 of Rockafellar and Wets (1998) as discussed in Korf and
Wets ((2001), Sections 7, 8). Other related results are due to Robinson (1987).

Remark 2. We need the compactness assumption on © or the validity of (2.3)
to ensure the existence of a convergent subsequence of {én} The existence of such a
sequence is often explicitly assumed instead of compactness. Alternatively, one can work
with other more complicated (but weaker) assumptions ensuring the existence of such a
subsequence (see also King and Rockafellar (1993), p. 151).

Remark 3. Assumptions (2.4) and (2.5) concern a lower approximation outside
the set of minimisers of f and an upper approximation on the set of minimisers of f for
the sequence {f,}, respectively.

Remark 4. From the proof below, it can be recognized that the following assertion
is true: If f, —l——g—'?—'» f is assumed instead of (2.4) and the other assumptions of Theorem

2.1 are satisfied, then
nlgroxo Ma = min f(8) as.

PrROOF. We assume © to be compact, since the case where (2.3) is satisfied can
easily be transferred into the compact case. By virtue of (2.4) and (2.5), there is a set
Q* C Q, P(*) = 1 such that the following three conditions are fulfilled:
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(i) en(w) — 0 for all w € QF,
(ii) for all w € Q*, z9 € O\T, and for all sequences {z,} tending to xo,

(2.8) liminf fr(xn,w) > f(zo)
and ~

(iii) for every w € Q*, there is some sequence {yn(w)} with yp(w) — 6 and
(2.9) lim sup fn (yn (), w) < £(8).

Let us fix w € Q* and write f,(-) instead of f,(-,w), and 6, instead of 8, (w). Now we
assume that there is a subsequence {0y, }x=1,2,.. of {6,} with d(6,,,¥) — D > 0 as
k — oo. Since © is compact, there is a subsequence {6, }x=12,.. of {6} such that
6y, — 0* ¢ ¥ as k — oo and by (2.2),

hkrggf algg fnk (6) = kli.nc}o Ju (le)'
Therefore, by (2.2) and (2.8),

(2.10) liminf m,, = lim f;, (6;,) > liminf £,(6,) > f(6*) >m
k—oo k—oo n—oo

where m = mingeo f(0), 6, = 0, if n = lj for some k € N, and 6, = 6* otherwise. On
the other hand, by (2.9),

limsupm,, < limsup f,(yn) < f(8) =m
n—oo n—oQ
which contradicts (2.10). Hence the claim d(8,,,¥) — D > 0 is not true and (2.7) is
satisfied. [

Obviously, condition limsup,, ., f»(8) < f(6) a.s. is sufficient for (2.5). In her paper
(1994) Vogel established Theorem 5.1(i) which gives sufficient conditions for the lower
semicontinuous approximation almost surely in R®. We prove now a similar theorem for
separable metric spaces ©. Let B(6,p) := {t € © : d(¢t,8) < p} denote the open ball
around 8 with radius p.

LEMMA 2.3. Suppose that © is a separable metric space and f is lower semicon-
tinuous on ©. If for all § € ©, € > 0, there is some p = p(6,¢) > 0 such that

(2.11) liminf inf )fn(t) >f@)—¢ as.,
p

n—oo teB(h,

then f, ——% f holds true.

PROOF. In view of Lemma 2.1, we have to show that (2.1) holds true.
(i) First we construct an appropriate * C Q. Let ¢ = %, m € N. According
to the assumptions, for each 8 € ©, there is an open ball B(#, p(8,¢)) such that (2.11)
holds for w € Qg ., and p(6,¢) < e with some set Qg m C Q, P(Qp ) = 1. These balls
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B(6, p(0,¢)) form an open cover of © which is a separable metric space. Therefore there
is a countable open subcover of © consisting of sets B(6, p(8,¢)), 8 € T',,. Now

Q= () Qm PQ)=L

(ii) Now let 6y € © and € = %, m € N be arbitrary but fixed. Since f is lower
semicontinuous, there exists a 4 € N, u > m such that

f(#) > f(6g) —e forall t€O:d(t,0) <

==

There is some § € T', and some p € (0,1/u) such that 6, € B(8, p) and by (2.11),

liminf inf
n—oo teB(6

)fn(t,w) > f(9) — i for all we Q*.

P
Moreover, there is some 5 > 0 with B(6y, 5) C B(6, ). Further
liminf inf f,(¢,w) = supliminf inf f,(¢,
v Sy 2 (0 = BB T

= sup liminf inf t,w
r:ii>11‘)>0 n—oo teB(bo,r) fn( )

> liminf inf f,(t,w)
n—oo teB(8,5)

> 10~ 2 f(60) - =

for all w € *. Consequently by m — oo, (2.1) is fulfilled. O

Let P, and P be a random and a nonrandom measure on F, respectively. Now we
turn to prove strong consistency in the special case where

£0) = [ otodPute),  10)= [ olt2)aP@)
fort € ©, and ¢ : © x E — R is a measurable function. We assume that these Lebesgue
integrals exist. The case where P, is the empirical measure of a sample X;,..., X, is

important for applications.

ConDITION S. For every 6, function ¢(-,z) is lower semicontinuous at 6 for all
x € E\Vp where Vy has P-measure zero. Further for all § € ©,

/ ¢(0,2)dP(z) < +00  and
E
for all 8 € O, there is some p > 0 such that

2.12 inf  (t, z)dP(z) > —oo.
(2.12) /E L ¢(t,2)dP() > ~oo
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The following Theorem 2.2 on strong consistency of 6,, gives a generalisation of
Theorem 3.9 in Dupacovd and Wets (1988):

‘THEOREM 2.2. Suppose that © is a compact metric space, and Conditions S and
(2.2) are satisfied. Moreover, assume that for any 6 € ©\U, p > 0, and some 6 € U,

(13)  dmist [ st e(ta)dPa(e) 2 / inf o(t,z)dP() as.,
n—oo [pteB(6, E teB(6.p)

(214)  limsup /E <p(§,x)dPn(x)§ /E o(6,2)dP(z) a.s.

n—o0

U as above. Then conclusions (a) and (b) of Theorem 2.1 hold true.

PRrROOF. Let 6* € ©\¥,e > 0 be arbitrary but fixed. By (2.13),

(2.15) lim inf 1nf falt) > hmlnf/ 1nUf o(t, z)d P, (x)
k

n—oo tel

> [ inf o(t,z)dP s.
_/EtlenUkSO(,x) (z) as

for k € N, Uy, = B(6*,1/k). By Condition S, for any z € F\Vp-,

lim inf 1nf o(t,x) > p(0*, ).

n—oo te

Hence by {2.12) and Fatou’s lemma, there is some m such that

(2.16) /E nf o(t,2)dP() > [E (6", 2)dP(z) — =.

(2.15) and (2.16) imply (2.11). By Condition S, f is lower semicontinuous, and ¥ # 0
since © is compact. Therefore applying Lemma 2.3, it follows that (2.4) is fulfilled.
Furthermore, (2.14) implies {2.5). Now the theorem is a consequence of Theorem 2.1. [J

The following example shows that the described technique works even in such cases
where P, is not the usual empirical measure. Moreover, an uniform convergence tech-
nique is not available in this case.

Ezxample 1. We consider the model of right censoring. Let X3, Xs,... and Y7,
Y2,... be two independent sequences of i.i.d. random variables. X; and Y; are the
lifetime and the censoring time of the i-th sample item. We denote the distribution
functions of X, and Y; by F and G, respectively. The variables X; and Y; are not
explicitly given. We only observe pairs (Z1,61),...,(Zn,6,) where Z;, = min{X;,Y;},
0; =I(X; <Y)). Ziy < Z(g) < -+ < Z(n) denote the order statistics of Z1,...,Z,, and
d(;y is the concomitant of Z(;). We introduce the Kaplan-Meier distribution function F,:

n I(Zy<=)
A 5(1‘) Q)

i=1
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F,, is the corresponding measure on R. We assume that the function F belongs to a
parametric family {F(- | #)}¢co of distributions and F(- | ) = F. Let us study the
M-estimation problem

én = argminfn(e)a fn(e) = /oo w(@,x)dﬁn(a:)

6cO —00

with a function ¢ : © x R — [0, +00) satisfying

o0

inf t,x)dF(x) < o©
/_ootGB(O,p)(p( JdF ()

for some ball B(#,p) and every # € ©. Further assume that for every 0, the function

p(z,-) is lower semicontinuous at 6 for all z except for a set Vy of P-measure zero, P is

the corresponding measure to F. Suppose that (a) 77 < 7¢ or (b) 7p = 7¢ and F is

continuous at 7p where 7, = inf{z : L(z) = 1}. Hence by Lemma 1 of Wang (1995),

oQ [e e]
li inf o(t,z)dF,(z) = inf o(t,z)dF s.
1B = [ g @) s
Thus (2.13) is satisfied. In the same way one shows the validity of (2.14). In view of
Theorem 2.2, we obtain

[e o]

lim d(f,,¥)=0 as., where W:= argmin/ e(0, x)dF(z).
n—oo 0co

-0

This statement can be regarded as a generalized version of Theorem 1 in Wang (1995).

Let {X,} be a stationary sequence of R™-valued random variables, and P, be the
empirical measure of the sample Xi,..., X, such that

1 n
i=1
Using the notion of ergodicity for stationary sequences and applying the strong law of
large numbers, we obtain the following corollary. Here we take into account that P is
the stationary measure and f(t) = [ (¢, z)dP(z) (¢t € ©).

COROLLARY 2.1. Assume that {X,} is ergodic (in the sense of ergodicity of sta-
tionary processes), © is a compact metric space, and Conditions S and (2.2) are satisfied.
(a) Then

n—oo

lim (én,argmin f(G)) =0 a.s
0cO

(b) Moreover, if in addition, f(6) > f(6y) holds for all 6 € ©\{6p}, then

lim 6, =6y a.s.
n—o0

In her paper Kaiikovd (1978) treated the special case where ¢ is continuous and
©(0,-) is concave. Considering the case of samples of i.i.d. random variables, part (b)
of this corollary is essentially the same as Theorem 1 of Wang (1995) and similar to
Theorem 1.12 by Pfanzagl (1969).
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3. M-estimators in regression models with random design
Here we consider the regression model
(3.1) Y, = g(Xz I 90) + Z; (’L =12,.. )

where {Zy}r—1,2,.. and {Xg}r=12, . are two sequences of real respective R™-valued
random variables such that X; and Z; are independent for each i. Let g : R™ x © — R,
© C RP be a measurable function. 8y € © is the true parameter of the model. Let

£2(0) = 2> 0¥~ (X | 9)

with a nonnegative continuous function p, and let §,, be an estimator for 6 satisfying
(3.2) Fal6y) < inf fa(6)+en  and  en 20, =0  as.
This estimator én is called an e,-approzimate M-estimator for 6. One special case is

given by the e,-approximate maximum likelihood estimator which was examined in Hess
(1996). In the sequel we use the notation

EpH(Y,X) = /R " H(y,z)dP(y, ),

where X and Y are random variables, and P is the distribution of (Y, X'). Let Px denote
the distribution of X. An application of Theorem 2.2 leads to the following statement.

THEOREM 3.1. Suppose that there is a distribution measure P on R™t! such that
1 n
(3.3) lim =Y h(Y;, X;) = / h(y,z)dP(y,z) a.s.
n—oo N o1 Rm+1

for any function h : R x R™ — R with [5,.., |h(y,z)|dP(y,z) < co. Let X and Y
be random variables having joint distribution P, and Z :=Y — g(X | 6y). Moreover,
assume that © is a compact metric space, Epp(Y — g(X | 6)) < +o00 for all 6 € ©, and
for every 6 € © and Px-almost all &, g(§ | -) is continuous at 6. Suppose that 6y € U
where ¥ = argming.g Epp(Y — g(X | 9)).

(a) Then
(3.4) lim d(0n, ¥) =0 a.s.
(b) If in addition,
(3.5) Epp(Z +a) >Epp(Z)  forall a#0,
and
(3.6) Pp{g(X | 6o) £g(X |0)} >0 forall €O, 6

are satisfied, then

lim 8, =6y a.s.
n—oo
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Proor. Let
@0, (z1,72)") = p(z1 — g(z2 | 6)) and  f(6) = Epp(Y — g(X | 9)).

It can easily be shown that (3.5) and (3.6) imply f(6) > f(6p) for all 6 € ©\{6p} and
thus ¥ = {6y} (cf. Lemma 5 of Berlinet et al. (2000)). Now Theorem 3.1 is a consequence
of Theorem 2.2. [J

Condition (3.3) represents a type of ergodicity assumption on {(Yy, Xy)}. If
{(Yk, Xk)} is stationary and ergodic then (3.3) is fulfilled. Condition (3.5) can be re-
garded as a contrast condition and (3.6) ensures the identifiability of the parameter g.
Theorem 3.1 may be immediately applied to nonlinear autoregressive models which are
covered by model (3.1) (cf. Liebscher (2003)). In the i.i.d. case convergence rates a.s. of
M-estimates are examined in the paper by Arcones (1994).

Let us consider a couple of examples which illustrate the applicability of the Theorem
3.1 in different settings, especially in cases where common approaches fail. Example 2
deals with the situation where the sample is not necessarily stationary, g has a discon-
tinuity point and the set ¥ of minimisers consists of more than one point (model is not
identifiable). Example 3 describes a model function which is not identifiable. Example 4
shows that our concept works even in cases where uniform convergence technique does
not work. Here let p(x) = z2, and 6, = (0,1,...,0.)7. In the Examples 2 to 4 we
assume that EpZ = 0, EpZ? < +o00 and Ep(g(X | 6) — g(X | 6))? < +o00.

Ezxample 2. Here we deal with a threshold regression model, more precisely, with
model (3.1) where
air+ay for xz<r,
azsx +ag for x>

g($|9)={

Here {X}}, {Z,} are two sequences of random variables such that X}, Zi are independent
for each k, the variables Z; are independent and {Xj} forms a Markov chain. 6 =
(a1, a2,a3,a4,7)T is the parameter vector. We assume that {Xj} is a Markov ergodic
sequence with stationary distribution 7 x satisfying nx ([—«, &]) = 0, *x ((—-k— 0, —K)) >
0, mx ((k,k+8)) > 0 for all § > 0 where & > 0. Let 6y = (@, @z, as,aq,0)T with @; # a3
or dz # dq and © = {§ € R® : |a;| < @;, |r| < 7} with given @1, ...,a4,7 > k. This model
is not identifiable and

Epp(Y — (X | 0)) = Ep(g9(X | 60) — g(X | 0))* +EpZ?
=EpZ? forall @c ¥ = {(ay,ds,as,ds,7)" : 7 € [—k, K]},
Epp(Y —g(X | 6)) >EpZ® forall 6¢ V.

Then by Theorem 3.1, identity (3.4) and

lim 9nj =a; (j=1,...,4) as. hold true.

n—oo

Ezxample 3. Let © = [a1,a3] X [b1,b2] X [c1, ¢2] with by < 0 < bs. In this example,
we consider the regression model (3.1) with regression function

g(z | 8) = a + be®”,
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where 0 = (a,b,¢)T € ©. Let 6y = (ag,bo,co)’ € © be the true parameter vector. In
the case bp = 0 we have ¥ = {6 : b = 0,a = ag, ¢ € [c1,¢2]}. Then by Theorem 3.1, we
obtain (3.4) and

lim énl = ayp, lim énQ =0.

n—oo n—o00

FEzample 4. Here let © = [0, 1] and let X have a uniform distribution on [—1,1].
For 6 > 0, we define the regression function of model (3.1) by

||

g(xio):{%—w for |z| <8,

0 otherwise.

Let 6o = 0. Now a natural definition of g(z | 0) is given by 0 since it is the pointwise
limit of g(x | 8) for & — 0 except for x = 0. For z # 0, g(z | ) is continuous. Moreover,

mEp(Y ~g(X | 0))% = ImE(g(X | 0) — g(X | 0))? +EpZ®

1
=lim— +EpZ? =
91&1304- P +oo
and

Ep(Y - g(X 0))’ =EpZ° = minEp(Y — g(X | 6))*.

The function f, is continuous almost surely for each n and cannot uniformly converge
to the discontinuous f. Thus the technique of uniform convergence does not apply in
this case. On the other hand, an application of Theorem 3.1 implies

lim 6, =6y a.s.
n—oo

In the following we derive two lemmas stating sufficient conditions for (3.5) in the
case of a convex function p. An other way to find sufficient conditions for (3.5) is de-
scribed in Liese and Vajda ((1994), Lemma 2b). Every convex function p has derivatives
from the right 7 p and from the left 8~ p which are nondecreasing and continuous from
the right and from the left, respectively. Moreover we have

z+a z+a
37)  plz+a)—plz) = / % p(t)dt = / o p(t)dt forall zacR
and
(3.8) p(z+a) > p(z) + ad%p(z) for z,a€R.

Here F is the distribution function of Z.

LEMMA 3.1. Assume that E8Tp(Z) = 0, and there are real numbers by < by <
by < by such that

0% p(z0) > 8% p(z1)  forall zy> 21, 21,22 € [b1,ba] and
P{bs < Z < by} > 0.
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Then (3.5) is satisfied.
PROOF. By (3.7), we obtain
p(z+a) > p(z) + adTp(z) for =z € [bz,by], a #0.
Further by (3.8),
oo oo
| e+ @ -p)aF@) >a [ otp)ar() =0
-0 -0
which is (3.5). O
In Lemma 3.1 one can work with 07 p instead of 8t p. If p is twice differentiable
on R, Ep/(Z) = 0 and p"(z) > 0 for all z € R, then the assumptions of Lemma 3.1 are

satisfied which in turn implies the validity of (3.5).

LEMMA 3.2. The conditions

0<Ed"p(Z+a)<+o00 for a>0 and
—00<E8*tp(Z+a)<0 for a<0,

are sufficient for (3.5).

ProoF. The function
am M@ = [ (e +a) - pa)AF()

is convex and M (0) = 0. By Lebesgue’s theorem on dominated convergence,

0tM(a) = /_oo 1}:?8 R~ (p(z +a+ h) — p(z + a))dF(2)

o0

_ /_°° 9% p(z+ a)dF(z) (a €R).

Therefore 8t M(a) > 0 for a > 0 and 0t M(a) < 0 for a < 0 which completes the
proof. (J

At the end of this section we study several examples of functions p.

Ezample 5. Let p(z) = 2%. Condition (3.5) follows from EZ = 0 in view of Lemma
3.1.

Ezample 6. Let p(z) = |z|P, p > 1. Here by Lemma 3.1,
(3.9) E|ZP~!sgn(Z) =0

implies (3.5). For example, identity (3.9) is satisfied for symmetric F.
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Example 7. Let p(z) = |z|, and F be the distribution function of Z. Assume that
the median of Z is unique and med(Z) = 0, i.e. F(t) < 0.5 for t < 0, F(t) > 0.5 for
t > 0. In this case we apply Lemma 3.2. Since

E0tp(Z +a) = E(I(Z +a>0) — I(Z + a < 0))
=1-2P{Z +a<0}=1-2F(~a-0),

the assumptions of Lemma 3.2 are fulfilled and (3.5) holds true.
Let us now consider the case where the density A of Z is given by

_1 1 1
Az = 1 for ze[ 1,-3)uU3,1),
0 otherwise.

In this case the median is not unique and we have

- 3 for a€[-1,1],
/ plz+a)dF(z) = 1—|a|+a*> for |a| € (},1),
ad la| for |a| > 1.

Therefore (3.5) is not satisfied. In the regression model (3.1) with independent random
variables X and Z, and the above distribution of Z, the minimising properties of f
depend heavily on the shape of g. Let g(z | (a,b)T) = az + b, and ag, by be the true
parameters of the model (3.1). Assume that X has a density on R which is everywhere
positive. Then we have ¥ = {(ao,b) : b € [bo — ,b0 + 1]}. According to Theorem 3.1,
we cannot expect that the estimator for b is consistent, but (3.4) holds true.

4. M-estimation and model selection

In this section we consider the model selection problem in connection with parameter
estimation for the model (3.1). Among the papers dealing with model selection criteria
in connection with M-estimation, we refer to papers by Burman and Nolan (1995) and
Rao and Wu (1989) were strong consistency was proved. The effects of model selection
on consistency and the asymptotic distribution of the estimator was studied in Potscher
(1991). Here for simplicity, we assume that {Xj} and {Z;} are two independent se-
quences of i.i.d. random variables. We incorporate various model functions gi,...,gx in
one model with function g such that g; : R™ x ©; — R, and ©; C R*/ is compact. The
dimension of ©; can differ from model to model. The first component of the parameter
vector @ gives the number of the model function such that

g(z|6)=g;(x|6) for zeR™ if 8=(50)7T, §coO;,.

Moreover, © = J;_,{j} x ©;. 6o = (Jo, 60)T is the true parameter, and jo is the number
of the true model. The distance d(-,-) is introduced by

0, — 6 if 611 = 6,
d(al,ez)z{ﬂl 2| =0

otherwise,

where a > 0 is a given quantity. Let the estimator 8, = (6,1,67)T satisfies (3.2). Thus
the model selection is realised via minimising f,. Now one can apply Theorem 3.1(b) to
obtain

lim 6, =6y as.
n—o0
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COROLLARY 4.1. Under the assumptions of Theorem 3.1(b), the model is selected

asymptotically correct:

lim 0n1 =j0 a.s.
n—00

In applications the situation very often occur where the regression function of the
true model belongs to several partial models. In this case Theorem 3.1(a) can be applied
instead of part (b) of this theorem. In this way we obtain Corollary 4.2.

COROLLARY 4.2. Let the assumptions of Theorem 3.1(a) and (3.5) be satisfied.
Assume that gy, ..., gx are continuous and X has a density on R™ which is everywhere

positive. Moreover
gz | 6o)=g(xz|61) forall z€R™, 6, €09CO

and for all 8; € ©\By, there is an © € R™ such that g(x | 0o) # g(z | 61). Then

K

lim Y inf |6, — 0|I(6n1 =5) =0 as.
oo L] 8:(3.8)€00

We demonstrate the application of these corollaries in the following example.

Ezxample 8. Let

a+be® for 6;=1, 0= (1,a,b,c)T,
g(z | 0) = _ _ T
a+dz for 6, =2, §=(2,a,d)

be the regression function of (3.1) including two models. Assume that X has a density
which is everywhere positive. Here ©; C R3, and ©; C R2. In the case 6y € Oy, let
90 = (jo,ao,bo,CO)T, jg =1 and 90 = (jo,ao,do)T, jo = 2 otherwise.

Case 1. Either jo=1,bp # 0, co # 0 or jo =2, dy #0.

Theorem 3.1(b) yields that

~ A

lim 0, =69 a.s. and lim 6,; = jo a.s.
n-—>00 n—oo

Case 2. Either jo=1,b9 =0or 619 =2, dy = 0.
Both situations lead to the same model function. From Corollary 4.2, it follows that

D. - v/ (Gn — ag)2+ b2 for B, =

1
lim D, =0 as., n = — .
n—oo V0En—ao2+ @ for G =2.

lim 6, =ag a.s.
n—oo
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5. Estimators in regression models with fixed design
The fixed-design regression model reads as follows:
Ye=g(zx | 00)+ 2k (k=1,2,...)

where {Zy}k=1,2,.. is a sequence of independent random variables. zj,za,... is the
sequence of deterministic design points. Let g : R™ x © — R, ® C RP be a measurable
function. Suppose that 6, is an estimator for 6y with property

(5.1) fa(6n) < Jof fo(6) + en

where ¢, > 0, £, — 0 a.s,,
n
(5.2) Fa(0) = az' Y p(Yi — g(x:i | 6))
i=1

and {a,} is a suitable sequence of positive real numbers tending to co. Let p: R — R
be a nonnegative function and A;(t) := g(z; | 80) — g(z; | t). First we provide a rather
general theorem about convergence of 6,,.

THEOREM 5.1.  Assume that © is compact and the function f defined by

f(8) := liminf Ef,(0)
n—oo
is not equal to 0o on ©. Suppose that inf,cpo,r) P(Z; + Ai(t)) is a random variable for
each 0 € ©, i € {1,...,n}, and for every § € © and £ > 0, there is some R > 0 such
that

69 ety (B, inf , £+ 80) ~EolZ + 8,0)) ) > -
(5.4) nlgr;o a;l (Zz:: teél(lg R) p(Z, + Al(t)) - 5,,(0)) =0 a.s.,
(5.5) nli»ngo (fn(f)) _ b (0)) 0 as
where
bn(6) == > _Ep(Zi + Ay(6)),  ba(0) == Z]Eteér(lg % p(Zi + Ay(2)).
=1 =1

Let ¥ := argming g f(0) # 0. Then

lim d(6,,¥)=0 a.s.
n—oo
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epi—u—a.s.

f. Let 6 € ® and € > 0. By
{60}

PROOF. Assumption (5.5) implies f,
(5.3) and (5.4),

lminf inf  f.(t)
iminf inf f (t) — £(9)

> liminfa? Z ( ér(%cR) p(Zi + Ai(t)) — IE 1nf (Z + A (t))>
n—00 te

> —€  a.s.

By virtue of Lemma 2.3, we obtain f, —l_—g'ia f. An application of Theorem 2.2 leads
to Theorem 5.1.

In several applications sufficient conditions for (5.3) and (5.4) can be obtained by
applying strong laws of large numbers (cf. Petrov (1995), Chapter 6).

Next we study strong consistency of approximate M-estimators in the case of convex
functions p. We assume that the convex function p fulfils

(5.6) p(z +a) > p(z) +ad* p(2) + n(a)¥(z)

with nonnegative measurable functions 7, 1. Considering p(z) = 22, inequality (5.6) is
valid with n(a) = a?, ¥(z) = 1. For other special cases see below. Condition (5.6) is
fulfilled if

z+a
/ (@ p(t) — 8% p(2))dt > n(a)i(2).

If the second derivative of p is continuous on R and inf, p"(2) > d > 0, then Taylor
expansion leads to

a2
p(z+a) 2 p(z) +ap'(z) + - d

which shows the validity of (5.6) with n(a) = a2?/2, ¥(2) = d, s(z) = p'(z). The result
for convex functions p is given by the following theorem:

THEOREM 5.2. Suppose that © is compact, the conver function p satisfies (5.6)
and {Z;} is a sequence of i.i.d. random variables with Ey(Z;) > 0, Es(Z;) = 0,
Es?(Z;) < +oo, EY?3(Z1) < +oo. Moreover, assume that for any 6 # 6, 6 € ©,
for any e > 0, there is some R > 0 such that

o0

5.7 sup Ag(t < 400,

51 £ teB(6.R) Ok T2(9)

5.8 sup n{Ag(t < 400,

o 2 b M) 70

(5.9) limsupa;® Z sup |Ag(t) — Ax(9)] <e
n—00 k=1 t€B(8,R)

and

(5.10) liminf a,, 'T,(6) > 0

n—oo
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where
n

Ta(0) =) _inf n(Ax(t)).

k1 teB(6,R)

Then

lim 6, =68 a.s.
n—00

Remark 5. Wu (1981) proved a similar statement for least squares estimators
(Theorem 3). In contrast to that theorem, no Lipschitz conditions are required in Theo-
rem 5.2. In the papers by Liese and Vajda (1994, 1995) and by Berlinet et al. (2000), the
authors derived necessary and sufficient conditions for weak consistency of M-estimators.

PrOOF. Here we prove that for all 8 € ©, 8 # 6, and all € > 0, there is some
R > 0 such that 3
liminf inf fo(t) > f(0) ~¢

n—oo teB(4,R)

(compare with condition (3.1) of Wu (1981)) where

Fa(0) = a7 > (p(Ye — g(zx | 0)) — p(¥s — g(zx | 60)))

k=1
= a;" Y (p(Zi + Dk(6)) - p(Z1)),
k=1
| Ey(Z1) liminfuea; T,(0)  for 6 # 6o,
19) '—{0 for 6= 6,.

Inequality (5.1) is also fulfilled if f, is replaced by f,. We have

(6.11)  _jnf Fn(t)
>a;! (;teér(lg:R)(Ak(t)s(Zk)) + kzzlteli?x(lef,R)n(Ak(t))w(Zk)>
> a 1T (0)(An + Bn + E¥(Z1)) + D,
where
= gy 2o (o BHO5(20) i (Au(05(7) ).
By, = o 00) Zteg(lgmn(ﬂk ) (W(Zk) — E(Zk)),
D, = ai zEtegg Bk O(21).
n k=1 ?
Further

E Dt (Br()s(Zk)
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=E_inf (Ak()s(Ze)I(s(Ze) 2 0)+E _inf  (A(t)s(Ze))1(s(Z) < 0)

=Es(Z1)I(s(Z1) > 0) inf Ap(t) +Es(Z1)I(s(Z1) <0) sup Ag(t)
teB(6,R) t€B(6,R)

= Es(Z)I(s(Z) > 0 inf  Ag(t) — An(t) ] .
(Z21)I(s(Z1) 2 )(tEB(O’R) k(t) tels;(lg),R) k( ))

Therefore (5.9) implies
D,, > —eEs(Z1)I(s(Z,) > 0) =: —¢&.
Since by (5.7) and (5.8),
- 1

sup A} (t)Es?*(Z))=5—— < +00, and
,;teB(o,R) g I)T;f(e)

00
,;te?(lg), )n(Ak(t))zlEfﬁ?(Zl)Tkz—l(@j < 400
hold, an application of Theorem 6.7 of Petrov (1995) leads to
Ap=0(1) and B,=o0(l) as.
Consequently, (5.10) and (5.11) yield

liminf inf ) fn(t) > Ey(Z)) - liminfa 'T,(0) — & as. O
n— 00

n—oo tcB(6,R

In the remainder of the section we study one example of functions p and the power
curve model.

Power functions p: Let p(x) = |z[P.
(i) If p € (1,2), then for § > 0, we obtain

(5.12) |z + alP > |z|P + palz|P~* sgn(z) + min{a?, [aP}(z) (a,z €R)
where ¢(z) = 0 Vz € [-4,4), ¥(z) = C1|z|P~2 Vz : |z| > 6 > 0 and C; > 0 is a constant
not depending on a or x.
(ii) Case p > 2: It can be proven that
(5.13) |z +alP > [P + palz[P~" sgn(z) + a®P(z)  (a,z €R)
with 9(z) = p(p — 1)27P~3|z[P~2.

. The proofs for (5.12) and (5.13) can be found in the Appendix. Therefore the power
function p satisfies the inequality (5.6).

Power curve model (cf. Wu (1981), Example 3): We consider the model

Yk=(k+90)d+zk (k=1,2,...)
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withd > 1, ie. 2 = k, g(z | 8) = (z + )¢ and Ax(t) = (k + 60)¢ — (k + t)?. Let
© = [61,02], 61 > 0 and 6y € ©. The parameter 6y is estimated by én according to
(5.1) and (5.2) with p(z) = |z/P. Now we introduce a, = nP4 P+l for p € (1,2), and
an = n%1 for p > 2. In the following Cj, ..., Cs denote positive constants which do
not depend on k and n, but on § (we drop the dependence on # in the notation). We
have

(5.14) limsupa,, 12 sup )IAk(t) Ag(8)]

n-00 —, teB(8,

< Cilimsupa, Ide U sup |t-6].
n—00 b—1 teB(8,R)

For d > 1, the right hand side of (5.14) is equal to zero and we choose R < |6y — 6|/2.
In the case d = 1, we can choose R such that (5.9) is fulfilled for some ¢ > 0.

Case (i) p > 2. By (5.13), n(a) = a%. Obviously, T},(§) > C3n??~! such that
(5.10) is satisfied (see Lemma A.3 in the Appendix). Observe that

sup  Ax()?T;2(8) < Cak™2, sup n(Ax(t)*T2%(8) < Csk™2.
teB(9,R) teB(6,R)

Thus (5.7) and (5.8) are satisfied and the M-estimator 8, is strongly consistent.
Case (i) p € (1,2). Here we have n(a) = min{a?,|a|P} by (5.12) and T,(6) >

CenPi~P+1 (see Lemma A.3). Moreover,

sup  Ag(t)*Ty %(6) < Crks, sup  1(Ax(t))*T, *(6) < Cgk ™2
te B(6,R) te B(8,R)

(¢ = —2pd + 2d + 2p — 4) which implies (5.7) and (5.8). Hence the assumptions of

Theorem 5.2 are fulfilled and the M-estimator 8,, is strongly consistent. Therefore these

considerations generalise Wu’s Example 3 where p(z) = z2.
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Appendix
LemMA A.l. Forpe (1,2) and § > 0, we have
|z + a|? > |z|P + palz|P~! sgn(x) + min{a?, |a|P}y(z)

where Y(z) = 0 Vz € [-4,8], ¥(z) = CzP~2 Vzx : |z| > 8, and C, § are positive constants
not depending on a or .

PRrOOF. Since the function a — |z + a|P is convex for each z, we obtain

|z + a|” > |z|P + palz|P~'sgn(z) Vz € [-6,d].
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Therefore, it remains to prove the lemma in the case || > §. Without loss of generality,

let z > 0. We have

ap a
P -1 ’1 + ——} -1-=-p
|z +alP — 2P —apzP™" _ T " _ o(a/z)
a?zrp—2 (a/x)? ’

®(a) =a"%(]1 +a? — 1 —ap).

Case |a| < z: @ is bounded away from zero on compact intervals such that
|z + alf > 2P + paav”_l + Cya®zP2.

Case a > .
T\P T\P \p—1
2+ alP — a7 - paz ((+5-E) -5
> Cha® > 0252"pa”:1:”_2

with an appropriate constant Cy > 0.
Case a < —z: Similarly to the previous case,

P P p—1
|z + alP — 2P — pazP~! = |a|? ((l-i-z) - (——l:) +p<——gj—) )
a a a
Z Cglal” Z C352—p|alp1.p—2
with a suitable constant C3 > 0. Thus the proof is complete. [
LEMMA A.2. Forp > 2, we have

|z + al? > |z|” + pal|z[P~" sgn(z) + a®P(x)
with P(z) = p(p — 1)27P3|z[P2.

ProOOF. Without loss of generality, let > 0 and a # 0. We obtain
|z + alP = |z[P + palz|P ' sgn(z) +p(p — 1) /Oa(a —t)|z + t|P~2dt.
Case a > 0: Obviously,
@+ al? > Jaf? + palaP sgn(z) + 2p(p — Va*lap 2

Case —2x <a<0: Sincex+t>x+§> 3 forte[%,0], we have

0
T |P—2
|z +al? > |z|P + pa|ac|”’“1 sgn(z) + p(p - 1) (t —a)dt l§'
a/4

= |z|? + pa|z|”~sgn(z) + Tp(p — 1)27P73a2|x|P72.
Case a < —2z: Then
L 3a/4 7 1p—2
o+ 0 > [ol? + palel?~ sgn(@) + (- 1) [ (¢ - a)dt|3]
a

= [z” +pale[P~" sgn(z) + p(p — 1)277%a?|z P2
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sincez+t<z+3 < -Lforte(a, 2] 0

LEMMA A.3. Let 6y € © and the settings of the power curve model are valid. Then
for each  # 8y, there is an R > 0 and a C > 0 such that

T.(0) > Cn¥  foral n>1,
where v=2d—1ifp>2, v=pd—p+1ifpe(1,2). R and C may depend on 6.

ProOOF. Here Ag(t) = (k + 80)¢ — (k +t)%. Let R € (0, min{|0p — 6|/2,1}).
Case (i) p> 2 and n(a) = a®: Let t; = min{6y, 0 — R} and t, = max{6o,6 + R}.
Then

n

T.0) = 3 inf (Aw(t))?

kzltes(a,R)
> inf (d(k+8)% 12 inf (6 —t)?
- ;tefg,tz]( (k+877) teér(le,R)( 0—t)
d2 2n—1 2d—2
S & _
> 4(90 ) kz::lk

which implies the lemma in Case (i).
Case (ii) p € (1,2) and n(a) = min{a?,|aP}: Let R < |6p — 0|/2. There is a
ko = ko(0,6p) such that |Ar(t)| > 1 for ¢t € B(0, R). Analogously to above,

n

T.(6) = ) inf n(A(t)

k=1 te B(6,R)
> inf |d(k + )% inf |6 — t[?
o Z tefg,tzll ( * ) | teg(lo,R)l 0 |
k=ko
00 .y p n-—1
14 pd—p
> & | = >k
k=ko—1

which implies the lemma in Case (ii). O
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