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Abstract. In this paper, we attempt to characterize a distribution by means of
E[)(Xktsm) | Xi:n = 2] = g(z), under some mild conditions on #(-) and g(-). An
explicit result is provided in the case of s = 1 and a uniqueness result is proved in
the case of s = 2. For the general case, an expression is provided for the conditional
expectation. Similar results are proved for the record values, both in the continuous
as well as in the discrete case (weak records).
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1. Introduction

Let X1, X2,...,X, be a random sample of size n from an absolutely continuous
distribution function F(-) and probability density function f(-). Let Xi., < Xan <
--+ < Xn:n be the corresponding order statistics.

There is a vast literature on characterizing a distribution by means of the conditional
expectation of Xyi1., (or its function) given Xj.,,. More specifically, Franco and Ruiz
(1999) characterized a distribution by means of

E[w(Xk+1:n) [ Xk:n = Z] = g(z),

under some mild conditions on (-) and ¢(-). This general result contains some special
cases. For example, Khan and Abu-Salih (1989) characterized the distribution when
g(z) = cyp(z) +d. Ouyang (1995) considered the case when g(z) = h(z)+c, where h(:) is
differentiable and its derivative is continuous. Historically, Ferguson (1967) characterized
the distribution when ¥ (z) = x and g(z) = axz + b.

The problem of characterizing a distribution by the conditional expectation of non-
adjacent order statistics is rather complex. The general problem is to characterize a
distribution by means of

E[Y(Xg+sin) | Xim = 2] = g(2),

under some appropriate conditions on ¥(-) and g(-). Attempts in this direction have
been made by several authors who could provide solution only in some special cases. For
example Dembinska and Wesolowski (1998) characterized the distribution by means of
the equation

E[XR:-i-s:n ! Xken = Z} =az+b.
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They used a result of Rao and Shanbhag (1994) which deals with solutions of ex-
tended version of integrated Cauchy functional equation. The same result was proved
by Lopez-Blaquez and Moreno Rebollo (1997) by using the solution of a polynomial
equation, see also Franco and Ruiz (1997). A special case when s = 2 was considered
by Wesolowski and Ahsanullah (1997). It may be remarked that Rao and Shanbhag’s
(1994) result is applicable only when the conditional expectation is a linear function
of X.,. However, the following result can be easily established, following the steps of
Dembinska and Wesolowski (1998).

The distribution can be characterized by means of the equation

E[tp(Xk:-}-s:n) ‘ Xk:n = Z] = 2{)(2:) + b.

Some other papers dealing with the characterization of distributions based on non-
adjacent order statistics include Wu and Ouyang (1996, 1997), Wu (2004) and Franco
and Ruiz (1997).

The present paper makes an attempt to solve the general problem described earlier.
More specifically, we want to characterize a distribution by means of

ElYp(Xkton) | Xim = 2] = g(2).

For this purpose, we derive an expression for E[¢(Xk+s:n) | Xe:n = 2]. For s =1, we
are able to obtain the expression in closed form. This is a generalization of Ouyang (1995)
and unifies several results, available in the literature, for adjacent order statistic. For
8 = 2, we are able to show that the above relation determines the distribution uniquely.
Before proceeding further, we present, in Section 2, an expression for E[¢(Xgysn) |
Xiin = z]-

Because of the relationship between the order statistics and the record values, see
Gupta (1984), one would expect similar characterization results based on the record
values. The record values are defined as follows:

Let X1, X5, ... be asequence of independent identically distributed random variables
with continuous distribution function F(-). Let us define U(1) =1 and for n > 1

U(n) =min{k > U(n - 1) : Xy > Xym-1)}-
The upper record value sequence is then defined by
RnZXU(n)y n=1,2,,...

In this connection, Nagaraja (1977, 1988) obtained a characterization result based
on the linear regression of two adjacent record values. More specifically, he characterized
the distribution based on the property

E(Ry4:1 | Rk = z)=az+b.

Other characterizations based on conditional expectation of non-adjacent record
values can be seen in Raqab (2002), Wu (2004) and Wu and Lee (2001). Lopez-Blaquez
and Moreno Rebollo (1997) considered this problem for non-adjacent record values under
some stringent smoothness assumptions on the distribution function F(-). Dembinska
and Wesolowski (2000) characterized the distribution by means of the relation

E(Rk+s ] R, = Z) =az+b.
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They used a result of Rao and Shanbhag (1994) which deals with the solution
of extended version of integrated Cauchy functional equation. As pointed out earlier,
Rao and Shanbhag’s result is applicable only when the conditional expectation is a
linear function. However, the following result can be established immitating the steps of
Dembinska and Wesolowski (2000), see also Ahsanullah and Wesolowski (1998).

The distribution can be characterized by means of the equation

E@(Rivs) | Ri = 2) = $(2) +b.

In Section 4, we shall attempt to characterize the distribution by means of the
relation
E(Y(Ri+s) | By =2) = g(2), k,s21
The cases of s = 1 and s = 2 are solved, while for other cases, the problem be-
comes complicated because of the nature of the resulting differential equation. Section 5
contains similar results for the discrete case. Some other papers for the discrete case
include Franco and Ruiz (2001), Lopez-Blaquez and Wesolowski (2001) and Wesolowski

and Ahsanullah (2001).
It may be remarked that probably the results of this paper can be extended for

mixtures of distributions.
2. Conditional expectation

Noting that the distribution of Xg4s.n | Xk.n is the distribution of the s-th order
statistic in a sample of size n — k from a truncated distribution given by

= ————-——F(z)__ F(z), z>z

where F(z) = 1 — F(z), we get the pdf of Xg4s.n given Xy., = z as

- S R A

This gives

(21) E[/‘p(Xk+s:n) | Xk:n = Z]
(n—k)! [ $(@)[F(z) = Fz)) ' [F(z)]"*~ —*f(z)dz

- (s—n-k-3s) [F(z)»—*
To simplify (2.1) further, we proceed as follows:
Define
i (n—k)! = F(2) — F() P~ [F(LYP-*F—5+i-1 £()da
L= e . VPG - F@P I F P @),
This gives
(22) 1= s [T @ F@r @)

¢(z>[ﬁ(z)1"-k+ / ¥ (@) [F(z)|"da.
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We now assume that j < s. In that case

_ (n—k)!
(s m—-k—s+j—1)

x /:o ¥(z)[F(z) - F(z)]*~ <—d(7(:c))n—k—s+]->

n—k—s+j
(n—k)!

T G-)in—k—s+j)!
y [«p(w)[ﬁ(z) @)~ (Fa)" k) [

23) I

+ [FE@ = L @FE - F@P )

_ (n—k)!
T (s=Nn—k—s+3)!

< [P @FE - F@)
T (@) - NIF(E) - F@P 7 f(@)ds

- J’>’<(: - 1]:)—! 5+ 7). /:o[_ﬁ(x”""“‘”jr/)'(z)[F(z> - F(2)*dz
(n — k)!

P oD —k—s+J)
x / P(@)[F@)]***H[F(2) - F(z)]*7 " f(z)dz

_ (n—k)!
(5= n—k—s+3)!

oo

x /z [F(@)]" =+~ (2)[F(2) - F(@)"Ydz + 11

This is a recurrence relation which will be helpful in deriving the desired expression.
Noting that E[Y(Xkss:n) | Xkn = 2] = I1/[F(2)]* %, we have

Ep(Xktsn) | Xiin = 2]
_ (n—k)!
B (s = n—k—s+ D[F(2)|n*

x / [F(z)|" =19 (@)[F(z) — F(2))"dz + L.

Using the recurrence relation (2.3) repeatedly, we can write

(24) E[¢(Xk+s:n) | Xgn = Z]

s—1 o]
B [F(z;]n_k > i!(?gn—_kkz!i)! [ F@r v @iFe - s
i=1 o

1 o, — e
)+ | v@F@rta
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3. The characterization results

By using (2.4), the general result

E['(/)(Xk:-l—s:n) | Xkn = Z] = g(z)

becomes
1) > B [T R @Fe) - Fa)lds
-/ " ¢ @) F@)*d
= (9(2) — $() [F(2)I"*

2 n—k)! : — o ki g oo , . o
Zmﬁ_—k-l—,.)!;ww/z [F(z)]" 79/ (2)(-1) dx+/z V' (z)[F(z)]" *dx

= (9(2) = Y(NF ()"

Differentiating the above w.r.t. z, we get

(3.2) i Z'(Sz_—_kkly Z [(_1)i—j—1[F(z)]n—k¢l(z)
i=1 T j=0

~FEP @) [ ()P F@) iy (@) de

— FE /() -
= (¢'2) — W )FEI* - (9(2) - $(2)(n — HFEI 1 1(2).

We now prove two characterization results.

THEOREM 3.1. Under the assumptions stated earlier E[Y(Xks1.n) | Xin = 2] =
9(z) determines the distribution.

PROOF. The proof can be established by using equation (3.1), for s = 1, and
expressing r(z) in terms of g(z) as

3 g'(2)
(33) ") = e =B

where r(z) = f(2)/F(z) is the failure rate.
Thus g(z) determines the distribution. 0

Note that for the case g(z) = ¥(z) + ¢, see Ouyang (1995), we get

_ ¥
(3.4) &) = ey
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For another expression, see Franco and Ruiz (1995, 1999) and Khan and Abu-Salih
(1989). -

Before presenting the next result, we state the following uniqueness theorem and its
corollary whose proof can be found in Gupta and Kirmani (2004).

THEOREM 3.2. Let the function f be defined and continuous in a domain D C RZ,
and let f satisfy a Lipschitz condition (with respect to y) in D, namely

(3.5) |f(z ) — flz,v2)| < Kly1 — 92|, K >0,

for every point (x,y1) and (x,y2) in D. Then the function y = ¢(x) satisfying the initial
value problem y' = f(z,y) and y(xo) = yo, T € R is unique.

COROLLARY 3.1. If f and %5 are continuous in D, then the solution y = ¢(z) is
unique in R2,

We are now able to present our second characterization result.

THEOREM 3.3. Under the assumptions stated earlier E[Y(Xgt2:0) | Xim = 2] =
g(z) determines the distribution.

PRrROOF. For this case, (3.1) becomes

66)  —-RiE [ F@rY @
= §(IFEI* (o) ~ $(a))n ~ HFEI ().

Differentiating (3.6) once more w.r.t. z, we get

LAFEI - (0~ HFEI*(0(e) -~ 9(2)]
+(n— B) S FEI 1)
= P @F @I - ¢ (2)(n - HFE (2 B
~ (0~ B (R)((2) ~ DF ™ + )9 (2) — ¢/ (D F )]
~ P(:)(o(2) ~ (D~ k ~ DFEH-2).

Simplifying the above equation, we get

')
OM

f'(z)

(3.7) (2) = ¢"(2) — 2(n — k)g'(2)r(2)

+(n = k)(n — k= D)r?(2)(g(2) ~ ¥(2))-

Using the fact that
fz) _ ')
flz) (2

- T'(Z),

equation (3.7) can be written as

9|52 =) = ") = 20 - D E)r(e) + (= K)o — k= Do) ~ ¥(E)
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or

(3.8) g'(z)%(j—)) +(2n 2k — g (2)r(2)

=g"(2) + (n = k)(n — k — )r?(2)(g(2) - $(2))-

This expresses 7’/(z) as a function of r(2) and the known functions. By the corollary
of the uniqueness theorem, stated above, the above equation has a unique solution in
r(z).0

4. Record values characterization results

In this section, we shall characterize the distribution by means of conditional ex-
pectation of record values.

As explained in the introduction, let {R;,j = 1,2,...} be the sequence of upper
record values. Then we have the following result.

THEOREM 4.1. Let {X;,j = 1,2,3,...} be a sequence of independent identically
distributed random variables with absolutely continuous (w.r.t. Lebesgue measure) dis-
tribution function F(z) and probability density function f(x). Let {R;,j = 1,2,3,...}
be a sequence of upper record values. Then the condition

(4.1) E[y(Ri+s) | B = 2] = g(2),

where k,s > 1, g(2) is twice differentiable and ¥(x) is a continuous function, determines
the distribution uniquely.

ProOOF. It can be verified that

(z)[R(z) - R(z)]""!

o dCF@),

42 BB | Re=dd= [ L
where R(r) = —InF(z).

Case s =1. In'‘this case, using the above two equations, we obtain
(43) [ @) = g(:)FG).

Differentiating both sides of (4.3) with respect to z and simplifying, we obtain

i) _ 4@
F) 9 -9’

where r(z) is the failure rate of the original distribution. Hence the result.

(4.4) r(z) =

Case s = 2. In this case, we obtain

(45) / " (@) [R(z) - R ()dz = g(=)F(2).



728 RAMESH C. GUPTA AND MOHAMMAD AHSANULLAH

Differentiating both sides of (4.5) with respect to z, we obtain

2
(46) / $(@)f (@) = ¢/ (z) LD f(( ))) _ 9)F).

Differentiating both sides of (4.6) with respect to z and simplifying, we obtain
@ HEEEP =96 -3 - @F S a0

Using the relation

OB OT

(“9) @) " T
equation (4.7) can be written as
(4.9) g'(2) (( )) +2¢'(2)r(2) = 9"(2) + (r(2))*(9(2) — r(2)) = 0.

Thus r/(z) has been expressed in terms of functions of r(z) and the known functions.
Therefore, by the corollary of the uniqueness theorem stated earlier, r(z) is uniquely
determined. This completes the proof.

General case. For the general case, the problem becomes more complicated because
of the nature of the resulting differential equation. O

5. Characterization through weak records

Let X1, X3, ... be asequence of independent identically distributed random variables
taking values 0,1,2,...,N, N < oo with a distribution function F such that F(n) < 1
forn=0,1,2,... and E(X;In(1 + X;)) < oo. Define the sequence of weak record times
V(n) and weak record values Xy () as follows:

(5.1) V(1)=1, V(n+1)=min{j>V(n): X; > Xymn}, n=12....

If we replace the sign > by > in (5.1), then we obtain record times and record
values. Let
Pz:P(Xlz’i), QG =Pi +DPig1+ -+ DN.

Then the joint mass function of Xv (1), Xv(a),-- -, Xv(n) is given by

n-1
(52) P(XV(I) = kl,XV(Q) = k2, ey XV(n) = kn) = H (Z:z ) Dbk,
i=1 i

see Aliev (1999) for details.
We now present the following result.

THEOREM 5.1. Let X1, X, ... be a sequence of independent identically distributed
random variables taking values 0,1,2,..., N, N < oo with a distribution function F' such
that F(n) <1 forn=0,1,2,... and E(X1 In(1+ X)) < 00. Let Xy (n) be a sequence of
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weak record values as stated above. Then the condition E[(Xv(n+1)) | Xvm) = 5] = 9(j)
determines the distribution.

ProOOF. It can be verified that

p
P(XV(n+1) =Y l XV(n) = IL') = q_ya Y=z,
z

and

(5.3) EY(Xvntny) | Xviny = J] Z¢(k)Pk

The right hand side of the above equation is mdependent of n, so we can take
without loss of generality

(5.4) Ep(Xve) | Xva) =il = 9(j)-
Then equation (5.3) can be written as
N
(5.5) 9()a; =D b(k)p-
k=3

Taking the first order differences, we have

(5.6) 9(i)g; — 9(3 + 1)gj+1 = ¥(G)p;-

Thus

93 — 9( +1)(g5 — p;) = ¥ ()p;
or
_g(j+1)— g(J)

(5-7) I= GG+ D) ()Y

Since ¢; = J—il-%:—;---%,qo———l,we have

g+ D = 90) Ty [ tenr

(58) P oG D) —v() [I ( )

Also from (5.6),

9(Na; — 9 + Vi1 = V()5 — ¢i+1)

or . .
(5.9) gj+1 9(j) — ¥(5)

g 9 +1)-9()
Thus (5.8) can be written as

oG+~ 90) ot (k) _
(5.10) pj = 9G + 1) — ¥()) 1;[ [ (k+1)— 1/’(k):| ' )
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We now present the following example.

Ezample 5.1. Let g(j) =j+b, N =00 and ¢(j) = j.

In this case )
1 b\’
bi 1+b(1+b>’ J=5LS

i.e., X's are distributed as geometric.
We now present the following extension.

THEOREM 5.2. Let X1, Xo,... be a sequence of independent identically distributed
random variables taking values 0,1,2,..., N, N < oo with a distribution function F' such
that F(n) < 1 forn =0,1,2,... and E(X;In(1 + X1)) < co. Let Xy (n) be a sequence
of weak record values as before Then the condition E[Y(Xy (nt2)) | Xvn) = J] = 9(j)
determines the distribution.

ProOOF. It can be verified that

(5.11) P(Xy(men) =k | Xym) =) = z’“ ZT j<k<N.

The right hand side of the above equation is independent of n. So we can take
without loss of generality

(5.12) mumm&mjqu”Zwmh

T=3

see Wesolowski and Ahsanullah (2001).
This along with the hypothesis gives

9 (G + Dajey y
(5.13) . i_9U p).ngm = > " y(k)pr.
5 j
Taking the first order difference, we get

9@ - 90+ Vg1 90U +1)aj1 — 90 + 2)gjn1d542
Dy Dji+1

(5-14) = $()p;-

Dividing by g; using r(i) = ¢;/gi+1 (r(¢) — 1 = p;i/qit+1), we obtain

90 G) ~ 9+ Ur) g+ DrG+D) -9 +2) _ o
") -1 B (e Ul

Let h(j) = 1/(r(j) — 1) = gj41/p;- We obtain on simplification, from (5.15).

(5.15)

(5.16) h(] + 1) = g(j + 1) — 9(3 4 2) g(] + 1) 9( + 2) h(.?)
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The general solution of (5.16) for h(j) is difficult. However, for selected values of
g(7) and ¥(j), solution of (5.16) for A(j) can be obtained. For example if g(j) =57+ b
and ¢¥(j) = j, then h(j) = b/2.

Once a solution of equation (5.16) is obtained, p,; can be obtained as follows:

Let h*(j) be a solution of (5.16), then

1 G+ 4@

Pi = 57 g =1
UG ¢4 g @

Thus

I IO
5.17 P = - - . O
(5:17) ’ h*(J),E)h*(J)+1
The following example illustrates the procedure.

Ezample 5.2. If g(j) =j+ b, N = o0 and ¢(j) = j, then h*(j) = b/2 and

2 b\’ .
pj‘ﬁ’z'(m)’ 7=01L

i.e., X'’s are distributed as geometric.
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