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Abstract. We give a general result to characterize a multivariate distribution from
a relationship between the left truncated mean function and the hazard gradient
function. This result allows us to obtain new characterizations of multivariate dis-
tributions. In particular, we show that, for the multivariate normal distribution, the
simple relationship, obtained in standardized form by McGill (1992, Communica-
tions in Statistics. Theory Methods, 21(11), 3053-3060), actually characterizes the
multivariate normal distribution.
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1. Introduction

Let X = (Xi,...,X,)" be a random vector with density f(z) and multivariate
reliability (survival) function

R(QJ)ZPI'(XZZ'):PI‘(XIZ.’IH,,an.’lin)

for z = (x1,...,2,) € R™.
The multivariate left truncated mean is defined by

m(z) =E(X | X > z) = (m(z),...,m.(z))
ml(m):%x)/ / zif(x1,...,xn)dxy - -dxy

and it is equivalent to the multivariate mean residual life e(z) = m(x) — = introduced by
Jupp and Mardia (1982) (see also Arnold and Zahedi (1988) or Shaked and Shanthikumar
(1991) for another dynamic definition). It is well known that m(z) (or e(z)) uniquely
determines R(z) (see Johnson and Kotz (1975), Shanbhag and Kotz (1987) and Ruiz et
al. (1993)).

The multivariate hazard (failure) gradient was defined by Johnson and Kotz (1975)
and Barlow and Proschan (1975) from

h(z) = —Vlog R(z) = (h1(z),. .., hn(z))
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hi(z) = —ﬁ%R(x)

K} a\
V—— (8—:1,‘1”5;;>

as the multivariate extension of the hazard (failure) rate function. The meaning is similar
to the univariate case

. PrXi >, <X <zt h,. ., Xn>xp)
hi(z) = lim
h—0 hPr(Xy >z, . Xi 2 2iy ..o, Xn > Tn)
}{in})Pr(Xi <z+h|Xi>21,...,X 2 Ziy. .., Xn 2 z0) /b

that is, the punctual failure probability for the i-th component when all the compo-
nents are working and have age z;, i = 1,...,n. Note that g(t) = h;(z1,...,Ti-1,t,
Zitl,--.,%y) is the failure rate for the conditional random variable

(Xi | X1 > 21, Xic1 > 2im1, Xig1 2 Tig1, -, Xn 2> Tn)-

Marshall and Olkin (1979) showed that h(z) also uniquely determines R(z) and
Block (1977) used this function to obtain the multivariate increasing/decreasing failure
(hazard) rate classes (MIFR and MDFR). Basu (1971) and Puri and Rubin (1974)
defined the multivariate hazard function by f(z)/R(z) while Shaked and Shanthikumar
(1987) preferred a dynamic definition.

Kotz and Shanbhag (1980) characterized the univariate normal distribution by

(1.1) m(z) = p + o?h(z).
In Ruiz and Navarro (1994), a general way to obtain f(z) from
m(z) = k + q(z)h(z)

is given. This result allows us to obtain some useful characterizations for distributions
without an explicit expression for h(z) or m(z) (as in the case of the univariate normal
distribution).

In the multivariate case, Ma (1998) and Asadi (1998, 1999) (see also the references
given there) characterized the distribution function from different relationships between
reliability functions. McGill (1992), Gupta and Gupta (1997) and Ma (2000) studied
the hazard gradient for the multivariate normal and Roy and Mukherjee (1998) studied
the extensions of univariate life distributions from reliability properties.

The purpose of this paper is to extend the results of Kotz and Shanbhag (1980) and
Ruiz and Navarro (1994) to the multivariate case.

2. The main result

First, we obtain the characterization for the multivariate normal distribution.

THEOREM 2.1. If X is a multivariate random vector with density f(x), left trun-
cated mean m(x) and hazard gradient h(z), then X has a (non degenerate) multivariate
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normal distribution with mean p and variance-covariance matric V = (0;;) (Nn(g, V))
if, and only if

(2.1) m(z) =p+Vh(z) for zeR™

PRrROOF. Let us suppose that X = N, (¢, V), then
(X1 | Xo=xa,...,Xpn = 2n) = N1(p1 + Va2V (¥ — sy ), 011 — Va2V ' V1)

where y = (zg,...,%n), py = (B2,..., ttn)’ and

Vo[ Vig '
Va1 Vao
If n =1 then (2.1) holds (see Kotz and Shanbhag (1980)). By induction on n, let

us suppose that (2.1) holds for k£ < n. Thus

Ri(z1 | y)ma(zy |y) = Ra(zy | y) (1 + VaaViz ' (y — py))
+ (011 — VieVag ' Var) fi(z1 | v)

and
Ry n(y | z1)ma. n(y | z1) = Ra._n(y | 21)(uy + Va1 (21 — 1))

~ (Vag = Vo107 Vi)V Ry _n(y | 1),

where
oo
Ri(z1 | y) =/ fi(z1 | y)dzy

1

and

Ry.n(ylz1) = /00 fa..n(y | z1)dy.
Hence, if m(z) = (m1(x),...,m,(x))’, then

R(@)mi(z) = / " 1 f(2)dz

T

_ / Fn(®) / 21 filer | y)dzidy
y 1

- / Fon@)[Ba(er | 9) (1 + ViaVis (4 — oy)
+ (o — ViaVy3' Va1) fi(z1 | y)ldy
= / (11 + Va2V (y — py)) f(z)dz + (011 — Vlz%;‘Vzl)/ f(z)dy
x Yy

~0R(x)

= R(z)p1 + V12V T + (011 — Vi2Vip Var) oy
1
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where

1= [ f@) / (W — i) o,y | &1)dydas
Yy

Ty

= fi(@)[Re. n(y | z1)Varo (1 — 1) — (Vag — Vo107 Vi2)VRa. n(y | 71)]dzy

Z1

_ / Voo (a1 — m)f(2)de

— (Vag — Varo Vo) / f(=) (v / fz..‘n(ylcrl)dy) day
Ty y

8R(z)  OR(xz) )

= Varo17 R(z)(ma(z) — p1) — (Vag — Vor07;' Vaa) ( B2y ' oz

and, finally, we obtain

(1 — Vi2Vy3 ' Var0 ) R(z) (my () — )

_ —0R(x)
= (o1 — V12V221V21) P

_ _ OR(x) AR(z)\’

- ‘/12‘/221(‘/22 - ‘/210-111‘/12) ( 8562 Yty 81:"

and
mi(z) = p + 011k (z) + Via(ha(2), . . ., ha(2))

n

=+ ) oihi(z).
j=1

Analogously, we can obtain the expressions for m;(z) when ¢ =2,...,n.

Conversely, if (2.1) holds, then m;(z) = u; + E;?zl oiih; (@),
* = OR(z
x P 7

and, by differentiating,

e n o) = - i% (63:1 o aR(m))

o ...0z, Ox;

holds, which jointly with

OR(x) . n
Ory...0x, (=1)"f(=)
imply
= 0
(@ — pi)f(@) = =) %‘%@
i=1 !
Thus,

(z - w)f(z) = -V(Vf(z))
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holds, which implies X = N, (u, V). O

Remark 2.1. McGill (1992) calculated m(x) by using the hazard gradient for the
standardized variables (Z; = (X; — u)/0;). Hence he did not obtain expression (2.1).
Moreover, he did not give the reverse implication (he did not characterize the multi-
variate normal distribution). Note that the multivariate normal distribution cannot be
characterized from inversion formulas for the mean residual life (e(z)) or the multivariate
hazard gradient (h(z)) because, in this case, we do not have an explicit expression for
e(x) (m(z)) nor h(z).

Remark 2.2. We have obtained the following general result for absolutely contin-
uous random vectors.

If X is a random vector with density f(x), support S, left truncated mean m(x)
and hazard gradient h(z), then the following conditions are equivalent:

L m(z)=k+ Q(z)h(z), forallz € S

2. Vieg f(z) = Q7 Y (z)(k—z - Q(z)V), forallz € S
where k = (k1,...,kn) € R, 2 = (z4,...,3,) € R",

q11(x1) -+ qun(zn)

Q(:L') = o PR PR N
in(xl) tet an(xn)

U
9 =015 (%;5)

Q11($1) T q1n(xn) 5(1;_1' 3:21 axj

1 (1) -+ qualzn) ) | O o
ox, Z %an(xj)

j=1""

and there exists Q' (z) for all z and limg, o0 qij(:cj)%R(x) =0,4,5=1,...,n.

The proof can be obtained from the authors. We have also obtained a similar result
in the discrete case.

Remark 2.3. If limg—,_oo Q(z)h(z) = 0, then k = E(X). In particular, if X is a
positive random vector and Q(0}h(0) = 0 then k¥ = E(X) (where 0 = (0,...,0) € R").
If we take &k = 0, then the preceding theorem provides a criterion to characterize the
distribution function from this relationship m(z) = Q(z)h(z). Note also that we can
replace the left truncated mean function m(z) = E(X | X > z) by the mean residual
life function e(z) = E(X —z | X > z) = m(z) - z.

Remark 2.4. In the univariate case, the characterization theorem given in Ruiz
and Navarro (1994) is a general result because all the distributions can be characterized
from a relationship as

m(z) =k + g(x)h(z)

since we can define ¢(z) by

q(z) = (m(z) — k)/h(z).
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However, in the multivariate case, this result cannot be applied to all the multi-
variate distributions. That is, there exist distributions which do not satisfy the relation
m(z) = k+Q(x)h(z), for a matrix-function Q(z) = (¢;j(z;)) (i.e. we cannot obtain Q(z)
from k, m(z) and h(z)). For example, the theorem cannot be applied to the bivariate
Gumbel’s exponential distribution.

Note also that if Q(z) = (gi;(z)), then there exist infinite matrix-functions Q(z)
satisfying m(z) = k + Q(z)h(z). For example, we can make ¢;;(z) = 0 for j # ¢ and
¢ii(z) = (m;(z)—k)/hi(z). The extension of the preceding theorem to all the multivariate
distributions is an open question.

Remark 2.5. The characterization for the multivariate normal distribution can be
easily obtained from the general result, without a direct calculation for m(x), as follows

log () = loge ~ 3 (z — u)'V " (z — )
Vieg f(z) = -V z—p) =V H{u—-—z-VV).
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