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Abstract. For independent observations from a standard one-parameter exponen-
tial family, the estimator of change point after being detected by a CUSUM procedure
is defined as the last zero point of the CUSUM process before the alarm time. By
assuming that the change occurs far away from beginning and the control limit is
large, an explicit form for the bias of estimator is derived conditioning on the change
being detected. By further assuming that the change magnitude and its reference
value approach zero at the same order, the local second order expansion of the bias
is obtained for numerical evaluation. It is found that, surprisingly, even in the nor-
mal distribution case, the bias is non-zero when the change magnitude equals to its
reference value, in contrast to the continuous time analog and the fixed sample size
case. Numerical results show that the approximations are quite satisfactory.

Key words and phrases: Change-point estimator, CUSUM procedure, quasi-sta-
tionary bias, random walk theory, strong renewal theorem, ladder epoches and ladder
heights.

1. Introduction
Let Fp(x) belong to a standard one-parameter exponential family of the form
dFy(z) = exp(zf — c(0))dFy(x),

for || < K(> 0) and ¢(0) = ¢/(0) = 0, ¢"(0) = 1. Also denote by v = ¢ (0) and
k = ¢®(0). Throughout our discussion, we shall assume that Fy(z) is strongly non-
arithmetic in the sense that

< 1.

/oo e dFo(x)

— o0

lim su
Ajl— oo P

This condition implies that Fy(z) is also strongly non-arithmetic uniformly for 6| < 6*
for some 6* > 0 (Siegmund (1979)).

Suppose {Xy} are independent random variables which follow distribution Fy,(x)
for ¥ < v and Fy(z) for k > v, where 6y < 0 < 6 and v is the change point. For a
pre-selected reference value 6, > 0 for 6 such that ¢(6y) = ¢(61), the CUSUM procedure
(Page (1954)), based on the likelihood ratio test, makes an alarm at the time

N =inf{n > 0:T, =max(0,T,-1 + X,) >d}, with Tp=0,

127



128 YANHONG WU

where d is the control limit. At 8 = 6;, the maximum likelihood estimator of v conditional
on the change being detected is given by

v =max{k < N : Ty = 0},

which is the last zero point of T} before the alarm time.

For notational convenience, let E¥[-] denote the expectation when the change point
is at v, Ey,|-| and Ejy[-| denote the expectations when no change is assumed, and Egyg[-]
denote the expectation when both 8y and 8 are involved.

In this paper, conditioning on the change being detected, we consider the asymptotic
quasi-stationary bias and absolute bias of #, defined as

lim lim EY[/—v|N >v]; and lim lim EY[|0 —v|| N > v].

d— o0 V—00 d—00 V00
In Section 2, we first obtain an explicit asymptotic form for the asymptotic bias. Then,
by using the strong renewal theorem, we are able to derive the local second order expan-
sion for the bias as € and 6y approach zero. Our main contribution is two-folds. First,
we develop a general method for estimating the change point in the exponential family
after sequential detection. Second, we show that there are some fundamental differences
between the sequential sampling case and fixed sample size case. In Section 3, numer-
ical results in the normal and exponential distribution case are presented by using the
approximations. The results show that, in contrast to the fixed sample size case con-
sidered in Hinkley (1971) and Wu (1999) for the normal case, the bias is not negligible
because of sequential sampling, even when the change magnitude equals the reference
value. It is also different from the sequential sampling case in continuous time analog
as considered in Srivastava and Wu (1999). Some independent and necessary results on
the strong renewal theorem and ladder variables are presented in the Appendix for a
complete presentation.

2. Quasi-stationary bias and second order expansion

Let S, =31, X; for n > 0 with S; = 0, and

T =

inf{n>0:85,<z}; for z<O0;
inf{n >0:S5,>z}; for x>0,
denote the boundary crossing time and R, = S, —z the overshoot. In special, we denote
by 7. = 19 and 7 = lim, .04 7, as the ladder epoches.
For notational convenience, we denote by {S;} for n > 0, an independent copy of
{S»} and
M= sup S,
0<k<oo
as the maximum of {S,,} and oa = argsupyc; .o, S; as the corresponding maximum
point.
Conditioning on N > v, depending on whether # > v or ¥ < v, we can write

V—v= (19 - V)I[f/>u1 - (V - ’9)][0<u]’

where I4 denotes the indicator function of the event A.
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Pollak and Siegmund ((1986), Theorem 2) showed that the quasi-stationary distri-
bution of T, converges to the stationary distribution for T, as d — oo. That means,
lim lim Pp(T, <y |N>v)= lim lim Py (T, <y) = Py, (M < y).
d—o00 V—00 d—00 V—00
This implies that when the change occurs, T, is asymptotically distributed as M.
Thus, the event {& > v} is asymptotically equivalent to the event {7_p < oo},
i.e. the random walk S,, eventually comes back to zero with initial starting point M.
Given U > v, the bias ¥ — v is asymptotically 7_js plus the length, say ~,, for a CUSUM
process T, starting from zero until the last zero point time under Py(-). Denote by
E[X; Al = E[X14]. As d,v — 00, we have

E’[0 —v;0 > v] — Egoo[T-pm + Ym; T—m < 0]
= EQOG[T_M;T_.M < OO] + EG[’Ym}POOO(T—M < OO)

As noted in Wu (1999), ~,, is a geometric summation of iid random variables distributed
as {7_;7_ < oo} with terminating probability Py(7— = 00). Thus, we have

LEMMA 2.1.
Eglr_;7_ < 00|

E, =
Pl = = =0y
On the other hand, given & < v, by looking at T backward in time starting from
v, we see that T,_j behaves like a random walk {S;} for £ > 0 with maximum value
M and thus, v — 7 is asymptotically distributed as the maximum point op;. Thus, as
v,d — 00, we have

Ey[l/—— 17;17 > V] — Eoog[O'M;T.M = OO] = Ego[O'Mpo(T_M = OO)]

A similar argument is referred to Srivastava and Wu (1999) for the continuous time
analog.
Summarizing the above results, we get the following asymptotic first order result.

THEOREM 2.1. Aswv,d — oo,

Eg[r—;7_ < 00]

Eu[ﬁ—VIN>V]—>E909[T_M;T_M<OO]+P909(T,M<OO) Pg(T =OO)

— Egqplom; T-m = oof;
Vil Eglr_;7_ < o
EHWWHN>quMtMLM<@+&MLM<myEF:;Jl

+ Egoplom; T-p = 00|

In the following, we shall derive the second order expansions for the asymptotic bias
in Theorem 2.1 in order to investigate the bias numerically by further assuming both
6o and @ approach zero at the same order. The main theoretical tool is the strong re-
newal theorem and its applications to ladder variables. Following a referee’s suggestion,
the readers are encouraged to read the related results which are presented in the ap-
pendix before coming back for fully understanding the technique. Otherwise, it is better
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directly going to Section 3 to see the results in the normal case and some numerical
demonstration.

There are five terms in Theorem 2.1 which will be evaluated in a sequence of lemmas.
Most results generalize the ones of Wu (1999) in the fixed sample size case with normal
distribution. However, the technique used here is much more general and can be used for
any distribution of exponential family type and also raises more difficulties. An exception
to the fixed sample size case is the term Ey g[ops;7-p = 00] which forms the difference
between the fixed sample size case and sequential sampling case and also provides some
new technical difficulties. _

For notational convenience, we denote by A = 6#; — 6y and A = 6 — 8 where
¢(fo) = ¢(6) and ¢(6) = c(f). Also, let = ¢(8), i = ¢'(0) and p; = ¢'(6;) for i = 0, 1.
Other notations are referred to the appendix.

The first lemma generalizes Lemma 4 of Wu (1999).

LEMMA 2.2. Asf — 0,

Eg[T__;T_ < OO] _ EO*?T_ eep_+02/2(p(_2)_.p2_—5ﬂ1/EoS,-_)(1 +0(02))’

where 31 is given in Lemma A.1.

PRrROOF. By using Wald’s Likelihood Ratio Identity by changing the measure Py(-)
to P;(-) and Lemma A.1, we have

Eg[r_ ;17— < 00] = E@[T.eAST—]
1
7

Il

A2
E;Sr_ + AE;(1_S:_)+ —2—E5(T_S72._) + o(A).
After some algebraic simplifications, we get the result.

COROLLARY 2.1. As 8 — 0,

1 2
Ep[ym] = “A—ﬂe_(zﬁl/&)s" 21+ 0(6%).

To evaluate Py,g(7_pr < 00), we follow a similar technique used in Wu (1999) and
only the main steps are provided.
First, by conditioning on whether M = 0 and M > 0, we write

(2.1) Pgog(’r‘_M < OO)
= Py(7- < 00)Pyy (13 = 00) + Pyoo(T—m < 00; M > 0).

From Lemma A.2, we have
Py(7- < 00) Py, (14 = 00) = AgEyS;, %7+ (1 + AEyS,_) + o(6?)

AA
= A0E057+€sop+ - ‘TO + 0(92).
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For the second term of (2.1), by using Wald’s Likelihood Ratio Identity, we have

AS.  _ ~Azp AR,
Py(T_z < o0) = Ege™""—= = e T Ege ,

and
Py, (M > ) = Py, (7, < 00) = e~ 20T By ghof=

From Corollary A.1, we know
EoR, — py =0(e™™);  and EgR_; —p- =0(e™™),
as x — 00. Now, we write
(2.2) Pyoo(T—p < 00, M > 0)
- /0 " Po(r_a < 00)dPay(M > )

oo
AS, N
:—/ Eze™"7-=dEg e ~°
0

oo
:_/ e~ A@=p-) gg~Dolw+ps)
0

8

/ e—A(x—P~)d(e—Ao($+P+)(Eele—Ao(Rx—/M) —1))
Ooo
J

e"A(x"’—)(EgoeA(Rﬂ"’—) _ 1)de—Ao(w+p+)

8

_/ e—A(m—p—)(EgoeA(RAx—P—) -1)
0

x d(e™2o@ter) (B emoBampe) _ 1Y),
The first term of (2.2) is

Ao eAp——Dopy

A+ A
The third term of (2.2) is approximated as
[oe]
AAO/ (EoR_, — p_)dz + 0(6?).
0
The fourth term of (2.2) is
o9}
A / Eo(R—y — p_)d(EoRa — py) + o(6%).
0
The third term of (2.2), by integrating by part, can be approximated as
(s o]
eBP~ (Ppy (T4 < 00) — e~BoP+) 4 AAO/ (EoR; — p1)dz + o(6?).
0

Finally, we have the following approximation, which generalizes Lemma 6 of Wu (1999).
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LEMMA 2.3. As 6y,8 — 0 at the same order,

AO A A A A
——— PP - TR0, P—(1 — e~ 200+
AT A +e-(1—e )

1 o0
+ Alp (—5 ~p-FEoS,_ + / (EoR_; — p-)dx
0

Pgog(T_M < OO) =

+ / Eo(R_y — p_)d(EoRs — ps)
0

+ /OOO(EoRz = P+)d$)

+ 0(6?).

The evaluation of Egyg[T—a;7—pm < 00| is similar and generalizes Lemma 7 of Wu
(1999).

LEMMA 2.4. As 69,0 — 0 at the same order,

A S | p—
Bolr-ats - < o] =~ ((A+Ao)2 - A+Ao)

A
:(2-{-,0 (EoSr, — p+)—/ (EoR_; — p-)dx
~ [ BolRee = p-)a(BRe 1)
0

_ /OOO(EORJB - p+)d$> +o(1).

PRrROOF. Again depending on whether {M = 0} or {M > 0}, we have

(2.3) Egoe[T_M;T_M < OO]

o0
= Ep[r_;7_ < 00| Pgy (T4 = 00) — / Eg[1_z;T—g < 00|dPyy (1 < 00).
0
The first term of (2.3) can be approximated by using Lemma 2.2 and Lemma A.2
} _ Ho Ao
Eg[t_;7— < 00]Pyy (T4 = 00) = — + o(1) = —— + o(1).
B 20
For the second term of (2.3), we use the similar techniques as in Lemma 2.3 and write
(2.4) - / Ef[7—a; T—g < 00]d Py, (75 < 00)
0 oo
= —/ Eé(T_xe—A(’”"R“’))dEgle‘AO(z+R’)
0

x>
== [ Ba(ra)em 20 Iy, =20+ 4 o)
0
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1 x>
= ——= I:/ (_.'L' + EOR_$)6_A(1:—P—)de—AO(w+P+)
klJo
o0
- A0/ (—z+ EoR_;)d(EoR, — p+)] +o(1).
0

The first term of (2.4) is approximated as

AO Ap ——Ap+( 1 pP— ) /OO ]
_ 20 a0--a0 - | (BB, — p_)d 1.
i [e BiaE BAtag) ) (Bo p-)dz| +o(1)

The second term of (2.4) is equal to

_ % [ /0 (o= p)d(BoRs — py) — /0 (BoR_ — p_)d(EoR, - p+)]

A e e}
= ——ﬁg [P— (EoSr, — py) — /0 (EoR; — py)dx

_ /0 " (EoR—s — p_)d(EoRs - p+)]-

Combining the above results, we complete the proof.

Finally, we evaluate Eg glopr; 7—p = 00]. We first write

(2.5) Egoplon; 7-m = 00| = Egyopr — Eg, [O.MEéeA(—M+R_M)]_

For the second term of (2.5), we write

E00 [O'MEo'eA(_M+R_M)]

= Eg,[ope”M]e®P~ + By [opre” 2M (Ezet R — e2P-)).

To evaluate Eg,[opre~2M], we note that under P, (-)

(o, M) =2 (TS_K), S-riK))’

where =? denotes equivalence in distribution, T_E_k) is the k-th ladder epoches defined in
the Appendix and
K =sup{k>0: TJ(rk) < oo}

Note that K is a geometric random variable P(K = k) = p*(1 — p) for k > 0, with
terminating probability
1 —p= Py (14 = 0).

For given k, (7'4(_’“), S_r(k)) is, in distribution, equivalent to the sum of k iid random variables
+

distributed as (74,57, ).
Thus,

—AS
(K) {0

AM] = Egy[1y" e

E90 [aMe’

0 N
=Y EgrPe 7K = &)
k=1
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o0
Z E()o [T+e AS T+;T+ < OO](EOO(e—AST+;T+ < oo))k_lpeo(7-+ = OO)

E90[7+e ASry 1, < ]
(1= Egole™ ;74 < ool)?

Py, (14 = 00).

The next two lemmas give the approximations for the related quantities.

LEMMA 2.5. As 6y,0 — 0 at the same order,

1— Eg,[e™5+;74 < o0

= (A + Ag) BoS,, e (A=00)p1 +1/2(A00) 208 =)~ (68 /2) (@1 /EaS. ) (1 4 o(2)).

Proor. Using Wald’s Likelihood Ratio Identity, we have
1— Egle™®%+;7, <00 =1~ Egle_(A+A°)S’+

A Taylor expansion following the lines of Lemma A.2 will give the result after some
algebraic simplification.
In particular

Py, (74 = 00) = AOEOST+eeﬁp++1/200(pf)"l’+_'al/EOSf+)(1 + 0(03))‘

The following lemma can be proved similarly as for Lemma 2.2, and its proof is
omitted.

LEMMA 2.6. As 8y,0 — 0 at the same order,

Egy|rye 25+ 10 < o0]

_ EoSr, o~ (A=00)p1+1/2(8-00)* (P —p% )~ (67 /2)(@1/ E0 S+, ) —01(A+A0)(e1/ EoSry )
1
x (1 + o(6%)).

In particular,
Boplraiy < 00] = oor glons +48/2047 0% =5 ESe. ) (1 4 o(g).
1
On the other hand,
(26)  Eglome 2M(EzetR-m — eBr-)]
= AEg,[op(EoR—nm — p-)](1 + 0(1))

—_A / o [0 | M = ](BoR—s — p_)dPsy (M > )
4]

=AAp /00<> Egyloz | M = z)(RoR—; — p-)d(z + EoRy)(1 + o(1)).
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Since
EGO [ST

LT < 00 = EpSr, (14 0(1)),
as 69 — 0. Thus, K = Op(z), where Op(-) means at the same order in probability. This
implies

Bufos | M =a] =0 (L),

Thus, (2.6} is at the order of O(#).
By letting A = 0, the first term of (2.5) can be evaluated by combining Lemmas 2.5
and 2.6.

LEMMA 2.7. As 8y — 0,

Egy 74574 < 00] 1 _(2a1/EoS., )62 2
E =2 = *1/Bosry ¥ (] 05)).
GOUM P00 (7_+ — OO) Aoul € ( + 0( 0))

Finally, we have the following result.

LEMMA 2.8, As 8y,0 — 0,

Egoolon; T—m = 00
. o—(2a/EoS-, )63
Aoy

Ao YA /3-20(0—00)(0 —p2 a1/ EoSr, )—2(8—60)2 (a1 /EoS
_ e =Py —a1/EoSr 0)*(a1/E0S+1) (1 4 0(62)).
i+ Aoy (16

Combining Lemmas 2.1-2.8 and A.1-A.2, we have the following second order ex-
pansion for the asymptotic bias of .

THEOREM 2.2. As 6,0 — 0 at the same order, we have

A
dli)nc}o Vljflgo Eu[i) -y | N> I/] — _I_;Z_ (A - AO eAP«‘AOP+ + eAP— (1 _ e—AOP+))
— é < 1 — p_' )eAp_—A0p+
g \(A+A0)2 A+Ap

bo B +2_90
6— 6o EoS,, 6"t

4 @ 2 o
- —p: - 1).
9 . 00 <p+ p+ EOST+ + O( )

Similar result can be obtained for E¥(|0 — v| | N > v] and is omitted.
In special, when 8 = #; we have the following result.
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COROLLARY 2.2. Asf =6, — 0,

lim lim EY[0—v|N > v

d—oo v—00

D))
480 \ o M1 12 \po 1 2 EpS-_
L{ @ 2 Qi
_2 . 1
2 <p+ p+ EOS7-+ + 0( )

’ - A _ 52 _ + o(1).
P p EO‘ST+ 0( )

46, + 288 16 2ExS,. 2

Proor. The first equation is a direct simplification of Theorem 2.2. For the second
equation, we note that as 65 — 0,
gy = 0,0/ DOHE(/6-718)(1 4 5(p2)),
Ag = 26,eV/O0 /2077 (1 4 0(62)),
B = —0;,e/DOHE/1867 (1 4 5(92)),
po = —Bye~ (/O HI(=/6-07/T27%) (1 | 5(62)).

Some tedious simplifications give the result.

Therefore, the local bias of ¥ is largely affected by the skewness 7. If v > 0,
the local bias becomes positive. If Fy(z) is symmetric, from Corollary A.2, we have

2
pgr) —pi - E—:g: = £, and thus

7 1
E'l0-v|N>v|r—-——k b

=z 1
8T 2ES, +o(1),

which is surprisingly a non-zero constant, in contrast to the fixed sample size case as
given in normal case of next section.

3. Two examples
In this section, we discuss two special cases: normal and exponential distributions.

3.1 Normal distm‘2butz‘on
Here c(9) = & and Fy(z) = ®(z) the standard normal distribution, which is sym-
metric. Thus, v = k = 0, and from Corollary A.2

Cpy = —p_m~0583,  EyS, =—ES, =

1
\/57

(2 2 o 2 2 B1
%L —pr - =9
p+ p+ EOST+ p_ P EOS_ ?
and 3 )
1 @ 2 _ 1
E.S, P+ TP+T g
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The approximations for the related quantities are simplified as

1 1
Eo(ym) = 582 1 +o(1);
7
POOG(T—M < OO) = ——-——0——6“6(9_90) + 0(02)’
0 — 6q
Oo

; — (9 90) 1):

Bouolr=aai T < 0o} =~ gy +o(1);
1 1

EGOO[UM;T“M = OO] = —— = — 0(1)

202 2(0 — 6p)2
Summarizing the above results, we have the following corollary.

COROLLARY 3.1. As 6y,0 — 0 at the same order,

1

o 1
A Jim B0 —v [ N>v= 55— om+ 1g 0)+0(1)’
1/71 1 2 0o
YD —v| | N LR 1).
Jm Jim B[7 = v | N> v] = 2(92+03 (9—90)2>+4(0—90)+°()
At 6= 6, = —6,

lim lim EYP—-v|N>v]= —%4—0(1),

d— oo v—0o0
3 1

dlinoloul_i_)rgoE"HD— V[|N>v]= pr i + o(1).

Remark. Wu (1999) considered the bias of the estimator in the large fixed sample
size case, which corresponds to the maximum point of a two-sided random walk, and
obtained the following result:

1 1 16+ 6

B0 =vi= 35— 5g7 T 154, T °W)
and at 8 = —6y,
B*[[5— vl = 5 — = +o(1)
14 492 4 (s} .

Srivastava and Wu (1999) also considered the continuous time analog in sequential sam-

pling case which gives
Vi 1 1
E [V—I/IN>I/]—>W‘~%,
and at § = -6y,
Elo—v||N>v)— 422
We see that the sequential sampling plan has a local effect at the second order and
is negative at 8 = —6.

To show the accuracy of the second order approximations, we conduct a simple
simulation study. For d = 10 and 6 = —0.25, —0.5 we let v = 50 and 100. 1000
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Table 1. Biases in the normal case.

v 8o 0 Elp—v|N>v] E[p—v||N>v
50 —-0.25 0.25 0.113(-0.125) 9.737(11.875)
05  —4.902(—6.083) 7.090(8.139)
075  —5.682(—7.174) 6.376(7.826)
1.0 —5.768(—7.55) 6.188(7.81)
05 05  0.268(—0.125) 3.052(2.875)
0.75 —1.302(-1.211) 2.338(2.149)
1.0 —1.673(—1.583) 2.135(1.972)
100 —-0.25 0.25 1.368(—0.125) 11.728(11.875)
0.5  —5.644(—6.083) 7.768(8.139)
0.75 —6.181(—"7.174) 6.942(7.826)
1.0 —6.250(—7.55) 6.520(7.81)
~05 05  —0.223(—0.125) 3.052(2.875)
0.75 —1.109(—1.211) 2.208(2.149)
1.0 —1.564(—1.583) 2.084(1.972)

replications of the CUSUM charts are simulated for each case. Only those runs with
N > v are used for calculating &. Table 1 gives the simulated results. The approximated
values from Corollary 3.1 are given in the bracket. We see that the approximations are
generally good. The case v = 100 shows quite satisfactory results. Also, we see that
approximations for the case 8y = —0.5 perform better than those for the case 8 = —.25.
The reason is that our results are given by first assuming d,v — oo and then letting
60,8 — 0. The effect of v is very little. However, as the local bias is at the order O(1/62)

at & = —6y, which approaches infinity as #; — 0, there could be an error term at the
order, say, O(1/(d#)) for finitely large d. Thus, the approximation may perform better
for § = —6y = 0.5. The case when 6d approaches a constant, called moderate deviation

as considered in Chang (1992), is definitely worthy for a future study.

3.2 Ezponential distribution

Here, we are interested in quick detection of increment in the mean of an exponential
distribution from the initial mean 1.

Let fo(z) = e=@+D for z > —1. Then ¢(f) = —0 — In(1 — ) for |#] < 1. Thus,
c(8) =6/(1 - 80) and c®) () = %f_% for k> 2 and vy =2 and kK = 6.

Because of the memoryless property, R, follows exp(1l) for any x > 0. Also, it is
noted that S, follows U(—1,0) (Siegmund (1985), p. 186, Problem 8.10). Thus,

E¢S., =1, py=1, pf) =2,
1 1 2 1
EyS, = —=, _=-Z, 2)_ .
09T_ 3 p 3 p 6
Since a; = 0, we have Eo%lr = % from Corollary A.2.

From Theorem 2.2, we have the following result.
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COROLLARY 3.2. As 6,60 — 0 at the same order,

2 1
lim lim B[ -v|N>v] = A+ 280 e~ (1/208-80 _ ___o=(B/2)(] _ g=B0)

s 00 00 A(A + Ag)? A
B0 a/za-a
2(1(A + Qo)
1 Ao L(2/3)A

- +
Aopr  pr1 (A + Ao)?
6 6 T 6

- 2= 1).
56, 9 189-65 " °W
At 0 = —6,,
lim lim E(")[I?—VIN>1/]=——1——1—7+0(1).
d—oo v—00 26y 24

We see that due to the asymmetry of Fy(z), the local bias becomes positive as §p is
small.
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Appendix
Strong renewal theorem and ladder variables

In this appendix, we state the strong renewal theorem and its applications to the
approximations for the probabilities and moments associated with the ladder variables.
The strong renewal theorem is given in Stone (1965) and developed in Siegmund (1979)
for the exponential family.

Let 79 — +© )

=714 and Y =7 Forn > 1, we define

=Ty :03Lnd'r4(_l

T_('_n) = inf{k N Sk > ST("AU};
+

7™ = inf{k : S, < S -1},
as the k-th ladder epoches. Denote for xz > 0,

Uy (@)= Po(S,m <2)i Ug (@)= Po(~5,0m <),
n=0 n=0

as the renewal functions of {S,,}. The following uniform strong renewal theorem is stated
in Chang (1992) which formalizes the results of Siegmund (1979).
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UNIFORM STRONG RENEWAL THEOREM. There exist positive numbers r, 0% and
C such that

Ey5?

+ _ T _ 697, < —rx,
Uy () EgS,, 2(E¢S..)? sce
x E9OS72'

- _ — < —rz
Ug, () + FoSe  2(Ea S 2| Ce™™,

uniformly for —0* < 6 <0< 08<6* andx > 0.

An immediate consequence of the strong renewal theorem is the exponential con-
vergence rate for the overshoot, which is stated in Chang (1992).

COROLLARY A.1l. There exist positive numbers v, 8* and C such that

|Ps(Rz < y) — Po(Roo < )| < Cem@+w);
|Poo(R_g > —y) — Pay(R_oo > —y)| < Ce ™= +¥),

uniformly for —6* < 6, <0< 0 <6* and z,y > 0, where

1 Yy
< = ;
Py(Rx <1y) oS, /0 Py(Sr, > x)dx;
and 1 v
Pyo(R-0o > ~y) = —_Eos—/o Py (Sr_ < —y)dy.
o~ T—

We denote by p(ik) = EoRk,, and py = p{).

One important application of the strong renewal theorem is to deliver very accurate
approximations for the (joint) moments of ladder variables. The following lemma gives
two very important approximations which is given in Lemma 10.27 of Siegmund (1985)
and extended in Chang (1992).

LEmMMA Al. As0<8-—0, fork>1,

k 62 k
E’gS_”?+ = E()S_,l:_ + k—HE()Sfrlg + 3 (mEosf:_2 - Otk> + 0(02),
1

kE+2

,uEg(7'+Sf+) = EOS'f:'I +0 ( EOSf:'Q + ak> + o(8),

k+1

where

o= [ (BoRE = pP)U; (do).
0_

Similarly, as 0 > 6y — 0,

Eg,SF = EoS* +

k 62 k
0 E, Sk+1 ‘o E k+2 2
p 100800 + 5 \E+2 05, Bk | + o(6g),

1 1
poEg, (-8 ) = mEOSfjl + 0o (—

b 2E05fj-2 + ,Bk) + 0(90),
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where
oo k)
Br = (EoR*, — o YU (dx).

0+

An interesting application of Lemma A.1 is the following two different versions of
approximation for the probability Py(7_ = c0).

LEmMMA A2, Asf — 0,

Po(r- = 00) = e ot 1A B0 1Ly o)),
T+

= —AEyS, eﬁp—+1/2(p(_2)—p3—ﬂl/EoST_)92(1 +0(92))_

Proor. For the first approximation, by using the Wiener-Hopf equation and
Lemma A.1, we have

1 I
P _ = = =
0(7— OO) Eg(T+) EoS-r+

9 92 -t
= U <E()S + EOS 2 + — ( E()S 3 ) -+ 0(02))

2

-1
H 6° (2) X 2
= 1
EOST+( + 0p4 +2 (p+ E05T+)+0(0 )) ,

which is equivalent to the required result.
By using the Wald’s Likelihood Ratio Identity first and then a Taylor expansion,
we have the second approximation:

Py(t- = 00) = 1 — Eze™57-

A? A®
= - (AEgST_ + 7E(;SE_ + ?Egsf_) + o(A?)

0 o 02(1_ 4
= —A| EyS, + -2—E05T7 + —2—- gE()S.,._ - 3

2
% (E052 + 0E053 ) + %EOSE_ + o(A2)>
= ~AE,S, (1+0p Lz (p(_2) b ) +0(92)),

EOST_

which is equivalent to the required result.

An interesting consequence of this lemma, is the following link between the moments
of X7 and overshoot under Py(-).
By matching the two versions of approximation in Lemma A.2, we have

_éEOST+ EoS, = e~ 0(p++p-)=0%/2(pV+p® —p2 - p2 —a1/EoS,, —B1/FoS:_ )(1 + o(62)).
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A Taylor expansion around zero gives

/ 6° g° 2)0+6%(x/6—~2/8 2
p:c(ﬁ):O—l—?’y—FEﬁ:()e(”/)*" (=/6=7"/8)(1 4 0(6?)),

and ., 2 ] ]
A =20+ g6r2 + 303 = 20e0/O0+E 12077 (1 1 5(6?)).

Thus, we have the following identities:

COROLLARY A.2.

1
EoS;, EyS,_ = 5
_ 7.
P++P— - 3)
@, &_2_2__a _pf _1
py’ +p —pi —p2 BoSr.  FoSi 3 (& =7%).
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