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Abstract. We consider multinomial goodness-of-fit tests for a specified simple hy-
pothesis under the assumption of sparseness. It is shown that the asymptotic nor-
mality of the Pearson X? statistic (X7) and the log-likelihood ratio statistic (G3)
assuming sparseness. In this paper, we improve the asymptotic normality of X ,f and
G7 statistics based on two kinds of normalizing transformation. The performance of
the transformed statistics is numerically investigated.
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1. Introduction

When we consider goodness-of-fit tests for a multinomial distribution, we usually use
the Pearson X? statistic (X?) or the log-likelihood ratio statistic (G7). When the null
hypothesis is true, both statistics have the same limiting central chi-squared distribution
under the traditional limiting argument that requires that the number of cells k is fixed
and that all of the expected cell frequencies tend to infinity as the sample size n tends to
infinity. However, the condition is not always satisfied in practice (Koehler and Larntz
(1980)). For such cases, another asymptotic theory is needed. For testing a specified
simple hypothesis, Morris (1975) and Holst (1972) have shown the asymptotic normality
of X} and G2 under different conditions, respectively, when both n and k tend to infinity
while all of the expected cell frequencies remain finite. We refer to these as sparseness
assumptions. Koehler and Larntz (1980) numerically showed that the limiting normal
approximation is generally more accurate for G2 than for X32.

In order to improve the approximation to the distributions of the goodness-of-fit test
statistics for a multinomial distribution, Yarnold (1972), Siotani and Fujikoshi (1984),
and Read (1984) studied asymptotic expansion under the null hypothesis for fixed k.
Furthermore, Taneichi et al. (2002a) studied asymptotic expansion under local alter-
natives. However, even for an ordinary multinomial case (not assuming sparseness),
complete asymptotic expansions for the distributions of the statistics have not yet been
derived, since it is very difficult to evaluate the order of discontinuous terms. Under the
sparseness assumptions, even a formal asymptotic expansion has not yet been derived.
In order to construct a normalizing transformation based on a concept similar to that
of the Bartlett transformation (Hall (1992) and Yanagihara and Tonda (2003)), Edge-
worth expansion of the distribution function of the statistics up to the order of k~1/2 is

831



832 NOBUHIRO TANEICHI ET AL.

needed. Thus, the Bartlett type of transformation can not be used to improve X2 and G2
statistics under the sparseness assumptions. In this paper, we show how the asymptotic
normality of X2 and G} statistics can be improved by using other kinds of normalizing
transformation. In Section 2, we introduce the theory of a multinomial goodness-of-fit
test for a specified simple hypothesis under the sparseness assumptions and the theory
of the normalizing transformation that we use for improvement. In Section 3, we show
how normalizing transformations of X? are derived, and in Section 4, we show how nor-
malizing transformations of G% are derived. The performance of the improved statistics
is examined in Section 5.

2. Preliminaries

We first introduce the theory of a multinomial goodness-of-fit test for a specified
simple null hypothesis under the sparseness assumptions. Morris (1975) derived a certain
limit theorem for sums of functions of multinomial frequencies. By applying this theorem,
he showed asymptotic normality of the Pearson X? statistic and the log-likelihood ratio
statistic under the simple null hypothesis as follows.

Consider a sequence of multinomial distributions with increasing numbers of cat-
egories. For the k-th multinomial in the sequence, let X = (X1, X2k, .-, Xkk) be
distributed as Multy(ng, py), where py = (p1k, P2k, - - -, Pkk) . We consider the simple
null hypothesis

Ho : py, = Pox,
where por. = (Po1k, Po2k, - - -, Pokk)’- We assume that
(2.1) ng — oo as k — oo,

and we place the following restrictions on p, and pg,:

pojr >0 forall j,k,

k
ZPOjk =1,
j=1
Dax, pjk = o(l) as k— oo,
and
(2.2) ngp;x > € forall j,k, some &>0 fixed.

Consider the limiting distribution of the Pearson X? statistic

k
X2 = Z (Xjk — nipojk)?
= NEPojk

and the log-likelihood ratio statistic

k X
G? :22Xjklog< ! ),

= NkPojk

respectively, when ng — oo as k — 0o. Let

ppr =k
and
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Then under Hy,

X2 —ppk L
—£ L5

2.3
23) SPk

N(0,1) as k— oo,

where 5 denotes convergence in the distribution. Let

k
(2.4) wrrg =2y BI(Y;k,nipos)]
j=1
and
k
(2.5) stre =4 VIV, mpoji)] — mei,
i=1
where Yjx(j = 1,...,k) are mutually independent Poisson random variables such that

E(Yjr) = E(Xjk).-

ylog(g)—yan, if y>0
m

I(yvm) :{

is the Kullback-Leibler information kernel for a Poisson random variable y with mean
m, and

k
2
(2.6) M= ]Zl Cov[I(Yjk, nkpojk), Yik)-

Then under Hy,

G2~
2.7) J?&MiN@U as k — oo.
LR,k

Next, we introduce a formula for normalizing transformations derived by Taneichi
et al. (2002b). This formula is based on the general framework for constructing trans-
formation given by Konishi (1981, 1991)

Formula 1. Let T,, be a random variable whose distribution depends on the pa-

rameter n. We assume that the mean, variance, and third moment about the mean can
be expanded as

1 1
E(T,) =u+—u1+0<—),
n n

V(T,) = %02 +o (%) ,

and
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E[{T, — E(T, 3= 2 1
[{ n = ( n)}]—ﬁ‘g‘l/+0 Eg‘ s
respectively. We also assume that

M L N(0,1),

as n — o0.

Let i
gam{Ei[z{<%?n11}i(;ﬂf+“OJ (n # 0)
o [“log"‘ - (5025 +,u1)] (n=0)
and
Ty = L (o 1) L (L) ).
where
5__;4
and
n=¢&u+l

If T;, is continuous, then g;(i = 1,2) are normalizing transformations in the sense that

P(g:(Ts) < 2) = ®() + o (%) =12,

where ® is the standard normal distribution function. If T,, is discrete, then ¢;(i = 1,2)
are normalizing transformations in the sense that

9:(Ty) 5 N(0,1), as n—oo, (i=1,2)

and
E[{g:(T) — B(o(T)Y’] = o (%) . =12).

3. Normalizing transformations of the X? goodness-of-fit statistic

In this section, we show how normalizing transformations of the Pearson X2 good-
ness-of-fit statistic for sparse multinomials are derived. From here on, we further assume
that

(3.1) ng—00 as k— oo sothat klim%:c (0 < ¢ < 00).

Assumption (3.1) was used by Holst (1972). Put

Xi

Te=7"
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then the mean, variance, and third moment about the mean of Tj under Hy are

1
(32) E(Ty) =1~
1 1
(3.3) V(Ty) = UT +o0 (k) , as k— o0,
and )
(3.4) E[{Tk - E(Tk)}?’] = —l/T + o0 (k2> as k — oo,
where
02 =2+4+d- E
T — C’
VT=8+22d+e—3(6—+d)—+%,
c c
L F
3.5 Z
(3.5) kz:: nkPojk’
1 F
3.6 e= lm -
(3:6) —oo k XZ: npryk:)2

and c is given by (3.1). From assumption (2.2), it is clear that e < co and d < oo.
Therefore, the values of 62 and v are finite. Since

VE(T: — 1) _ (X;f “NP,k) ( Spk )

or SPk Vkor
and
lim 22 = or
k— \/E ’
we obtain
3.7) VE(T: — 1) L NO©,1), as k— o
orT

under Hy from (2.3). Therefore, applying (3.2), (3.3), (3.4) and (3.7) to Formula 1, we

find that
vk {L(TgT —1) - % (la?p&p ~ 1)} (nr #0)
or \Nr 2
91(Tx) = VR 1 /1
or {1°ng "k (5"%& - 1)} =0
and

() = LEL L (ernn 1) L (Lorer 1)

are the normalizing transformations of Ty under Hy, where
br = — %
T= 573
307

and
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nr =&r+ 1.

In the above discussion, ¢, d, and e are defined by the limit values. We must therefore
estimate the values in practlcal applications. We propose that ¢, d, and e be estimated
as c* =ny/k, d* =k~ 12 1 (nkpojk) ™1, and e* = k™ IZJ l(nkpgjk) , respectively.

Haldane (1937) derlved exact moments of X2 under the null hypothesis. Modified
transformations of g; and g» can be considered by the exact moments. Using the exact
moments, we can formally write

V(Ty) =

k exact

and )
E[{Tk - E(Tk)}g] 2 75 Vexact

where
2 1 1 2
Oczact = 2 1_']; +'I’ka‘ {Rl_(k +2k-—2)}7

1 2
Vegact = 8 (1 - E) + ik {11R; — (9%* + 18k — 16)}

+ g (Re = Bk + 2R+ 2(k° + 9% + Lk — 12)},

R, = Z?zl po'jlk, and Ry = Z =1 Po, ; k We define the modified transformations ¢, g and
g2 of Ty, by substituting oegect and Vegqer for o and vp in transformations ¢g; and gs,
respectively.

4. Normalizing transformations of the G2 goodness-of-fit statistic

In this section, we consider normalizing transformations of the G% goodness-of-fit

statistic for sparse multinomials. Let
G?
S = =k,
Tk

Then by (2.4) and (2.5), the mean and variance of Sy under Hy and assumption (3.1)
are

(4.1) E(Sg)=ps+o(l), as k— oo
and
1 1

(4.2) V(Sk) = —aS—I-o(k) , as k— o0,
where
(4.3) Us = klim HLRk
and

2 SRk
(4.4) o5 = klingo o
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respectively. Next, we consider the third moment about the mean of Sy under Hy. When
we represent the third moment about the mean of Sy as

1 1
(4.5) E[{Sx — E(S)}3] = s +o0 (ﬁ) , as k— o0,
we substitute
. VLRk
(46) Vs = klggo k

for vg, where

(4.7) VLRk = 8kug® — 12kpe i + 6k v — i,

k
m 1 m
(4.8) ™ = P > E [{I(ijankp()jfc) — EI(Y;i, npoji)]} (Vi — niposi) } )
=1

Yjr(j = 1,...,k) are mutually independent Poisson random variables with E(Yj,) =
nkpojk and -y is given by (2.6). (The reason for substituting v§ for vg is given in
Appendix A.) We can prove that the values of ug, 0%, and vy are all finite. (The proof
is shown in Appendix B.) If we assume that E(Sy) can be expanded as

1 1
(4.9) E(Sk) = ps + E‘“Sl +o0 (z) s as k— o0

instead of (4.1), then

\/E(“L:’k—ug)—»O, as k — oo.

Therefore, since

?

VE(Sk — ps) _ (Gi — ﬂLR,k) (SLR,k) + \/E(P'L:,k B ”S)

ol SLR,k Vkog os

under Hp and assumption (4.9), we find that

(4.10) @(’;_—“Sl L N@©,1), as k- oo,
S

by (2.7) and (4.4). Thus, applying (4.2), (4.6), assumption (4.9), and (4.10) to Formula

1, we find that
vk Se\™ 1/1
B (Y ) 1 (e )] e
os |7s Hs k\2

91(Sk) = -

vk { % 1 (%U?qfs +us1>} (ns = 0)

| —

and

vk [ 1 _ 1/1
92(Sk) = s {-— (6£S(S’° us) 1) % <§ff§€s + ;m)}
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are the normalizing transformations of Sy under Hy, where

/

14
€s = — 2
30
and
ns = &sps + 1.

It is difficult to derive ug; defined by (4.9) analytically. Furthermore, us, 0%, and
vg are defined by the limit values. We must therefore estimate the values in practical
applications. For ug, o2, and vj, we propose the use of the estimates uf = urri/k,
0% = §2p,/k and vg = vppy/k, respectively. For usi, we propose the use of a
simulated estimate defined by

(4.11) s = k(E™(Sk) — u3),

where E*(Sy) is a simulated value of E(Sk) calculated by using multinomial random
vectors.

5. Numerical investigation of the performance of the improved statistics

In this section, we numerically investigate the performance of the transformed statis-
tics proposed in Sections 3 and 4. We consider the following three hypotheses for the
investigation. ,

L por= (%% %)

2. por = (q1,92,-..,qx)’, where g; = %(0.1 +0.9¢;) and ¢; = Zi;j %, G=1,...

3. por, = (@1,92,---,q), where ¢; = 122 (j = 1,2,...,05k), and ¢; = &B,

(j=05k+1,...,k).

Hypothesis 1 is a symmetric hypothesis, and hypotheses 2 and 3 are typical cases
considered by Koehler (1986). We also consider multinomial distributions with the num-
ber of cells & = 4, 10, 40, 100, and 400. For each cell size, sample sizes are selected such
that A = ny/k achieves the values 0.5, 1, 3, and 5. For each of the three null hypotheses
selected and each combination of A and k, we generate 100,000 multinomial random
vectors and calculate the values of (X7 — ppk)/spk, 91(T%), 918(Tk), 92(Tk), 92E(Tk),
(G2 — LR Kk)/SLR K> 91(Sk), and g2(Sk), respectively. For calculating the values of g; (T%)
and g2(T%), we use the estimates c*, d*, and e* for ¢, d, and e, respectively. Similarly, for
calculating the values of g;(Sk) and g2(Sk), we use the estimates p%, 02*, and I/_/g* for us,
0%, and v}, respectively. The value of u%; defined by (4.11) is approximated by 10,000
multinomial random vectors. Let s, be the simulated upper 100a-th percentile for the
statistics, and let z, be the upper 100a-th percentile of the standard normal distribution.
We investigate the performance of the statistics based on the quantity e, = 84 —24. The
values of e, x 10° (@ = 0.01, 0.05, 0.1, 0.2) for each statistic and hypothesis are shown
in Tables 1-6. The values of the index Q = (ngk)~! Zle pgjlk for each hypothesis and

situation are also shown. In these tables, statistics (X? — ppi)/spk, 91(Tx), g18(T%),
92(T%), 926(Tk), (G2 — LR k)/SLRk, 91(Sk), and ¢2(S) are denoted by the symbols X,
aX, gieX, 92X, 928X, G, 1G, and ¢2G, respectively.

In order to arrange the numerical results in Tables 1-6, we prepare other tables.
Let emax be the maximum value of |eq| among o = 0.01, 0.05, 0.1, and 0.2, where Je,|
denotes the absolute value of e,. For each A, statistic, and hypothesis, minimum values
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Table 1. Values of eq x 10% under hypothesis 1 for A = 5 and A = 3.

k1 Q o X J aX l a15X ] 92X | ngXT G l 5 G 926G
A=5
0.2 —55878 3542 | 15109 3429 14950 | —52554 3730 3585
41020 01 —57444 —6316 9744 —7676 7890 | —51209 —3700 —5300
0.05 | —37206 —4199 | 15392 | ~10029 7721 | —38459 —5789 | —11242
0.01 7781 | —10526 | 11719 | —33941 | —17330 53754 14884 | —17663
0.2 —39441 —3628 423 —3807 220 | —31969 770 511
10 | 0.20 | 0.1 —29768 —3764 2458 —5305 727 [ —20391 2125 279
0.05 | —12432 —1313 6469 —5997 1246 —5704 3140 -1822
0.01 26749 —2718 7009 | —19198 | —11124 31915 2927 | —13707
0.2 —17080 —1100 0 —1259 —-164 | —13864 397 228
40 | 0.20 | 0.1 —7407 1596 3299 769 2448 —7290 832 55
0.05 984 1760 3895 —186 1893 1416 1891 47
0.01 22277 1105 3950 —4913 —2233 20336 1119 —4473
0.2 —7795 1614 2085 1516 1987 —~7383 666 574
100 | 0.20 | 0.1 —3704 1251 1958 856 1558 —2362 1487 1106
0.05 —436 —517 368 ~1376 -501 2608 1565 718
0.01 13438 —586 627 -3195 —2013 16188 2202 —-326
0.2 —3552 945 1067 915 1037 —1935 1337 1307
400 | 0.20 | 0.1 —876 1258 1443 1143 1327 622 1702 1592
0.05 978 452 686 207 440 3720 2247 2007
0.01 10610 2763 3091 2023 2348 10536 2545 1854
A=3

0.2 —60592 870 | 11055 798 10957 | —80114 | —26533 | —26533
410334%0.1 —57444 —5297 11281 —6718 9394 | —29789 9855 7324
0.05 | —46634 —9869 | 11157 | —14902 4613 | —14678 10056 2530
0.01 26638 —4060 | 24380 | —31644 —9665 13370 1754 | —20105
0.2 —39441 —2804 1303 -2993 1091 | —25995 3221 2934
10 1 0.33 | 0.1 —23805 987 7968 —893 5877 | —16009 4545 2832
0.05 | —15414 —3773 4891 —8413 —248 —5879 4125 —-81
0.01 35693 —190 | 11690 | —18443 —-8302 21448 2930 | —10368
0.2 —17080 —802 382 —969 210 | —12693 712 568
40 | 0.33 | 0.1 —8898 263 2131 —577 1268 —7330 1116 479
0.05 —507 52 2439 —1940 394 —768 1687 216
0.01 20786 —1625 1649 ~-7810 —4694 16434 2976 —1538
0.2 —8737 889 1399 790 1298 —~7519 264 190
100 { 0.33 | 0.1 —5590 -523 253 —922 —151 —4346 154 —142
0.05 507 —110 887 —1028 —42 271 830 165
0.01 12495 —2490 | —1115 —5201 —3854 10512 971 —990
0.2 —4023 553 687 522 655 —1863 1108 1084
400 | 0.33 | 0.1 —876 1179 1384 1057 1262 723 1901 1812
0.05 2864 1947 2211 1679 1942 3545 2650 2456
0.01 7781 -394 —29 ~1150 —786 8637 2544 1995
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Table 2. Values of eq X 10° under hypothesis 1 for A = 1 and A = 0.5.
klQ | o X | X [ geX [ ooX [ X ]| G | 96 | &G
A=1
0.2 ~13451 43890 64752 42194 62666 2640 43561 42689
41100 {01 —57444 —-103 20759 —1799 18673 —41353 —432 —1304
0.05 ~93774 | —36433 | —15571 | —38129 | —17657 —77683 | —36762 | —37634
0.01 50208 —6557 58406 | —39642 14355 48472 42305 25160
0.2 —39441 1328 5909 1092 5650 —36947 | —10610 | —10679
10| 1.00 | 0.1 —38712 —-8196 337 -9715 -1335 —-5202 13714 12691
0.05 —30321 | —14668 —~2651 | —18875 —7290 —22968 —6677 —8177
0.01 35693 | —11609 8937 | —31656 | —13255 13207 9962 3558
0.2 —17080 702 2308 492 2092 —-9036 3329 3258
40 { 1.00 | 0.1 —16352 —6002 —3435 —6871 —4327 —5878 3597 3308
0.05 —7960 —-7914 —4459 [ —10057 —-6656 —4339 1948 1326
0.01 35693 —82 5341 —8497 —3286 8260 5415 3482
0.2 —13451 —2625 —1944 —2730 -2050 —6446 1174 1142
100 | 1.00 | 0.1 —876 3024 4207 2469 3646 —-3734 1964 1836
0.05 5221 1764 3302 534 2060 —1203 2280 1998
0.01 21923 —1068 1131 —4718 —2555 5668 3394 2566
0.2 —6380 —1373 —1183 —1410 —1220 —1154 1471 1461
400 { 1.00 | 0.1 —876 790 1095 636 941 417 2027 1990
0.05 5221 2857 3259 2505 2906 1597 2060 1981
0.01 7781 —3527 —-2971 —4473 —3918 4546 2088 1865
A=0.5

0.2 —13451 51969 88598 49944 86042 17512 57260 55730
41200101 —57444 7976 44605 5951 42049 —26481 13267 11737
0.05 —93774 | —28354 8275 | —30379 5719 —62811 | —23064 | —24593
0.01 | —161924 | —96504 | —59876 | —98529 | —62431 | —130961 | —91214 | —92743
0.2 —106523 | —55965 | —61417 | —55907 | —61351 —99554 | —66045 | —66041
107200 ) 0.1 —61073 | —19806 | —10687 | —20691 | —11709 —26112 —2538 —3252
0.05 —T7960 —-3559 15857 | —10554 7711 —18117 —4214 —6103
0.01 13333 | —33481 —6168 | —51443 | —27246 31169 8255 —-201
0.2 —39441 | —16121 | —14622 | —16206 | —14711 —34066 | —17639 | —17665
40 | 2.00 | 0.1 6009 10281 14552 8511 12714 —19341 —7734 —7979
0.05 14400 3946 9405 246 5564 3047 6748 5920
0.01 35693 | —11994 —4456 | —21847 | —14688 15777 4152 1715
0.2 —13451 —1328 —-351 —1464 —489 —-T7410 1226 1188
100 | 2.00 | 0.1 —876 2211 3913 1502 3194 —250 4905 4739
0.05 —8922 [ —11936 —9894 | —13162 | —11139 557 2196 1851
0.01 36066 —188 3077 —-5330 —2142 6679 —1037 —2022
0.2 691 5697 6000 5635 5938 —2473 258 247
400 | 2.00 { 0.1 —876 234 682 34 481 —1394 —281 —324
0.05 5221 1046 1634 590 1176 3036 2113 2017
0.01 21923 3347 4201 1930 2778 7065 1250 976




STATISTICS FOR SPARSE MULTINOMIALS

Table 3. Values of eq X 10° under hypothesis 2 for A = 5 and X = 3.

841

k| Q a X 90X laex] X [ eex | ¢ | a6 | aC
A=5
0.2 —69319 —5074 6382 —5095 6350 | —59186 | —4958 —5020
4 1031 | 0.1 —56474 —3568 | 12384 —5185 10124 | —40406 3028 1116
0.05 | —32037 —1556 | 15280 —8669 5930 | —30911 —402 —5861
0.01 33243 —6006 7162 | —35994 | —28238 22432 5586 | —18021
0.2 —38471 -98 4161 —341 3881 | —31623 —-339 —555
10 | 0.37 ] 0.1 —28679 —2473 3091 —4427 868 | —22780 62 —1392
0.05 | —10808 —2842 3252 —8597 —3203 | —-11118 566 —3296
0.01 43407 —4566 1116 | —25936 | —22216 20906 1245 | —11930
0.2 —17013 44 1068 —172 844 [ —13555 505 365
40 | 0.41 | 0.1 —9200 —782 638 —1835 —451 —7472 1242 606
0.05 2157 —617 1061 —3202 —1609 —1691 762 —689
0.01 34382 —96 1873 —8615 —-6897 17789 2780 —1798
0.2 —10320 —196 220 —-318 96 —7771 | —1404 —1477
100 | 0.42 | 0.1 4888 —690 —93 —1215 —626 —3574 —803 —1105
0.05 2263 —T796 —68 —2009 —1298 609 —805 —1475
0.01 20651 —1798 —874 —5524 —4649 10499 | —1684 —3649
0.2 —4357 347 455 306 414 —2427 —630 —653
400 | 0.43 | 0.1 -1031 487 647 327 486 337 216 127
0.05 3255 985 1185 629 829 2844 529 337
0.01 14784 2455 2726 1387 1654 9924 1881 1322
A=3

0.2 —77553 —9315 998 —9317 994 | —61733 | —7980 —8020
4 1 0.51 | 0.1 —56368 —1359 | 14798 —3154 12309 | —45049 —745 —2252
0.05 | —41308 —6611 10385 | —13113 1861 —36024 | —3657 —8203
0.01 34992 | —11142 2064 | —42165 | —33891 8992 —-276 | —19907
0.2 —41134 —108 4151 —346 3876 | —32003 843 649
10 { 0.61 | 0.1 —27649 —1195 4413 —3465 1839 | —22952 1666 327
0.05 —9542 —-3706 2314 | —10203 —4939 | —11878 1993 —1551
0.01 60956 —-4538 630 | —30170 | —27043 20454 3515 —8T787
0.2 —18511 —408 624 —648 376 | —13382 747 617
40 { 0.68 | 0.1 —8802 —-952 478 —2193 —804 —8060 940 357
0.05 3688 —1615 53 —4667 —3097 —582 2037 662
0.01 40346 -2818 —024 | —12930 | —11318 15380 1605 —2568
0.2 -10790 —203 221 —346 75 —8501 —-504 —-570
100 { 0.70 | 0.1 —4809 —1157 —553 —1781 —1185 —4252 255 -21
0.05 3616 —1382 —648 —2839 —2125 170 578 —41
0.01 29176 —296 626 —4996 —-4132 12736 2201 323
0.2 —4864 11 121 —38 72 —2474 586 564
400 | 0.71 | 0.1 —1142 —8 156 —200 37 —149 1066 984
0.05 3696 355 560 -73 130 1965 1070 895
0.01 15605 509 783 ~770 —500 6568 319 —181
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Table 4. Values of eq x 10% under hypothesis 2 for A = 1 and A = 0.5.
k@ | e X X | g5X | 90X [ geX | G | @G | @6
A=1
0.2 —80978 841 8740 840 8739 | —58847 -2808 —2853
41153101 —66143 1509 16723 —183 14382 | —65207 | —14087 | —14669
0.05 16142 16997 33598 502 13640 | —35502 —197 —3994
0.01 ~2137 | —36517 | —20894 | —61308 | —49617 45954 23780 1048
0.2 —49410 1305 5024 1101 4790 | —34199 —514 —661
10 { 1.83 | 0.1 —36350 —3765 1560 —6316 -1306 | —25550 203 —878
0.05 —9162 — 7664 —1816 | —16116 | —11117 | —13849 1118 —1863
0.01 76392 | —22622 | —17622 | —53446 | —50197 19992 3462 —7326
0.2 —22260 —553 457 —878 121 | —14935 430 323
40 | 2.05 | 0.1 —10307 -3295 ~1854 —5114 —3728 —9203 1037 538
Q.05 8213 —5180 —3489 —9907 —8347 —829 2880 1669
0.01 65091 | —10406 —8535 | —26689 | —25183 15631 2653 ~1070
0.2 —12677 —435 1 —653 —220 —-T7619 2147 2087
100 | 2.11 | 0.1 —3456 —1772 —-1134 —2787 —2162 —3645 2621 2374
0.05 8277 —3323 —2549 —5732 —4987 307 2494 1946
0.01 47886 —3810 —2846 | —11912 | —11036 11901 3213 1561
0.2 —5758 —354 —234 —433 -314 —2475 756 736
400 | 2.14 | 0.1 129 —-197 -18 —522 —344 —858 565 494
0.05 7126 —-117 108 —853 —630 1294 616 464
0.01 28078 1549 1852 —763 —467 6946 834 391
A=05

0.2 - 50802 37493 42888 37035 42258 | —83664 | —27627 | —27627
4] 3.06 | 0.1 —70549 8225 17263 6451 14862 | —34938 8844 7367
0.05 | —68571 | —10261 2700 | —15734 —4536 | —30352 2253 —1500
0.01 | —38166 | —48921 | —30760 | —68163 | —55065 | —13441 | —11608 | —23765
0.2 —45567 10817 13042 10448 12628 | —31536 1642 1483
10 | 3.65 | 0.1 —41248 —3200 970 —6038 —2177 | —21599 3049 1930
0.05 | —17665 | —12548 —7023 | —21434 | —16753 —9672 3697 697
0.01 80515 | —34638 | —27775 | —67073 | —62368 25785 6001 —4720
0.2 —25533 —723 120 —-1112 —280 | —14358 1474 1367
40 | 4.11 | 0.1 —14220 —6350 —4955 —8572 —7234 —8398 2006 1506
0.05 6062 | —10499 —8713 | —16376 | —14729 —1768 2059 889
0.01 82635 | —17338 | —15004 | —38950 | —37039 17755 3410 —323
0.2 —15006 —1252 —840 —1533 —1125 —8440 1544 1486
100 | 4.21 | 0.1 —4538 —3738 —3079 —5100 —4456 —4247 2044 1802
0.05 11536 —5095 —4249 —8479 —7667 1295 3096 2542
0.01 59148 —9002 —~7865 | —20319 | —-19284 14489 4469 2782
0.2 —6380 —577 —453 —688 —565 —2538 1963 1944
400 | 4.27 | 0.1 289 —1086 —893 —1549 —1358 —499 2059 1988
0.05 8583 -1559 —1313 —2616 —2372 2517 2780 2624
0.01 32776 —1840 —1497 —5158 —4823 7484 2000 1554
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Table 5. Values of eq X 10% under hypothesis 3 for A= 5 and A = 3.
E|Q a X [ nX ‘ g1EXT 92X TQ2EX l G L nG T 92G
A=5
0.2 —89388 -1920 9167 —1917 9171 | —104197 | —32855 | —32794
41205 0.1 —86345 —7036 5504 —7906 4424 —~80600 | —13631 | —14132
0.05 55019 23965 27282 —1661 2261 —51161 —5098 —-9640
0.01 70489 | —27370 | —28625 | —66417 | —-64209 3210 | —11761 | —33905
0.2 —52761 —713 2585 —-906 2372 —43760 —1470 —1613
10 | 2.05 | 0.1 —17424 5938 8855 1207 3793 —30349 214 —1375
0.05 —4174 —7435 —5346 | —17934 | —16383 ~12604 828 —4001
0.01 | 145832 | —10764 | ~13338 | —56519 | —58708 33040 —2795 | —20287
0.2 —21360 —~412 217 797 —178 -17914 577 415
40 | 2.05 | 0.1 —5856 —1089 —-411 —3347 —2719 ~-10611 326 —485
0.05 14006 —2774 —2177 —8506 —8020 —1623 —-125 —2086
0.01 68156 { —10115 —90934 | —28528 | —28599 25007 —163 —6590
0.2 —10994 525 769 265 505 —10898 89 —4
100 | 2.05 | 0.1 —634 ~-144 152 —1346 —1061 —-5322 473 68
0.05 10073 —2602 —2293 —5348 —5064 2394 1704 751
0.01 49584 —3240 —2083 | —12304 | —-12116 18671 1200 -1706
0.2 —4723 336 398 245 306 —3232 —963 —996
400 | 2.05 | 0.1 412 —211 —127 —-573 —490 —847 —1299 —1422
0.05 6937 —524 —424 —1335 —1238 2882 —816 —-1087
0.01 25543 —548 —430 —3030 —2918 9999 —1907 —2688
A=3

0.2 —59906 28783 37563 28522 37251 —84391 | —13922 | —13922
4134201 —88738 —4829 3983 —5741 2915 —65696 —4260 —5392
0.05 | —56847 —8222 —1102 | —-16744 | —10298 —35042 3437 —3329
0.01 | 200950 | ~12512 | —16572 | —69199 | —67179 57845 13034 | —22734
0.2 —55397 —-318 2096 —-507 1892 —44180 —2475 —2629
10 ] 342 | 0.1 —46655 —9062 —6600 | —11827 -9528 -31177 —627 —2334
0.05 32074 4551 5771 | —130585 | —12308 —11482 2014 —3368
0.01 | 102953 | —25937 | —26730 | —67150 | —67905 38360 2574 | —17361
0.2 —21836 —-901 402 —562 —78 —17207 1015 829
40 | 3.42 | 0.1 —5905 —1851 —1304 —4598 —4096 —10143 763 —141
0.05 12897 —5700 —5200 | —12440 | —12035 —276 1300 —805
0.01 88571 —7947 -7790 | —32038 | —32101 23098 -73 —6989
0.2 —12909 —833 —639 —1138 —947 —10056 618 512
100 | 3.42 | 0.1 —2324 —2227 —1985 —3664 —3433 —5639 104 —340
0.05 12891 —2737 —2480 —6238 —6004 986 638 —389
0.01 53895 —5923 —5698 | —17121 | —16959 17398 908 —2246
0.2 —5328 —194 —144 —308 —258 —2031 1670 1633
400 | 3.42 | 0.1 1466 73 144 —395 —-326 —801 1163 1027
0.05 7585 —1317 —1234 —2346 —2265 2800 1621 1321
0.01 30397 —-124 —24 —-3355 —3261 12279 2851 1964
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Table 6. Values of eq x 10° under hypothesis 3 for A =1 and A = 0.5.
k@ a X | X [gsX | ooxX [gex | G | 96 | @G
A=1
0.2 —81105 19116 16043 19115 16042 —18462 44840 43262
41 10.26 | 0.1 —125098 | —24877 | —27950 | —24878 | —27951 —12346 30993 26392
0.05 52562 26053 26963 | —7073 1 ~7630 | —48676| 5337 | -9938
0.01 14982 | —36026 | —34812 | — 74639 | —75159 -2307 972 | —21220
0.2 7675 42995 43435 37519 37858 —-30107 5048 4755
10 ] 10.26 | 0.1 —16984 8196 8775 —4 426 —16043 9722 7617
0.05 —24312 | —15876 { —15117 | —28841 | —28313 —5312 9570 4420
0.01 62211 | —37264 | —35867 | —80455 | —79749 9101 —427 | —14525
0.2 —21326 1644 1811 839 1001 —16133 —337 —495
40 10.26 | 0.1 —16984 —-9417 -9122 | —12855 | —12578 ~9712 951 196
0.05 4689 | —12725 | —12310 | —21868 | —21498 —2643 1835 64
0.01 110546 —7274 —6617 | —44775 | —44284 15099 3273 —2179
0.2 —16908 —3570 —3481 —4014 —-3927 —9063 1782 1693
100 { 10.26 | 0.1 —2818 —3804 —3645 —~6137 —5983 —4860 2505 2136
0.05 18935 —2104 —1887 —8131 —-T7927 221 3443 2609
0.01 70008 —-5013 —4703 { —23942 | —23669 13169 5525 3014
0.2 —4680 395 426 191 222 —3276 —436 —465
400 | 10.26 | 0.1 1768 —800 —751 —1608 —1560 -1092 —-97 —207
0.05 11293 —~772 —709 —2609 —2547 1078 —41 =277
0.01 37910 —286 —195 —5955 —5867 5581 —870 —1540
A=0.5

0.2 —105109 —989 | —12486 343 | —11275 —73325 —9264 —-9270
4120.51 0.1 —149102 | —44982 | —56479 | —43651 | —55268 | —117318 | —53257 | —53263
0.05 | —185432 [ —81312 | —92809 | —79981 | —91598 | —153648 { —89587 | —89593
0.01 154038 —6232 —1978 | —71892 | —76552 5577 2321 | —20234
0.2 —95799 | —26872 | —29541 | —26814 | —29484 —54535 | —16492 | —16542
10 | 20.51 | 0.1 75043 45288 46058 15050 15231 —-10987 13364 11121
0.05 53035 13185 14165 | —20263 | —19987 —16038 585 —-3525
0.01 13530 | —47038 | —45650 | —86854 | —86421 5117 —6253 | —19143
0.2 —21502 3726 3676 2565 2516 —16851 212 67
40 | 20.51 | 0.1 —29689 | —16224 | —16127 | —19811 | —19714 —6344 4686 3914
0.05 19915 —5765 —5322 | —20406 | —~19987 1978 5998 4186
0.01 94988 | —16010 | —15033 | —58957 | —58145 20488 6418 943
0.2 —-16792 —2303 —2273 —2966 —2935 ~7965 1318 1230
100 | 20.51 | 0.1 2623 —385 —252 —4092 -3958 —3935 1597 1240
0.05 11584 —8192 —7985 | —15787 | —15582 2105 3045 2230
0.01 83836 —3177 —-2750 | —30537 | —30131 13898 3245 844
0.2 —6035 —459 —439 —~754 -733 —-3239 988 961
400 | 20.51 | 0.1 2057 —1182 —1141 —2390 —2349 —1046 1208 1105
0.05 13283 —929 —868 —3698 —3637 1752 1700 1475
0.01 42508 —1287 —1188 —9687 —9588 8034 2085 1434
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Table 7. Minimum values of k that satisfy the condition emax < 0.1 under hypothesis 1.

A X @aX qgeX @X g@eX G @G g2G

5 — *10 *10 40 40 — *10 40
400 *4 40 40 10 400 10 40
400 40 *10 100 40 40 40 40
0.5 — 400  *100 400 400 *100 *100 *100

Table 8. Minimum values of k that satisfy the condition emax < 0.1 under hypothesis 2.

A X ¢1X g@1i6X g2 X @EeX G gG @G

— *4 10 40 40 400 *4 40
— 10 10 100 100 400 *4 10
— 100 40 400 400 400 *10 *10
0.5 — 100 100 400 400 400 *10  *10

Table 9. Minimum values of &k that satisfy the condition emax < 0.1 under hypothesis 3.

A X @aX geX gX gEeX G qaG @G

5 — 100 40 400 400 400 *10 40
— 40 40 400 400 —  *10 40
— 100 100 400 400 400 *10 40
0.5 — 100 100 400 400 400 *40  *40

of k that satisfy the condition enax < 0.1 are shown in Tables 7-9. In these tables, the
minimum value is indicated by the symbol * for each A. From Tables 1, 2 and 7, we
obtain the following results under hypothesis 1.
e The performance of the transformation ¢, and g1 is better than that of the trans-
formation g, and gof.
e 91(Sk), 91(T%), and gy g(Tx) perform well for k¥ > 10 when A = 5 and 3, for k > 40
when A = 1, and for £ > 100 when A = 0.5.
From Tables 3, 4 and 8, we obtain the following results under hypothesis 2.
e The performance of the transformation ¢, and ¢ g is better than that of the trans-
formation g, and gof.
e ¢1(Sx) performs well for kK > 4 when A = 5 and 3 and for ¥ > 10 when A = 1
and 0.5.
e ¢:(T%) and g1g(T%) perform well for £ > 10 when A = 5 and 3, for k£ > 40 when
A =1, and for £ > 100 when A = 0.5.
From Tables 5, 6 and 9, we obtain the following results under hypothesis 3.
e The performance of the transformation ¢; and g1 g is better than that of the trans-
formation g, and gop.
o ¢1(Sk) performs well for k¥ > 10 when A = 5, 3, and 1 and for £ > 40 when X = 0.5.
e ¢1(Tk) and g1p(Ty) perform well for £ > 40 when A = 5 and 3 and for k > 100
when A =1 and 0.5.
From Tables 1-9, we obtain the following combined results.
o The performance of g, (T}) and g1£(T%) is better than that of g2(7%) and go(Tk)-
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o g1(Tk) and g, g(T}%) improve the standardized X? statistic.
e The performance of g1(Sk) is better than that of g2(Sk).
e g1(Sk) and g2(Sy) improve the standardized G2 statistic.

The above results indicate that the performance of the transformation g; is better
than that of go. We therefore evaluate the performance of the transformation g; more
precisely. From Tables 1-9 and numerous other examples, we obtain the following further
results regarding g;.

o g1(Sk) is very accurate for k > 10 when A > 1 to such a degree that it satisfies the
condition en,, < 0.1 for all hypotheses and situations.

e The performance of g1(S) is better on the whole than that of g1(T%) and ¢1g(T%).

¢ g1(Tx) and g1 g(T%) are very accurate for k > 40 when A > 1 to such a degree that
they satisfy the condition eyax < 0.1 for almost all hypotheses and situations.

e As for comparison of the performance of g, (Ty) and that of g1£(T%), g1(Tk) per-
forms better than does g;(T}) when Q < 0.5, while g;g(T}) performs better than
does ¢1(Tx) when @ > 1.

6. Concluding remarks

We have proposed new goodness-of-fit statistics for sparse multinomials. These are
improvements in asymptotic normality based on normalizing transformations.

The results of numerical investigations presented in Section 5 indicate that the
transformation g; greatly improves the asymptotic normality of the test statistics. The
performance of g (Sk) is better than that of the others. However, g; (Sk) requires simula-
tion for estimating ug; defined by (4.9). Therefore, we recommend ¢; (Sk) in a situation
in which p%,; defined by (4.11) can be calculated, and we recommend ¢1(7%) and g1£(T%)
for other situations.

In future works, we will study the power of the statistics to investigate their per-
formance more precisely. Koehler (1979) derived a general method for obtaining exact
moments of X7. Since this is applicable to alternative cases, our method can be extended
to alternative cases by using the exact moments.

Appendix A: Reason for substituting vg for vg
If we define

(A1) fie(y) = 21(y, nipojk) — 2B (Yik, nkcpojk)] — (¥ — nkPojk),

the log-likelihood ratio statistic G% is represented as

k
(A.2) Gi = Z Fie(Xjk) + BLR K

j=1
where pp g is given by (2.4). Thus, by the definition of S, (4.5), and (A.2), we have
3

1 £ §
(A.3) vs = lim -E D FanXaw) —E LY fie(Xsw)
j=1

j=1
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Next, we consider an expression constructed by substituting Y for X in the right-hand
side of expression (A.3). By the definition of Y}, (A.1), (4.8), and (4.7), we have

3

k k
. 1 v
(A4)  lim 2B | fu) = B | D fin(Yie) = lim 2 = o
j=1 j=1

— 00

Here, we discuss the relation between the limit value derived in the right-hand side
of (A.3) and that derived in the left-hand side of (A.4). By Theorem 5.2 and its
proof given by Morris (1975), both the statistic 3211!2,19 E?Zl fix(X;x) and the statis-
tic sz}{’ b Z?zl fix(Yjx) are asymptotically distributed according to the standard normal
distribution as k tends to infinity, where sy  is defined by (2.5). If these two statistics
satisfy the condition of uniform integrability, the limit value derived in the right-hand
side of (A.3) coincides with that derived in the left-hand side of (A.4). Though we cannot
prove uniform integrability of the two statistics, the two limit values are considered to
be very similar. Therefore, we substitute v§ for vg.

Appendix B: Proof of |ug| < 00, 0% < oo, and |vg| < oo

Let Y be distributed as Po(m), where Po(m) denotes a Poisson random variable
with mean m. We can prove that the following inequalities hold by using the Schwartz
inequality.

(B1)  0< E[I(Y,m)] <1

B2) 0<V{I(Y,m) <1+ %

(B.3) - (% + 1) < Cov[I(Y,m),Y] < % +1.

(B4)  —1<E[I(Y,m) - BUY,m)}| < —.

(B5)  —m < E{I(Y,m) - EI(Y,m)|HY —mm)2] <1l

B6) - (% +mt %) < E{I(Y,m) — E[I(Y,m)]}3(Y — m)] < % +m %

By applying (B.1)-(B.6) to the case in which Yy, (j = 1,...,k) is distributed as
Po(mji), (j = 1,...,k), where mji = ngpo,i, we find that

B7)  0< Jim 2" BTk ma)] < 1,
1 le
(B.8) 0< lim - > VI(Yik,mse)] < 1+d,
j=1
2 2 & 2
(B.Q) — (1 + E) < kl—l+n<>lo Y = leIIolo a JZ_;COV[I(YJ'k,mjk),ij] <1+ Py

k
(B10)  -1< lim %;E[{Imk,mﬁ) ~ BlI(Yje,mie)}¥ <e,

k—oo
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k
(B.11) —c < lim % sz {I(Yik, mje) — EI(Yie, min)|} (Ve — me)?] < 1,
and
k

(B.12) hm —]15 Z E{I(Y;e,mjk) — EI(Yie, mse)]} (Vi — myk)]

j=1

1

< 5 +c+d,

where ¢, d, and e are given by (3.1), (3.5), and (3.6), respectively. Therefore, |ug| < 0o
is proved by (B.7), 0% < oo is proved by (B.8) and (B.9), and |v%| < oo is proved by
(B.9)-(B.12).
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