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Abstract. We define the bivariate first order stationary autoregressive process
{(Xn,Yn)} with uniform marginal distribution where {X,} and {Yn} are the two
stationary sequences with uniform /{0, 1) marginal distributions. We also estimate
the unknown parameters of the model.
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1. Introduction

The uniform autoregressive processes belong to the special class of autoregressive
processes. Their marginal distributions are absolutely continuous U(0,1). Some well
defined processes of this type are the uniform autoregressive process with positive au-
tocorrelations (Chernick (1981)), the first order uniform autoregressive process with
negative lag one correlations (Chernick and Davis (1982)) and the new uniform first
order autoregressive process NUAR(1) (Risti¢ and Popovié¢ (2000a)). Lawrance (1992)
discussed the uniform autoregressive process of the first order in general. The unknown
parameters of these processes were estimated by Risti¢ and Popovié (2000a, 2000b). We
define here a bivariate process from the same class. Section 2 of this paper is devoted to
the definition itself. The autocovariance and the autocorrelation structure are expanded
in this section also. In Section 3 we prove the existence and the properties of the so-
lution of the difference equation which defines the model. Estimations of parameters is
discussed in Section 4.

2. The construction of the process

Following the definition of the bivariate autoregressive process with exponential
marginal distribution presented by Dewald et al. (1989), we set the definition of the
bivariate first order uniformly distributed process.

Let the two stationary processes {X,,} and {Y,} be defined as

Xn = ann—l + VnIYn—l + €n1,

(2.1)
Yn = UnQXn—l + Vn2Yn—1 + €no,

where {(Uni, Vni)}, ¢ = 1,2, are independent sequences of independent identically dis-
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tributed (i.i.d.) random vectors with the discrete probability distribution:

0 0 | %%
% |g7gl| O

The sequences {€,1} and {en2} are independent sequences of i.i.d. random variables
with the probability distributions

1

Ty — B

Plens = jiow = Bs) = Bi} = s — Bi; ji=0,1,... 1
where 1/(a; — 8;) €{2,3,...},i=1,2.

The random vectors (Uni, Vui), @ = 1,2 and (€,1,€42) are also independent.

If we let the random variables X,,; and Y,,_; be uniformly distributed with ¢/(0, 1)
probability distributions, then the random variables X, and Y,, will be distributed in
the same way. So, we have just defined the first order autoregressive time series {Z,} =
{(Xn,Y,)'} which we have named BUAR(1) process.

The equation (2.1) can be represented in the vector form:

(2.2) Zn=M,Z, |+e,,

Mn — Unl an )
Un2 Vn2
The equations (2.1) enable us to determine the autocovariance and the autocorre-
lation matrix as follows:

where g, = (ep1,€n2) and

T(k) = Cov(Zn, Zo_s) = (Vxx(k) ’YXY(’C)> ,

vy x (k) 1ry (k)

where vxx (k) = Cov(Xn, Xn-k), 7xv (k) = Cov(Xn, Yn_k), Yvx (k) = Cov(Yy, Xn_k)
and yyy (k) = Cov(Y,,Y,_k). We shall set u; = E(U,;), v; = E(Vy;), i = 1,2, and let

M be the matrix
M= (“1 v ) .
Ug V2
The simple calculation proves that

(2.3) (k) = M -T(k—1) = M*T(0),

where the autocovariance matrix I'(0) is defined as

1 1 uiu2+vyv2
I“(O) — 1—ujvo—ugu; .
12 U U2 +ULV2 1
l—ulvg—ugvl

Let us solve the MF*. If we use Caley-Hamilton theorem, it follows that M? = (u; +
ve) M + (ugv; — ugve)I2, where I is the 2-by-2 identity matrix. So, by induction, it
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will be M* = g, M + biIo, where the coefficients ax and by, k = 2,3, ..., are defined
according to the recurrent relations ag4+1 = agas + br and bgyr1 = agby with the initial
conditions ag =0, bg = 1,a; = 1, by =0, a3 = u1 +v2, by = usv; —ujve. These recurrent
relations produce the difference equation ag, 9 — agax41 — boag = 0, where k > 2. This
difference equation can easily be computed using the method described by Brockwell and
Davis ((1987), Section 3.6). If the equation A% — asA — by = 0 corresponding to the last
difference equation has two different roots, real or complex, A; and Ag, then the solution
of the difference equation is

k_ 1k
ajp = /\1 )\2 .
Al — Ao

The other coefficient by, is then

)\k—l _ Ak-1

br = — Mg L 72
k A1 A2 Y
The matrix M* is then
MF— 1 (1 = A2)AF + (A1 — ur)A§ vi(Af — Af) '
A1 — Az us(AF — 2\K) (v2 — A)XE + (M) — vo) \E

Two real and equal solutions of the equation imply that

k[ (B AR — vk A1 v kAR
- ughAF~1 (k+ DR —ug kA1 [
2R A1 1 1A

The eigenvalues of the matrix M are less than 1 in absolute value, so, the eigenvalues of

M¥ are also less than 1 in absolute value. One consequence will be that the matrix M*
converge to zero matrix when k — oco. The autocorrelation matrix of BUAR(1) will be

R(k) = Corr(X n, Xn_i) = M*R(0),
where R(0) = 12I(0).

Ezample 1. Let parameters’ values be a; = 0.4, §; = —0.1, o = 0.35 and B =
—0.15. Then the autocovariance and the autocorrelation matrix will be

0.0833 0.0648 1 0778
I = PO RO ,
0.0648 0.0833 0.778 1
while the matrix of expectations M will be
M= 0.32 -0.02 .
0.245 —0.045

The scatter diagram of 100 simulated values is plotted in Fig. 1.
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Fig. 1. Scatter plot using a simulated sequence of 100 values.
’

3. Well defined process

The main result is that the process is well defined meaning that the solution of (2.2)
exists. Let us set the equation again:

Zn = MnZn—l + €p.

We will search for the mean square solution of this equation.
Nicholls and Quinn (1982) have considered the process { T} defined as

T,=M,T, + M,

where the processes {M,} and {7,} are independent and E(M,) = 0, E(n,) = 0
for all n. The process which we have just defined above can be translated by T, =
Z, —1/2(1,1). In this way, the expectations will become zeros, but the independence
of the sequences will be disturbed. So, Theorem 2.2 from Nicholls and Quinn ((1982),
p. 21) can’t be applied directly. The same is with two theorems (3.1 and 3.2) set by

Andel (1991).
By applying the backward shift operator to equation (2.2) we have

k
Zn - Qk;zn—k—l + Z Qj_15n—j9

3=0
where Q; = Hi:o M,_, and Q_; = I,. We will prove immediately that the right side
of the equation

k
Zn - Z Qj—len—j = Qan—k—l
—o

converges in mean square to the zero matrix.

As
2

k
vecE | Z,, — Z Qi 16n-j| = AF+lvecT(0),
7=0
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where A = E(M, ® M,) and the eigenvalues of the matrix A are less than one in
modulus, it will be (2.2) has the mean square solution

(3.1) W, = Z Qj 1€n-j-

j=0

The solution is strictly stationary for, it is of the same form for each n. If we set
Fn be o-field generated by the set {(M,,,&m),m < n}, then it can be seen that the
solution (3.1) is F,-measurable. As the solution is F,-measurable on the ergodic set
{(M,,en),m < n}, it will be ergodic also (Doob (1953), p. 458). Finally, we shall
prove that the solution is a wide sense stationary process.

As the eigenvalues of the matrices A, M ® Iy and I» ® M are less than one in
modulus, it follows that

vecVar(W,,) = (I4 — A)7Y Iy — M @ I))™ — I,]vec(eg’)
+(Iy— ATy - I32 M) — I4]vec(e€’)
+ (L4~ A)"!vecVar(e,),
where € = E(g,,). The components of the vector vec Var(W ) are all finite, so that
the elements of the vector Var( W) are finite also. This proves the stationarity of the
solution.

This solution is also unique almost surely.
We have just proved the following theorem:

THEOREM 3.1. The mean square solution of the equation (2.2) is unique, Fp-
measurable, strictly, ergodic and also wide sense stationary, ergodic and its explicit form
18

Wn = Z Qj—lsn—j7

Jj=0
where Q; = oM, ..
4. Estimation of the unknown parameters

Consistent estimates of the parameters of the model are obtained from the definition
of the model itself. If we have the sample (X, X1,..., X ) from the only one realization
of the process, we can use the fact

/Bl(Yn—l - 1) < Xn < al(Xn—l - 1) + 17
Bo(Yn-1—1) <Y, <ap(Xp_1-—-1)+1,

and conclude that
&1y = min Xn — 1 Bin = max Xn
W= 1<n<N Xn,—l -1’ IN = 121§N Yn—l -1

Gan = min Yo -1 B = max Yn
2N 1€n<N | X1 =17 2N = 1€n<N | Vo1 =1
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Now, we shall prove that the obtained estimates are consistent. Let Gin(z) = P{oun >
z} be the survival function of the estimate «;y. After some simple calculations, we
obtain that

Gin(z) =1, for z<ay,

and
GlN(as)S(l—al)N_l—>O, N — oo, for z> .

This implies that

1,
Gin(z) = G (:c) - 0 T > a

xSalv

and it means that a;ny converges in probability to ;. In the quite same way we can
prove the consistency of all three other estimates. This completes the proof for the
consistency of the proposed estimates.

This method gives the exact values of the parameters for relatively small number of
observations (N = 17 for Example 1). In fact, the exact values of the parameters can be
obtained after a random number of observations for the model. The same results were
obtained by Gaver and Lewis (1980) when the first-order autoregressive gamma, process
had been discussed.
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