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Abstract. Many time series in the applied sciences display a time-varying second
order structure. In this article, we address the problem of how to forecast these non-
stationary time series by means of non-decimated wavelets. Using the class of Locally
Stationary Wavelet processes, we introduce a new predictor based on wavelets and
derive the prediction equations as a generalisation of the Yule-Walker equations. We
propose an automatic computational procedure for choosing the parameters of the
forecasting algorithm. Finally, we apply the prediction algorithm to a meteorological
time series.
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1. Introduction

In a growing number of fields, such as biomedical time series analysis, geophysics,
telecommunications, or financial data analysis, to name but a few, explaining and infer-
ring from observed serially correlated data calls for non-stationary models of their second
order structure. That is, variance and covariance, or equivalently the spectral structure,
are likely to change over time.

In this article, we address the problem of whether and how wavelet methods can
help in forecasting non-stationary time series. Recently, Antoniadis and Sapatinas (2003)
used wavelets for forecasting time-continuous stationary processes. The use of wavelets
has proved successful in capturing local features of observed data. There arises a natural
question of whether they can also be useful for prediction in situations where too little
homogeneous structure at the end of the observed data set prevents the use of classical
prediction methods based on stationarity. Obviously, in order to develop a meaningful
approach, one needs to control this deviation from stationarity, and hence one first needs
to think about what kind of non-stationary models to fit to the observed data. Let us
give a brief overview of the existing possibilities.
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Certainly the simplest approach consists in assuming piecewise stationarity, or ap-
proximate piecewise stationarity, where the challenge is to find the stretches of homo-
geneity optimally in a data-driven way (Ombao et al. (2001)). The resulting estimate
of the time-varying second order structure is, necessarily, rather blocky over time, so
some further thoughts on how to cope with these potentially artificially introduced dis-
continuities are needed. To name a few out of the many models which allow a smoother
change over time, we cite the following approaches to the idea of “local stationarity”:
the work of Mallat et al. (1998), who impose bounds on the derivative of the Fourier
spectrum as a function of time, and the approaches which allow the coefficients of a
parametric model (such as AR) to vary slowly with time (e.g. Mélard and Herteleer-De
Schutter (1989), Dahlhaus et al. (1999) or Grillenzoni (2000)). The following fact is a
starting point for several other more general and more non-parametric approaches: every
covariance-stationary process X; has a Cramér representation

(L.1) X, = /(_ A e(iniw), ez,

where Z(w) is a stochastic process with orthonormal increments. Non-stationary pro-
cesses are defined by assuming a slow change over time of the amplitude A(w) (Priestley
(1965), Dahlhaus (1997), Ombao et al. (2002)). All the above models are of the “time-
frequency” type as they use, directly or indirectly, the concept of a time-varying spec-
trum, being the Fourier transform of a time-varying autocovariance.

The work of Nason et al. (2000) adopts the concept of local stationarity but re-
places the aforementioned spectral representation with respect to the Fourier basis by a
representation with respect to non-decimated (or translation-invariant) wavelets. With
their model of “Locally Stationary Wavelet” (LSW) processes, the authors introduce a
time-scale representation of a stochastic process. The representation permits a rigorous
theory of how to estimate the wavelet spectrum, i.e. the coefficients of the resulting rep-
resentation of the local autocovariance function with respect to autocorrelation wavelets.
This theory parallels that developed by Dahlhaus (1997), where rescaling the time ar-
gument of the autocovariance and the Fourier spectrum makes it possible to embed
the estimation in the non-parametric regression setting, including asymptotic consider-
ations of consistency and inference. Nason et al. (2000) also propose a fast and easily
implementable estimation algorithm which accompanies their theory.

As LSW processes are defined with respect to a wavelet system, they have a mean-
square representation in the time-scale plane. It is worth recalling that many time
series in the applied sciences are believed to have an inherent “multiscale” structure
(e.g. financial log-return data, see Calvet ant Fisher (2001)). In contrast to Fourier-
based models of nonstationarity, the LSW model offers a multiscale representation of
the (local) covariance (see Section 2). This representation is often sparse, and thus the
covariance may be estimated more easily in practice. The estimator itself is constructed
by means of the wavelet periodogram, which mimicks the structure of the LSW model
and is naturally localised.

Given all these benefits, it seems appropriate to us to use the (linear) LSW model
to generalise the stationary approach of forecasting X; by means of a predictor based
on the previous observations up to time ¢t — 1. While the classical linear predictor can
be viewed as based on a non-local Fourier-type representation, our generalisation uses a
local wavelet-based approach.
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The paper is organised as follows: Section 2 familiarises the reader with the gen-
eral LSW model, as well as with the particular subclass of time-modulated processes.
These are stationary processes modulated by a time-varying variance function, and have
proved useful, for instance, in modelling financial log-return series (Van Bellegem and
von Sachs (2003)). In the central Section 3, we deal with the theory of prediction for
LSW processes, where the construction of our linear predictor is motivated by the ap-
proach in the stationary case, i.e. the objective is to minimise the mean-square prediction
error (MSPE). This leads to a generalisation of the Yule-Walker equations, which can
be solved numerically by matrix inversion or standard iterative algorithms such as the
innovations algorithm (Brockwell and Davis (1991)), provided that the non-stationary
covariance structure is known. However, the estimation of a non-stationary covariance
structure is the main challenge in this context, and this issue is addressed in Section 4. In
this and the following sections, we address this problem by defining and estimating the
localised autocovariance function in an appropriate way. In the remainder of Section 3,
we derive an analogue of the classical Kolmogorov formula for the theoretical prediction
error, and we generalise the one-step-ahead to h-step-ahead prediction.

Section 4 deals with estimation of the time-varying covariance structure. We discuss
some asymptotic properties of our estimators based on the properties of the corrected
wavelet periodogram, which is an asymptotically unbiased, but inconsistent, estimator of
the wavelet spectrum. To achieve consistency, we propose an automatic smoothing pro-
cedure, which forms an integral part of our new algorithm for forecasting non-stationary
time series. The algorithm implements the idea of adaptive forecasting (see Ledolter
(1980)) in the LSW model. In Section 5 we apply our algorithm to a meteorological time
series. '

We close with a conclusions section and we present our proofs in two appendices.
Appendix A contains all the results related to approximating the finite-sample covariance
structure of the non-stationary time series by the locally stationary limit. In Appendix B,
we show some relevant basic properties of the system of autocorrelation wavelets, and
provide the remaining proofs of the statements made in Sections 3 and 4.

2. Locally Stationary Wavelet processes

LSW processes are constructed by replacing the amplitude A(w) in the Cramér
representation (1.1) with a quantity which depends on time (this ensures that the second-
order structure of the process changes over time), as well as by replacing the Fourier
harmonics exp(iwt) with non-decimated discrete wavelets ¥;,(t), j = -1,-2,..., k € Z.
Here, j is the scale parameter (with j = —1 denoting the finest scale) and k is the location
parameter. Note that unlike decimated wavelets, for which the permitted values of k
at scale j are restricted to the set {277, ¢ € Z}, non-decimated wavelets can be shifted
to any location defined by the finest resolution scale, determined by the observed data
(k € Z). As a consequence, non-decimated wavelets do not constitute bases for ¢, but
overcomplete sets of vectors. The reader is referred to Coifman and Donoho (1995) for
an introduction to non-decimated wavelets.

By way of example, we recall the simplest discrete non-decimated wavelet system:
the Haar wavelets. They are defined by

Yio(t) = 2j/2]1{0,1,...,2—j—1—1}(t) - 2j/2]1{2—j—1,...,2—a'—1}(t)
for j=-1,-2,... and te€Z,
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and ;i (t) = jo(t — k) for all k € Z, where [ 4(¢) is 1 if t € A and 0 otherwise.
We are now in a position to quote the formal definition of an LSW process from
Nason et al. (2000).

DEFINITION 1. A sequence of doubly-indexed stochastic processes X;r (t =0,...,
T — 1) with mean zero is in the class of LSW processes if there exists a mean-square
representation

-1 o0
(2.1) Xr= Y Y wikris®)é,
j=—J k=—00
where {¢;i(t)};k is a discrete non-decimated family of wavelets for j = —1,-2,...,—J,
based on a mother wavelet ¥(t) of compact support and J = —min{j : £; < T} =
O(log(T)), where L; is the length of support of 1;o(t). Also,
1. jx is a random orthonormal increment sequence with E{;; = 0 and

Cov(&;k, Eem) = 8jebkm for all j,£,k,m; where §;, = 1 if j = ¢ and 0 otherwise;

2. For each j < —1, there exists a Lipschitz-continuous function W;(2) on (0,1)
possessing the following properties:

. Zj_:l_oo |W;(2)]2 < oo uniformly in z € (0,1);

e there exists a sequence of constants C; such that for each T

k C;
wj kT — W (-:,:>I < ?J;

e the constants C; and the Lipschitz constants L; are such that Zj——j—oo L;(C; +
[:ij) < 00.

(2.2) sup
k=0,...,T—1

LSW processes are not uniquely determined by the sequence {wjk,r}. However,
Nason et al. (2000) develop a theory which defines a unique spectrum. This spectrum
measures the power of the process at a particular scale and location. Formally, the
evolutionary wavelet spectrum of an LSW process { X 7 }t=o,... 7—1, With respect to ¢, is
defined by

(2.3) Si(z) = W), z€(0,1)

and is such that, by definition of the process, S;(z) = limr_ o le,[zT};Tl2 for all z in
(0,1).

Remark 1. (Rescaled time) In Definition 1, the functions {W;(z)}; and {S;(2)};
are defined on the interval (0,1) and not on {0,...,7 — 1}. Throughout the paper, we
refer to z as the rescaled time. This idea goes back to Dahlhaus (1997), who shows that
the time-rescaling permits an asymptotic theory of statistical inference for a time-varying
Fourier spectrum. The rescaled time is related to the observed time t € {0,...,T — 1}
by the natural mapping ¢t = [27T’], which implies that as T — oo, functions {W;(2)}; and
{S;(2)}; are sampled on a finer and finer grid. Due to the rescaled time concept, the
estimation of the wavelet spectrum {S;(2)}; is a statistical problem analogous to the
estimation of a regression function (see also Dahlhaus (1996a)).
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In the classical theory of stationary processes, the spectrum and the autocovariance
function are Fourier transforms of each other. To establish an analogous relationship for
the wavelet spectrum, observe that the autocovariance function of an LSW process can
be written as

cr(z, 1) = Cov(Xo1), 1) X[eT)4r,T)
for z € (0,1) and 7 in Z, and where [ - ] denotes the integer part of a real number. The

next result shows that this covariance tends to a local covariance as T tends to infinity.
Let us introduce the autocorrelation wavelets as

Ti(r) = Y YilOg(r), j<0, TEL

k=—00

Some useful properties of the system {¥;} ;.o can be found in Appendix B. By definition,
the local autocovariance function of an LSW process with evolutionary spectrum (2.3)
is given by

(2.4) ()= 3 8;(2)Ti(r)

j=-00

for all 7 € Z and z in (0,1). In particular, the local variance is given by the multiscale
decomposition

-1
(2.5) o?(2) = c(2,0) = > Si(2)

j=—00
as U;(0) = 1 for all scales j.

PrOPOSITION 2.1. (Nason et al. (2000)) Under the assumptions of Definition 1,
if T — o0, then |er(z,7) — c(z,7)| = O(T ') uniformly in 7 € Z and z € (0,1).

Note that formula (2.4) provides a decomposition of the autocovariance structure of
the process over scales and rescaled-time locations. In practice, it often turns out that
spectrum S;(z) is only significantly different from zero at a limited number of scales
(Fryzlewicz (2002)). If this is the case, then the local autocovariance function ¢(z, 7) has
a sparse representation and can thus be estimated more easily.

Remark 2. (Stationary processes) A stationary process with an absolutely
summable autocovariance function is an LSW process (Nason et al. (2000), Proposi-
tion 3). Stationarity is characterised by a wavelet spectrum which is constant over
rescaled time: S;(z) = S; for all z € (0, 1).

Remark 3. (Time-modulated processes) Time-modulated (TM) processes consti-
tute a particularly simple class of non-stationary processes. A TM process X, r is defined
as

t
(26) Xt,T =0 ('j;) }/t,
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Fig. 1. These simulated examples demonstrate the idea of a sparse representation of the
local (co)variance. The left-hand column shows an example of a smooth time-varying variance
function of a TM process. The example on the right hand side is constructed in such a way that
the local variance function ¢(z,0) is constant over time. In this example, the only deviation
from stationarity is in the covariance structure. The simulations, like all throughout the article,
use Gaussian innovations §;z and Haar wavelets. (a) Theoretical wavelet spectrum equal to zero
everywhere except scale —2 where S_2(z) = 0.1 + cos?(3wz + 0.257). (b) Theoretical wavelet
spectrum S_3(z) = 0.1 + cos?(37z + 0.257), S_1(z) = 0.1 + sin?(37z + 0.257) and S;(z) = 0
for j # —1,—2. (c) A sample path of length 1024 simulated from the wavelet spectrum defined
in (a). (d) A sample path of length 1024 simulated from the wavelet spectrum defined in (b).

where Y; is a zero-mean stationary process with variance one, and the local standard
deviation function o(z) is Lipschitz continuous on (0, 1) with the Lipschitz constant D.
Process Xy 7 is LSW if

o the autocovariance function of Y; is absolutely summable (so that Y; is LSW with
a time-invariant spectrum {Sjy )

o and if the Lipschitz constants L¥ = D(SY )!/2 satisfy the requirements of Defini-
tion 1.
If these two conditions hold, then the spectrum S;(z) of X, r is given by the formula
Sj(2) = 0%(2)8Y. The local autocorrelation function p(1) = c(z,7)/c(2,0) of a TM
process is independent of z.

However, the real advantage of introducing general LSW processes lies in their
ability to model processes whose both variance and autocorrelation function vary over
time. Figure 1 shows simulated examples of LSW processes in which the spectrum is
only non-zero at a limited number of scales. A sample realisation of a TM process is
plotted in Fig. 1(c}, and Fig. 1(d) shows a sample realisation of an LSW process which
cannot be modelled as a TM series.
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3. The predictor and its theoretical properties

In this section, we define and analyse the general linear predictor for non-stationary
data which are modelled to follow the LSW process representation given in Definition 1.

3.1 Defimition of the linear predictor
Given t observations Xg7,X1,7,...,X¢-1,7 of an LSW process, we define the A-
step-ahead predictor of X¢_14p 1 by

t—1

5 3
(3‘1) Xt—1+h,T = th(f—)l—s;TXS,T7
5=0
where the coefficients b,@l_s,T are such that they minimise the Mean Square Prediction

Error (MSPE). The MSPE is defined by
MSPE(X;— 1457 Xi-14n1) = E(Xi10hr — Xec14n1)?

The predictor (3.1) is a linear combination of doubly-indexed observations where the
weights need to follow the same doubly-indexed framework. This means that as T — oo,
we augment our knowledge about the local structure of the process, which allows us to
fit coefficients bg’i)l_s;T more and more accurately. The double indexing of the weights
is necessary due to the non-stationary nature of the data. This scheme is different to
the traditional filtering of the data X, 1 by a linear filter {b;}. In particular, we do not
assume the (square) summability of the sequence b; because (3.1) is a relation which is
written in rescaled time.

The following assumption holds in the sequel of the paper.

AssuMmPTION 1. If h is the prediction horizon and ¢ is the number of observed
data, then we set T' =t + h and we assume h = o(T).

Remark 4. (Prediction domain in the rescaled time) With this assumption, the
last observation of the LSW process is denoted by X;_1p = Xr_n—1,, while XT_LT
is the last possible forecast (h steps ahead). Consequently, in the rescaled time (see
Remark 1), the evolutionary wavelet spectrum S;(z) can only be estimated on the interval

(3.2) [0, 1— %] :

The rescaled-time segment

(3.3) (1 - h—;l 1)

accommodates the predicted values of S;(z). With Assumption 1, the estimation domain
(3.2) asymptotically tends to [0, 1) while the prediction domain (3.3) shrinks to an empty
set in the rescaled time. Thus, Assumption 1 ensures that asymptotically, we acquire
knowledge of the wavelet spectrum over the full interval [0, 1).
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3.2 Prediction in the wavelet domain

There is an interesting link between the above definition of the linear predictor
(3.1) and another, “intuitive” definition of a predictor in the LSW model. For ease of
presentation, let us suppose the forecasting horizon is h = 1, so that T'=t + 1. Given
observations up to time t — 1, a natural way of defining a predictor of X, r is to mimic
the structure of the LSW model itself by moving to the wavelet domain. The empirical
wavelet coeflicients are defined by

i—1

djkr = Y XorWjk(s)
s=0

for all j = —1,...,—J and k € Z. Then, the one-step-ahead predictor is constructed as
) —1
(3.4) Xy = Z Zdjk;TaSc);T’/’jk(t),
j=—J keZ

where the coefficients aﬁ) have to be estimated and are such that they minimise the
MSPE. This predictor (3.4) may be viewed as a projection of X; 7 on the space of
random variables spanned by {d; k7 |j=-1,...,~J and k=0,...,T —1}.

It turns out that due to the redundancy of the non-orthogonal wavelet system
{¢x(t)}, the predictor (3.4) does not have a unique representation: there exists more

than one solution {ag-}c)} minimising the MSPE, but each solution gives the same pre-
dictor (expressed as a different linear combination of the redundant functions {;x(t)}).
One can easily verify this observation by considering, for example, the stationary process
Xs =3 00 oo ¥—1k(8)Ck, where ¢_; is the non-decimated discrete Haar wavelet at scale
—1 and (}, is an orthonormal increment sequence.

It is not surprising that the wavelet predictor (3.4) is related to the linear predictor
(3.1) by

gl)sT Z Z A, T";[}]k(t)w]k(s)

j=—J kez

Because of the redundancy of the non-decimated wavelet system, for a fixed sequence
bil)s .1, there exists more than one sequence a(k)T such that this relation holds. For this
reason, we prefer to work directly with the general linear predictor (3.1), bearing in mind

that it can also be expressed as a (non-unique) projection onto the wavelet domain.

3.3 One-step ahead prediction equations
In this subsection, we consider a forecasting horizon h = 1 (so that T'=t + 1) and
want to minimise the mean square prediction error MSPE(Xt T, Xt;r) with respect to

bgl) s;p- This quadratic function may be written as

MSPE(Xyr, X;1) = b Ey7by,
where b; is the vector (I)El)1 - b(()l%, —1) and X T is the covariance matrix of
Xo,T, ..., Xyr. However, the matrix 2,7 depends on w? ST which cannot be estimated
as they are not 1dent1ﬁab1e (recall that the representatlon (2.1) is not unique due to the
redundancy of the system {1;;}). The next proposition shows that the MSPE may be



FORECASTING NON-STATIONARY PROCESSES BY WAVELETS 745

approximated by b;B;rb;, where B,r is a (t + 1) x (t + 1) matrix whose (m,n)-th
element is given by
-1
n+m
Z Sj (T) ¥;(n —m),

and can be estimated by estimating the (uniquely defined) wavelet spectrum S;. We
first consider the following assumptions on the evolutionary wavelet spectrum.

AssUMPTION 2. The evolutionary wavelet spectrum is such that

(3.5) ngp le(z, 7)| < o0,
(3.6) Cy :=ess 1nf Z S (2) 5 (w))? >
]<0

where ;(w) = Y2 4jo(s) exp(iws).

Note that if (3.5) holds, then

(3.7 Cy:= esssupZS (2)|9; (W) < .

]<0

Assumption (3.5) ensures that for each z, the local covariance c(z,7) is absolutely
summable, so the process is short-memory (in fact, Assumption (3.5) is slightly stronger
than that, for technical reasons). Assumption (3.6) and formula (3.7) become more trans-
parent when we recall that for a stationary process X with spectral density f(w) and
wavelet spectrum S, we have f(w) =3, 5; |1/1] (w)|? (the Fourier transform of equatlon
(2.4) for stationary processes). In this sense, (3.6) and (3.7) are “time-varying” coun-
terparts of the classical assumptions of the (statlonary) spectral density being bounded
away from zero, as well as bounded from above.

PROPOSITION 3.1. Under Assumptions (3.5) and (3.6), the mean square one-step-
ahead prediction error may be written as

(3.8) MSPE(X 7, X.r) = b, By.rb:(1 + or(1)).

Moreover, zf{ T} are the coefficients which minimise by By by, then {b %} solve the
following linear system

(3.9) tjfbgg_mf Z s; ("+m) ¥;(m — n) Z s; (t+">\11 (t —n)

m=0 j==J i=-J
foralln=0,...,t—1.

The proof of the first result can be found in Appendix A (see Lemma A.5) and uses
standard approximations of covariance matrices of locally stationary processes. The
second result is simply the minimisation of the quadratic form (3.8) and the system of
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equations (3.9) is called the prediction equations. The key observation here is that min-
imising b} 3.7 b; is asymptotically equivalent to minimising b;B;rb;. Bearing in mind
the relation of formula (2.4) between the wavelet spectrum and the local autocovariance
function, the prediction equations can also be written as

1) n+m _ n+t
(3.10) th 1—m:TC ( 5T ,m—n> c( 5T t—n

=0

The following two remarks demonstrate how the prediction equations simplify in the
case of two important subclasses of locally stationary wavelet processes.

Remark 5. (Stationary processes) If the underlying process is stationary, then the
local autocovariance function c¢(z,7) is no longer a function of two variables, but only a
function of 7. In this context, the prediction equations (3.10) become

t—1
> b2 me(m —n) = e(t - n)

m=0
for alln = 0,...,t — 1, which are the standard Yule-Walker equations used to forecast

stationary processes.

Remark 6. (Time-modulated processes) For the processes considered in Remark 3
(equation (2.6)), the local autocovariance function has a multiplicative structure:
c(z,7) = 0%(2)p(). Therefore, for these processes, prediction equations (3.10) become

t—1
(1) g fn+m o fn+t
th 1—m.T0 < 5T )p(m—n)—a (TT—);)(t—n).

m=0

We will now study the inversion of the system (3.9) in the general case, and the
stability of the inversion. Denote by P; the matrix of this linear system, i.e.

(Pt)nm = Z Si (n+m> v;(m —n)

j=-J

forn,m =0,...,t—1. Using classical results of numerical analysis (see for instance Kress
(1991), Theorem 5.3) the measure of this stability is given by the so-called condition
number, which is defined by cond(P;) = | P¢||||P;"||. It can be proved along the lines
of Lemma A.3 (Appendix A) that, under Assumptions (3.5) and (3.6), cond(P;) < C;C.

3.4 The prediction error

The next result generalises the classical Kolmogorov formula for the theoretical one-
step-ahead prediction error (Brockwell and Davis (1991), Theorem 5.8.1). It is a direct
modification of a similar result stated by Dahlhaus ((1996b), Theorem 3.2(i)) for locally
stationary Fourier processes.

PROPOSITION 3.2. Suppose that Assumptions (3.5) and (3.6) hold. Given t ob-
servations Xor,...,Xi—1,r of the LSW process {X,r} (with T =t + 1), the one-step
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ahead mean square prediction error O'%SPE in forecasting X, v is given by

v =exp] o= [ domn zs(%)ww (1 +or(1)).

]_—OO

Note that due to Assumption (3.6), the sum ), S;(t/T)|h;(w)|? is strictly positive,
except possibly on a set of measure zero.

3.5 h-step-ahead prediction

The one-step-ahead prediction equations have a natural generalisation to the h-step-
ahead prediction problem with A > 1. The mean square prediction error can be written
as

MSPE(X ;11,75 Xevh-1,7) = EXino1,7 — Xerho1,7)2 = bln_1 Seah1,7be4h-1,

where X4 1,7 is the covariance matrix of Xor,..., X¢tn—1,7 and byyp—1 is the vector
@M e b with ) b(",f .1 =0and b(h) —1. Like before, we

approximate the mean square error by t+h_1Bt+h_1;Tbt+h_1, where Byyp_1.7 is a
(t + h) x (t + h) matrix whose (m,n)-th element is given by

2_: S; (’”m) T(n —m).

PROPOSITION 3.3. Under Assumptions (3.5) and (3.6), the mean square prediction
error may be written as

MSPE(X4h—10, Xeh-1:7) = by Bern-1:0bspn1(1+ or(1)).

4. Prediction based on data

Having treated the prediction problem from a theoretical point of view, we now
address the question of how to estimate the unknown time-varying second order structure
in the system of equations (3.9). In Subsection 4.3, we propose a complete algorithm for
forecasting non-stationary time series using the LSW framework.

4.1 Estimation of the time-varying second-order structure

Our estimator of the local autocovariance function ¢(z,7), with 0 < 2 < t/T), is
constructed by estimating the unknown wavelet spectrum S;(z) in the multiscale rep-
resentation (2.4). Let us first define the function J(¢) = —min{j : £; < t}. Following
Nason et al. (2000) we define the wavelet periodogram as the sequence of squared wavelet
coefficients d;r,7, where j and k are scale and location parameters, respectively:

2
I(k‘/T) ]kT_<ZXsTw]k(S)> ~J(t)<j<—1, kzﬁj—l,...,t——l.

s=0
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Note that as 1ji, is only nonzero for s = 0,..., L; —1, the estimator I;(k/T) is a function
of Xy 1 for t < k. At the left edge, we set I;(k/T) = I;((£L; —1)/T) for k = 0,...,L; 2.

From this definition, we define our multiscale estimator of the local variance function
(2.5) as

1) (79)- 2o (r)

The next proposition concerns the asymptotic behaviour of the first two moments of this
estimator.

PROPOSITION 4.1. The estimator (4.1) satisfies

E¢ (% 0) =c (—;- 0) +0 (T '1og(T)) .

If, in addition, the increment process {§;i} in Definition 1 is Gaussian and (3.5) holds,
then

2
Varc( > =2 Z 2t+d (Z c(k/T, T)Z¢in(7)¢jn(0)) +0(T™).

i,j=—J

Remark 7. (Time-modulated processes) For Gaussian time-modulated processes
considered in Remark 3 (formula (2.6)), the variance of estimator (4.1) reduces to

(42) Varz( £ 0) =20 /T) Z 21+ Zp ) Yin(Men(0) | +O(T7Y),
T n

i,j=—J

where p(7) is the autocorrelation function of Y; (see equation (2.6)). If X; r = o(t/T)Z;,
where Z; are i.i.d. N(0,1), then the leading term in (4.2) reduces to (2/3)o*(k/T) for
all compactly supported wavelets 1. Other possible estimators of the local variance for
time-modulated processes, as well as an empirical study of the explanatory power of
these models as applied to financial time series, may be found in Van Bellegem and von
Sachs (2003).

Remark 8. Proposition 4.1 can be generalised for the estimation of ¢(z,7) for 7 #
0. Define the estimator

(43) ¢ <%r) = Ai} (Z;Z_IJA;;\I/@(T)> I (;) , k=0,...t-1, T#0,

where the matrix A = (Aj¢);¢<o is defined by

(4.4) Ajo = (0;,T,) = Z\p

Note that the matrix A;, is not simply diagonal due to the redundancy in the system of
autocorrelation wavelets {¥;}. Nason et al. (2000) proved the invertibility of A if {¥;}
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is constructed using Haar wavelets. If other compactly supported wavelets are used,
numerical results suggest that the invertibility of A still holds, but a complete proof of
this result has not been established yet. Using Lemma B.3, it is possible to generalise
the proof of Proposition 4.1 for Haar wavelets to show that

EC(T-,T)——C(f,T)-FO(T )
for 7 # 0 and, if Assumption (3.5) hold and if the increment process {{;x} in Definition 1
is Gaussian, then

Var & (%r) =2 i hi(7)hy(7) {ZT:C <§;T> Zn: ¢in(7')¢jn(0)}2+0 (T 10g*(T))

ij=—d
for 7 # 0, where h;(1) = e_zl_J Aj_el‘lfz(T)-

These results show the inconsistency of the estimator of the local (co)variance, which
needs to be smoothed w.r.t. the rescaled time 2 (i.e. &(-,7) needs to be smoothed for all
7). We use standard kernel smoothing where the problem of the choice of the bandwidth
parameter g arises. The goal of Subsection 4.3 is to provide a fully automatic procedure
for choosing g.

To compute the linear predictor in practice, we invert the generalised Yule-Walker
equations (3.10) in which the theoretical local autocovariance function is replaced by the
smoothed version of &k/T, 7). However, in equations (4.1) and (4.3), our estimator is
only defined for £ = 0,...,¢t — 1 while the prediction equations (3.10) require the local
autocovariance up to k =t (for h = 1). This problem is inherent to our non-stationary
framework. We denote the predictor of ¢(t/T,7) by é(¢/T,7) and, motivated by the
slow evolution of the local autocovariance function, propose to compute é(t/T,7) by the
local smoothing of the (unsmoothed) estimators {¢(k/T,7),k =t —1,...,t — pu}. In
practice, the smoothing parameter p for prediction is set to be equal to g7, where g
is the smoothing parameter (bandwidth) for estimation. They can be obtained by the
data-driven procedure described in Subsection 4.3.

4.2  Future observations in rescaled time

For clarity of presentation, we restrict ourselves (in this and the following subsection)
to the case h = 1.

In Remarks 1 and 4, we recalled the mechanics of rescaled time for non-stationary
processes. An important ingredient of this concept is that the data come in the form of
a triangular array whose rows correspond to different stochastic processes, only linked
through the asymptotic wavelet spectrum sampled on a finer and finer grid. This mecha-
nism is inherently different to what we observe in practice, where, typically, observations
arrive one by one and neither the values of the “old” observations, nor their correspond-
ing second-order structure, change when a new observation arrives.

One way to reconcile the practical setup with our theory is to assume that for an
observed process Xo, ..., Xz—1, there exists a doubly-indexed LSW process Y such that
Xr = Yy for Kk = 0,...,t — 1. When a new observation X; arrives, the underlying
LSW process changes, i.e. there exists another LSW process Z such that Xy = Zg 741
for k = 0,...,t. An essential point underlying our adaptive algorithm of the next
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subsection is that the spectra of Y and Z are close to each other, due to the above
construction and the regularity assumptions imposed by Definition 1 (in particular, the
Lipschitz continuity of S;(z)).

The objective of our algorithm is to choose appropriate values of certain nuisance
parameters (see the next subsection) in order to forecast X; from Xo, ..., X;—;. Assume
that these parameters have been selected well, i.e. that the forecasting has been suc-
cessful. The closeness of the two spectra implies that we can also expect to successfully
forecast X;41 from Xy, ..., X; using the same, or possibly “neighbouring”, values of the
nuisance parameters.

Bearing in mind the above discussion, we introduce our algorithm with a slight
abuse of notation: we drop the second subscript when referring to the observed time
series.

4.3 Data-driven choice of parameters

In theory, the best one-step-ahead linear predictor of X, 7 is given by (3.1), where
b, = (b£1_)1_ S;T)szo,‘_‘,t_l solves the prediction equations (3.9). In practice, each of the ¢
components of the vector b is estimated using our estimator of the local autocovariance
function based on observations Xor,...,X;—17. Hence, we have to find a balance
between the estimation error, potentially increasing with ¢, and the prediction error
which is a decreasing function of ¢.

As a natural balancing rule which works well in practice, we suggest to choose an
index p such that the “clipped” predictor

(4.5) X = Z R, o

s=t-p

gives a good compromise between the theoretical prediction error and the estimation
error. The construction (4.5) is reminiscent of the classical idea of AR(p) approximation
for stationary processes.

We propose an automatic procedure for selecting the two nusiance parameters: the
order p in (4.5) and the bandwidth g, necessary to smooth the inconsistent estimator
¢é(z,7) using a kernel method. The idea of this procedure is to start with some initial
values of p and g and to gradually update these parameters using a criterion which
measures how well the series gets predicted using a given pair of parameters. This type
of approach is in the spirit of adaptive forecasting (Ledolter (1980)).

Suppose that we observe the series up to X;_; and want to predict X;, using an
appropriate pair (p, g). The idea of our method is as follows. First, we move backwards
by s observations and choose some initial parameters (po, go) for predicting X;_, from
the observed series up to X;_;_1. Next, we compute the prediction of X;_, using the
pairs of parameters around our preselected pair (i.e. (po—1, go—6), (Po, g0 —6),- .., (Po+
1,90 + &) for a fixed constant §). As the true value of X;_ is known, we are able
to use a preset criterion to compare the 9 obtained prediction results, and we choose
the pair corresponding to the best predictor (according to this preset criterion). This
step is called the update of the parameters by predicting X;_s. In the next step, the
updated pair is used as the initial parameters, and itself updated by predicting Xi—s+1
from Xy, ..., X:—s. By applying this procedure to predict X;_sy2, X¢—s43,..., X¢—1, we
finally obtain an updated pair (p1, g1) which is selected to perform the actual prediction.
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Many different criteria can be used to compare the quality of the pairs of parameters
at each step. Denote by X;_i(p,g) the predictor of X,_; computed using pair (p,g),
and by I;_;(p, g) the corresponding 95% prediction interval based on the assumption of
Gaussianity:

(4.6) I—i(p, 9) = [-1.965:—s(p, 9) + Xi_i(p, g), 1.966¢-i(p, 9) + X:i—i(p, 9)],

where 62_,(p, g) is the estimate of MSPE(X,_;(p, g), X;_;) computed using formula (3.8)
with the remainder neglected. The criterion which we use in the simulations reported in
the next section is to compute

| X — Xi—i(p, )]
length(l;—;(p, 9))

for each of the 9 pairs at each step of the procedure and select the updated pair as the
one which minimises this ratio.

We also need to choose the initial parameters (po, go) and the number s of data points
at the end of the series, which are used in the procedure. We suggest that s should be
set to the length of the largest segment at the end of the series which does not contain
any apparent breakpoints observed after a visual inspection. To avoid dependence on
the initial values (pp, gp), we suggest to iterate the algorithm a few times, using (p1, g1)
as the initial value for each iteration. We propose to stop when the parameters (p1, g1)
are such that at least 95% of the observations fall into the prediction intervals.

In order to be able to use our procedure completely on-line, we do not have to repeat
the whole algorithm. Indeed, when observation X; becomes available, we only have to
update the pair (p1,g;) by predicting X;, and we directly obtain the “optimal” pair for
predicting X;44.

There are, obviously, many possible variants of our algorithm. Possible modifications
include, for example, using a different criterion, restricting the allowed parameter space
for (p, g), penalising certain regions of the parameter space, or allowing more than one
parameter update at each time point.

We have tested our algorithm on numerous examples, and the following section
presents an application to a real data set. A more theoretical study of this algorithm is
left for future work.

5. Application of the general predictor to real data

El Nifio is a disruption of the ocean atmosphere system in the tropical Pacific which
has important consequences for the weather around the globe. Even though the ef-
fect of El Nifio is not avoidable, research on its forecast and its impacts allows spe-
cialists to attenuate or prevent its harmful consequences (see Philander (1990) for a
detailed overview). The effect of the equatorial Pacific meridional reheating may be
measured by the deviation of the wind speed on the ocean surface from its average.
It is worth mentioning that this effect is produced by conduction, and thus we expect
the wind speed variation to be smooth. This legitimates the use of LSW processes
to model the speed. In this section, we study the wind speed anomaly index, i.e. its
standardised deviation from the mean, in a specific region of the Pacific (12-2N, 160E-
7T0W). Modelling this anomaly helps to understand the effect of El Nifio effect in that
region. The time series composed of T' = 910 monthly observations is available free
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Fig. 2. The wind anomaly data (910 observations from March 1920 to December 1995).
(a) The wind anomaly index (in cm/s). The two vertical lines indicate the segment shown in
Fig. 2(b). (b) Comparison between the one-step-ahead prediction in our model (dashed lines)
and AR (dotted lines).

of charge at http://tac.atmos.washington.edu/data sets/eqpacmeridwindts. Fig-
ure 2(a) shows the plot of the series.

Throughout this section, we use Haar wavelets to estimate the local (co)variance.
Having provisionally made a safe assumption of the possible non-stationarity of the
data, we first attempt to find a suitable pair of parameters (p, g) which will be used for
forecasting the series. By inspecting the autocorrelation function of the series, and by
trying different values of the bandwidth, we have found that the pair (7,70/T) works
well for many segments of the data; indeed, the segment of 100 observations from June
1928 to October 1936 gets predicted very accurately in one-step-ahead prediction: 96%
of the actual observations are contained in the corresponding 95% prediction intervals
(formula (4.6)).

However, the pair (7,70/T) does not appear to be uniformly well suited for forecast-
ing the whole series. For example, in the segment of 40 observations between November
1986 and February 1990, only 5% of the observations fall into the corresponding one-step-
ahead prediction intervals computed using the above pair of parameters. This provides
strong evidence that the series is non-stationary (indeed, if it was stationary, we could
expect to obtain a similar percentage of accurately predicted values in both segments).
This further justifies our approach of modelling and forecasting the series as an LSW
process.

Motivated by the above observation, we now apply our algorithm, described in the
previous section, to the segment of 40 observations mentioned above, setting the initial
parameters to (7,70/T). After the first iteration along the segment, the parameters
drift up to (14,90/T'), and 85% of the observations fall within the prediction intervals,
which is indeed a dramatic improvement over the 5% obtained without applying our
adaptive algorithm. In the second pass, we set the initial values to (14,90/T), and
obtain a 92.5% coverage by the one-step-ahead prediction intervals, with the parameters
drifting up to (14,104/T). In the last iteration, we finally obtain a 95% coverage, and the
parameters get updated to (14,114/T). We now have every reason to believe that this
pair of parameters is well suited for one-step-ahead prediction within a short distance of
February 1990. Without performing any further updates, we apply the one-step-ahead
forecasting procedure to predict, one by one, the eight observations which follow February
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Fig. 3. The last observations of the wind anomaly series and its 1- up to 9-step-ahead forecasts
(in cm/s). (a) 9-step-ahead prediction using LSW modelling. (b) 9-step-ahead prediction using
AR modelling.

1990, the prediction parameters being fixed at (14,114/T). The results are plotted in
Fig. 2(b), which also compares our results to those obtained by means of AR modelling.
At each time point, the order of the AR process is chosen as the one that minimises the
AIC criterion, and then the parameters are estimated by means of the standard S-Plus
routine. We observe that for both models, all of the true observed values fall within
the corresponding one-step-ahead prediction intervals. However, the main gain obtained
using our procedure is that the prediction intervals are on average 17.45% narrower in
the case of our algorithm. This result is not peculiar to AR modelling as this percentage
is also similar in comparison with other stationary models, like ARMA(2,10), believed
to accurately fit the series. A similar phenomenon has been observed at several other
points of the series.

We end this section by applying our general prediction method to compute multi-
step-ahead forecasts. Figure 3 shows the 1- up to 9-step-ahead forecasts of the series,
along with the corresponding prediction intervals, computed at the end of the series
(December 1995). In Fig. 3(a), the LSW model is used to construct the forecast values,
with parameters {10,2.18) chosen automatically by our adaptive algorithm described
above. Figure 3(b) shows the 9-step-ahead prediction based on AR modelling (here,
AR(2)). The prediction in Fig. 3(a) looks “smoother” because it uses the information
from the whole series. This information is averaged out, whereas in the LSW forecast,
local information is picked up at the end of the series, and the forecasts look more
“jagged”. It is worth mentioning here that our approach is inherently different from
the one that attempts to find (almost) stationary segments at the end of the series to
perform the prediction. Instead, our procedure is adapting the prediction coefficients to
the slow evolution of the covariance.

6. Conclusion

In this paper, we have given an answer to the pertinent question, asked by time
series analysts over the past few years, of whether and how wavelet methods can help in
forecasting non-stationary time series. To develop the forecasting methodology, we have
considered the Locally Stationary Wavelet (LSW) model, which is based on the idea of
a localised time-scale representation of a time-changing autocovariance function. This
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model includes the class of second-order stationary processes and has several attractive
features, not only for modelling, but also for estimation and prediction purposes. Its lin-
earity and the fact that the time-varying second order quantities are modelled as smooth
functions, have enabled us to formally extend the classical theory of linear prediction to
the whole class of LSW processes. These results are a generalisation of the Yule-Walker
equations and, in particular, of Kolmogorov’s formula for the one-step-ahead prediction
error. :

In the empirical prediction equations the second-order quantities have to be esti-
mated, and this is where the LSW model proves most useful. The rescaled time, one of
the main ingredients of the model, makes it possible to develop a rigorous estimation
theory. Moreover, by using well-localised non-decimated wavelets instead of a Fourier
based approach, our estimators are able to capture the local time-scale features of the
observed non-stationary data very well (Nason and von Sachs (1999)).

In practice, our new prediction methodology depends on two nuisance parameters
which arise in the estimation of the local covariance and the mean-square prediction
error. More specifically, we need to smooth our inconsistent estimators over time, and in
order to do so, we have to choose the bandwidth of the smoothing kernel. Moreover, we
need to reduce the dimension of the prediction equations to avoid too much inaccuracy
of the resulting prediction coefficients due to estimation errors. We have proposed an
automatic computational procedure for selecting these two parameters. Our algorithm
is in the spirit of adaptive forecasting as it gradually updates the two parameters basing
on the success of prediction. This new method is not only essential for the success of our
whole prediction methodology, it also seems to be promising in a much wider context of
choosing nuisance parameters in non-parametric methods in general.

We have applied our new algorithm to a meteorological data set. Our non-para-
metric forecasting algorithm shows interesting advantages over the classical parametric
alternative (AR forecasting). Moreover, we believe that one of the biggest advantages of
our new algorithm is that it can be successfully applied to a variety of data sets, ranging
from financial log-returns (Fryzlewicz (2002), Van Bellegem and von Sachs (2003)) to
series traditionally modelled as ARMA processes, including in particular data sets which
are not, or do not appear to be, second-order stationary. The S-Plus routines implement-
ing our algorithm, as well as the data set, can be downloaded from the associated web
page

http://www.stats.bris.ac.uk/ mapzf/flsw/flsw.html

In the future, we intend to derive the theoretical properties of our automatic al-
gorithm for choosing the nuisance parameters of the adaptive predictor. Finally, our
approach offers the attractive possibility to use the prediction error for model selection
purposes. LSW processes are constructed using a fixed wavelet system, e.g. Haar or
another Daubechies’ system. It is clear that we can compare the fitting quality of each
such model by comparing its prediction performance on the observed data. In the future,
we intend to investigate this in more detail in order to answer the question, left open by
Nason et al. (2000), of which wavelet basis to use to model a given series.
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Appendix

A.  Theoretical properties of the predictor

Let Xy = (Xor,..-,Xi—1.7) be a realisation of an LSW process. In this
appendix, we study the theoretical properties of the covariance matrix 2,7 =
E(XyrX{.7). As we need upper bounds for the spectral norms ||| and ||2t—711||, we
base the following results and their proofs on methods developed in Dahlhaus ((1996b),
Section 4) for approximating covariance matrices of locally stationary Fourier processes.
However, in our setting these methods need important modifications. The idea is to
approximate X by overlapping block Toeplitz matrices along the diagonal.

The approximating matrix is constructed as follows. First, we construct a coverage
of the time axis [0,7"). Let L be a divisor of T such that L/T — 0, and consider the
following partition of the time axis:

Po={[0,L),[L,2L),...,[T - L, T)}.
Then, consider another partition of the time axis, which is a shift of Py by § < L:
Py ={[0,6),[6,L+6),[L+62L+6),...,[T —L+6T)}

In what follows, assume that L is a multiple of § and that §/L — 0 as T tends to infinity.
Also, consider the partition of the time axis which is a shift of Py by é:

Py = {[0,26), (26, L + 26),[L + 26,2L + 26),...,[T — L+26T)}

and, analogously, define P3, Py, ... up to Py where M = (L/6) — 1. Consider the union
of all these partitions P = {Po,P1,...,Pa}, which is a highly redundant coverage of
the time axis. Denote by P the number of intervals in P, and denote the elements of P
by M,,p=1,...,P.
For each p, we fix a point 1, in M, and consider matrix D® defined by:
1%
DB =328 (F) Tyln =~ m)lumens,
3<0
where I, menr, means that we only include those n,m that are in M. Observe that each

vp is contained exactly in L/é segments. The following lemma concerns the approxima-
tion of 3.+ by matrix D defined by

5 P
__5: (p)
Dnm— LPZIDnI;n'
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LEMMA A.l. Assume that (3.5) holds. If L — oo, §/L — 0 and L%/T — 0 as
T — oo, then
z'(Byr — D)z = ' zor(1).

ProoF. Define matrix ng’% by (Egp%)nm = (Z47)amln,mem,. Straightforward
calculations yield

P
1)
Al (Er—Dx =2z |= 2(?’) - D) |z + Restr
H L ;T
p=1
where
T/6—1 5 §—1
Restr = Z min (ln — m}z, 1) Z Trs+u(EtT ) notu,mé+sTmé+s-
n,m=0 u,s=0

Let us first bound this remainder. Replace (Z¢,7)nm by > ; Sj((n +m)/2T)¥;(n — m)
and denote b(k) := sup, | 3, S;(2)¥;(k)| = sup, |c(z, k)|. We have

T/6-1 5 ds
|Restr | < 2a'x Z min < ) Z b(k) + Rest.

k=(d—1)6+1

< 2z'z (6+L\/E§:b(k) + Z b(k)) + RestT.

k=1 E>VL

and the main term in the above is or(1) since L — oo and §/L — 0 as T — oo, and by
assumption (3.5). Let us now turn to the remainder Rest. We have

Rest], < TX: :Enxmz< Wi — (n+m))¢1k(m)¢gk(n)

n,m=

which may be bounded as follows using the definition of an LSW process, and the
Lipschitz property of S;:

2
k
Rest, < O(T™1) Z(C’j +£ij)Z ( Z |:rn1/1j,k(n)|>

n=k—L;+1
< ma;z i+ L;L)L; <O(T ez

by assumption of the lemma.
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Let us finally consider the main term in (A.1). We have

P
6
z' <_E Zzgf’% . D(P)) T

<53 S futr 5 ()] (S atintcn, )

<OT~ 1) ZZ <Zx nneM)Z(c + Lij(L; + L))
p-—l ik n
(A.2) =0T Mz'z Y (C;+ L;j(L; + L))(L; + L)

J

where the last equality holds because, by construction, each x, is contained in exactly
L/6 segments of the coverage. Since we assumed that L2/T — 0 as T — oo, we obtain
the result. U

LEMMA A2. Assume that (3.5) holds and there exists a t* such that x, = 0 for
allu & {t*,...,t* + L}. Then for each to € {t*,...,t* + L},

(A.3) 'Y rx = Z S; (%’) Z (tiL zuz/;j,k(u)) 2 + z'zO <L?2) :
j

k u=t*

Proor. Identical to the part of the proof of Lemma A.1 leading to the bound for
the main term, i.e. formula (A.2). O

In what follows, the matrix norm ||M| denotes the spectral norm of the matrix
M, ie. max{VX : ) is the eigenvalue of M'M}. If M is symmetric and nonnegative
definite, by standard theory we have

(A4) |M| = sup 'Mz ||M‘1||=( inf a:’Ma:)_l.

f=l3=1 l=fz=1

LEMMA A.3. Assume that (3.5) holds. The spectral norm || X7 is bounded in t.
Also, if (3.6) holds, then the spectral norm HS;}H is bounded in t.

Proor. Lemma A.l implies

2
Berl = s 235, (”P)z(zmn%,k_nnneM,,) +or()
k

“2— p=13j<0 n

using Parseval formula, we have

" el 12@2/ dwzs )11/33'(&0)&2

7<0

2

Z T exp(—iwn)lnemn,
n
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+or(1)
< esssupZS (2) |95 (w)[? Silllp lz]l3 + or(1)

1122—

= essiufzsj(z |1/)j(w)|2 + o7(1)

7

which is bounded by (3.5) (as (3.5) implies (3.7)). Using (A.4) with M = X.7, the
boundedness of ||2;711[| is shown in exactly the same way. O

Proor OF PROPOSITION 3.2. The proof uses Lemmas A.1 to A.3 and is along
the lines of Dahlhaus ((1996b), Theorem 3.2(i)). The idea is to reduce the problem
to a stationary situation by fixing the local time at v,. Then, the key point is to use
the following relation between the wavelet spectrum of a stationary process and its
classical Fourier spectrum. If X, is a stationary process with an absolutely summable
autocovariance and with Fourier spectrum f(-), then its wavelet spectrum is given by

(A.5) S =347 [ SO
2

for any fixed non-decimated system of compactly supported wavelets {1;5x}. We refer to
Dahlhaus ((19965), Theorem 3.2(i)) for details. O

We will now study the approximation of X by By.
LEMMA A.4. Under the assumptions of Propositions 3.1 and 3.3,
MSPE(X ¢4 h 1.7, Xeth-1.7) = birn-1Biin—1.7btsn-1 + birp_1birn_107(1)
and, in particular,
MSPE(X .1, Xt.r) = b, By.rbs + b}bor(1).

PROOF. By the definition of an LSW process, we have |wjk,r|? = S;((n+m)/T)+
(Cj + Ljlk — n—m|)O(T™"). Therefore,

t+h—1

(A6)  biyp1Zerhorbeyn = D Y bubmiir(n)ysk(m)wikr?
jk n,m=0
t+h—1
—Z Z bnbm ¥ j(n — m)S; ( +m>+Rest1.
2T
jk n,m=0

We bound Rest; as follows:

t+h—1
| Rest; | < I)Z Z (

jk n,m=0

@+q)w%%ww%m»

-(57)
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If £; denotes the length of support of 1;, we have 0 < k —n,k —m < L; and so
k— (n+m)/2 < L; such that

t+h—1
| Rest; | < O(T_I)Z Z (L;L; 4 C5)brbmjx(n);x(m)]

jk n,m=0

< O(T™H)biyn_1besn Z L;(L;L; + Cj)
J
= by p_1beyn107(l) by assumption.

Finally, by Assumption (3.5), (A.6) yields the result. [
LEmMMA A.5. Under the assumptions of Proposition 3.3, we have

birh1Bt4h-1;7berh—1 = by 1 Beyn-1,0bern—1(1+ or(1)).

Proor orFr LEMMA A.5. By Lemma A.4, we have bi+h_12t+h—1;Tbt+h—1 =
b;+h_1Bt+h_1;Tbt+h_1 + b;+h—1 bi+n—10r(l). By Lemma A.3, the inverse of Xy is
bounded in T and, by standard properties of the spectral norm, we have

[ ! -1
bith—1biin—1 < bypp 1 Bepn-1,70e4n -1 12 _p7ll
for all sequences byyx_1. The above gives
! I
bt+h—12t+h—1;Tbt+h—1 < bt+h—1Bt+h-—1;Tbt+h_1
/ -1
+ bt+h_12t+h—-1;Tbt+h—1”2t+h-1;T”0T(l)

which is equivalent to

trho1 Dt4h1:70ern—1 < Uiy Beyno1:0bern-1(1 = 1205 . pllor (1))

for large T'. On the other hand, we have

bipn_1Bt+h—1;18e4h—1 2 bip 1 Beon—1,7bern—1 (1 + HEZ%HOT(I))_I

which implies the result. []

B. Estimation of the local autocovariance function

In this section, we study the properties of the estimator of the local autocovariance.
We first show some relevant properties of the autocorrelation function ¥;(7) and the
matrix A defined in (4.4).

LemMa B.1. 1. The system {¥;(r),j = —1,—2,...} is linearly independent.
2. Denote by U(7) the wavelet autocorrelation function of a continuous wavelet 1,
i.e.

U(r) = /dm/)(u)w(u -7), TEL.

We have '
() = ¥(27|7])
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forallj=—-1,-2,...and T € Z.

The proof of the first result can be found in Nason et al. ((2000), Theorem 1). For
the proof of the second result, see, for example, Berkner and Wells ((2002), Lemma 4.2).

LEMMA B.2. Y71 270;(r) = 6o(7).

j=-—o00

Proor. Using Lemma B.1 and Parseval’s formula,

~1 ~1
PIRUCEDSELTIEDS / dof(2 ) explivr)
(B.1) _ Z / do 3" (2 @ + 2km)) P exp(iwr).
Jj=—o00 keZ

Denote by mg(€) the trigonometric polynomial which corresponds to the construction of
wavelet ¢ and its corresponding scaling function ¢ (Daubechies (1992), Theorem 6.3.6).
We may write

STIE@ I (w + 2km) = imo(27 T w + 279 k2 + 1) B @27 Mw + 270 M k2m) 2
keZ keZ

and, using the 2wk-periodicity of myg,

= mo(2 7w+ 2D [$(27 w + 277 k) ?
kel
= |mo(2779 w4+ )? Z Imo(279 72w + 2797 2k27) 2 |$(2 79 2w + 279 2k27)|?
keZ
= [mo(277 " w 4+ m) |2 me (277 2w) |2 Z 16277 2w + 279 2k2m) |2
keZ

By similar transformations, we finally arrive at

= |mo(277~ 1w+7r)|2H mo(27 W) 2 Y |@(w + k2m)
keZ
= 2m) Hme(277 w + )2 ﬁ Imo (2797 "w)|?
n=2

= 2m) 71 =me(27 W) * ] Imo(2%w)f>.
=0

Using (B.1), we obtain

_]2

—1
> 270(r) = (2m) 7 /0 }: dwexp(iTw)ll — mo(277 " 1w)|? H Imo(28w)12.

j=—00 Jj=—00 =0
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Expanding the telescopic sum over j, we get

—j=2 -j-1

Z 11 —me(277 " w)|? H Imo(2'w) 1- lim H Imo(2'w)

J-——OO

H

{l

1— H Imo(2w)|?.
=0

Thus, we obtain

-1 -
Z 200,(1) = % : dw exp (iTw {1— Hlmg 2ew)]2}
j=—00
2m
(B.2) = bo(1) — %T—/o dw exp (z’rw)g |mo(24w))2.

Now, it remains to prove that the second term in (B.2) is equal to zero. By definition,
mo(w) = 271/2 Ziﬁg Y hpe=™" where {hy}rez is the low pass quadrature mirror filter
used in the construction of Daubechies’ compactly supported continuous time wavelet ¢
(Daubechies (1992), Section 6.4). We have

2N-1

2m
— / dw exp (iTw) H Imo(24w)|? = H 2t Z Ry hmbo(n — m)

£=0 n,m=>0

which clearly tends to 0 as L tends to infinity. O

LEMMA B.3. Matriz A defined in (4.4) has the following properties:

-1
(B.3) > YAp=1

j=—o00
If | in addition, A is constructed using Haar wavelets, then

-1

(B.4) > 1A < C -2
{=—00

(B.5) DA =
b=—00

for all 7 < 0, where C is a constant.

Proor. (B.3)is a straightforward corollary of Lemma B.2. To prove (B.4), we
introduce the auxiliary matrix I' = D’AD, where D = diag(27/ 2),<o is diagonal, i.e.
T;o = 29/24;02%/%. Nason et al. ((2000), Theorem 2) show that the spectral norm

of I''! is bounded for Haar wavelets. Therefore, we obtain (B.4) as g__ oo |Aﬂl| =
S 2j/22e/2|I‘j’el| < C - 29/2. To prove (B.5), observe that if X; 7 is a white noise,
then its classical Fourier spectrum is f(A\) = (2r)~!. On the other hand, white noise
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is an LSW process such that 3=, S;¥;(7) = é(r) which implies that S; = 2/ (Lemma
B.2). (B.5) then follows from the following property: If X, is the wavelet spectrum of a

stationary process with absolute summable autocovariance and with Fourier spectrum
f, then its wavelet spectrum is given by S; = 3, A7 [ dAf(A)[pe(N)[? and, moreover,

Jdlpe(N)2 =27, O
PrROOF OF PROPOSITION 4.1. We will first show
(B.6) Cov (Z XsyTwik(S),ZXs,T"/}jk(5)> = Zc(k/T, T)dem(T)%'n(O)
l O(2~ (421,

We have

Cov (Z X 13 k(5), Z X, Y5k (8)>

_ ; [se (;) Lo (CZ—J“M)] 5 bes (b )

Using £; = O(M277) in the first step, and the Cauchy inequality in the second one, we
bound the remainder as follows:

Z o) (ﬂiﬂ;&—_k)_) Zt:¢zs(u)¢jk(5)¢et(u)¢ik(t)

Lu

D Wes (w)tsk () e (w)tbin (t)

s,t

T

u

.y . —i 9—j
< Z Ce+ MLy(27" + min(27°,277)) Z
¢

3 Co+ MLy(27¢ 42742273

/2) 1/2 1/2
T (Aej)"“(Aui)

<

¢
9—(i+4)/2

- {Z(Cg—+—ML[Q_Z)2(i+j)/2(Aej)1/2(Ali)l/2
[

+ ZMLZ(AZj)1/2(AZi)1/2}

o9—(i+5)/2
=—F
By formula (B.3),

{I +11}.

I<Y (Cot+ MLi27%)(2 A + 2 Agj) <) (Co+ ML279)2) 2'Ay < Dy
£ I4 i

As 3>, L;2™" < 0o, we must have L; < C2 so Y, L;A;; < C again by (B.3). This and
the Cauchy inequality give

1/2 1/2
II<2M (Z LZAei> (Z LeAej> < D».
£ 14
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The bound for the remainder is therefore O(2-(+3)/2T~1). For the main term, straight-
forward computation gives

S5 () X s el (n(t) = 3 eh/T,7) Y i) (0,
Lu st T n

which yields formula (B.6). Using Lemma B.2 and (B.6) with i = j, we obtain

-1

E(&(k/T,0)) = Y 274 e(k/T,7)¥,(r) + 0277 /T)

j=—J T
> e(k/T, 7)8o(r) + O(log(T)/T) = c(k/T,0) + Olog(T)/T),

T

il

which proves the expectation. For the variance, observe that, using Gaussianity, we have

o ((5)0(5)

=2( ) c(k/T,7) Y Yin(T)n(0) + O™ CHIETY) 2
(B.7) =2( Y elk/T,m) Y Yin(T)1jn(0) 2 +0(2~ 2T,
provided that (3.5) holds.T Using (B.7)T,l we finally obtain
(B.8) Var(¢(k/T,0)) =2 _Zl 279 (> " e(k/T, 7)Y tin(T)5n(0) 2 +0(T™Y). O
Iy = "
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