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Abstract. The asymptotic distribution of the integrated squared error of positive
wavelet density estimator is derived. It is shown that three different cases arise
depending on the smoothness of the unknown density. In each case the asymptotic
distribution is shown to be normal. A Martingale central limit theorem is used to
prove the results.
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1. Introduction

Let X1,...,X, be an iid sequence of random variables with a common pdf f. Since
the pioneering work of Rosenblatt (1956) numerous methods have been proposed for
estimating f nonparametrically. Procedures based on the wavelets have gained consid-
erable popularity in recent years. Estimators based on wavelets are classified either as
linear or non-linear wavelet estimators. Various properties of linear wavelet estimators
have been studied by Kerkacharian and Picard (1992), Masry (1994), Walter (1994).
Nonlinear wavelet estimators were considered by Donoho et al. (1996), Hall and Patil
(1995), Delyon and Judisky (1996). Donoho et al. (1996) have shown that nonlinear
wavelet estimators have uniform optimal convergence rate over a large class of function
spaces. Pointwise asymptotic normality of linear multiresolution wavelet estimator was
established by Wu (1996). Zhang and Zheng (1999) derived the asymptotic distribution
of Ly-error of the linear wavelet estimator under a very mild condition. Asymptotic dis-
tribution of La-error of orthogonal series type density estimator was derived by Ghorai
(1980). Hall (1984) studied the asymptotic distribution of Le-error of multivariate ker-
nel density estimator. Asymptotic normality of Ly-norm of multivariate kernel density
estimator was studied by Csorgé and Horvath (1988) and Horvath (1991).

One of the disadvantages of the nonparametric density estimators is that it can be
negative. For kernel based method this can be avoided by using a nonnegative kernel.
For wavelet based methods, Walter and Shen (1999) introduced a class of nonnegative
wavelets and used them for estimation of density function. The estimates based on
the positive wavelets are proper density functions. Walter and Shen (1999) studied the
convergence of pointwise MSE of positive wavelet density estimator.

In this paper, the asymptotic normality of I, = f( fn — £)%dz, of the positive wavelet
density estimator is derived. For general orthogonal wavelets, I, — EI,,, can be expressed
as a U-statistics. For positive wavelet density estimator I,, - EI,, can be expressed as a
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sum of a U-statistic and a linear term. If the unknown density is smooth then the linear
term can not be neglected. Three different cases arise depending on the smoothness of
the true density. All three cases will be considered.

2. Notations and some preliminaries

Let ¢ and ¢ denote the scalling function and the mother wavelet associated with
the multiresolution analysis {V;} of Ly(R) respectively. In the rest of the paper it will
be assumed that ¢ and ¢ satisfy the following conditions (Daubechies (1988)):
¢ € S, Schwartz space of order r, r > 2 and there exist constants C' and D
such that sup |¢(z)| < C, sup [¥(z)| < C, [#(z)dz = 1, supp¢ C [-D, D],
suppy C [-D, D].

Translations and dilations of ¢ and ¢ are defined as

Pik(z) = 229Xz — k),  v(z) =22z - k).

It is known that {¢;z,k € Z} is an orthonormal basis of V; and for fixed jo € Z,
{jorr k € Z,¢k,7 = jo,j € Z,k € Z} is an orthonormal basis of La(R). Wavelet
kernels are defined as

7,y) =) dle~k)dly—k), and gu(z,y) = 2"$2"z - k)$(2"y — k).
k

k

Positive wavelet kernels are defined through p, (z), where

pa(z) = Za'j'¢($ - 3)-

Walter and Shen (1999) have shown that there exists ag > 0, such that for o < a < 1,
pa(x) > 0 for all z € R. Positive wavelet kernels are defined as

(2.) Kate) = (152 2 rale = Rpaly =~
Kom(a,) = 27K (270,27%).
Define

K, (u,v) = /Ka(u,w)Ka(w,v)dw

m () = /Ka,m(:v,y)f(y)dy
Di(l,a) = (I] — )all + 20M1(1 — a?)~?

o= (12) [

[e3] 00 1
Dg(a):/ / / K2(u,v) K2 (u, w)dudvdw
-0 J~00 JO

Daa) = /_Z [/Ol(ka(u, v))QduJ dv
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00 1
Ds(a) =/ / (Ko(u,v))>dudv
—oo JO
00 1
De(a) = / / (K a(u, v))*dudv
—o00 J0O

Dr(a) = /01 /// Ko (u1,uz) Ko (uz, uz) Ko (u1, us)

. Ra (U2 s U4)dU2dU3dU4dul

Ds(a) = /0l (//Ka(x,z)Ka(:c,w)(a: - z)2d:l;dz)

: ( / / Ka(y, 2/ ) Ka(y, w)(y — z’)2dydz'> dw
Dy(ar) = /01 // Koz, y)Kolz, 2)|z — y|?dzdydz

Diyp(a) = /// (/01 Ka(x,z)Ki(y,z)Ka(x,w)dz) drdydw

(22)  nPHu (X, X;) = / Ko, X) — (@) (Kaa(@, X;) — fin(2))
Gn(xv y) = E(Hn(XSax)Hn(X&y))
W; = / (Ko (2, X:) = fin(@))(fim(2) — f(2))d.

A positive wavelet kernel density estimate is defined as
. 1«
fn(x) = ; Z} Ka,m(x,Xi)- '
The Ls-error associated with fn is defined as

I, = / (Fule) - f(2)2de.

The purpose of this paper is to derive the asymptotic distribution of (I, — FI,).
Define

T = [ (7ala) = fn(a) e
Ina =2 [ (Fa(®) = (@) (@) — 1))
Ia = [(fm@) - f(@)Pda:
Since El,y = 0, we have I, — EI, = (I,; — EI,1) + I,2. I, can be expressed as
Iy = [(Fa@)  fn(@)Pd
= ;;Hn(xi,xj)
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= QZZHn(Xi,Xj) + ZHn(Xqu)
i<j i=1
=2U, + Zn:Hn(Xi, X;).

i=1

n 2 n
(23) (I = Elu) + Ina = 2Un + ) [Ha(Xi, Xi) — BHA(X3, Xo)| + = ) Wi
=1 =1

=1dn + Tn2 + Tn3-

The first term is a multiple of a U-statistic. The second and third terms are sums of
iid random variables. The asymptotic distribution of the first term can be derived using
a CLT for the U-statistic. The asymptotic distribution of the second and the third term
can be derived using the standard CLT for iid random variables. In the next section it will
be shown that V(T,1) = O™+ /n2), V(T,3) = O(22™/n?), and V(Tys) = O(2~4™/n).
For most choices of m, V(Ty2)/V(Tr1) — 0 and V(Th2)/V(Th3) — 0 as n — oo. Hence
the distribution of I,, — EI, will be determined by the distributions of T,,; and Ty3. If
m is such that 2°™/n — oo, then I,, — EI, 2 T.,. If m is such that 25™ /p — 0, then

I, — EI, R Ths. If m is such that 25™ /n — X, then I, — EI, R Ty + Ths.
3. Main results

In this section we will derive the asymptotic distribution of I, — EI,, via a sequence
of lemmas. Several auxiliary results that are needed in the proof of the theorem are
stated in Lemmas 3.1-3.14. The main theorem and its proof follows the statement of the
lemmas. The proofs of the lemnmas are in Section 4. The unknown density is assumed
to satisfy the following condition.

(A): f is bounded, Riemann integrable, piecewise Holder continuous on [—L, L], for
some L > 0, with index 3 € (0,1) and monotone on (—oo, —L] and [L, 00).

LEMMA 3.1. Let po and Ky(z,y) be as defined in Section 2. Then
() 2 (fy K2(u,v)du)dv = Dy(e)

(il) [ palz —k)pa(z —K')dz = Di(k — k', cx)

(i) Ko(z+ k,y +k) = Ko(z,y) for all x and y.

LEMMA 3.2. If f satisfies condition (A), then

/ (K2, (2, X,))dz = 2" Da(a) (1 + om(1)).

LemMMA 3.3. If f satisfies condition (A), then

/ffn(a:)dx = /f2(m)d:v+0(2_m'6).

LemMA 3.4. If f satisfies condition (A), then

[ B2 01,0)K2 (61 ) idy = 27 Dy(a) + O29),
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LEMMA 3.5. Assume that f satisfies condition (A). Then
// frn(@)EK aym (2, X1) K& m (y, X1)dzdy

— 2™ Dyo(a) [ / F(x)dz + 0(2-mﬁ)] .

LEMMA 3.6. If f satisfies condition (A), then

//[E(Ka,m(x,Xl)Ka,m(y,Xl))]2dxdy
=2"Dy(a)(1+ 0(27™P)).

LEMMA 3.7. If f satisfies condition (A), then
(a) [ fr(z)dr < [|IfI1Z
() [f fn(@) fm (W) E(Kam (2, X1)Kam(y, X1))dzdy < ||f|2-

LeEMMA 3.8. Let Hy be as defined in Section 2. If f satisfies condition (A), then
En*H2(X,, X2) = 2™ Dy()(1 + O(2~™F)).

LeMMA 3.9. If f satisfies condition (A), then

/// [EH?=lKa,m(yj’Xl)]2H?=1dyj = 2°™ Dg(a) [/ f(z)dz + O(Q—mﬁ)] )

LEMMA 3.10. If f satisfies condition (A), then
/ / / (BTG Kom (Y5, X1))? f (ya) T3 dy;
<2 Ds(@IfI ([ Pla)ds +0m9)).

LEMMA 3.11. If f satisfies condition (A), then

nPEH: (X1, X3) = 2°™Dg(a) { / fi(z)dz + O(Q-mﬁ)] )

LeMMA 3.12. If f satisfies condition (A), then

nPEG2(X,,Xs) = 2™ Dy (a) [ / fA(x)dx + 0(2—mﬁ)] .

LEMMA 3.13. If¢ € Ss, then [uK,y(z,z + u)du = 0.



624 J. K. GHORAI
LeMMA 3.14. If f" satisfies condition (A), then
24m Var(W;)

- i [D 8(c) / (f"(2))*f(z)dz — Dj(a [ / £ x)f:v(:r)dx]? +0(2" ™).

Remark 3.1. (f f'(x) a:)dx < J( f" ;z))2 :v)dx and D%(a) < Dg(a) imply
that Ds(a) [(f")?f(z)dz — D3(e)(f f"f(z)

Define 07 = 2D4(a) and 0% = [Ds(a) [(f7)?f(z)dz — D3(a)([ f" f(z)dz)?).

THEOREM 3.1. Assume that f is two times piecewise differentiable and the piece-
wise second derivative, f", satisfies condition (A). Define

n2"™2  if 25M/p — o
d(n) =< /n2*™ if 2™/pn >0
n9/10 if 2"/n—> X 0<A<o00
and A, = d(n)(I, — EI,). Assume that m = m(n) — oo and n/2™ — 00 as n — .
Then
N(0,0%) if 22™/n— o0
An B { N(0,02) if 28™/n -0
N(0,A\Y302 + A=4/552)  if 2™ /n — A

ProOOF. From (2.3) we have I, — EI, = Tp1 + Tpo + Ths. Since EH,(X;, X;) =0,
using Lemma 3.8 we get

Var(T,1) = Var(2U,)
=4y >, BHI(X:, X))
= 2n(n - 1)n~*2" Da(a)(1 + O@27™7))
= 2™n"22D,(a) <1 - ;21‘> (1+0@2™™)).

Hence lim,,—, 00 27 ™n? Var(Ty1) = 2D4(a) = 02. Using Lemmas 3.12, 3.11 and 3.8 it is
easy to see that

[EG%(X1, X2) +n \EHA(X1, X2)|/[EH2(X1, X2) = O(2™™) + O(2™/n)

— 0 as n — co.

Since Ty; is a multiple of a U-statistic it follows from Therem 1 of Hall (1984) that
n2-m/27,, 5 N(0,0%). Using Lemma 3.14 we get

Var(Tyn3) = 4n~ ! Var(W;)
= 274mn~152(1 4+ O(27™A)).
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Hence lim,,_,o0 2Y™n Var(Ty,3) = ag’. Since T3 is a sum of iid random variables, it follows
that 22™\/nThs D N(0,02). Using Lemmas 3.2-3.5 we get
n![EH, (X, X)]? = 2™ D}(a)[1 + O(27™7)]
n*EH2(X;, X;) = 2™ Ds(a)(1 + O(27™F))
Var(Tr2) = 2°™n"3(D3(a) — D3(a))(1 + O(2~™))
= 0(22mn~?).

This shows that T,,2 can be ignored. Since T},; is a multiple of a U-statistic and
Var(Ty3)/ Var(T,1) — 0 if 25™/n — oo, the first part of the theorem follows from
Theorem 1 of Hall (1984). Since Var(Ty1)/ Var(Tps) — oo if 2™ /n — 0, the second part
of the theorem follows from the standard CLT for iid random variables. If 25™/n — X
then Var(T,1) + Var(T,3) = n=%5(A\/30¢ + A=4/562)(1 + O(2-™#)). Since Ty, and Tj,3

are uncorrelated and are asymptotically normally distributed, third part of the theorm
can be established using Cramér-Wold device. This completes the proof of the theorem.

4. Proofs of lemmas

Proor OF LEMMA 3.1. Using the formula (2.1) we get
4 o 1
1+a 9
(155) [ ([ wewoe)a
1 o0
- /0 [Z D palu = k)palu — k) / pa(v = k)palv — k')dv] du
k K —o0

B / ZZPQ(U — k)pa(u — K')D1(k — k', )
0 k k'

- Z(Dl(l7a))2
l

20t r

= (D1(0,a))% + 2; [(z — 1)t + —

_ (1+a?)® +6a%(1+a?)
- (1-a?)’ )

The proof of other two parts are straight forward.

PrOOF OF LEMMA 3.2. Using a scale and location transformation we get
@1 o2-m / (BK2, (2, X,))dz

=2 [[ K2 @) swiayes
1 2mL 00 -2™mL-1

2// K*?’Q(Z—v) Y+ Y + % f(v;ns)dudv.
0 = = =
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Let v > 0 be fixed. Choose L > 0 such that f is monotone on (—o0, L] and [L, 00). Then
o= v+s ]
2 E f(2m)+2 2 [f(zm)"f(z_ﬁ)]
s=—2mL s=—2mL
- Jl(m,L) + Rl(m: L)

Since f is Riemann integrable,

L
(4.2) /_L f(x)dz — Ji(m, L)| = o (1).

To get a bound on R;(m, L) we proceed as follows.

== 5 [1(5) (420

s=—2mL

+2mm QZL i‘[ (SH) f(s+2{n_l)]
s=—2mL j=1

R <2 S 4%)4(%)

5 £ () (24

§=—2M],
o 5 S
< (Pl +DSE@™™,v, L) - 827, v, L)]

s=—2mL j=1

where S(A,,) and S(A,,) denote the upper and lower Riemann sums with A,, = 2™™.
Since f is Riemann integrable |S(2~™) — S(2~™)| — 0 as m — oco. Hence |R;(m, L)| <
([} + 1o, (1). Similarly for v < 0, we get {Ry(m, L)| < ([|v|]] + 1)om(1). Hence for any
fixed v, positive or negative,

(4.3) [R1(m, L)| < ([lv]] + 1)om(1).
Now using (4.2) and (4.3) in (4.1) we get

(4.4) / /K(uv) Z f(”“)d udv

s§=—2"L

:/ / K2(u,v)J1(m, L)dudv
—00 JO
0 1
+/ / K2(u,v)R;(m,v, L)dudv
—o00 40

= /_Z /OlKg(u,v) (/_I; f(:c)dz—!—om(l)) dudv

i /_Z /01 K3 (u,v)(|v] + 1)om (1) dudy
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L
= Ds(a) (/_L f(x)d:v+om(1)) + 0 (1).

The second term above follows from the fact that K, is rapidly decreasing and hence
2 fol K2(u,v)(Jv| + 1)dudv < 0o. Next consider

oof(:lcda:- z 27 f v+s
L

8==2mL

00

<| [ reie- Y 2 (o)

s=2mL
= Jg(m, L) + Rz(m, L)

S0 @)

g=2mL

An upper bound for Jy(m, L) can be obtained as follows.

(4.5) Jao(m, L) = /Loo fz) ~ szgﬂ 9—m f (_2_.:"_)
- —m s—1 B s
= S=2'"ZL+12 {f( 2m ) f (2"‘)]
= 27" f(L).

‘The last inequality above follows from the fact that f is monotone on [L,o00). Next
consider the second term Ry(m, L), with v > 0.

(4.6) |Rs(m, L)| < Z 2—m[§1{ (SH) f(i;’;—l)]

s=2mL+1

2™ [f(L)+f(L+7-n-)+---+f(L+-2(f:;])J

< (o] + DFER™
Combining (4.5) and (4.6) we conclude that

I

(@1) [T wan- 3 2 (550 < G wrwen

s=2mL

Similarly for v < 0

/ fyi Y- 2‘"’f( = ) < (ol + 2)f(L)2™

g=2mL
g f(

Hence

(4.8) / K2(u,v) oo

) dudv
5= 2ML+1
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- /_Z /01 Kg(u,v)dudv/:o f(z)dz
<o m ( /_ : /0 " K2 (0, ) (0] +2)dudv)

= 0@2™™).

Similarly

(4.9) '/ / K2 (u,0) _ - <v+8)d dv
_ /_ ~ /O K2 (u,v)dudv /_ : f(z)dx

—0@™™).

—2L1

Now combining (4.4)-(4.9) we conclude that

/ / KZ(u, U)Zrmf(

= Do(a)(1 + om(1)).

)ddv

ProOOF OF LEMMA 3.3. As in the previous lemma, using a scale and a location
tranformation we get

(4.10) / 2 (2)da
= // [22’"/Ka(2mz,2my)Ka(2mx,2mz)dz} fW) f(z)dydz

// (/ K o, v) Ko (s, w)du)

L2 B () (5

s==—2mL s=2mL+1

First consider

s_gmLf(M_s) (w;s)
- 3 (5 (%) - )]

e 5 () [ (52) -1 ()]

8=—2mL
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2™L s
-m 2
2 D f (g—m)
s=—2mL
= R3 + Ry + J3.

A bound on J3 can be obtained as follows:
L

/ P(@)dz — Jy(m, L)
-L

- z—m/QmL 2 (Qim) — Js(m, L)

—2mL

< 2||fllw2” ™27 ™A2(2™ L)
= 02" ™).

Next compute a bound on R3. Assume w > 0.

|Rs(m, L, v, w)|

o 5 ()b () -1 6)
< o2 ™ w2~ ™P2(2™ L)
=02 ™Pw).

For w < 0, a similar argument can be used. Hence for any fixed w, positive or negative,
|R3(m, L,v,w)| = O(2~™|uw|).

Using a similar argument it can be shown that
|R4(m, L,v,w)| = O(2~™v|).

Now combining the above three bounds we conclude that

(4.11) /: /: (/01 Ka(u,v)Ka(u,w)du)
C;ig—mf (%) 1 (“’2:3» dvdw
_ /_ Z /_ Z < /0 'K, v)Ka(u,w)du) ( /_ Z f2(:r)d:c) +0@"™8),
Next consider

= )

2mL+1

- £ ) e 5 () (51 (69)

2mL+1 oamL 41
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S () ()]
2mL+1
= Js + Rs + Rs.

Now compute a bound on Jy.

" raw-a
L

o ([T (2o (L
8§L2 </s f2(2m) f (2m)>dx
< FALy2~™.

Compute a bound on R5. Assume w > 0.

|Rs(m, L, v, w)| .
RICSIICORIC|
<2 ™ (L) [f(L)Jrf (L+ 2—1,;) T <L+ g%)]
<27 f(L)([wlf(L))
= O(w2™™).

For w < 0, using the Holder continuity condition on [L 4 7%, L] and the monotonocity
of f on [L, 00), the following bound can be obtained.

(4.12)

—9-m

(4.13) |Rs(m, L,v,w)| = O(|w|2~™P).
Using a similar argument Rg can be bounded as
(4.14) |R¢(m, L,v,w)| = O(jv]2~™F).

Now combining (4.12)—-(4.14) we conclude that

(4.15) /_Z /:: (/01 Ka(u,v) Ky (u, w)du)

[ () () o

2mL+1
- [ /L ” P()ds + o<2-mﬂ)] .

Again using the arguments similar to the ones used to derive (4.15) we get

(4.16) /_ Z [ Z ( /0 1 Ka(u,v)Ka(u,w)du)

“2L-tr v+s w4+ s
3 () ()| e

-0

_ [ / @) + 0(2~mﬂ)} .
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Now combining (4.11), (4.15) and (4.16) we get

[ i) s (521 (52) oo

- | res o@)|.

Proor or LEMMA 3.4.

J[ B (120 50,) K2 (0,0) dady
=™ // (/Kg(z,x)Kf,(z,y)f (2%) dz) dxdy
=2m // (zs: /01 K2(w+s,u+s)K2(w+s,v+s)f ('w2:s) dw) dudv

= 22m /01/ K2 (w,u)K2(w, v)dudv (2_'"Zf (w;,;S)) dw.

Now using the arguments similar to those used in Lemma 3.3, we conclude that

//E (Ki,m(Xlax)Kz,m(ley)) dzdy
= 22 Dy(a)(1 + O(2~™)).

PrROOF OF LEMMA 3.5.
J[ £(8) B R, X0) K2 0, X2) oy
- / / / Ko(z,0)Ka(z, 2)K2(y, 2) f (-2%) f(2im) dwdzdzdy
= ///;/z:l Ki(y,2)f (5%) Ky(z,w)Kqo(z,2) f (51%) dzdwdzdy
_ gm / / / 01 K2(y, 2)Ka(, 2)Ko(z, w)
. {2_,”23:]0 (z;;s) f <w2j—ns>
= 2"Djo(a) [/ fi(z)dz + 0(2_"’5):’ .

dwdzdzdy

Proor orF LEMMA 3.6.

/ / [/ Kom(®,2)Kom(y, 2)f (Z)dz} 2 dzdy

631
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- //f(g(z,z’)f () s (%) dzd?!
o[ [ ([ Retwerae) ] | [ e+ 06

— 2™ Dy(a) / P(z)dz + 0@2-™1-8).

PROOF or LEMMA 3.8. The proof follows from Lemmas 3.6 and 3.7.

Proor or LEMMA 3.9.

/ / / / (BIT_, Ko o, X1))PTI dyy
P / / (Rale,2)f () 1 (;—m) drdz’
:23m/:/01(f<a(u,v))4 2~m§f<";f)f(”;s)] dudv
28" Dy(a) [ / P(z)dz + 0(2-m6)] .

ProoF oF LEMMA 3.10. Since [ f2(z)dz < ||f||%,, it is enough to show the fol-
lowing.

///[EH?=1Ka,m(yj,Xl)]2H§-'=1dyj
= [[[Kams,2) ()T

=™ //(f(a,m(a:,x'))sf (2%) f (%) dzdz’
— g2m /_Z /Ol(fca,m(u,v))?’ {rm Zsjf (“;,;s) f (”;ns)} dudv
— 2™ Dg(a) [ / F(x)dz + 0(2—mf3)] .

Proor oF LEMMA 3.11. The proof follows from Lemmas 3.10 and 3.11.
PrOOF OF LEMMA 3.12.
EG2(X1,X2) = E(Hn(X3, X1)Hp (X3, X2)Hp (X4, X1)Hn (X4, X2)).
Hence
ndEG2 (X1, X>)
~ [[]] Bl o (@, X0) = @) Faim (2 X) = fun(@)
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: (Ka,m(y’X2) - fm(y))(Ka,m(an3) - fm(y))
(Kam(2, X1) = fin(2)) (Ka,m (2, X4) = fm(2))
(Ka,m(w, X)) = fm (W) (Ko,m(w, X4) — fm(w))]dzdydzdw

_ / / / / (EK (@, X1) Kam(2 X1) = fru(2) fim(2))

(EKa m(x X3) am(y,Xfi) ( )fm(y))
(EKa,m(2, X4) Ko m(w, X4) — fm(2) fm(w))]dzdydzdw.

The integrand can be multiplied to get several terms. The dominating term is given
below.

(4.17) //f/ Kom(z, X1)Ko,m(2, X1)) E(Kam(y, X2) Kaym (w, X2))
(Kam(x Xa)Ka m(y,Xg)) (Kom(z, X4) am(w X4))]dxdydzdw

/::H /// Ko(u1, ug) Ko (ug, u3) Ko (u1, ua) Ko(usz, ua)
I, f (5 ) dus
= [ Rt )l R ) et 0

. (Zn;*:lf (“2:3) du,-> .

Now consider the sum in (4.17).

an_lf <u +s)
-y (5) (1 ("5) -1 ()
31 ()t (%5°) (1 () -4 (9)
28 () (5) ( (%) -1 (39) + 2 ()

= Tna + Tus + The + Tz
If f satisfies condition (A), then it can be shown that

21 (5) = [ @ 0@

127" Tna| = O(lual2™™)
127" Tns| = O(Jus|27™7)
27T 6| = O([ua|27™P).
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Since K, (z,y) is rapidly decreasing, it can be shown that

1
/ ///Ka(m,us)Ka(uQ,U3)Ka(u1,u4)Ka(u2,u4)H§=1|ui]dui < oo0.
0
Hence the right hand side of (4.17) can be approximated by
RHS of (417)| = 27Di(a) | [ *)te + 0@2)].

The remaining terms in the expansion of the product in (4.17) are of lower order of
magnitude. Hence

WG, %) = 2 De(w) [ [ (@i + 0.
This completes the proof.

Proor orF LEMMA 3.13.

/uKa(:v, z + u)du

_ <+ )Z S alil+klg(s - ko +u - j)du

J

( )Z%ﬁ a4 [ ug(e — o+ u — j)du
(LZ) Z; QiR (G _ k)

Proor oF LEMMA 3.14. Since EW, =0
2
Var(Wi) = B [ [ (e %) = @) o) - f(w))dm]
- / (@) = F@)(Fnl) = FO) EK o (@, Xi) Ko (9, X)) dzdy

[ / (fmlz) x))fm(a:)dw]

First compute an approximation to T),s.

wis 7a- [f]/ Ka,m<x,z><f(z>—f<w>>dz}

| [ Hamln 06 - 1007
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- ( [ Eam(@,w)Kam(v,0)1 (w)dw) dady
=2 / K (‘” ) (2m))dz]
z ,
. [Ka(yaz) ( (2—m) -f (2—,;)> dz]

- [Kale, w)Ka(y,w)f (55 ) dw] dedy
oo [t () 1 () o]
: [/ Ko(y, 2') Ka(y, w) (f (%) ~f (;)) dydz}

f(zm)dw

= [ [[Katw ke [[ Koty Hatw
[zt
(%) (5))
() A2 i
Using Taylor's expansion, the quantity in the square bracket can be expressed as
2_mzf<w+s> [(22;95) ; <x;ns> +%<z2—mm)2f,,(0(z,x’s))]
[ (522) 352 e
-(5) ()2 (%) 7 (5) 7 (57)
) (R () () rocn
) () S (5 () e

_( —_ (z —y) 2-—m2f(w+s) f(0(z,,9))f"(0'(2,y,9)).

In view of Lemma 3.13, the integrals of first three terms in the above sum are zero.
Hence if f satisfies condition (A), then for any fixed z, y, 2, 2/ and w, the last term
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above can be approximated by

(419 274z — oy~ o [ [P @)+ 0.
Using (4.19) in (4.18) we conclude that

(4:20) 2 L,a(m) = Dafa) 1 [ (@) @itz + 02)].
Now compute an approximation to Tyg9.

(421)  Too(m) = / (Fm(@) — £(2)) fm(z)da

~ [ |/ Kamtenit) - 1] | [ Kamo211(:1a5)
- / 1 / Ka(z,5)Ka(z,2)2°™
(%) ()7 (%)

1

2
y—x "
+ 3 <——-—2m ) f (G(x,y,z))} dxdydz.

Again in view of Lemma 3.13, the integral of the first term wrt y vanishes. Hence if f”
satisfies condition (A), then the second term above can be approximated as

(4.22) {2 me <z+s) - (y2;$>2f”(0)}

— 972mg _ g2 [5 [ £+ o).

Using (4.22) in (4.21) we conclude that

P Ta(m) = Dafa) |5 [ /@S @)tz + O2)
and hence
2
(423)  2'"T%(m) = D(e) [(% @ seis) + 0(2-mﬂ>J .

Now using (4.20) and (4.23) we conclude that

4[2*™ Var(W;))
_ 4[24an8 _ (22mT 9)2]

[Dsw @@ - i) ([ @1 a:)dm)2

This completes the proof.

+0(27™8).
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