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Abstract. We study the order of convergence of the Kolmogorov-Smirnov distance
for the bootstrap of the mean and the bootstrap of quantiles when an arbitrary
bootstrap sample size is used. We see that for the bootstrap of the mean, the best
order of the bootstrap sample is of the order of n, where n is the sample size. In the
case of non-lattice distributions and the bootstrap of the sample mean; the bootstrap
removes the effect of the skewness of the distribution only when the bootstrap sample
equals the sample size. However, for the bootstrap of quantiles, the preferred order of
the bootstrap sample is n?/3. For the bootstrap of quantiles, if the bootstrap sample
is of order n? or bigger, the bootstrap is not consistent.
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1. Main results

Let X3,..., X, be independent identically distributed random variables (i.i.d.r.v.’s)
from a cumulative distribution function (c.d.f.) F. The bootstrap (term coined by Efron
(1979)) consists in doing Monte-Carlo from the sample, i.e., takei.id.r.v.’s X ¢,..., X
from the c.d.f. F,,, where F), is the empirical distribution function based on Xji,...,X,.
This procedure has been shown to be very useful in many statistical situations (see for
example Beran and Ducharme (1991); Hall (1992); Efron and Tibshirani (1993); Shao
and Tu (1995); Giné (1997); and Politis et al. (1999)).

Singh (1981) considered the a.s. behavior of the (conveniently normalized) bootstrap
process

{Pr*{ml/z()?;’n —X,) <z} -Pr{n'*(X, —p) <z}:z < R}

where Pr* is the conditional bootstrap probability, X, = m™! Z;":l X3 i X, =
n~1 Z?Zl X; and p = E[X]. Convoluting this process with a normal density Beran
((1984), Theorem 3) obtained the weak convergence of this process in the sup norm.

Several variations of this method have appeared in the literature. One of them is
to consider different bootstrap sample size (see for example Bickel and Freedman (1981)
and Bickel et al. (1997)). In this case, a Monte-Carlo sample X ;,..., X}, , from the
empirical d.f. F}, is obtained. Here, we propose to study the asymptotic accuracy of the
bootstrap of the sample mean and the bootstrap of quantiles under arbitrary bootstrap
sample size.

The bootstrap m out of n has been studied by several authors in different situations.
Athreya (1987) considered this bootstrap to correct the inconsistency of the unusual
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bootstrap under data coming from distributions with heavy tails. Politis and Romano
(1994) and Politis et al. (1999) considered a variation of the bootstrap when samples are
taken without replacement with bootstrap sample size smaller than the original sample.
In particular, in Corollary 2.3.1 in Politis et al. (1999), it is shown that the bootstrap
with replacement and bootstrap sample size m,, is consistent if n='m2 — 0,

We examine the weak convergence of the normalized difference of the distribution
of a statistic and its bootstrap version. We study the weak convergence of the stochastic
processes indexed by IR obtained using the bootstrap. We will use the definition of weak
convergence of stochastic processes introduced by Hoffmann-Jgrgensen (1991) (see also
van der Vaart and Wellner (1996); Dudley (1999)). The considered stochastic processes
indexed by IR are random elements of I (JR), where l(IR) denotes the Banach space
consisting by the bounded functions in IR with the norm |zl. = sup,c g [z(t)|, where
z € loo(IR). This allows to use the Hoffmann-Jgrgensen definition of weak convergence.

In the case of the bootstrap of the sample mean, we have to make two cases, ac-
cording to whether the distribution is either lattice or nonlattice.

THEOREM 1.1. Let {X,}52, be a sequence of i.i.d.7.v.’s with a nonlattice distri-
bution. Suppose that E[X*] < .
(i) If = — 0, then

{m/2(Pr-{m'*(X} - Xn) <&}~ Pr{n'/?(Xn — p) < 2}) : 2 € R}

)m‘n
converges weakly in o (IR) to
{6710 E((X - (1 - o~2%)p(0 1) : w € R},
where ¢ is the density of a standard normal density.
(ii) If ;= — a, for some 0 < a < oo, then
{nl/Q(Pr*{ml/Q()_(,*l’mn —X,) <z} -Pr{n'*(X,—p)<z}):z€ R}
converges weakly in l,(IR) to
{27 073 (Var((X — p)?))"*gzg(o'x)
+ (@2 =160 2E[(X - 1)%(1 — 0 %2%)¢(0 " 'z) : z € R},

where g is a r.v. with a standard normal distribution.

The conclusion of the previous theorem is that in the case of the sample mean is
better to take the bootstrap sample size equal to the sample size. When the bootstrap
sample has order smaller than the sample size, the rate of convergence of the bootstrap
decreases. By the continuous mapping theorem (see e.g. Theorem 3.6.7 in Dudley (1999);
or Theorem 1.11.1 in van der Vaart and Wellner (1996)), in the case (ii) in the previous
theorem,

(1.1) su]%nl/2| Pr{m'/2(X} . — X,) <z} —Pr{n'/*(X, — p) < z}|
€

d -1 - _
— su%|2 Yo=3(Var((X — u))2gz¢(0 1)
z€

+ (@2~ 1)6 10 SE(X — (1~ 07%2%)g(0 1 2).
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The continuous mapping theorem applies because the function ¢ : (lo(RR), || - lo) — IR
defined by ¢(z) = supc g |2(t)| is continuous.

Since g has symmetric distribution, the expression in (1.1) is smaller in a certain
sense when a = 1 (m, = n). Recall that given two r.v.’s X and Y, it is said that X
is smaller than Y in the usual stochastic order (or strong order), if for each t € IR,
Pr{X >t} < Pr{Y > t} (see page 1 in Shaked and Shanthikumar (1994)). This is
denoted by X <4 Y. It is easy to see that F <%' G if and only if for each nondecreasing
function ¢, E[¢p(X)] < E[¢(Y)] (see page 6 in Shaked and Shanthikumar (1994)). We
claim that given bounded measurable functions a(z) and b(x), for each t > 0,

(12) pr {sup la(a)s] 2 £} < Pr{ sup a(e)g + o) 2 .

By the Anderson inequality (Corollary 2 in Anderson (1955)), for each z € IR and each
t >0, Pr{|g| >t} < Pr{|lg+ z| > t}. This implies that for each z € IR and each t > 0,

Pr{la(z)g] > t} < Pr{la(z)g + b(z)| > t} < Pr {53% la(z)g + b(z)] > t} .

Taking the supremum over z, we get (1.2). It follows from (1.2) that the smallest
distribution in (1.1) is obtained when m,, = n. If a = 1 we get that the bootstrap removes
the effect of the skeweness of the distribution. When either a = 1 or E[(X —pu)3] = 0, we
get a limit distribution which is stochastically as smallest as possible. So, we conclude
that for non-lattice distributions, the bootstrap is more accurate when the bootstrap
sample size is precisely the sample size.

For lattice distributions the expansions are more complicated.

THEOREM 1.2. Let {X,}52; be a sequence of i.i.d.1.v.’s with a lattice distribution
with span h and support {b+ kh : k € Z}. Suppose that E[X*] < oo.
(i) If Z= — 0, then
{my/2(Pr{my/> (X}, — Xn) < 2} = Pr{n'/*(Xn — ) < z})
— o *hR(h Y (ml/ %z — (b— X,)))¢(0;'2) : = € R}

converges weakly to
{67102 E[(X - w)’)(1 — 07 %2*)p(0 7 2) 1 2 € R},

where R(y) = [yl —y+ 27" and o2 =n~1 37 (X; — Xn)2.
(i) If = — a, for some 0 < a < 0o, then
{n2(Pr{my/*(X;, ., — Xn) < 3} — Pr{n'/*(X, — p) < 2})
~ a0 'hR(A™H (m, Pz — (b~ X2)))¢(07 ' 7)
+ ot hRR(W (Y22 — (b— p))(oz) : z € R}

converges weakly to

{27 o3 (Var((X — u)*))/gzg(0 ")
+ (a2 1)1 - 072%2%)¢(0 7 2)6 7 0 E((X — u)*] : z € R},
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where g is a standard normal distribution.

The function R is discontinuous at the integers. As n increases, R(h~!(n!/%z —
(b — u))) has more and more discontinuity points. We only can get convergence of the
bootstrap stochastic process when the term containing the function R is removed from
the bootstrap stochastic processes. Anyhow, as in the case before, the limit of the
bootstrap stochastic process is less disperse when a = 1. Notice also that when m,, = n,
the expressions

aoy thR(h ™Y (ml %z — (b — X)) (07 z)

and
o hR(W (0 Pz — (b - p))) (o)

differ only by the approximations X, ~ x and ¢, ~ 0.
Next, we consider the bootstrap of quantiles. Given 0 < p < 1, the p-th quantile is
defined as &y = inf{t € IR : F(z) > p}. The sample p-th quantile is defined by

(1.3) &, := F7 (p) =inf{t € R : F,(t) > p}-

The asymptotic accuracy of the bootstrap has been considered by Singh (1981), Falk
and Reiss (1989) and Falk (1990) in the case m, = n. Falk and Reiss (1989) and Falk
(1990) proved that

n'/*sup | Pr{n!/2(¢;, — £,) < t} — Pr{n'/%(¢, — &) < t}],
telR

converges in distribution to a non-degenerate distribution, where £ is the bootstrap
quantile.

Given two sequences of positive numbers {a,} and {b,}, we say that a, < b, if
anb;t — 0.

By a Poisson process {N(t) : t € IR}, we mean that N(t) = N;(t), for each t > 0,
and that N(t) = —Ny(—t), for each t < 0, where {Ny(t) : t > 0} and {N2(t) : t > 0} are
two independent Poisson processes.

THEOREM 1.3. Let {X,}32, be a sequence of i.i.d.r.v.’s. Let 0 < p < 1. Supppose
that F(&) = p and that F is second differentiable at {o, where F is the cdf of X. Let
& = inf{t : Fy,(t) > p}, where F, is the empirical cdf of X1,...,Xn. Let & . =inf{t:
Fy . (t) > p}, where Fy, . is the bootstrap cdf of X ,,..., Xy . Let

D}, (1) = Pr{m/2 (&} 1, =€) < 8} = Pr{n'/?(6n — o) < 1}
(i) If m, < n?/3, then
tzF"(Eo)¢ (tF'(§O)> _(2p- 1)t2(F'(§o))2¢ (tF'(ﬁo))

1/2D* 1) —
sup |m,, n,mn( ) op 20,3 op

telR 2Up
. 6_10';1 (2p _ 1)1[) (tF’(€0))
.

p

P
=0,

= o R(ma(p = Fo(§o +my /%)) + Fo(6o + my /1) ( %
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where Y(z) = (1 — 22)¢(z) and o, = (p(1 — p))V/2.
(i) Ifn=?/3m, — a, for some constant 0 < a < oo, then

t2F”(§ ) (th(@)) _Gp VP (&)? (tF’(eo))

3
Op 20, Op

{ V2D (1)

tF’(&)))

Op

— 6710, (2p - 1)y (

0 R(ma(p — Falfo + my/28)) + Fulbo + -U%))«p(tF '(50));1:613}

Op

= {0, ta* A (F (€0)) 2 B(t)p(o, 'tF' (&) : t € R},

where {B(t) : t € IR} is a Brownian motion.
(iii) If n®/® <« my, < n?, then

(m4nt/2Dy (1)t € RY S {07 Bt)$(o; tF' (&) : £ € ).

(iv) If mpn—2 — a, for some 0 < a < oo, then
sup | D}, 1, (8) = ®(a!/20, (=np] = mp -+ N/ (€0)) + B(o ' tF (€0))] =0,
€

where {N(t) : t € IR} is a Poisson process.
(v) Ifn? < my, then

Sp | D7, (1) = (n ™ m 2 ([ np] — np)) + @0, 4F (€0))] 55 0.

In the previous theorem, the faster rate of convergence for the bootstrap of quantiles
is obtained when m,, ~ n?/3. In cases (iv) and (v) in the previous theorem, the bootstrap
is not comnsistent.

In Sakov and Bickel (2000), the Edgeworth expansion for the m out of n boot-
strapped median is improved by extrapolation. Using this correction to the Edgeworth
expansion, the authors are able to get an approximation of the order n=2/5. The best
possible order given in the previous theorem is n~1/3.

2. Proofs

c will denote a universal constant which may vary from line to line. We will simplify
m, = m. We will use the following lemma:

LEMMA 2.1. (Esseen lemma (Lemma 16.3.2 in Feller (1966))) Let F be a distribu-
tion function and let G be a differentiable function such that G(—oo) = 0 and G(o0) = 1.
Let (&) = [ e*dF(x) and let v(£) = [7 e"**G'(z)d(z). Suppose that vy is continu-
ously differentiable. Then, for each 0 < T < oo,

T
sup |F(z) = G@)l <7 [ 16171 (6) = 2(Oldg + 77724 sup |6 ).
zelR -T reR
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We will use the well known fact that if X is a random variable, then

k
(21) E | =3 ()71 @tX) || < (k+ 1)1 ElIX ).

5=0

We will also use that, under finite first moment, characteristic functions converge uni-
formly on compact sets, i.e. for each 0 < M < oo,

n
sup |n~! Zeisxi — E[e¥*]] -0 as.

This follows directly from the Blum-DeHart law of the large numbers (see Theorem 7.1.5
in Dudley (1999)).

LEMMA 2.2. Let {X,}52, be a sequence of i.i.d.r.v.’s with a nonlattice distribu-
tion. Suppose that E[X*] < co. Then,

- X,) <z} - ®(x)

ml/? sup |Pr*{m1/20;l(X;,m,.
z€R
— 67107 m 2 g (1 = 2%)9(2)| 550,
‘where oz =n"1300 (Xj— Xn)? and p3n =0t 30 (X5 - Xn)?
PROOF. We apply Esseen’s lemma (Lemma, 2.1) with
Grn(2) = ®(z) + 60,3 m 2y 5(1 — 22)g(x).

Then, its Fourier transform is

(€)= / T 4G (2) = 2 (1 4 67 o0 m 2 5(i6)7).

— 0

For each 0 < § < a, we have that

m'/? zSéll% Pr*{ o tm~1/2 Z(X:hf - X,) <z} — Gyr(z)

j=1
. aémt/?
< n o 2asup G @)+ w7t [ e o 1) — (el dg
x —ém!
+rtm! /2 €17 i (m ™Y 2076) — (€)1
oml/2<[¢[<amt/?
— I+ 114 III,

where @y (t) =n~1 30, e*(Xi=Xn) Take 0 < 6 < (3/4)03(E[|X — EX|3])~! such that

oo
> kT2 <278
k=2
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Now, I 25 71—1q-124 sup,, |¢(z)|, which can be made arbitrarily small, by taking a
large enough. Using that for complex numbers a and b, we have that

Iea _ ebl < 'a B blemax(|a],|b|)

and
le? — 1 — a| < 271 a|2ele!,

we get that

6m1/2
II < W'1m1/2/ Igl—le—rlgzlem1og<pn(m'1/2a;1§)+2~152
- —&ml/2
-1_-3,__-1/2 .
—1— 670, m 25 (i6)*)dE
5m1/2
W—1m1/2/ |£|—16—2_1§2|emlogwn(m_l/20;1£)+2_1£2
—~&ml/2

IA

. 66_10;37"’_1/2”’3'"(1:5)3'(16
1/2
-1 _1/2 bm —1 90— 1g2 g=1,-3..-1/2 213
+ i,/ 1€ te & ef onmT Han(it)
—_&mli/2

—-1- 6‘la;3m‘1/2u3,n(i§)3|dﬁ

1/2

&m
< wtmt? [ e g gm0 ) 4 2717

—éml/2
_ 6_10;3m_1/2/~llsyn(i€)3[

x exp(max(jmlog pn(m ™20, 1€) + 27167, 67 0, 3 m V2 g o [€]%)) dE

1/2

ém

B 1 —9-lg2_ 4.1 —3  — :

+7 1m1/2/5 1/2 I€|7e™2 27670 3m 1/2U3,n(15)3|2
—ém

x €8 on tmT 2 lua gl ge
= I+ 1.

By (2.1), for n large enough and 6 small enough and |£| < ém1/2,
[mlog n(m™12671€) +271¢% — 67 0,3 m ™ 2z o (i€)°|
<mlpn(m™20,1€) — 1427 m TN — 67 g n(m 20 i)Y
o0
+m Y kT on(m™ 20 1) 1
k=2

S cm_1§4
and
(22)  |mlogpn(m™261€) + 271

o<
<mlpa(mY2018) =1+ 27 m R + mz lon(m=Y2672¢) — 1)F
k=2

n oo
< 6-1m’m-—1/20,;1€|3n—1 Z IX1 _ ans + Z m—(k—l)k—l |€|2k
=1 k=2
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< (6_10;3671—1 z 'Xz _ Xn’?’ + Z k,—162k——2) 62

i=1 k=2
272¢2,

IA

Hence, for n large enough and 6 small enough,

5m1/2

II] < Cm—1/2/ 15136_2_252(1& < CTTZ_I/2-

—_§ml/2
Similarly, for n large enough and é small enough,
smt/?
IIQ < cm—1/2/ ’§'56—2—2£2d€ < cm—1/2~

—_8dml/2

We also have that

[T < 7=im!/? / €] T (m~ Y20 3¢) de
sm1/2<[¢|<am1/?

1 _og—1g2 _1_-3 _
T 6o e
m < sam

< 77167 am'/? sup{|pa ()™ : 60, < €] < oy}
o0
4 on—16-1 / e2 ' (1 + 6713 m 2 g , |€]%)dE
Sml/2
=: Il + III,.

Since 0, — (Var(X))'/? as. and paz,, — E[(X — p)?] as., [1Iy — 0 a.s. We also have
that for each 0 < ¢ < 00, sup|y <. |¥n(t) — @(t)] — 0 a.s., where ¢(t) = E[eX-EX)],
Since X has a nonlattice distribution, sups-15,<|s<240-1 [¢(t)| =: ¢ < 1. This implies
that III; — 0 a.s. O

PROOF OF THEOREM 1.1. By Theorem 16.4.1 in Feller (1966)
(2.3) nY/2 sup | Pr{n}/2671(X, — p) < z}
z€R

— &(z) — 670302 3(1 — 2?)p(x)| — 0.
By Lemma 2.1 and (2.3), in the case (i), we have that
my/2(Pri{m' /3 (X}, ., — Xn) < @} - Pr{n!/?(Xy — ) < 2})
~mY?(@(o; ) — B0 ) + 67 o 3 usn (1 — 0 22%) b0 1)
— 671073 mY 2012y (1 — 0 222) (01 x)
~6"lg™ /L3(1 -0~ 332)¢(0_1a:)

Proceeding similarly, in the case (ii), we have that
nV2(Pr* {m /(X — Ka) < 2} - Pr{n!/2(Xn — ) < a})
~nt3(®(c z) - B(o71x))
4l 2mI26 53 (1 - 0220 p(0 )



BOOTSTRAP 571

— 67107 %ps(1 — 0 7%2%)p(0 " a)
~ 2ot — o zg(o )

+ (@2 —1)67'0 T E((X - p)*)(1 - 07 %2®)¢(0 ")
~ 2670 o + 07 (02 — 02)zp (o )

+ (@2 =167 102 E[(X — 1)?|(1 — 0 22?)p(0 )
< 27l 3 (Var((X — p)?)2gzé (o' )

+ (@2 16702 E[(X — )?(1 — 0 22%)p(0 ),

where g is a standard normal r.v., being the convergence uniformly in z. O

LEMMA 2.3. Let {Xp}32, be a sequence of i.i.d.r.v.’s with a lattice distribution
with span h and support {b+ kh : k € Z}. Suppose that E[X*] < co. Then,

ml/? sup |Pr*{m' 2o} (X}, — X,) <z} — ®(z)
z€IR

— 671073 m 2 (1~ 22) ()
— o7 'm V2hR(h (0,m 2z — (b — X,,)))e(z)] Z5 0.

PrOOF. Let
Gn(z) = ®(z) + 6710, °m ™12y 5(1 — 2%) ()
and let B B
Hy(z) = Pri{m' 2, (X . — Xn) < z}.

We apply Esseen’s lemma (Lemma 2.1) to G¥ and H¥, where G# and H¥ are the convo-
lutions of G,, and H,, with uniform distribution on (=2~ 'o;1m='/2h,2 1o 1m~1/2p),
in order words,

9—ly—1,,-1/2p
G#(2) = h'lanmlﬂ/ " Gn{z — y)dy,

—2-lg lm-1/2p

and a similar formula holds for H¥ (z). By the Esseen lemma, for each 0 < § < a, we
have that

m!/? sup |HY () - G ()|
z€R

< w7 la"1245up |GH' ()|
&

1/2

ém i (9—1y—1,—1/2
- -1y my, — _ sin(27 0, 'm h§
et [ e 01 - a(6)] |2(_1U;1m_1/2h€| M ge
+7tmt/? €17 om (m ™20 1) — 7a ()]

6m1/2<|E)]<aml/?
|sin(2 1o tm~1/2h¢)|
|2=1o, 'm—1/2h¢|

dé
=: ]+ IT + III,
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where pn(t) =n~1 37, eit(X5=Xn),
I B p-1g-124 sup,, |¢(z)|, which can be made arbitrarily small, by taking a large

enough. By the argument in the proof of Lemma 2.1, I7 0.
We also have that

in(2~1o~'m"'/2hf)|
IIT < 7~ lmt/? -1y,.m¢,,,~1/2 -1 | sin(
- oml/2<|€|<aml/? |€| |90n (m Tn f)l lQ—lg—lm—l/zhd

4 _o—142 1 - -
&7 e (1467 0, m T 2 g €3

d¢

+ 7r'1m1/2/
ém1/2<|¢|<am?/?

=: ]I + 111.

Since 1, (€) = Jp(m~20;1¢)sin(2 1o, 'm~1/2h¢)| is an even periodic function
with periodic with period 20,m!/2h=17 such that ¥, (£) = ¥, (20,m'/2h~17 — £), for
each £, we have that

I <c / e (m™1 20, 1¢) sin(2 oy 'm 1 /2hg)|dé
sm1/2<|¢|<aml/?
am1/2
<ef | lemmTorte) szt tm 2R dg
1)

ml/2
1/2

< em-V/? /5 o (m™ Y267 1€)g | d.

ml/2

By (2.2), there exists a &' > 0, such that for n large enough and [¢] < 6m!/2,
[pam ™20 1) < 72
Hence,
61m1/2
mof2 [T e o)l — 0

By a change of variables,

2

aml/
m=1/? /6 o (m =120 €)€|de

'ml/2

<em'/? [ loror ol

Now, sups <¢<, [9n(€) — (€)] — 0 a.s. and supg <<, [9(§)| < 1. Hence,

mif? [ lorosiolds 0 as
61

This implies that I1; — 0 a.s.
By the argument in the proof of Lemma 2.1, I1], Bo. Therefore, we have that

m!/2 sup |G¥#(z) — H¥(z)| 5 0.
T€ER
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It is easy to see that

2 sup [Gn(2) — G ()] — 0.

z€lR

This implies that

(24) mY/? sup |HF (z) — ®(z) — 6107 m™ 25 (1 - 2%)g(x)| = 0
z€IR

_ Since Hy(z) is a constant in the interval (o7 m™Y2(b — X, + jh), 0, 'm™1/2(b -
Xn + (4 + 1)h)), for each integer j, we have that

H¥ (0, 'm™2(b— Xy + (j +271h))) = Halo'm™2(b = Xn + (j +27h))).
Given z, there exists an integer j such that
o lm™ 12— X, + jh) <z < otm V(b - X, + (5 + 1R).
Then,

m!/2(H,(z) — ®(z))
=m2(H* (o7 'm ™ Y2(b— X, + (j + 27 h)))
~ (o7 'm 2 (b ~ X + ( +271)R)))
+m2(@(0;'m T2 (b— X + (j+271)h)) — B(2))
~ 670 33 (o tm Y 2(b - X, + ( +271R)))
+m' (o' m V2 (b — X + (7 + 27 1)h) — 2)¢(2)
~ 6" o 3us ¥ (x) + 0, hR(h™ Y onm!/ %z — (b— X,)))e(x),

where ¥(z) = (1 — 2%)é(z). O
PROOF OF THEOREM 1.2. By Theorem 16.4.2 in Feller (1966)

(2.5) n/? sup | Pr{n*’?0 (X, — p) < z} — ®(z)
z€R

671073 Y21 — ?)(z)
— o W Y2RR(B " (on' Pz — (b — w)))p(x)| — 0.

In the case (i), we have that

my/2(Pr{m} (X5 = Xn) < 2} = Pr{m!/*(X, — p) < 2})
o m1/2(¢>(a '7) — ®(c7'x))
+6" o 3us, n(l — 0722 (o z) — 67103 m Pn V23 (1 — o 122)p(0 M)
+ o 'hR(RT (m 2z — (b~ X0)))(oy, ')
m:/%—”?a-lhﬂ(h—l(n”% — (b—u)p(o ')
~ 67103 u3(1 — o2 p(0 7 z) + o TLhR(WHm %z — (b — X)) p(0 " ).
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In the case (i1}, we proceed similarly

n'2(Pre{m! (X} . — X,) <z} — Pr{m"*(X, — p) < 2})
~ 0 2(@(o; z) — B0 )
+ 0 2m V267 g 3 us o (1 — 07200 1) — 670 3us(1 — 0~ 222)g(0 " z)
+ 0 2m 26 L h R (m 2 — (b — X,)))é(0 M 2)
— o ThR(h N (0?2 — (b— p)))¢(o )
~olo ot + o Yt 2(02 — 62)zp(0 7 2)
+ (a2 —1)67 o3 us(1 — 07 22%)p(0 ta)
+a 267 VhR(h Y (m! Pz — (b — X,)))p(07 )
— o tAR(W ™ (M 2 — (b - w))d(o " ). m]

LEMMA 2.4. Let {X;}32, be a sequence of i.i.d.r.v.’s with df F. Suppose that
F(&) = p, where 0 < p < 1, and F'(&) exists. Then,
(i) For each ¢ > 0,

sup 1?2 |P{n'?( - &) <t} - @ (

lt|<e(log n)?/2

n'2(F(& +n~'/%t) — F(€o)))
on(t)
(2F (&0 +n~12t) — 1) (n”?(F(ﬁo +n12%) - F(éo)))
60, (t)nl/2 on(t)
+ r(n(F(fo) — F(6 + ?/;1/23)) + F(& +n~Y?t))
n2(F(go +n"'%t) — F(&))
on(t)

- ¢(

) =0,

where
on(t) = (F(& +n~YV2t)(1 — F(& + n~V%4)))V/?

and ¥(z) = (1 - 2)¢(z).
(ii) For each ¢ > a,/F'(&), where o2 = p(1 — p),

nl/QP{nl/Qlfn —&o| > c(log n)l/z} — 0.

PrOOF. We have that

Pr{n'/2(¢, — &) < t} = Pr{€, < & +n" %t} = Pr{Fo(& + n~'/%t) > p}
= Pr{n?(Fu(& +n™"%t) — F{& +n~V%t)) 2 n'/2(p - F&o +n~'2))}.

By the Esseen inequality applied to

n!2(Fu(bo+ 1% — F(§o+n7'2%)) m}

H,(z,t)=Pr { —r)
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we get that
pn3(t)(1 — 22)¢()
su sup (Hp(z,t) — ®(x) — —=
1t|5c(ro§n)1/z we]% (1) @) 603 (t)nl/2
_ RlonOn!?F (&) + F(&o +n~2))¢(z)|
nl/2q,(t) ’

where p,3(t) = E[(I(X < & + n~Y2t) — F(& + n~'/2t& + n~'/%t))3]. Hence, for
|t| < ¢(logn)/?, we have that

1/2 _ n-1/2
Pr{nl/2(¢, — &) <t} = 1 — H,, (n (Fa (&) Unl?t()éo + t)))

_a (nA(F(fo +nV?t) — Fa(éo))
= < on(t) )

pn (t) nl/2(F(& +n~1/%t) — Fu(&))
~ God(niz? ( o )
_ R(n(F(&) — F(o +nV2t)) + F(6o +n~'/%t))
nl/2q,(t)
n2(F(& +n~%t) — Fu(&))
? ( on®) )
- (n2(F(& +nV%t) — F(&))
=® ( -0 )
(2F (&0 +n~12t) —1)  (nl/2(F(& + n~1/2t) — F(&))
+ gan(t)nw ¥ ( > on®) )
_ R(n(F(§) — F(§o +n~'%t)) + F(éo + n~'/2t))
nl/20,(t)
n/2(F(& + n~1/%t) — F(&))
¢( an(t) ) )

Now, by the Bernstein’s inequality,
n'2 Pr{nl/2(¢, — &) < —c(logn)'/?}

= /2 Pe{nd/(Fy (o) ~ en™"/*(1og ) ) — F(€g — en™"/*(logn)!/?))
> n!/2(p — F(go — en™"/2(logn)"/%))}

< n1/2
Xp ( —n(p — F(§p — cn_1/2(log ")1/2))2 )
2P (€0 — ecn~1/2(log n)1/2)(1 — F(gg — on~1/2(log n)1/2)) + (2/3)n~1/2(p — F(gp — cn™1/2(logn)1/2))|
~ /2 exp(—2" 1o 2c2(F' 0)2logn)) — 0. O
P

Next lemma follows similarly to Lemma 2.4 and its proof is omitted.

LEMMA 2.5. Let {X;}32; be a sequence of i.i.d.r.v.’s with df F. Suppose that
F(&) = p, where 0 < p < 1. Then,
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(i) For each ¢ > 0,

mY/2(Fy(€n +m~1/2t) — p))
o ®
(2Fy(6n +m ™) = 1) (m!A(Fa(n +m~"/2) — p))
60';7m(t)m1/2 ( U:;,,m(t)
+ R(m(p - Fn(fn + m—l/2t)) + Fn(én + m—1/2t))
mi 207 (1)
m1/2(Fn(§n+m_1/2t) _p) .
hm(®) )' -0,

sup  m!? [Pro{m! (g m — &) <t} — @ (

[t|<c(log m)1/2

-

where
T () = (Fo(Cn +m™12t)(1 = Fo(&n + m™1/2t)))1/2.

(i) For each ¢ > a,/F'(&),

m2Pre{ml/2gs 1 — €] > c(logm)'/?} B0,

To obtain certain limit theorems for empirical processes, we will use the theory of
VC subgraph of functions in Dudley (1999) and Pollard (1990). More specifically, we
need the extension of these theorems to manageable triangular arrays of functions in
Pollard (1990) and Arcones (1999). We need the last reference, since in some cases the
limit is not a Gaussian process. Given a set S and a collection of subsets C, for A C S,
let A°(A) = card{ANC : C € C}, let m®(n) = max{A°(A) : card(4) = n} and let
s(C) = sup{n : m®(n) = 2"}. C is said to be a VC class of sets if 5(C) < oo. Given
a function f : S — IR, the subgraph of f is the set {(z,y) € Sx R : 0 < y < f(z)
or f(z) <y < 0}. A class of functions F is a VC subgraph class if the collection of
subgraphs of F is a VC class. The interest of these classes of functions lies in their good
properties with respect to covering numbers. Given a pseudometric space (T',d), the
e-covering number N (e, T, d) is defined by

N(e,T,d) = min{m : there exists a covering of T' by m balls of radius < €}.

Given a positive measure p on (S, S) we define Na(e, F, 1) = N(€, F, || - ||Ly(n))- H Fisa
VC subgraph class (Pollard (1990), Proposition II. 25), there are finite constants A and
v such that, for each probability measure p with uF? < oo,

Na(e, F, 1) < A((uF?)'2/e),

where F'(z) = supscx |f(z)| and A and v can be chosen depending only on s(F).
We also will need the following lemma.

LEMMA 2.6. (Reiss (1986); Lemma 1.4 in Falk and Reiss (1989)) Let {X,}32,
be a sequence of i.i.d.r.v.’s. Let 0 < p < 1. Suppose that F(&) = p and that F is
differentiable at &. Let &, = inf{t : F,,(t) > p}. Then, the conditional distribution of
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the process {Fn(&n +m~1%t) 1 t € R} given that n'/?(&, — &) = u is

_ F(& +nY2u+m = Vx)\
n~!(—[-np] - )G _[—npj—1 < ( oF(ZO - nu—l/;:i) ) ift<0
Wn,u(t) = ~n'1[—np] + n‘l(?/;k [—np])lH/;H_np] "
Flo+n""*u+m™Y2t) — F(& + n~1/%u) ,
( 1~ F(§ +n~1/%u) ) ift=0

where G_[_pp—1 and H,_[_y, denote the empirical d.f.’s of two independent samples
of i.i.d.r.v.’s with uniform distribution on the interval (0,1).

LEMMA 2.7. Under the conditions in the previous lemma:
G) If m, < n?/3, then

Sup ma | Fo (6 + My V28) — Fol€n) — F(€n +my %0 + F(€a)l0(0; 1 tF' (60)) 5 0.
te

(ii) If n=2/3m,, — a, for some constant 0 < a < oo, then

{mn(Fa(én +my'/%t) = Fu(n) = F(En +my21) + F(60))$(0; tF' (60)) : £ € IR}
= {a®4(F!(§0))/*B(t)p(0, 'tF' (&) : t € R},
(iil) If n®® < m < n?, then
{my/*n! 2 (Fun +my"/?t) — Fu(én)
= F(€n +my'/2t) + F(6a))(o, ' tF'(€0)) : t € R}
= {a®4(F'(€0))*B(t)p(0, 'tF'(£0)) : ¢ € IR}
(iv) If n=?m, — a, for some constant 0 < a < oo, then for each 0 < M < oo,

{mY2(Fu(€n + myY2t) — Fu(€a)) - t] < M},
5 {a' PN (a7 V2F (&) : [t] < M},

where {N(t) : t € IR} is a Poisson process.
(v) If n® < m,, then for each 0 < M < oo,

- Pr
sup my/?|Fy(€n +my ' /2t) — Fo(&n)| = 0.
ft|l<m

Proor. By Lemma 2.6, it suffices to consider the convergence of the transformed
processes over uniform distributions. We only consider the part where ¢ > 0. The other
part can be dealt similarly. By an abuse of notation, in this proof {X;} will denote a
sequence of i.i.d.r.v.’s uniformly distributed over the interval (0,1). Its empirical d.f. is
denoted by H,.

We only consider the case (i) with full detail. The rest of the cases are similar. It
suffices to prove that, for each 0 < M < co and s € IR,

o F(éo+n~ Y25+ m™12t) — F(&o +n~1/2s)
M\ Hpi[—np| 1— F(€ + n—172s)

_Fllo+nV s+ mT2) — Flo+n" %)\ e
1— F(& +n /%) ¢

sup
>0

P
=0,
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where b= 27102(F’(£))2. We apply Theorem 2.1 in Arcones (1999).
We consider the class of functions F,, := {f,(z,t) : t > 0}, where

_ F(éo+n~ s+ m™12) — F(éo+n7125)\ 4 . }
fn(m,t)—{I<X§ 1= Fgo 3 n-1725) )e t>0,.

The subgraph of f,(-,t) is

1 (60 n 1/23 m 1/2t) I (60 n 1/28) —bt}
A = z 0< 0<y< .
(t) {( ’y) 1 —P(£0+TL—1/28) ’ €

Let

F(€o+n" Y25 + m~1/2) — F(& + n—*/2s) }

Bo(6) = {@w) 0 T F(E T n7%)

and let
Ca(t) = {(z,y) : 0 <y < e}

Since the classes { By, (t) : t > 0} and {Cr(t) : t > 0} are linearly ordered by inclusion, by
Theorem 4.5.7 in Dudley (1992), s({C,(t) : t > 0}) < 2. This implies that the triangular
array of functions {f ;(z,t) : 1 < j < n+ [—np],t > 0} is manageable in the sense of
Definition 1.1 in Arcones (1999), where f, ;(z,t) = fo(z,t).

Since

F(éo+n2s+m1/2t) — F(& + n"l/zs)) et 0

“lsupl [ X <
B ( = 1— F(& +n-1/%s)

t>0

conditions (iii), (iv) and (vii) in Theorem 2.1 in Arcones (1999) hold.
To check condition (v) in this theorem, we need that

n"'m?E [sup] (X <

F(éo+n Y25+ m=1/2t) — F(& + n_1/2s)) e——2bt] 0.
£>0

1 — F(& +n~1/2s)

We have that

F(éo+n s+ m™12) - F(éo+n"25)\ oy
1~ F(& +n~1/2s) )e ]
= n~ m?Elexp(—bm(F~Y(F(& + n_1/23)
+X(1 - F(éo+n7%5)) — & — n™1/2))%)]
< n~'m?Elexp(—bmr (X (1 — F(& + n—1/23)))2)]
= n"'m?E[exp(—cmX?)

o0
Scn”1m3/2/ exp(—cz?)dz,
0

n"im2E [supI (X <
>0

where 7 = supg<,<; 2 H(F (& + n~Y2s + mY/2t) — F(& + n~1/2s)). This implies
condition (v) in Theorem 2.1 in Arcones (1999).
Condition (vi) in this theorem is obvious.
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Cases (ii) and (iii) follow similarly. In the case (iv), we need to prove that

n+[—np| -1/2 —1/24\ _ -1/2
Z I(XjSF(§0+n s+m t)—F(o+n u)):tZO

5 {N(aY2tF'(&)) : t > 0).

To get the convergence of the finite dimensional distributions, we need that for 0 < #; <
tg <---<thphand A\,..., X € R,

h n+[-npj - _ -
F(& +n"'%s + m~1/%t) — F(& +n~'/%)
- (kz—l S CE = F(&+n %)

E

J=1

h
X% E {exp (Z )\kN(a‘lﬂth’(&O)))} .

k=1

We have that

h n+[—np] _ - .
F(&o +n Y25+ m~Y24) — F(€ +n 1/ 2u)
E [exp (E Ak E I (X- < € +n 18_ mF(&g +:z)‘1/2s§ - - )

k=1 j=1

hooh

F(&o+n1V2s 4+ m~124_) — F(éo + n~1/ %)

=1 F Aed <X
( [eXp (;; g ( 1— F( +n~1/2s) =

< Fléo+ n~12s + m=124) — F(§ +n1/2s) ol
< 1-F(é+ n—l/zs)

= Do kahe F(éo+n"2s+m™1/?) — F(g +n~'/2s) + m=12¢_,
B 1— F(§ +n~1/%s)

=1

+1

_Fléo+ n”2u+m712%,) — F(& + n~V%) ntl=nzl
1= F(§ +n~1/25)

k
— exp (Z(e Rtk l)a_l/z(tg — tg_l)F'(ﬁo))

=1

h
exp (Z ,\kN(a“l/%kF’(gO)))] .

k=1

=FE

So, condition (i) in Theorem 2.1 in Arcones (1999) follows. The rest of the conditions in
this theorem follow similarly to those conditions in the case (i).
Observe that in the case (v), for each s,t € IR,

n+[z~:np]I ¥ < F(£0+n‘l/2s+m_1/2t)—F(§0+n_1/28) Py
7= 1— F(& +n~1/2s) ’

Jj=1
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We have that

n+[-np] -1/2 —1/24 _ ~1/2
Pr{ Y I(ngF(é"J“" stm”7t) — Fléo+n 8))>0

2 1= F(éo +n17%)

F(éo+n"12s+m~12t) — F(& +n~1/2s)

<enm~Y2 0.
1 - F(& +n~1/2s) } = enm —u

§nPr{X§

PROOF OF THEOREM 1.3. We only need to consider [t| < cmin((logn)!/?,
(logm)'/2). In the case (i), by Lemmas 2.4 and 2.5, we have that

m2(Pr{m}/2(gr , — &) <t} — Pr{n'/2(€, — &) < t})
ml/2 Folbn + m=1/2¢) — p
=il ((I) <(Fn<én + m—l(/%gfl ~ Fultn +)m-3/2t)))1/2)
9 ( ni/2(F (¢ +n""/2t) — p) ))
(F(€o +n172t)(1 — F(& + n=172t)))1/2
(2F,(&n + m™1/2t) — 1)
6(Fn(En +m=1728)(1 — Fu (€, + m=172¢))) 172
- ( m/2(Fo(€n +m™~'/2t) — p) )
(Fu(€n +m=172t)(1 — Fo(€n + m~1/2t)))1/2
_ R(m(p — Fu(én + m~V2)) + Fu(én + m~/%))
(Fu(En + m=172t)(1 — Fo (€, + m~172t)))1/2

+

(Bl M ) )
(Fulln + 3201~ Fulln + m- 1)1
=I+1II+1I1.

We have that

I ~ ml/2 ( m!/2(Fy (€ + m~/%t) — p)
B (Fa(6n +m=12t)(1 — Fo(&n + m~1/21)))1/2
n'/2(F(& + n~'/%t) — F(&))

~ (Feo+n 121~ Féo + ﬂ_1/2t)))1/2) (o, 'tF' (&)

1/2 Fn n + _1/2t _ _ , N ,
ml/? ((Fn(ﬁn +mm—1(/2t)(fl — Z‘Z(En jmfl)/zt)))m — oy \tF (50)) $(o; 'tF (€o))
o M(Fp(ln +m™2t) — Fu(bn) = F(&a +m™V2t) + F(60))
B (Fu(én + m=1/28)(1 — Fp(&n + m—1/2¢)))1/2
mt/2(m!/2(F (€, + m~1/2t) — F(&,)) — tF'(&))
(Fn(gn + m—1/2t)(1 - Fn(gn + m_1/2t)))1/2
+ml/? ( 1
(Fu(n + m=1/2t)(1 = Fp(én +m—1/21)))1/2
1
~ (p(1-p)'7

e

¢(o, 'tF' (€0))

¢(o, 'tF' (&)

) LF (€0)(o7 F (€0))
= I+ I+ I5.
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By Lemma 2.7, I ®o. By the second differentiability of the df,
Iy 5 2710, 2 F" (€0)$(0, 'tF (o))

As to the last term

e (LB Bl s 00— il s )Y
P
- ¢(o, 'tF' (&)
—p2 —1/2 2 -1/2
~ ml/2 (p p Fo(§n+m 20.3t) + Fi(§n+m t)) tFI(§0)¢(0;1tF'(§0))
p

~ 27 7 3(2p — 1)(tF' (&) (0, 'tF (&)).
We also have that

IT ~ =67 0,7 (2p — 1)(1 = 0, °t*(F'(€0))*) b (0, 'tF' (€0))
and
IT1 ~ —0; R(m(p — Fa(bn + m™'2)) + Fu(6 + m™V2t))p(0;,  tF' (£0)).-

Therefore,

m' 2 (Pre{m!/2(&, . — &) < t} — Pr{n/?(¢, — &) < 1))
~ 27 o HEF (o) p(o, 2 F (&)
+2710,%(2p — 1)(tF' (%)) é(0, 'tF' (&)
—671a, 1 (2p — 1)(1 — 0, 22 (tF" (&) p(o; 'tF (€0)))
— 0, 'R(M(Fp(€n) — Fn(n +m™28)) + Fo(&n + m™'2t)) (0, 'tF' (€0))
=270, 2 F" (&o) (o, 1 F (&)
+(1/3)0,%(2p — 1)(tF' (€0))*¢(0;, 't (§0))
+6710, 1 (2p - 1)(o, 'tF' (€o)s)
- U;IR(m(Fn(én) - Fo(én + m_l/Qt)) + Fo(én + m_l/2t))¢(a;1tF'(§0)).

The case (ii) follows similarly to case (i). But, in this case the term I;:

{m(Fn(gn + m—l/Qt) - Fn(fn) B F(En + m—l/2t) + F(sn))

(FolGn + m-1728)(1 — Fp(6n + m-120)))1/2 d(o, 'tF (&o)s) : t € R}

converges weakly to
{05 'a®*B(t)(F'(¢))"?¢(0;a*/*tF'(&)) : t € R}.
In the case (iii), we have that

m™ V42 (Pr{m 2 (&), — €a) <t} — Pr{n?/?(¢, — &) < t})

~ 4172 (& m!/2(Fp(&n +m~1/2t) — p)
B onm(t)
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o (WG £ )

on(t)
~ /412 (ml/Q(Fn(fn +:n_(1t/)2t) —Fa(6n)) tF'(é()J)) (05 LF' (&)

-1/ 1722 (PG +mY2) = Fr(6n) = F(6n +m~Y/20) + F(60))
(FalEn + m—12) (1 — Fp(En + m-172t)))1/2

- (o, ' tF' (€o))

stz TOEEn 4 ) + F(En)) - P o)t
(Frn(én + m~1/2t)(1 — F, (&, + m—1/2t)))1/2

+m ¢(o, 'tF (&)

1= 1/4n1/2

1
' ((Fn(gn + m_l/zt)(l — Fp(én + m_1/2t)))1/2

- G ) (e )

1

1+ m1/4p1/2 (
(p(1 — p))1/2

1 ,
 (F(&+n 12t)(1 - F(éo + n‘1/2t)))1/2) tF (o)
- ¢(o, 'tF' (o))
~1/4,,1/2 tF' (§0) — n'/*(F (€ + n~1/%t) — F(&))
(F(éo+n~1/2t)(1 — F(& +n=1/2)))1/2
= IV+V+VI+VII+VIII.

+m

¢(o, 'tF' (&))

It is easy to see that V,VI,VII,VIII PL0. The term IV converges weakly to
{o; " B&)(F'(€0))"/?¢(0, 'tF' (&) : t € R}.

Cases (iv) and (v) follow by noticing that
sup [ Dy, o () = @((07, m (1) 7' 2 (Fo (€ +m™/%t) - p))
teR

+®((0 (1)) "0 2(F (& +n~V?t) — p))| 5 0,
Fn(gn) = —n—l[_np]

and
sup 1B((0n(t) I/ 2(F (€0 + 0~ 2¢) — p)) — ®(0; 1tF (€0))] 5 0.

In the case (iv), we have that
(0 m(8) M2 (Fu(n +m™'/2t) — p)

~ 0, I 20 Y- —np| —np) + 0o, Y 2(F (&, + m™ Y28 — Fp(én + m~1/2¢))
~ o, al?([~np] — np) + o, ~1012N (0~ Y2 F' (&)).
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Analogously, in the case (iv),

(0 (1) M2 (G +m ™ /%0) — p)

~ O';Iml/2n—1([_np] - Tlp) + O';Iml/?(Fn(gn + m—l/Qt) _ Fn(gn + m—1/2t))

1

~a, m2n=Y([-np] — np). |
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