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Abstract. Regression function estimation from independent and identically dis-
tributed bounded data is considered. The L, error with integration with respect to
the design measure is used as an error criterion. It is shown that the kernel regression
estimate with an arbitrary random bandwidth is weakly and strongly consistent for
all distributions whenever the random bandwidth is chosen from some deterministic
interval whose upper and lower bounds satisfy the usual conditions used to prove
consistency of the kernel estimate for deterministic bandwidths. Choosing discrete
bandwidths by cross-validation allows to weaken the conditions on the bandwidths.
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1. Introduction

1.1 Nonparametric regression function estimation

Let (X,Y),(X1,Y1),(X3,Y2),... be independent identically distributed R? x R-
valued random vectors with EY? < oco. In regression analysis we want to estimate Y
after having observed X, i.e. we want to determine a function f with f(X) “close” to Y.
If “closeness” is measured by the mean squared error, then one wants to find a function
f* such that

(1.1) E{f"(X) - Y*} =mfinE{lf(X)—Y|2}-

Let m(z) := E{Y | X = z} be the regression function and denote the distribution of X
by . The well-known relation which holds for each measurable function f

(1.2) E{f(X) - Y[} = E{lm(X) - Y|’} + / |f () ~ m(z)|”u(dz)

implies that m is the solution of the minimization problem (1.1), E{|jm(X) — Y|?} is
the minimum of (1.2) and for an arbitrary f, the Ly error [ |f(z) — m(z)[>u(dz) is the
difference between E{|f(X) — Y%} and E{/m(X) — Y|?}.
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In the regression estimation problem the distribution of (X,Y) (and consequently
m) is unknown. Given a sequence D, = {(X1,Y1),...,(Xn,Yn)} of independent obser-
vations of (X,Y), our goal is to construct an estimate m,(z) = m,(x, Dy) of m(z) such
that the Ly error [ |m,(z) — m(zx)|?u(dz) is small.

1.2 Uniaversal consistency
A sequence of estimators (m,)nenN is called weakly universally consistent if

E [ Ima(e) - m(z)udz) ~ 0 (1 o0)

for all distributions of (X,Y) with EY? < co. It is called strongly universally con-
sistent if

/|mn(x) ~m(x)]?u(dr) -0 (n—o0) as.

for all distributions of (X,Y) with EY? < co.
C. J. Stone (1977) first pointed out that there exist weakly universally consistent
estimators. He considered k,-nearest neighbor estimates

(1.3) mn(z) = Y Whi(z) Vi
i=1
where
(1.4) Whi(z) = Whi(z, Xa,...,X5)
is one if X; is among the k,-nearest neighbors of z in {Xy,...,X,,} and zero otherwise,

and where k, — oo and k,/n — 0 (n — 00). The strong universal consistency of nearest
neighbor estimates has been shown in Devroye et al. (1994).

Estimates of the form (1.3) with weight functions (1.4) are called local averaging
estimates. The most popular examples of local averaging estimates are kernel estimates,

where
F, <IL‘ ; X.,,)
Wh,i(z) = -

n .’L'—Xj
SIcEy

(0/0 = 0 by definition) for some function K : IR — IR, (called kernel) and some h,, > 0
(called bandwidth).

The weak universal consistency of kernel estimates has been shown under certain
conditions on h, and K independently by Devroye and Wagner (1980) and Spiegelman
and Sachs (1980). The strong universal consistency of kernel estimates for suitably
defined kernels and sequences of bandwidths has been shown by Walk (2002b). Various
results concerning consistency of variants of kernel estimates can be found in Devroye
and Krzyzak (1989), Gyorfi and Walk (1996, 1997) and Gyérfi et al. (1998).

1.3 Automatic kernel estimates
The consistency results mentioned above were proven for sequences of bandwidths
which do not depend on the data. In order to achieve the optimal rate of convergence
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one has to choose these sequences in dependence of the smoothness of the regression
function. Usually this is not possible in applications because there the smoothness of
the regression function is unknown.

Therefore one often uses the data to generate a random bandwith H = H(D,) € R4
and considers the kernel regression estimate

Sk (S ) v
- n T - X;
Zi:l K( H )

which we shall call automatic kernel regression estimate. A list of various methods to
choose a random bandwidth H = H(D,) € R, can be found e.g. in Chapter 4 of Fan
and Gijbels (1996).

The aim of choosing a random bandwidth is to automatically adapt to the (smooth-
ness of the) regression function. Usually one tries to show that one has achieved this
goal by proving that the estimate achieves the corresponding optimal rate of conver-
gence under various regularity assumptions (e.g. on the smoothness of the regression
function). In the case that, unknown to the statistician, m is Lipschitz continuous with
Lipschitz constant C and X and Y are bounded, choice of H from a finite, but growing
set especially by splitting the data or by cross-validation, yields the convergence rate
O(C?d/(d+2)~2/(d+2))  see Hamers and Kohler (2003), Walk (2002a), and Gyérfi et al.
(2002), Theorem 8.1. This rate is optimal according to Stone (1982). Unfortunately the
results on optimal convergence rate of automatic regression estimates do not imply that
the estimates are consistent if these conditions are not satisfied.

In Theorem 2.1 below we prove a general result which states that if one restricts
the choice of the random bandwidths to some fixed deterministic intervals which satisfy
some mild conditions then one gets for all possible choices of H a kernel estimate which
is weakly and strongly consistent for all distributions with bounded Y. In the case that
the bandwidths are chosen by cross-validation from (large) discrete sets, we show in
Theorem 2.2 below that these conditions can be weakened.

The proof of Theorem 2.1 is based on techniques introduced in Kohler (2002) in the
context of the proof of universal consistency of local polynomial kernel estimates. As
mentioned in Remark 3 there, these results can be extended to data-dependent band-
widths. In this paper we show how the arguments there can be simplified in the case of
kernel estimates.

The concept of cross-validation in statistics was introduced by Lunts and Brailovsky
(1967), Allen (1974) and M. Stone (1974). Strong consistency of cross-validated kernel
regression estimates and weak consistency of cross-validated nearest neighbor regression
estimates were obtained by Wong (1983) and Li (1984), respectively, for fixed design and
continuous regression function. As to further literature on cross-validation we refer to
Hardle (1990) and Simonoff (1996).

Related results concerning partitioning, least squares and penalized least squares
estimates can be found in Nobel (1996), Kohler (1999) and Kohler and Krzyzak (2001),
resp. In the context of density estimation and classification corresponding results have
been shown by Devroye and Gyorfi (1985) and in Chapter 25 of Devroye et al. (1996),
resp. Various methods for the automatical choice of parameters of density estimates are
described in Devroye and Lugosi (2001).

(1.5) M ()
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1.4 Notation
IN, IR and IR, are the sets of natural, real and nonnegative real numbers, respec-
tively. For L > 0 and z € IR set

L if z>1L,
TLZ = 2z if —-L <z< Lv
-L if z<-L.

The natural logarithm is denoted by log(-), the euclidean norm of z € IR? is denoted
by [|z|. Set Sor = {x € R?: ||lz|| < r}, z € R 7 > 0. For h > 0, z € R? and

K :R? - R define .
VA
Kn(2) = 53K (E)

1.5 OQutline

The main results are stated in Section 2 and proven in Sections 3 and 4. In the
Appendix a list of some results of empirical process theory, which are used in the proofs,
is given, together with specialized McDiarmid and Hoeffding inequalities.

2. Main results

THEOREM 2.1. Let K : R; — IR, be a monotone decreasing and left-continuous
function satisfying

K(+0) > 0,
tK(t?) -0 as t— oo

Define the kernel K : R* — R by
K(uw) = K(Ju]®) (ueR?.

Let m,, be the kernel estimate defined by (1.5) with the data-dependent bandwidth H =
H(D,) satisfying

for some nonnegative numbers hmin(n), hmax(n) such that

(2.2) hmax(n) = 0 (n — o0)
and ' 1 )

ymin N
(2.3) Togn_ — O ('I'l. OO).
Then

B [ Imn(z) — m(z)Puds) =0 (0 oo)
and
/ Imn(z) — m(z)Pu(dz) -0 (n—0) a.s.
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for all distributions of (X,Y) with |Y| < L < 0o a.s. for some L > 0.

The proof of Theorem 2.1 is given in Section 3. The main idea is as follows: In
the first part of the proof we approximate |m,(z) — m(z)|? via a generalization of the
classical Lebesgue density theorem by

JIma(z) — m(2) ?Kp (z — 2)p(dz)
Kz - (@)
_ EB{lY — mu(2)PKu(z — X) | Dn} — E{]Y —m(X)|*Kn(z - X) | D}
J En(z — z)p(dz) '

In the remaining parts we use that the kernel estimate minimizes an empirical version of
the latter term, which enables us to analyze the kernel estimate similarly to least squares
estimates.

In Theorem 2.1 above we do not assume anything about the method used to define
the data dependent bandwidths H besides H € [hnin(n), Amax(n)]. In particular, in
Theorem 2.1 it is allowed that the method chooses the worst bandwidths in that inter-
val. Therefore it is clear that condition (2.2) and (up to logarithmic factor) (2.3) are
necessary. We show next that in case of cross-validation the conditions can be weakened
to the assumption that the set of possible bandwidth sequences contains a sequence (h})
satisfying the minimal condition h} — 0, nh’? — oo (n — o00) for strong consistency.
Due to technical difficulties in the proof we assume that the sets of possible bandwidths
are finite. In applications minimization over a finite set of possible bandwidths is usual.

Let Q, C (0,00) be a finite set of possible bandwidths, and for h € Q,, set

_ 2ioi Kn(z - X0)Y;

(h) —
M S Rue = X
. a Kp(z — X;)Y;
mgg(:c)zzje{l """ np(5) Fh )Y (i=1,...,n).

2iett,.anfi} Knlz — X5)

The cross-validated regression estimate is defined by mH) (z) with data-dependent
bandwidth

H,, = arg min 3~ (m{")(X;) — Y;)".
" i=1

THEOREM 2.2. Let K : R® — IRy be a bozed kernel, that is, assume that K is
measurable and satisfies
bls,,. < K <pls,

forsome0<r<R<o00,0<b<p<oo. Let mg,H") be the cross-validated regression

estimate with

(2.4) 1Qnl =0((n")  for some 7 >0,
(2.5) h; — 0, nh;d — 00 (n—o0) forsome h;€Q, (nelN).
Then

E / (m{H) () — m(2)Pu(dz) -0 (n— oo)

and
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(2.6) /|m£lH")(:v) —m(z)|?u(dz) >0 (n—-o0) as.
for all distributions of (X,Y) with |Y| < L < 0o a.s. for some L > 0.

In the proof of Theorem 2.2, which is given in Section 4, (2.6) is shown by an
investigation of the left-hand side of (2.6) centered by a conditional expectation term
and of this expectation term. For the first part we use a variant of the Efron-Stein
inequality, for the second part we use the optimality of H,,, the Hoeffding and McDiarmid
inequalities, and the well-known weak universal consistency of kernel estimates with
deterministic bandwidths.

Remark 1. We briefly compare Theorems 2.1 and 2.2. The conditions on the kernel
are slightly different in both theorems. Theorem 2.2 deals with a special data-dependent
bandwidth device (cross-validation) and has a restriction for the numbers of possible
bandwidth values, but requires with (2.5) the weakest possible condition.

Remark 2. We want to stress that in Theorems 2.1 and 2.2 there is no assumption
on the underlying distribution of (X,Y") besides |Y| < L < oo. In particular it is not
required that X have a density with respect to the Lebesgue-Borel measure or that m
be (in some sense) smooth.

Remark 3. Theorem 2.1 still holds if one replaces (2.1), (2.2) and (2.3) by

n- HY

(2.7) H—-0 as. and
logn

— 0 a.s.

Indeed, proceeding as on pages 158-159 in Devroye and Gyorfi (1985) one can conclude
from (2.7) that there exists hmin(n), Amax(n) € R4 which satisfy (2.2), (2.3) and

I B lhmin(n) hmax(n))) — 0 a8

From this and
[ (@) — miz)Putae)
S AL H () B ()]} + / M (@) = mU(2)|*1(d2) - I Hehnin(m) Bomse (]}
one gets the assertion as in the proof of Theorem 2.1.
3. Proof of Theorem 2.1
In the proof we use the following lemma of Greblicki et al. (1984)

LeMMA 3.1. Assume

aG(llzl) < K(z) < 2G(|Jzll), e1,e2>0
G(+0)>0
t’G(t) -0 as t— o0
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where G is a nonincreasing Borel function on [0,00). Then for all u-integrable functions

/
lim J K((z — 2)/h) f(z)u(dz)
h—0 [ K((x - 2)/h)u(dz)

= f(z) mod pu.

We will also need the following bound on the covering number of the class of func-
tions

G={91-92:91 €Gi1,92 € Ga},

where

Gr={g: R xR - R:g(z,y) = [Try — a|*((z,y) € R? x IR) for some a € [-L, L]}
and
Gy = {g:IRdeR—?IR:g(m,y)zK(u;x) ((z,y) € R* x R)

for some u € R4, h € ]R+}

(see Definition A.1 in the Appendix for the definition of the covering number).

LEMMA 3.2. Set (X,Y)? = (X1,Y1),...,(Xn,Ys)). Let L > 0 and let G be de-
fined as above. Then for all 0 < € < 2L2K(0)

Cq

n e3
< -
M6, XN < (2)7,
where c3 and c4 are constants which depend only on d, L and K(0).

Proor orF LEMMA 3.2. The functions in G; and G, are bounded in absolute value
by 4L? and K(0), respectively. Hence by Lemma A.2 in the Appendix we get

Ni(e, G, (X, V)M <M (2K(0) G1, (X, V)T ) ( L2’g2’(X Y)l)

If hi(z,y) = |a; — Try|? for some a; € [-L, L] (i = 1,2), then

1 & 1<

p > 1h(Xi, Vi) — ho(Xi, V)| = EZ lar = TLY; +az ~ TpY;| - Jar — ag
i=1 i=1

4L - |a1 —a2|

IA

which implies

% (g 9o 6O ) ¥ (sgecgg (ool < 11,7

2L 16K(0)L2
¢/(BK(0)L) €
Next we bound
N( L23g27(XY) )
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By Lemma A.3 in the Appendix, which uses the notion of VC dimension introduced in
Definition A.2 in the Appendix, we get

)™

€ n 4eK (0

N]. (8L29921(X7Y)1) Sz % .
8L

Hence it suffices to derive a bound on the VC dimension of the class of all subgraphs of

lu — 2|

92={g:1Rd><1R—>1R:g(w,y)=ff< %

)mwewxm

for some u € R%, h € ]R.,.} .
Since K is left continuous and monotone decreasing we have

K (HU;—;’IP) >t if and only if %{lﬁ < ¢(t)

where B
#(t) =sup{z: K(z) > t}.
Equivalently, (z,y,t) must satisfy

2Tz - 20Tz + uTu - K2p(t) < 0.
Consider now the set of real functions

Gs = {Gap.5: RExRxR—R: Gapqsl@y,s)=azxlz+ 8Tz +vys+6
((z,v,5) € R x R x R) for some a,7,6 € R, 3 € R%}.

If for a given collection of points {(xi, ¥i,t:) }iz1,... . a set {(z,y,¢) : g(z,y) > t}, g € Go,
picks out the points {(xs,, ¥iy,tiy), -+ - (@i, Yisy 83,) ), L€,

{(:anv t) : g(x7y) 2 t} n {(mi,yi,ti)}izl,...,n = {(xilayilytil)a ey ($i1>yizati1)}a

then there exist o, ,7,6 such that {(z,y,s) : ga,p,,6(2,y,8) > 0} picks out exactly
{(mil y Yiys ¢(ti1))’ RS (‘T’il s Yiys ¢(tn))} from {(mla Y1, d’(tl))a ceey ('Tm Yn, ¢(tn))} This

shows
Vor < Vi{@y.5):9(2,v,5)20):9€G5}

g3 is a linear vector space of dimension d + 3, hence we can conclude from Lemma A.4
in the Appendix

Vg;r <d+3.
Summarizing the above results we get
2(d+3)
Ni(e.G. (X,Y)7) < 16K£0)L2 5 4eI§(0) _ (%)04

8L2
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for constants ¢z and ¢4 which depend only on d, L and K(0). O

Proor oF THEOREM 2.1. It suffices to show that

mn(z) > m(z) (n— o0) a.s. mod p.

We have
J Ima(z) — m(2)?Ku(x — 2)u(d?)
[man(z) — m(x)l2 - fKH(-'L' — 2)u(dz)
= (o) = @) =D
o () () — Jm(2)Knu(z — 2)pu(dz)
2ma@) (m(@) [ Rl — 2aldz) )
o Jm(2)’Kn(z — 2)u(dz)
HimG) = e )
_ J m(2)Kn(x — 2)u(dz)
=0 - 2mu(a) (m(x) " T Eu(e - ulde) )
[ m()?Ku(x - 2)u(d2)
@ = e~ @)
— 0 a.s. mod p
as H — 0 a.s. by Lemma 3.1 (the conditions there are satisfied for ¢; = ¢ = 1 and
( )= ( 2)). Hence it suffices to show

[ Ima(z) = m(z)PKp(z - 2)u(dz)
[ K@ - 2)u(d)

Let € > 0. We have

/ () — m(2) 2K p(z — 2)u(dz)
= B{lY - mn(@)PKn(z — X) | D,} — E{|Y — m(X)PKx(z — X) | Do}

5
=Y Tin
i=1

(3.1)

— 0 a.s. mod p.

where

Ty = E{JY = ma(@)Ku(c = X) | Da} — (1+¢€)- 121}@» — (@)K (& - X3,

Ton 1+e< ZlY M (T |2KH(m—X)——ZIY m(x)|2KH(J;—X)),
Ton = (1+6)- %f: ¥ — m(@)PKn (@ — X;) = (1+¢)?

. E{|Y —m(z)]*Ky(z — X) | Dn},
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Tin = (L+€)* (E{|Y — m(z)’Kn(z — X) | Dn}
~ E{]Y = m(X)’Ku(z - X) | Da}),
Tsn=(1+€? 1) E{[Y ~ m(X)|*Ku(z ~ X) | Dn}.
In the remainder of the proof we bound
Tjn

. j=1,...,5.
JKu(@ - u(dz)’ 7
We start with showing that
T
lim sup Ln <0 as.mod p.

n—oo IKH(m - z)“(dz) B
It follows from (2.2) and the proof of Lemma 2.2. in Devroye (1981) that there exists a
function g which satisfies g(z) > 0 mod p and

/KH(:E - 2)u(dz) — g(z) a.s. mod p,

and thus we only need to show that

(3.2) limsupTi, <0 a.s. mod p.

n—o0

To prove (3.2), fix ¢ > 0. Then by Lemma A.1 in the Appendix and by Lemma 3.2 we
have for n sufficiently large

P{Tl’n >t [ Dn}
E()Y ~ ma(@)Kn(z ~ X) | Dy} — 2 X0, 1%~ ma(@)?Kn(a - X)
t+e- B{lY —m,(2)]2Ku(z — X) | Dn}

>
1+e€

<P {3a€|-L,LJ,3h € [Amin(n), Amax(n)] :

- X 1 z - X;
Y — a2k [ £ _Isw oy g2k (T2
E{| aIK( - )} ST IV a[K( - >> .

D
d . - X 1 "
he. (n) t+-E{|Y—a|2K(m )} +€
€ h
n th‘fmn(n) ( € 2
R, (n)-t ' € \l+e

<4.E Omin\T) "t vty . _
- Nl( s+ 9 )1) P 64K (0)L?

<(wt) o (-aiEo )
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This together with (2.3) and the Borel-Cantelli lemma implies (3.2).
It is easy to see that the kernel estimate satisfies for all z € IR?

1 2 1 D)
- ; [mn(z) = YVi|*Ku(z — X;) = (IIIéIHI)ILE ; la — Yi|*Kg(z — X;),
which implies
Ton <0 as.

Furthermore, using a similar argument as for 7} , we get

. T3 n
limsu 2 <0 a.s. mod u.
P TKu(e - 2uldz) = s

Next by Lemma 3.1

1 Tun _ [ Im(2) — m(z)|2Ku(z — 2)u(dz)
A5 &) [Rae - Jad) T Bnle — 2u(d2)
— |m(z) —m(z)]>=0 as. mod p.

Finally,

Ts
i <AL} ((1+€)-1)—0
[Kulo- Az = *F A+ =D
as € — 0. Thus (3.1) has been shown. O
4. Proof of Theorem 2.2

In the proof of Theorem 2.2 we need the following two lemmas.

LEMMA 4.1. a) There is a constant ¢ > 0 depending only on the boxed kernel
K :R% — R, (in Theorem 2.2) such that

(4.1) ni K(‘”;m“)_ ~ <

for each n > 2, (z1,...,2,) € R™ h>0.
b) For each q € IN, there is a constant ¢ > 0 depending only on q and on the bozred

kernel K : IR — Ry such that
K r— X, 24
h < &

(4.2) E /

foreachn>1, h>0.

PROOF OF LEMMA 4.1. We use a known covering argument from kernel regression
estimation, see Devroye and Wagner (1980), Spiegelman and Sacks (1980), Devroye and
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Krzyzak (1989). Let 21 +So,5/2, - - - , 2 +So /2 be a finite cover of Sp . Assume without
loss of generality that K < 1.
a) The left-hand side of (4.1) is bounded above by

Zi— Tnp Ti = Tn
fnz_:l I2k+80'r/2 ( h ) K ( h )
T; — I, T; — ITp
k=1 i=1 sze{L...,n—l}\{i} Tso.r ( h ]> K ( h )

M n-1

<>

= 1+ e, n1 (o} it So.on (%5)

(because z/(z +w) < 1/(1+w) for 0 < 2 <1,w > 0)
M n-1

Z Z $n+h2k+50 rh/2 (wz)
- 1+63 eqn,.

k=1 i=1 Ln—=1R1\{i} Zn+hzk+50,rh/2 (.T])
(because z; € T, + hzk + So r1n/2 implies Tn + hzi + Sorns2 C Ti + So,rh)
M
<5
b) Letn>2¢+2,0<b< 513 without loss of generality. Using similar arguments
as in a) we can bound the left-hand side of (4.2) above by

x——Xn> 2

M Izk-i—So,,_/,‘, (———Il—
E Z/ 22 M)
1+b21 2q+1150r 3

I +hzi+So rn )2 (zi)

)
Zk1+SO /2
- E Z /

ki,..., kag€{1,.. 14+ bZ] =2¢+1 ISO r (

(dz)..
) p

/ Izkzq +So r/2 ( )

1+b2] 2q+1150r( s

(dz)
) 7

- E Z

kl,.“,kgqe{l,...,M}

X — X, Xa, — X,
Izkl +So,r/2 (__h—> T Izk2q+SO,r/2 <ﬁ'h_1£)

X1 -X; X9g — X;
e G | I (R > e
(by independence of X1, ..., Xag, X2g41,...,Xn)

I Xl - Xn I X2q - Xn
1 Zky +S0,7/2 —h__ T zkg, +S0,r2 _’—L_

< E
b2 X1 - X; n— Xog — X
ki, kag€{1,...,M} Z] 1 ]SOT(;}L__J) "'Zj:f Is,. (%—h—])
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2 X, - X;
because 1 > 2¢b, 2q > ZISM (—l—h—’) l=1,...,29)

Jj=1

1
pl ey sy e LAY >

kl,..‘,k2q€{1 ..... M} LS UEEN I2q€{1,.... n—1}
Ll

| Xy, — Xn Xip, — Xn
Izk1 +So,r/2 —h_ T Izk2q+50,r/2 —h_

— X, —X; e X, — X
Z;L:ll ISO,r (——IT_J) Tt 2_7211 ISO,r (—2h_n
(by exchangeability of X4,...,X,_1)

Xz' - Xn
1 n—1 Izkl'i'-So,r/g T
< E Z
- B2 — A — - .
b q(n ]-) (TL 2q) ki, k2qe{l,...,M} i=1 Z;l;ll ISO,r <£l_;l_)_(_'7_)
X, - X,
n—1 Izk2q+50,r/2 _’—l——
' o X, — X.
=10 I, (—17;*1)
M2

T B s

The following lemma contains an inequality of Efron-Stein (1981) and Steele (1986)
type for higher central moments in the case of identically distributed random variables
and symmetric statistics.

LEMMA 4.2. Let Zy,..., 2y, Zy be independent identically distributed random vari-
ables with values in some Borel set A C IR™, and let the functions f = f, : A" —» IR be
measurable and symmetric (i.e., the function values are not changed by a permutation of
the arguments). Let q € IN. If f(Z1,...,2Zy) € Ly, then a constant C € IR (dependent
only on ¢, but not on n or f) exists such that

(4.3) E{|f(Zy,...,2Z,) — Ef(Zy,...,Z,) %}
< CnE{|f(Z1,..,Zn) — (21,1 Znr, Zn) 7).

PROOF OF LEMMA 4.2. We use arguments from Devroye et al. (1996), pp. 136,
137. First we notice existence of a constant C = C(g) > 1 such that

2q
(4.4) Z (2;1) CRa=12ap(2a=9)/2 | Ot < C(n + 1)
j=2

for all n € N, since this relation holds for C > (2¢ — 1)9, if n is sufficiently large, say
n > no(q), and for each n € {1,...,n0(q)}, if C is sufficiently large. Now let n € IN be
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fixed. Set

VW = f(Zy,...,20) — EfulZ, ..., Z0),

vV = E{v™|z:}

V" = B{V™|Z,,...,Zk} - B{V™|Z,,..., Zk1},  k€{2,...,n},
dn = E{|fa(Z1,..., Zy) = falZ1,. .., Zn1, Zn)|?9}.

Then V() = Vl(") +-+ V,S") and Vl("), ey V™ form a martingale difference sequence
with respect to Zi,...,Z,. We prove (4.3) for the above C by induction on n. (4.3)
holds for n = 1, because

E{|f((Z1) - Efi(Z1)*%}
— [~ BA@)PP, 5, ()
< /E{Iu - fl(Zl)|2"}Pf1(Zl)(du) (by Jensen’s inequality)
= E{|i(%) - f1(Z)19}.

Assume (4.3) for fixed n. To show (4.3) for n+ 1 rather than for n we use the martingale
property and Holder’s inequality and obtain

q—3 2q
Ve s + B

(29—17)/2¢
}) (E{V1D 2ay)0/2

E{lv(n+1)12q}

{ Véz-{-l) + Zv(n+1)

v {

Xn: V(n+l)

i=1

Z V(n+1)

(n+1)

‘We notice

n
E
i=1

Z V(n+1) * }

= E{|E{fn+1(Z1,..., Zns+1)|Z1,- .., Zn}
— EE{fn11(Z1,. .., Zas1) 21, . .., Z: )29}
< CnUE{|E{fns1(Z1,-- s Zns1)| 21, ..., Zn}
— E{fn1(Z1, ..., Zn, Zn11)| 21, . .., Znr, Za}1*}
(by the induction assumption applied to
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)

g(21,.. ., 2n) = B{fn1(Z1,....Zn11) | Zh = 21,..., Zp = Zn})

= quE {}/an(Zl, .. .,Zn,z) — fn-l—l(Zl’ N .,Zn_l,Zn,Z)dPZn(Z)

< Cn"E/[an(Zl,...,Zn,z) ~ fa1(21, .., Zn1, Zn, 2)[P%dPg, (2)
(by Jensen’s inequality)

= quE{lfn+1(Z1a ey Zn+1) - fn+1(Zla e ’Zn—la Zn,Zn-l‘l)lzq}
= qud‘rH—la

further
E{[V31 )
= E{lfn+1(Z1a' . ~7Z'n+1) - E{fn+1(Zl; .. '7Zn+1) I Zl}' . -7Zn}12q}
= E.E{lfn+1(Z1, .« -’Zn+1)
— E{fns1(Z1,..., Zns1) | Z1,.. ., Zo Y29 | Z0,. . Zn}

S EE{|far1(Z1, ..., Zny1) — for1(Z1y- 3 Zny Zn41)|?0 | Z1,y - .., 20}
(see above proof of (4.1) for n = 1)

= dn+1 .
These results together with (4.4) yield

2q
E{[v(»+D)20} < (Z (2;1) (Cn9)(Ra—9/(2a) 4 C’nq) dny1

=2
_<_ C(n + 1)qdn+1,

ie, (43)forn+1.0
Proor OF THEOREM 2.2. It suffices to show (2.6). Set
FV = / Imi) () ~ m(z)|*u(ds) - E / ImP (@) — m(z)*n(dz)

and
AD B / m(z) - mP (@) Pu(dz), k> 0.

Now it remains to show

(4.5) FH) 50 (n—> o) as,
and
(4.6) A 50 (n—oo0)  as.

In order to show (4.5) we choose ¢ € IN satysfying ¢ > 7 + 1 with 7 from (2.4). To
obtain an upper bound for E{IF,(lh) |29}, h € Q,,, we use Lemma 4.2. Let m$" be obtained
from m{” via replacing (Xn,Yy) by (X,,Y,), where (X1,Y1), -, (Xn, Ya), (Xn, Ya)
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are independent identically distributed random vectors. A straightforward computation
shows

@7 |ImP(z) - AP ()| |
o i s
(=5=) “(57)
< 2sz=1K (x—hXi> +2LZ?=_11K.(x_hXi> LK (:1: _h)gn)-

Thus we obtain by Lemma 4.2
2q }

1

E{|FM*1)

<c'nE {‘ / (M) (z) — m(2)|? - [m (z) — m(z)*)u(dz)

< (4L)*c*n'E { [ / mi (2) — i (x)Iu(d-’t)] 2q}

< (4L)YMc*nIE / p(dx)
- X;
ook (252
% %k 1
<t —
<t

with suitable constants c*,c¢** € IRy, where the latter inequality follows from Lemma
4.1b). Now for some ¢ € IR, and for all ¢ > 0 we obtain

iP[F,EH") >€] < f: > PIFM > ¢

n=1 n=1heQn

< Z > = E{}F(")IQ"}

n=1 h,GQn

1
%* %

(the latter via (2.4)), which yields (4.5).
For the proof of (4.6) choose h}, € Q,, such that h}, — 0, nh:‘: — 00 (n — 00). We
first show

(4.8) lim sup (A(H % A(h" 1)) <0 as.

n—co

For arbitrary fixed ¢’ > 0, we notice

| NN
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1 n
<p [Aﬁfi’? - D) 1 = ) - )

+= Z(( v () - Yi)? — (m(Xi) - Yi)?) — AT s }

because of the optimality property of H,, and thus

Pa) — oy > )
n

) P[zf?el%’: %Z(( M(X) - Y)? - (m(Xs) - ¥3)?)

- E(m{")(X:) - Y;)? - (m(X;) - Y9)?)

> e'}

. 5}
LS B vy — va2 - g (B oy y 2
+ Z P Hh‘ ;((mn,i(xz)_}/z) E(m (Xz) )/1) )

heQ,
=Ch+ D,

<y P[% (XK - Y — (m(X) )

E(m{)(X)) - Yi)? - (m(X,) - Y3)?)

<ZP[

heQ,

Zm(m Y;)? - E(m(X;) - Y;

i=1

E/
-
By Hoeffding’s inequality (Lemma A.5 in the Appendix)

C, < 2|Qn|e—ne2/(l28L4).

To bound the summands of D, we use McDiarmid’s inequality (Lemma A.5 in the
Appendix). Let m(h) be obtained from m( ) via replacing (X,,Y,) by (X,,¥,), where

(X1, Y1), ..., (Xn, Yn), (X, Y,) are mdependent identically distributed random vectors
(i=1,...,n—1). We set

Vy = z(m“)()fa ~Yi)? - Z( AN Xe) = Yi)2 + (i () — Vo)
In order to be able to apply Lemma A.5, we show next
Vol <c
for some ¢ > 0 independent of n. Let

U = m (X)) -V
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o (B
= Z _}/’h

= X, - X
le{l,...,n}\{i} Eje{l,.n,n}\{i} K ( h .7)

Wi =ml) (X;) —

. (x X,)

e - X X - X
et M et 1}\{1}K ( D J)+K<—‘h‘—i)

<k

X
TN
2

> |
:><:
N—

=

-+

Xi— X, Xi-X%.\
Eje{l,...,n—l}\{i}K( - ) +K (_h_"_)

fori=1,...,n—1. Thus

n—1
Vo = Z(U2 W7) + !m(h) (Xa) — Yul* - lmgfv)z()zn) - Y%
i=1
n—1 2 R .
Vn2 < 3 Z(Uzz - Wz‘2) + 3|m1('l’fr)z(Xn) - Yn“l + 3|m£L’f21(Xn) - Yn|4'
=1
We obtain
Xi — An
o G )
— W <
2o ielt,m ) 7
X;— X,
+ 2L

Xi— X, X; — X,
Zje{l,,..,n—l}\{i}K( A )+K <——h—)

(¢ =1,...,m — 1) (for the latter compare (4.7)), thus, by Lemma 4.1a),

n—1
MUi-wi <

for some ¢* > 0, therefore

n—1 2 n—1 2
dUE-wp| = Z(Ui - W) (U; + W)
=1 i=1

< 16L20*2
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which implies
V2 < ® = 48L%" + 96L°.
Now by Lemma A.5
D, < 2' Qn|6_n€’2/(802).
Thus -
ZP[A(H WAl < S 7(Cn+ Dn)
n=1

for each ¢/ > 0, which yields (4.8). Now by the weak universal consistency result of
Devroye and Wagner (1980) we have

(4.9) NG
We notice
(4.10) AFED AT g (s 00),

which follows from

AP = 00,1 < 4LE [ mlP(@) - m{, (@) uldz)

Kh(z )
8L / E dx
A CE Al
(by a straightforward computation as in (4.7))

a2l v Kp(z — X;) .
= 8L n;/Ez?leh(x_Xi),u(d )

(by exchangeability of Xi,...,X,)

L2
< 87 (h>0,n € IN).

IA

From (4.8), (4.9), (4.10) we obtain (4.7). O
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Appendix
A. Some results on empirical process theory

In this section we list the definitions and results of empirical process theory which
we have used in Section 3. We also formulate specialized versions of the inequalities of
Hoeffding and McDiarmid used in Section 4. An excellent introduction to most of these
results can be found in Devroye et al. (1996).

We start with the definition of covering numbers of classes of functions.
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DEFINITION A.1. Let F be a class of functions f : R? — IR. The covering number
Ni(e, F,27) is defined for any € > 0 and 27 = (21,...,2,) € IR%™ as the smallest integer
k such that there exist functions g1, ..., gz : R? — R with

n

1I<nii?k % Z 1f(2;) —gi(z;)| < e
<iskn

for each f € F.

If Zp = (Z4,. .., Zy) is a sequence of IR%valued random variables, then N (¢, F, Z})
is a random variable with expected value EN; (¢, F, Z7).

LEMMA A.1. (Haussler (1992), Theorem 2) Let F be a class of functions f : RY —
[0,B], and let Z} = (Zy,...,Z,) be R%-valued i.i.d. random variables. Then for any
a,e>0

S (2 - Bf(2)
P jsup

fer a+ Ef(Z)

>e| <4E (M (%,]—‘, Zf)) exp (—7;:;:) .

The following lemma is useful for bounding covering numbers of products of func-
tions.

LEMMA A.2. (Devroye et al. (1996), Theorem 29.7) Let G; and G2 be two families
of real functions on IR with |g,(2)| < By and |ga(2)] < By for all z € R%, g, € G and
g2 € Gy. Then for any 2 € RY™ and € > 0 we have

€

n
2B17g27z1) .

Ni(e,{91-92: 91 € G1,92 € Ga}, 2F) < N, (ﬁg) M (

To bound covering numbers we use the following definition of the VC dimension.

DEFINITION A.2. Let D be a class of subsets of IR? and let F C IR?. One says
that D shatters F if each subset of F has the form D N F for some D in D. The VC
dimension Vp of D is defined as the largest integer k for which a set of cardinality &
exists which is shattered by D.

A connection between covering numbers and VC dimensions is given by the next
lemma, which uses the notation Vg+ for the VC dimension of the set

Fr={{{z,t) cR*xR:t< f(z)}: f € F}
of all subgraphs of functions of F.

LEMMA A.3. (Haussler (1992), Theorem 6) Let F be a class of functions f : IR? —
[0, B]. Then one has for any 2} € R*™ and any 0 < ¢ < B/4

Vs
Nile, F,0) < 2 <4if—1og (4%8-)) .
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The following result is often useful for bounding the VC dimension.

LEMMA A.4. (Dudley (1978)) Let F be a k-dimensional vector space of functions
f:R% = IR. Then the class of sets of the form {z € RY : f(zx) >0}, f € F, has VC
dimension less than or equal to k.

The following lemma states the inequalities of McDiarmid (1989) and Hoeffding
(1963) in the special case of identically distributed random variables and symmetric
statistic.

LEmMMA AS5. Let Z3,...,7Z,, Z, be independent identically distributed random
variables with values in some Borel set A C IR™, and let the functions f = [, : A" - R

be measurable and symmetric. ~
Iflf(Z1,...,2Zn) = f(Z1,.-.yZn-1,Zn)| < ¢ < 00, then for each e > 0

Pf(Z1,...,2,) — Ef(Z1,...,2,)| > €] < 22"/ (ne),

If especially the Z;s are real-valued with |Z;| < §, then for each € > 0

n n

PNz~ EY 7| > ¢| <2e7%/ D),
i=1 1=1
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