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A b s t r a c t .  A frequently occurring problem is to find a probability vector, p E D, 
which minimizes the/-divergence between it and a given probability vector r .  This is 
referred to as the / -pro jec t ion  of 7r onto D. Darroch and Ratcliff (1972, Ann. Math. 
Statist., 43, 1470-1480) gave an algorithm when D is defined by some linear equalities 
and in this paper, for simplicity of exposition, we propose an iterative procedure when 
D is defined by some linear inequalities. We also discuss the relationship between 
/-projection and the maximum likelihood estimation for multinomial distribution. 
All of the results can be applied to isotonic cone. 
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1. Introduction 

Let p = ( p l , . . . , p k )  T and q = ( q l , . . . , q k )  T be  the  p robabi l i ty  vectors  and  / -  
divergence of p wi th  respect  to q, also called the  Kul lback-Liebler  in fo rmat ion  number ,  
c ross-ent ropy be tween  p and  q, in format ion  for d iscr iminat ion,  en t ropy  of p relat ive to  
q, is given by  

k 

I(p l q) = ~ p i  log(pi/qi) .  
i = l  

I t  is well known t h a t  I (p  I q) has  the  following results.  (See Kul lback  (1967), K e m p e r m a n  
(1969) and  Csiszar (1967).) 

LEMMA 1.1. For p, q E P ( P  denote the set of  probability vector), then 

k 

(1.1) I (p lq )  >_ O, [2I(Piq)] 1/2 >- ~ IP~ - q~l. 
i = 1  

Thus  it is heurist ical ly reasonable  to th ink  of I (p  [ q) as represent ing  a "dis tance" 
be tween p and  q. I f  we in terpre t  I ( p  [ q) as distance,  then  the / - p ro j ec t i on  of the  
p robab i l i ty  vector  ~r onto  a set D C P is defined as ~? E D such t h a t  

(1.2) I(~r 17r ) _-- ~ i ~ I ( p  I ~ ). 
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Minimization problems of the forms (1.2) play a key role in the information theory 
(Kullback (1959), Good (1963)) and also in statistics for the maximum likelihood esti- 
mation (Csiszar (1967, 1975), Agresti (1984), Lemke and Dykstra (1984) and Dykstra 
(1985)). 

Darroch and Ratcliff (1972) considered the problem of / -p ro jec t ion  when p E D 
satisfies 

k 

E aqPi = hi, j = 1 , . . . , t  
i=1 

where aij(i  = 1 , . . . , k ; j  = 1 , . . . , t )  and hj( j  = 1 , . . . , t )  are given constants. They 
proposed an algorithm for problem (1.2) and also discussed the relationship between 
(1.2) and the maximum likelihood estimation of p for multinomial distribution when p 
belongs to the log-linear models, that  is, 

t 

(1.3) Pi = X H A~ "'j 
j = l  

where A and Aj (j = 1 , . . . ,  t) are parameters.  
When D is defined by some linear inequalities, then for given 7r, t he / -p ro jec t ion  

of 7r onto D is important  not only in information theory but  also in statistics for the 
maximum likelihood estimation which will be described in Section 3. For example, for 
some given s, p E D is defined by 

(1.4) 
l k l 

E E aijp, < E hi, 
j = l  i=1 j = l  

for l = 1 , . . . , s -  1; u = s +  1 , . . . , t .  

k s k 

E aijPi = E hi, E aiupi = hu 
j = l  i=1 j = l  i=1 

The relationship between the form (1.3) and the constraints (1.4) may be given in 

LEMMA 1.2. I f  the probability vector p satisfying 

t 

(1 .5 )  = A 1 - I  ~ " , ' - < " "  - < X , 
j = l  

l k l s k s k 

j=l i=l j = l  j = l  i=1 j = l  i=l 

(1.7) E E aqp,  log Aj = hj log Xj 
j = l  i=1 j = l  

exists (l = 1 , . . . ,  s; u = s + 1 , . . . ,  t), then it minimizes I(p ] 7r) subject to (1.4) and is 
unique in doing so. 

PROOF. Let p be any probability vector satisfying (1.4), Hj = ~-~Jl=l hi and Gj = 
~-~-1 ~ki-1 aitPi for j = 1 , . . .  ,t, then 

G1 < H1 , . . . ,Gs -1  <_ H~-I,G~ = H s , . . . , G t  = Hr. 
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By the Abel's transformation, for Xl <_ " ' "  _< Xt, one has 

t t k s - 1  

E h j x j -  E E aijpixj = Z ( H J -  G j ) ( z i -  XiTi)__< O. 
j = l  j = l  i=1 j = l  

So 
t k t 

I(/517r) = logA + E E a i j / s J  logAj = logA + E h j l ~  
j=l  i=1 j=l  

t k k 

< log A + E E aijPi log Aj = E p i  log(/bi/zri), 
j = l  i=1 i=1 

V,k P~ k and I (Pl  r )  - I(/b l Tr) >- z_,i=l log(pi/~i) - ~i=1 P' log(/bjTr~) = I(plp ) _> O. 
Suppose that  there exist two probability vector/5 and/5 satisfying (1.5)-(1.7). From 

the above proof, we have 1(/51 r)  = I(/5] r)  and 1(t5 I r )  - I(/5 I 7r ) = I(/51/5 ) = 0 which 
implies/5 =/5 by Lemma 1.1. 

Remark 1. By similar proof, (1.6) and (1.7) are equivalent to 

s k s k 

(1.6') E E aij/bi#j >_ E hjpj ,  E aiu/bi = hu, ~t 1 "~ " "" < ~ t s ,  

j = l  i=1 j=l i=1 

for u = s + l, . . . , t, 
v k v 

(1.7') E E aij/bi = E hi,  At-1 < Ar . . . . .  A~ < X~+I. 
j=r i=1 j=r 

LEMMA 1.3. (i.5), (1.6) and (1.7) can be expressed as 

I ~  b~j (1.8) ffi ~-- 7ri /~j , ~1 <-- " ' "  __< ~ts, 

j = l  

( 1 . 9 )  E E b i j / b i  <- E g j ,  bij/bi = gj, Ebiu/bi =gu, 
j = l  i=1 j = l  j = l  i=1 j = l  i=1 

s 

(1.10) E b i j / b i l o g # j  = E g j l o g p j  
j = l  i=1 3"=1 

c (l = 1 , . . . , s -  1; u = s , . . . , c )  where b~j > 0 (i = 1 , . . . , k ;  j = 1 , . . . , c ) ,  ~-]j=xbij = 1, 
c 

and ~ j = l  gJ = 1. 

PROOF. Define 

bij = e(aij + u), gj = e(hj + u), 

where u > 0, e > 0 are chosen to make 

bij >_ O, and 

for i = l , . . . , k ; j = l , . . . , t  

t 

b~j ___ 1. 
j = l  
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t If ~5=1 bij = I for Vi, define c = t. Otherwise define c = t + 1 and let 

t t 

b i c = l - E b ,  5, g ~ = l - E g  5. 
5=1 5=t 

Wi th  these definitions of {bih;i = 1 , . . . , k ;  and j = 1 , . . . , c }  and of {gj;j -- 1 , . . . , c } ,  it 
is clear tha t  the constraints (1.9) are equivalent to (1.6). 

To express (1.5) into the form (1.8), define 

-( l /e) # 5 = A j  5, j = l , . . . , t  and # c = 5  

where 5 ~ /  t = 1-I5=1 "~i'-u Also it is obvious tha t  the constraint  (1.10) is equivalent to (1.7). 

In Section 2, we propose an algori thm to the problem for (1.2) under  constraints  
(1.4). Section 3 is concerned with max imum likelihood estimation. 

2. The proposed algorithm 

By L e m m a  1.3, wi thout  loss of generality, we suppose tha t  hi5 (i -- 1 , . . . , k ;  j = 
1 , . . . ,  t) satisfy 

t 

ai5 >_ O, E ai5 = 1. 
j = l  

Let 
C ~- { x  c R s ; x l  ~_ x2  ~_ . . .  ~_ X s }  

. .  w ! and for the weight w = (Wl,. , 8) ,  denote  the projection o fx  onto C by i: = Pw(x ] C), 
which satisfies 

I I x  - = min~--~(x 5 - #j)2wj subject  to 
( J =1 

It can be easily obtained (see Rober tson et al. (1988)). 

# E C } .  

Algorithm for (1.2) under (1.4) 
Let the initial pl ~ = 7q and ),~o) 
step(n):  

= 1  f o r i = l , . . . , k a n d j = l , . . . , s .  

s t 

p~n) __ ~(n--1) H (/~J //~J ) H --/Ji (n) (n--l) a~j 

j = l  u = s + l  
hu aiupi 

\ i=1 / 

a l u  

where A (n) = Pw(,~-l)(U(n-1) [ C), ~'wj(n-1) =- E i = l k  aijpi(n-1), and U ( n - l )  = 
h54n-1)/w?-1). 
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Remark 2. From the above algorithm, we can obtain the following results: 

(2.1) _(n) 1-I ()~n)) a,j ha~ aiup} l) /)i  ---- 71"i 

j = l  u = s + l  /=1  -- 

(2.2) ~(n) . . . . .  ~(n), 

s 

(2.3) E h.x(n-1)/~(n) '~3"j / " j  
j = l  

then )~(n)_ __ )~(n)  h j ~ n - 1 ) /  ~ (n--l) . . . . . .  2 ~ aijPi , 
j = r  j = r  i = l  

s k 

j = l  i=1  

THEOREM 2.1. I f  hj (j  = 1 , . . . , t )  are positive, then {p(")} given in the above 
proposed algorithm converges to the optimal solution of (1.2) under (1.4). 

The proof is given in the Appendix.  
Consider m sets of constraints each of the form (1.4). Let the r - th  set be wri t ten  

(2.4) 
1 k t s~ k s r  k 

('~) h(Y ) - (~) ,5(") EEa  p <E- . - ,  , , ) 
j = l  i=1  j = l  j = l  i=1  j = l  i =1  

for I = 1 , . . . ,  s'. - 1; u = sr + 1 , . . . ,  tr; r ---- 1 , . . . ,  m. Then  we have the following lemma. 

LEMMA 2.1. I f  the probability vector p satisfying 

m t r  

(2.5) P, = ~,~ [ I  I I [~ ) ]~  
r = l j = l  

l k l 

(2.6) E E  aiJ('.)=Pi < ~ h (y) - - A . . ~  ) ' 
j = l  i = 1  j = l  

Sr  k 8 r  

(2.7) E E aiJ('.)=Pi l o g ~  r) 
j = l  i = 1  j = l  

xi'.) < . . .  < ~('.) 
_ _  _ _  8 r ' 

sr k s~ k 

a i j  P i  ~- E ('.)_ aiu Pi = h (r), 
j = l  /=1  j = l  /=1  

exists (l = 1 , . . . , s ' .  - 1; u = s'. + 1 , . . . , t ' . ;  r = 1 , . . . , m ) ,  then ~ minimize I(p I 7r) 
subject to (2.4) and is unique. 

PROOF. The  proof is similar to Lemma  1.2. 

Similar to Lemma  1.3, we have the  following lemma. 

LEMM* 2.2. (2.5), (2.6) and (2.7) can be expressed as 

(2.8) 
m t" 

r (") 

r = l  j = l  

#~r) < . . .  < n(r) 
- -  - -  ? ~ S r  ' 



256 WEI GAO AND NING-ZHONG SHI 

(2.9) 

(2.10) 

where 

1 k l s~ k s~ 
~-'~ ~-'~ t ( r ) -  ~(r) . ( r ) -  ~(r) E E  =E 2 _ , 2 ~  Vii Pi - -  Y j  , Yj  
j = l  i=1 j = l  j = l  i=1 j = l  

8 r  k 8 r  

E E "(~)- l~  ~>= E Y J  Oij Pi ~(r) log #~r) 
j = l  i=1 j= l  

i t~ 

b}; > _> 0, E b } ;  >= 1. 
j = l  

k 
E , ( r ) -  g(r>, oiu Pi = 
i=1 

(2.11) 

Let 

Thus by Lemma 2.2, without loss of generality, we suppose 

t~ 

a(~) > 0, E ~(r) ij = 1. -- uij 
j = l  

C~ = {x c Rs~; Xl ___ . . -  _< x~}  

and we proposed the following algorithm. 

Algori thm for  (1.2) under (2.4) 
Let the initialp~~ = 7r~ and A~o,~) = 1 for i = 1 , . . . , k ;  j = 1 , . . . , s~ ;  r = 1 , . . . , m .  
step(n, 1): 

81 
p(n,1) (n- l ,m)  )(n,1) (n-1 1) a~ ) 

= p ,  H( J / >v  ' ) j=l 
step(n, r): 

[ k (1) (~-l,m)] a~;> 
h;  1 > / E  aiJ Pi J 

j = s l + l  i=1 

.r / i  "t)i-(n'r) --__ p(n,r--1) H (Aj(n'r) / Aj(n--l'r) ) a!'7),5 

j = l  j=s~q-1 

k _(r)_(n,r-1)] 

j 
4 ;  ) 

(n,r--1) --~ for r = 2 , . . . , m  and where A (n,r) -- P~( . . . .  I)(U (n,r-1) I C~), w t 

k _(r)_(m~-l) and U[ ~'~-1) h(~)X(n-l'r) (l = 1, ,St). E i = I  (Zil Pi ~ = '~l "'l "'" 

THEOREM 2.2. I f  h~ r) (j = 1 , . . . , s ;  r = 1 , . . . , m )  are positive, then {p(n,r)} 
(r = 1 , . . . , m )  given in the above algorithm converge to the optimal solution of  (1.2) 
under (2.4). 

PROOF. The proof is similar to Theorem 2.1. 

We have discussed the /-projection as p restricted by the form of (1.4), also can 
consider other form restrictions and similar results will be obtained. For example, p E D 
satisfies 

(2.12) ailPi - h i , . . . ,  aitPi - ht E C* 
i=1 i=l  

where C* is the duality of C which is a isotonic cone (see Robertson et al. (1988)). 
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3. Application to maximum likelihood estimation 

For 2 x 2 x k contingency table, let nij I be the observation and Pij, be the corre- 
sponding probability, i , j  = 1, 2; 1 -- 1 , . . . ,  k. Then the log-likelihood function is 

k 2 2 

L(p) = n E E E [~ij' logpij, + c 
l=l  i=1 j = l  

~-,k v- .2  x-.2 Pij, = nij l /n and c a constant. where n = ?--~,=l 2_.i=1 ?-~j=l nijl, 
Let @ = (Pn,P22,)/(P12,P21,) (l = 1 , . . . ,  k), which are usually called the local odds 

ratios. The maximum likelihood estimation of Pij, is usually considered under 

(3.1) (~1 ~ " ' '  __~ (/)k- 

See Lemke and Dykstra (1984), McDonald and Diamond (1983, 1990), and Agresti and 
Coull (1996). 

LEMMA 3.1. Let p be the MLE of p under (3.1), then p satisfies P++l = P++, 
(l = 1 , . . . , k ) .  

PROOF. Suppose that the conclusion is not true and let ]3, = /5++Jp++t ,  Pi*jt = 
/31Pij, (i , j  = 1, 2; l = 1 , . . . , k ) .  Then 

k 2 2 k 2 2 k 

E E E / ~ J '  log p:j, = E E E Pij, log fij ,  + E / ~ +  +' log/3, 
l = l  i = l  j = l  /=1 i=1 j = l  /=1 

k 2 2 k 

= E E E[~ijzl~ ' + E ~++t l~ 
/=1 i=1 j = l  l = l  

k 2 2 

> E ~ ~ 15ijl log ~,jl 
/=1 i=1 j = l  

which is contradictory to the fact that i~ is MLE and thus 15++t = i~++t, l = 1 , . . . ,  k. 

We only need to consider p satisfying P++l --/3++1 (1 = 1 , . . . , k ) ,  thus p can be 
expressed as the following saturated model: 

(3.2) logpnl---- At + A~ ) + A (c) 1ogp121 = At + A~/) + A (c) II ' 21 ' 

(3.3) logp211 = At + A(~ ) + A(c)lt, logp22t -- At + A(2~ ) + A~ ) + Ol 

where A~ ) -A (r) A~ ) -A  (c) and 01 = log @ for l = 1, ,k. ---- II ' ~- 1l ' " ' "  

L E M M A  3.2. {Pijl} is the MLE of { P i j l }  under (3.1) if and only if 

(3.4) Phi ~-Pi2 l  = P i l l  + Pi2 / ,  P l j l  "~-P2jl ~- P l j l  -} -P2j l ,  i , j  = 1,2;l = 1 , . . . , k ,  
s s k k 

(3.5) E / ~ 2 2 / _  E15221, E l 2 2 1  = Ei522l,  s =  1 , . . . , k - 1 ,  
/=1 /=1 /=1 /=1 

k k 

(3.6) E ~ 5 2 2 j  1Og(~j = E P 2 2 j  1Og(~j,  (~l ~ " ' "  _< ~ k  
j = l  j = l  
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where r = (/5111/522l)/(/512lP21l). 

PROOF. Suppose that/5 satisfies (3.4)-(3.6), and then for p satisfying (3.1) 

k 

E ( i S u l  log Put +/312l 1ogpl2t + 1Suit logp21t +/)221 logp221) 
l = l  

k 

= E [ ( P l l l  --  P22l) l O g p l l l  + (Pl2l -t- P22l) logp121 
l=1 

+ (/321l + i~221)logp21l + i~221 log r 
k 

= E [ ( / 5 1 1 I  --/522l) 1OgpUl  + (/512l +/522l )  logp121 
/=1 

+ (/521l +/5221) logp21l +/)221 log r 
k 

_< E ( / s n l  logplll +/5121 1ogpl2l +/5211 1ogp211 +/5221 1ogp221) 
l= l  

where r (PlllP221)/(P12tP21I). For p /5, from the above, }--~=l ~ V'~ ^ E i = l  = = ~-~i=l  Pijk  " 

log Pijk = }-'~4=tk ~2~=l ~-~j=t2/sijk log/sijk and thus 

k 2 2 k 2 2 k 2 2 

E E log/si   - E E E ,j logp,j  -> E E E/sij  0 
l = l  i=1 j = l  l= l  i----1 j = l  l=1 i=1 j = l  

Suppose that/5 is the MLE ofp under (3.1) and then i5 can be expressed as the form 
of (3.2) and (3.3). By Kuhn-Tucker Conditions, it may be easily to prove (3.4)-(3.6). 
This prove the necessity. 

By Lemma 3.1, the MLE of p under (3.1) can be expressed as (3.2) and (3.3), and 
thus by Lemmas 3.2 and 2.1, the MLE is equivalent to the/-project ion for (1 , . . . ,  1) T 
onto 

l l 

D = p; P l j l  ~- P2jl = P l j l  + ~)2jl, Pil l  ~- Pi2l = Pil l  Jr Pi21, E P22j <-- ~ ~ 2 j ,  
j = l  j = l  

Ep22j - -  E~22j , i , j  = 1 , 2 ; / =  1 , . . . , k -  1 
j = l  j = l  

which can be obtained by the proposed algorithm given in Section 2. 

Algorithm 
L,+ ~(0,3) _ a}0) -~ - l a n d  = l f o r i , j = l , 2 a n d l - - 1 , . . . , k .  
Step(n, 1): 

p}}.l,1)__ Pi+l (.-1,3) 
p(n---~,3) Pijl , 

i+l  

i ,j  ---- 1,2;l = 1 , . . . , k  
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where iSi+l = ~)ill ~ Pi21 and p(n-l,3) _ p(~-1,3) (n-1,3) i+l  - -  ill t Pi2l for i = 1, 2 and l = 1 , . . . ,  k. 
Step(n, 2): 

p(~,2)_ 15+jl ~(,~,1) 
ijl p ~ ) t ' i j l  , i , j  = 1,2; /  = 1 , . . .  ,k  

+ j l  

where 15+jl = 15lit + i52jl and p~jr _(n ,1 )  ~.~1) =Pl j l  +P  f o r j  = 1,2 and l = 1 , . . . , k .  
Step(n, 3): 

= p!>2)  

zfl al 

( i , j )  = ( 1 , 1 ) , ( 1 , 2 ) , ( 2 , 1 ) ; / =  1 , . . . , k  

( i , j )  = ( 2 , 2 ) ; / =  1 , . . . , k  

( , , . -1)  
�9 { P 2 m a  1 P22k a (n -1 )  ) T  w i t h  t h e  where (a~n) , . .  ,a(n)) T is the isotonic projection of~ p(~.2) , . . . ,  

221 22k 
(~ (n ,2 )  _ (n ,2)  ~ T 

weight \/~221 , �9 �9 �9 , /J22k ) o n t o  C, 

C = {x  ~ R k : x l  _< . �9 zk}.  

4. Discussions 

The proposed algori thm in Section 2 generalizes the algori thm given by Darroch and 
Ratcliff (1972). For the application given in Section 4, we have made some computat ions  
and p(n) will be convergent at about  n = 50 once 15ijl = ni j l /n  ( i , j  = 1,2; l = 1 , . . .  ,k)  
are not  very small. When  s is equal to 1, it degenerates into the case given by Daxroch 
and Ratcliff. When  s is equal to t, p C D satisfying 

l l t t 

= 1  
j : l  j = l  j = l  j = l  

(l = 1 , . . . ,  t) is usually defined as p stochastically larger than  h and it is a very impor tant  
relationship between probabili ty vectors (see Rober tson et al. (1988))�9 

k 
For p E D, let yj = ~-~.i=1 aijPi - hj for j -- 1 , . . . ,  t and 

C =  x;'7 x jy j  <0 ,  for any y , ' 7 > 0  . 
j = l  

If C is a convex cone induced by some part ial  ordering in R t, then  the proposed algori thm 
given in Section 2 is applicable. 
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Appendix 

LEMMA A.1. 
only i f  

For x E R ~ and the weight w, s is the projection of x onto C i f  and 

s  
8 

~(~ i  - ~i)~i~ = o, 
i=1 

i=1 
for V y E C .  

PROOF. See Theorem 1.3.2 of Robertson et al. ((1988), p. 17). 

LEMMA A . 2 .  ~-~-j=lS k aijp~n-1) x j (n) /A  t(n-1) Zj= l s  h j  

PROOF. Let Yi -~ --1/%~ n-l) and y = (Yl,--. ,Ys)' E C. Then by Lemma A.1, we 
have 

8 
.(n--l)/,t(n--1)l_ " /~ (n) ~ - ~ ' w j  kAj I~ j l Wj  (n) (n--l) - % 3  )(-1/A~ ) < 0 

j = l  

which implies the lemma. 

LEMMA A.3. ~-~/k_,pl~)<_ I. 

PROOF. 

L p' = 2-- p~ H(~3  /A) ) H h i /  aUPi 
i~-, i=I j=l j~s+l 

, r,-, ( . , > . . ( . > . . ( . , > ,  (n - l )  hi~ aijp  n-l) 
i=1 [j=1 j=~+1 

hj + hj = 1. 
j-=l j= s+ ,  

l s (n) n--1 aij s s s (~ /~; ) (E~=I hi) log(Zi=l h i / E i = ,  LEMMA A.4. ~ i = l  qi ogI]j_-i >- 

agp~n-x)), where satisfies k a ~ i = 1  q ~'~i=1 i jq i  = h j  for  j = 1,.. , s. 

PROOF. 

k 8 

qi log H (A~>/%~-~)~J 
i-~l j----1 

k 

j = l  i=1 

~ h j  (~) (n-l) = log(A~ /Aj ) 
j ~ l  
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(n--l) (n) > - hj log hj~j /,kj / E h j  
j = l  j = l  j = l  

= - hj log E E aijP~'~-')/E hj 
j = l  i=1 j = l  j = l  

---- ~-~ hj l~ ( ~ hj / ~ j = l  j = l  i~=l aijpi(n-1) ~) " 

LEMMA A.5. {I(q  I p (n)} is nonincreasing in n and bounded below by zero. 

PROOF. 

I(q I p (n)) -~- I(q [p(n--1))  

(n) (n--l) aij aijP~ n-l) - E qil~ (AJ /~J ) H hi~ 
i=1 ( j = l  j = s + l  

k s 

I tq ,p (n-1) j -Z . . ,q i lus l l~A j /Aj ; 
i-~1 j = l  

k t ( k (~-1)~ 
-- E E aijqi log hj/ E aijpi ) 

i=1 j=s+l i=1 

j = l  E j = I  E/k=1 aijP~ ~-1) (• t Ej=s+l hj 
- h 5 log t k ( n - - l )  

\j=s+l ] 2j=s+l ~i=l aijpi 
<_ I(q [ p (n-l)) 

by Lemma A.4. 

LEMMA A.6. If hi (j = 1, ... ,s) are positive, then nmn-,oo" aj'('~)"('~-l)/h i = 1, for 
j = 1 , . . . , s .  

PROOF. S ince  (n) (n--l) ,~j /)~y are uniformly bounded by (2.3), for {nt} c {n} we have 
limt-,~@nd/@ ~-1) =uj  for j = 1 , . . . , s .  

t~lim ,...,~-" qi log ()~nt)/Aj(nt-1))a~j = E qi log ujaiJ = E h j l o g u j  
i=1 i=1 j = l  j = l  

> - log h j / u j  
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---- --thin log (j=~lhJ~nt-1)/'~nt)) 

=-tli~mcx~l~ ( ~aijp(nt-1))i=l j = l  = 0  

which implies Ul . . . . .  u8 = 1. 

Rema rk  A.  

(A.1) 

(A.2) 

(A.3) 

(A.4) 

From Lemma A.5, A.6 and (1.1), we have the following results: 

k 

lim E aijp~n-1) = hi ,  for j = s + 1 , . . . , t ,  
n - - - *  O O  

i=1 

• l i m  aijPi : hi, n--* oo 
j = l  i : 1  j : l  

k 

_- 1, 
j = l  

lira 
n ----~ ( X )  

, ( . )  _ 
lira (Pi 

7 2 - - - + 0 0  
= 0 .  

PROOF OF THEOREM 2.1. {p(~)} is uniformly bounded,  so for any subsequence,  

there exists {nr} which satisfies limr-~cr _(nr) . Pi = Pi for i = 1 , . . . ,  k. From (2.1), p* can 
, . , t be expressed into Pi = n i p  I ] j = l ( ~ )  a~j, i = 1 , . . .  ,k  and by (A.1), (A.2), (A.3) and 

Lemma 1.2, we only need to prove p* satisfying (1.6) and (1.7) or (1.6') and (1.7'). 
Suppose there exists 1 = f0 < f l  < "'" < fz-1 < fz = s, which satisfies 

( A )  * "" A* < ~* = . . . .  AS: S,_1+1 . . . . .  ~)," .5 A1 : " = Ix I1-t-1 * < " ' "  < A* - -  

From the algori thm given in Section 2 and (A.5), for sufficient large n~, ~ h - t + l , " ,  

)~(n~)~! is the solution of 

i ~--~ (nr),'--(n,'--l)-- J (nr) 2 min wj (.~j a j / w j  -- # j )  ; 
( j = f t - l + l  

/ 
subject  t o  ~tfl_l_{_ 1 <~ . . .  <~ ~tfl 

J 

where w~ at) k (nr-1) = ~-~i=1 aijpi . Thus  for f l -1  + 1 _< m < ft,  by Lemma A.1 we have 

m k m k m 

aijPi lim X-" - - ( ~ )  (~)  (~r-1) Z_~ ~YPi (hi /Aj ) _< hi,  
T - - - ~ O O  j=ft-lT1 i=1 j=fl-l+l i=l j=fl_l~-I 

h It 
E hj=rli~Inoa E hJ()~'n'-l)/~ "n')) 

j=ft-l-J-1 j=ft-lT1 
1, k A k 

= lira E V-" ( ~ - 1 )  i jPi .  r - ~  ]_. ,ai jPi  = E E a * 
j = f t - l q - 1  i = l  j = f t - l + l  i = l  

Thus p* satisfies (1.6 ')and (1.7') and By  Lemma 1.2 and (A.4) this implies the theorem. 
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