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Abstract. Let II; be an i-th population with a probability density function f(- | 6:)
with one dimensional unknown parameter 8;, i = 1,2,...,k. Let n; sample be drawn
from each IT;. The likelihood ratio criteria Ajj(;_1) for testing hypothesis that the first
j parameters are equal against alternative hypothesis that the first (j—1) parameters
are equal and the j-th parameter is different with the previous ones are defined,
4=2,8,...,k. The paper shows the asymptotic independence of A;j(;-1)’s up to the
order 1/n under a hypothesis of equality of k parameters, where n is a number of
total samples.

Key words and phrases: Likelihood ratio criterion, asymptotic expansion, homo-
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1. Introduction

Bartlett (1937) dealt with the case of homogeneity of variances of k normal popula-
tions. As the exact distribution of a test statistic was unknown, he considered to give a
good approximation based on a knowledge of the moments of it. The method consisted
in multiplying —21log (likelihood ratio criterion) by a scalor factor which results in a
statistic having the same moments as chi-square random variable ignoring quantities of
order 1/n?, where n is the size of the total sample. This correction factor was known as
Bartlett correction factor in the sense of the moment.

For a case of a general population Lawley (1956) considered an asymptotic behavior
of the likelihood ratio criterion for testing a composite hypothesis and obtained Bartlett
correction factor in the sense of the moment. He decomposed a log-likelihood ratio
criterion into a sum of log-likelihood ratio criteria corresponding to a sequence of a
nested hypothesis and he showed that each log-likelihood ratio criteria has a Bartlett
correction factor in the sense of the moment.

Hayakawa (1977, 1987) gave an asymptotic expansion of the distribution function
of a likelihood ratio criterion for testing a simple hypothesis up to the order 1/n and
showed that Bartlett correction factor in the sense of the moment yields a statistic having
a chi-square distribution ignoring quantities of the order 1/n?. This implies that Bartlett
correction factor in the sense of the moment is same as a Bartlett correction factor in
the sense of the distribution for a likelihood ratio criterion. For other statistic it is
usually hard to claim this fact, for example, this does not hold for Rao’s score statistic.
Thus the concept of Bartlett correctness in the sense of the distribution is stronger than
that of Bartlett correctness in the sense of the moment. Thus if a statistic has Bartlett
correction factor in the sense of the distribution, we call that it is Bartlett correctable.
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Harris (1986) and Cordeiro (1987) pointed out an incompleteness of Hayakawa’s 1977
result for the case of composite hypothesis testing.

Bickel and Ghosh (1990) considered independence of a sequence of signed likeli-
hood ratio criterion which corresponds to Lawley’s decomposition of log-likelihood ratio
criterion from Bayesian point of view, and Takemura and Kuriki (1996) also handled a
similar problem from a frequentist point of view. Takemura and Kuriki introduced a new
parameter transformation which makes some higher order cross moments of derivatives
of log-likelihood ratio criterion vanish.

Let X; = |71, Zi2, - - -, Tin,;| be a random sample from the i-th population II; with
probability density function (pdf) f(z | 6;), i = 1,2,...,k and 6;’s are one dimensional
parameters. For testing a hypothesis of homogeneity of parameters

H:0,=05=---=60i(=0,say)
against the alternative
K : violation of at least one equality,

the likelihood ratio criterion A is defined as

H H f(@ia | )
(1.1) A==

H H f(@ia | éz')

i=1a=1

where 0 is the maximum likelihood estimator of § based on n = Zle n; observations
under H and ; is the maximum likelihood estimator of §; based on n; observations X;.

This is a general set up of Bartlett’s homogeneity of variances of k normal pop-
ulations. Hayakawa (1993) studied the asymptotic behavior of the distribution of A,
and Hayakawa (1994) dealt with the case of p dimensional parameter and showed that
Bartlett correction factor is closely related to the corresponding expression given by
Hayakawa (1977) in the context of a one-sample problem. Hayakawa (2001) considered
this problem by use of Rao’s score statistic, and Hayakawa and Doi (1999) also considered
this by use of Wald statistic.

Consider a sequence of hypotheses Hjj(;1) and Kjj(;_1) defined as

Hj|(j—1):01="‘: j——1=0j vs. Kj‘(j_1)191=---‘—= j_lyéej,
i=2,3,....k

The likelihood rato criterion for testing Hj(;_1) is given by

HHf(xmlﬂ)

i=1a=1 .
(1.2) AjlG-1) = o i=2,3,...,k,
Hl 1:[ f(mzawa 1) H [ (Zja |9)
where 6; is the maximum likelihood estimator of #; = --- = 6; based on fi; = Z;zl n;

observations {X3,...,X;]. The likelihood ratio criterion A for testing H against K is
decomposed as
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(1.3) A= Ao g2 Ak (k-1)-

The purpose of this paper is to show the independence of Ajj(;_1), 7 = 2,3,...,k
up to the order 1/n.

It should be noted that by use of an appropriate parameter transformation this
testing problem is reduced to the case of one sample problem dealt with by Bickel and
Ghosh (1990) and Takemura and Kuriki (1996). However, it is not self-evident to have
a concrete expression because of a complexity of a parameter structure even though our
problem is included in a general set up, and it would be worth to express a final result
by original parameters and to be able to handle this problem without any choice of an
appropriate prior probability density function.

2. Asymptotic independence of LRC

Let 0;,i=1,2,...,k be a univariate parameter. Defining the log-likelihood function
based on independent random sample z;1, ..., %, by

Li(8;) = Y log f(zia | 6:), i=1,2,...,k,
a=1

the following notations and convensions will be used. We assume that each L;(6;) is
regular with respect to 6; derivatives.

. ~172 & 9'L(6; .
(1) yfl)znz l/zazl—ao(l'L)7 l=1:233747 yizygl)y 7'—:1,2""’]‘3,
= i

(11) Tn‘(r;"1 Ko ,...,rlal ) (01)
1 01" [oml 8:) 1™
= f{-————,i————o%g.f” | )} ...{—,—0%5_(,“’ | )} F(z]6;)dz.
Bartlett identities (Barndorff-Nielsen and Cox (1994)) hold

myz2)(6:) + mz)(6:) =0,
ms) (91) + 3m(21)(9i) -+ m(la)(ﬁi) =0,
m(q) (0;) + 4m(31)(9i) -+ 3m(22) (01) + 6m(212)(0i) + m(14) (91) =0,

(i) ps =mni/n(>0), Yi,p=L

Under the hypothesis H : §; = --- = 64, = 6 (say) all moments are expressed as mz)(f) =
m3), Ma1)(0) = m(a1), M(a1)(0) = may), ete.
By noting
Jj i - J—1 ns -
1:[1 l:[lf(xia | 6;) ,1_11 Ulf(wia | 65-1)
AjlG-1) = z; a;_ - /z;_oll_ni — = A2-j /A1 (1)

NI f@ia | 0)7  II TI f(zia | 6:)
i=la=1 i=la=1

we have

—2log Ajij—1) = 2log A1a...(j—1) — 2log Aga...;5.
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921
By use of the asymptotic expansion (2) in Hayakawa (1994) we have
1
(2.1) —2log Ajjj-1) = w§) + wl + w§ + o, (n) i=2,3,...,k
where
2 i1 2
, (Zm ) (Z ﬁy>
'LU(]) — ___yL + i=1 . i=1
0 y(z) J @ j—1 5 ’
? > by S ey
i=1 i=1
3
1 y( )y3 j-1 (Z\/E Z)
j 3
ng) — 3(2) 33 sz\/ﬁ;y() 5
( ) i=1 ( (2)>
szy
p 3
(Z\/p—z )
+ = }:pz\/'p"zy(3)—~—l—~—3,
=1 ’ ()
2 p;
=1
3 4
Lo L@ 1 y§ 'y
2 (2)y5 (2)y4
4 (w;") 2 (w;7)
4

LBrm) B (S (£0m)
B (B
i1 (JZI‘/ITz 1)4 i (Z\/ﬁl z)4

1 2 (4)
j=1 412 le 4
z:l =

(Z pzy(2)> (Z pzy(2)>

1

To find the moment generating function of these statistics we need to use the Edgeworth
type expansion of the joint density function of y;, yz@, ygg), y§4) , 1 =1,2,...,k, which

is stated as follows.

(2:2) =1 [1 + %Fl + %Fz] +o0 (;1;) ,

where

k

fo= H(Zﬂ'm(lz)(ﬂi))—l/Z eXp{ —Y; /2m(12) H6l“

i=1
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k k
1 1 1 W
_ -—m 0,, H ) — ——m 01, H ; d 7
6;\//7 as) (0:) Ha(v:) ;\/ﬁ (21) (02) H (ys) dg;
1.1 \
= 9 Z ;‘,‘{m(ﬁ) (6:) — mé) (9i)}d§i)

i=1

k
g 2 e (00 = i B mas 00} () )

- 2 —m(31> (6:) Ha (o) ds)) + Z —~m(21) (0:) Ha (i) d5))

=1

1 1
* o1 > —Amqn () = 3mie) (00} Ha ()
i=1 *

1 k

6

1
e (6:) misy (8;) Ha (i) dsy)

1 1
+ 75 Z —,m%la) (6:) He (y:)

(i) Hy (yj) 457 dSY

1#1
. = myan) (6;) mqsy (0;) Hy (y;) Hs (y;) dSy
6 = \/pm
)HB (yj)
1?6.7

8 = 6(" — m) (6:) /n“‘”/ %),
dl(T) 5(r)(y(l) ma (9)/n(l 2)/2)/5(y(l) ma) () /"gl_2)/2)

and 6(" is the r-th derivative of Dirac delta function §. H,.(y) is defined by

e3) L exp (-5 ) = (DB e (-4
’ dy" 2m(1z) " 2m(12) )

PROPOSITION. Under the hypothesis H, —2log Ajij—1), J = 2,3,...,k are mutu-
ally independent in the limit.

Proor. With help of law of large numbers y( ) converges to m(g) (6;) = —m2) (6;)
in the limit and yzl , | > 3 converges to zero in the limit, respectively. Thus we have
(2.4) u”z(()z) = plim {~2logAy1}

ni—00
i=1,,k

~ man( {i : (2‘/'7)2}
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(2.5) ng) = plim {-2log)j;i;—1)}
N 00
i=1,.k
2

L , 1 [ 2y (i
maz(0) |7 by ;ﬁ ' pi-1 ;ﬁ '

J
where p; = Z Pi-
i=1
Define PJ =/ p;\/ P;f,, IJ] = €J€; and Y= (y17y2’ ER 9yk),7 where vV ,0; = (V [ ERRE
3

19

VP 0,...,0) and e = (0,...,0,1,0,...,0). Then (2.4), (2.5) are expressed as

1 p .
. —_— O = [.. — P; - -
(2 6) maz) (0)?/ ij7 QJ IJJ G+ Pj L J=2,3, K
and y is k dimensional random vector with mean 0 and covariance matrix m;2 (9) Ix-
By noting
2.7) QiQ=6uQ; rankQ;=1

and by use of Craig theorem (e.g. Ogawa. (1949), and others) we have that —21log Aji¢;-1),
j=2,3,...,k are mutually independent and these have chi-square distribution with one
degree of freedom in the limit, respectively.

THEOREM. Under the hypothesis H, the joint moment generating function of
—2log Ajij-1), J = 2,3,...,k is expressed as '

k
(28) M(tz,...,tk) =F exp th(—210g/\]|(]_1)) }

=2
k
= ———— A — 1 1
jl;‘[2 (1 —2t;)1/2 {1+ n’ (1——2tj ) +°(n)}’
where
1 /ps- .
(2.9) Aj:aT(pg L,y P >
Pi \ Pj Pj—1
1 1
¢ = 3 gy (e ~mas ~2mem)}
1 1
ST (maz)? {m@ym@) — Sm@mas) — 8meanymas) } -

This implies that —2log Aji(j-1), § = 2,3, ..., k are mutually independent up to the order
1/n.

ProoF. The proof is given in Section 3.
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Note. If we set t = t3 = --- = t = ¢, then the moment generating function is
reduced to the one of —2log A for testing H against K. By noting p; = py and g = 1,

and

E1 (pia Pj A

ZT(_,+1+TT“> => —-1
=2 Pj Pj Pi-1 = Pj

the moment generating function is expressed as

(2.10) (1 —2f)~1/26k-D [1 + % (Zk: -g-i- - 1) (1%215 - 1) +o (%)} .

i=1
This is the one given by Hayakawa (1994).
Note. —2logAji(j-1), J =2,3,...,k are Bartlett correctable.

3. Proof of theorem

The joint moment generating function of ~2log \;|;-1), j = 2,3, ...,k is expressed
as

k k k
(3.1) M(ts,...,tg) = /exp thw((f) +thw§’) +thw§’)
=2 j=2 =2

1 1 1
1+ —F+—_F (2) 40,3 o, Sl
xfo[ +ﬁ 1+n 2}dydy dy*dy'"™ + o =)

where y) = (y{l),ygl), ... ,y,(cl))', 1=2,3,4.
The limit of the moment generation function is expressed as

k k
(3.2) / exp{ S t;5 § T] (0, may (6))dy
j=2

i=1

1
O | Grmam @) e"p{ 2 @7 y}dy’
where
k
(3:3) Q=3"Q+VAVE, VB = (VAL Fa- - VPR,
j=2

k
=0-2t;)"" i=23,...k |0/ =]]e:
j=2

This implies that y is dealt with as a normal random vector with mean zero and covari-
ance matrix m;2)(8)Q.
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We use following different expectation notations according to the order situations.

(34) |Q/V2E[g) = / g-exp Zt w b fodydy®dy®dy @,

n k . k .
Jj=2 j=2

(3.6) |Q|1/2£§)[g] = /g exp Zt w(]) + Zt w(J) + Zt w(J) fodydy® dy® dy™®.

Thus we have variance and covariance of y with respect to an operator E as follows.

37 EQ1]=

3.8)  El2/men] = wig = [ci—+cﬁ—+ oLk +1]
(3.8)  Elyi/muz]=wi =pm 2 fa Dap3 * Pr—1pr

(3.9) Ely?/mauz)] =wj; = p; [ijjjl boj L g PRy 1] ,

piPi T pibin Pr—1Pk
§=23,... .k
. 1 Pi+1 Pk
3.10) FEly:syi/men) =w; = -1[0((—7)4‘01 P + -t —+1],
( ) Elyjyi/maz) il =/ PiP i +1plpl+1 Pe—1Pk
1<j<I<k.

where ¢; = (1 —2t;)7%, j=2,3,...,k.
Hereafter we give several moments.
(I) The integration of the first term in (2.2).

k
/exp Zt wm + Zt,wm + Zt W {9 Fodydy D dy® dy®

/exp {Zt w(J) n(0,m(12)(6)I)

2

k k
. 1
4 _Zt o Z a4 thw§a> dy+o (E) ,
where
@_1 my [S 1(S ’
~ (2 7
w = — ~ 75 PilYi 3
1 3 (m(12))3 puary \/sz /’% (;\/_— z)
r . 3 . 3
3 7 j=1 :
a9 L me Y1 1
=vi— 3 | =" 72 piyi | + = pivi | |
3 (maz))® | v (;ﬁ ) P ;\/_ z
3<j<k,

and
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4
_(2) _ (m@)? 1 my
w2 4m125+ 2 (man)t pz ,0 Z\/EZ ’
( ) ( ) i=1 2 =1
&) _{ 1 (m)” M) }
2 4 (m(lz)) 12 (m(lz))4
4

4
[EaE) g )] oo

J

Thus by setting u; =c¢; — 1, j = 2,3,...,k, we have

(3.11) E Zt i [ = o,

k
. . 3 (ms) )2 1 my 1 (pi=1 Pj
312) E t;o$) ={-—- + = Wi (Pizt gy Pi
(3.12) Z 8 (muz))® = 8 (mg2))? ; Thi \ pj Pi-1
k 1 A - .
+> uj— (&i+1+#> +2 3w,
j=2 p] Pj Pj-1 2<p<q<k Pq—1Pq
k 2 k ~
: . m(s)) i1 p
3.13) B Lo | = ) (a oo J)
319 {,Z " (m@z))? 24;2 pi \ ps pi-1
RS pi ), 1 p
2 J- J r
+ u-7(5 —145- )—I—— UpUgqUp %
24 ; TP\ P pi-1) 4 2<p§T<k PR pr_1pr
3 2 2(pq Pq— 1)
+3 Z upqu Z UplUg—=
8 2<p<q<k Pe— 1pq 2<p<q<;rc Pq—1Pq

1
+Z Z UpUg—

2<p<q<k Pq—1Pq ]
(IT) The integration of the second term in (2.2).

To have terms of order 1/n it is enough only to use up to the second term in the
exponent,

/exp Zt w(J) + Zt w(J) } foFldydy(Q)dy(3)dy(4).

k k
-1 exp tawd + 3 twd® b A0 L Hy (o) dydy®@ dy® dy®
J .7 6 \//T
j=2 i=1 *

3=2

1 -
:——\/-’;TL_-/eXp th ) n(O,m(lz) Zt ()
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xm(la)zk: ! Hg(yi)dy+o(-——l—>
6 & VA Vi)

(3.14) £ th *(’)m(‘3) Z H3(yz

i=1
_ M@masy : Pj—1 Pj
g J
Pt gy i)
(maa)® 1222 ! b ( Pi pi-1
1 k 1 ﬁ 1 p p -1 p
+— uz,—<7]—“—5+7ﬂ> U2 (“ +1+A’>
12 X_; i\ P pi-1 Z ' pj pi-1
1 Pr 3 2 Pq
+—= Z UpUqUpr + - Z UpUg s =
2 cpLatr<k Pr-1br 4, 2=, Pq—1Pq

1 2 \Pq q—1
+_2_Z q(PP)+Z

2<p<q<k Pq-1Pq 2<p<q<k p‘l 1p‘1
me21) )] &) : Y )
(I1-2) / exp E tjwg + E tywy”’ ¢ fo E 2 dSD dydy D dy® dy®.
m( %) j=2 i=1 VPi

Noting the integration with respect to dg?,

o'h
(3.15) / Ry fody) dy® = (-1 =) !
;™) yD=mgy=—mz2,
we have
(3.16) — 2N f; f: gV | = 1 mgMr 52'”: 21 (ﬁj—l oy P )
. - " Ui\~ — Py
maz) |4 V/Pi Vn (maz)? 470 \ pj Pi-1
k k ~
1 . 1 . .
4= U ( p.? 1_7+11?p¢>+§zuj,\_(p] 1+1+Ap.7 )
4457 Pj pj—1 26 P\ P Pi—1
3 Pr 9 2 Pq
+= Z UpUqUy 7 + — Z UpUg 7=
2 piatrsk Pr-1pr 4, L T Pa-1Pg
3 (Pg — Pg—1 Pq 1
By uale) 0y, k| o (L)
2 opTash Pa-1Pq 2 pcpeask Pa-1Pq n

(IIT) The terms of order 1/n in (2.2) are obtained after some lengthy algebra as
follows.
~ 11 k 1 (2
B17) |53 {men - (me)’} ds

i=1
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k ~
- (m(zz) - (m(2))2) §2u2 1 (Pj—l 14 Apj )

Lo~ 1 (B i\, 3 p
+—= u~7<3 +1+ = J>+— Uplg
2 JX:; ]pJ p.? pJ 1 42<pz<;1<k P qpq—lpq

(3.18) A [——(m(212) —m(g)m(lz))z p H2(yz)d(1)]
i=1 7

k ~
_ (m(212) -—m(z)m(lz)) §2u2 1 (pj_l 14 - Pi )

(m(12))2 4j=2 p.7 p.7 p] 1
p] 1 > q
Uj +14 - + U
2 Z ‘7 ( Pj-1 2<1;q<k i qpq 19q
) may |15~ o1 (Pim1 Pj
3.19) —m —Hy(g)ds) | = —A | =) uwl— (—"——1+A——’—,—>
(3.19) ~mz)E [Z 1 () ] G | 2 g A s B
b= ZJ‘ (PJ 1+1+ ) Z Uplig—— +0(L>,
j Pj-1 2<peg<k Pq— lpq Vn
(3 20) 1 { 3( )2}E» i 1 Ha(y:) ma4) — 3(m(12))2
. — dmey — 3(my12 —_— )] =
24 14) (12) sy 4\Yi (m(12))2
k
1 21 (ﬁj—l b ) ! Pq
X | — Uu; 14 = + - UpUg
8 ]z___; Jp] 4] Pi-1 4 2<p<zq<k i qpq——lpq

k
1 N 1
(3.21) ~2—(m(21))2E Z EHZ(yi)dg?]

k j=1 3 A3
(m(gl))Q 15 3 1 2 pj pj_1
= ——w= | E Us; =5 E P - +
(maz)® | 8 =2 ’ ? a=1 * p?—l Pj
k j-1 3 2
Z 3 P 9 pj 3 p
+ ’U,2 p2>{_A3J + = J +_A3JA2}
j=2 ’ {(a=1 N 2 j—lpa 2Pa 1/’1 2 5105

4 )
8 pipt 8 p}  8pips

k. j-1 2
Pj 1 0 1 pji 5 pj
+) u Pal i m s mt s st rm s
.Z ]KZ “){p?_lp? 25318} 2 P10 203105

15 p3_ . 39 72 1+gﬁ§_1]
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3051 _1pi-py 3P Bi1 31 1pia
20,7 2 B2 2p3 0 pF 20 2 pib

45 Pp Pq Pr
4= UpUgUpy T + e ——
4 Z Pq Tpp——lpp ( P Zpa> Pq lpq pr lpr

2<p<g<r<k a=1
45 p
+§ Z u2uq Py ,\2 { (Z pa) pp + pp 1} .
2<p<q<k pp—l D Pq lpq
45 2 Po
+— u,,u -1 + P ) PO
8 2Sp§<:q$k "P““’ ( Z ) Parfi
17 pp 3 pp
+ UplU + p = + —5
2sz<;1<k P q{ 4 pp-1P3 ( - Z a) Pq—1Pq 4p12;—1pp

1
x (03— D0 | 2 + 3L +3 2~
(p” Z *) Pq- mq Po-1Pp Po-1 Z * pi_ 2
3 4 Pq 3_ Pq |
p Pa | +Ppr ¢ — 15
4pp— [ { P (Z a) P2 1} Pq—1Pq 4 Pg-1Pq
-1
+i pz: 2 Pp(GPp Pp—l) val(ﬁpp Po) Pq
2 “ Po—1P} P Pa-1hq | |’

a=1

1
(3.22) ~—m(21)m(1s)E lz p H4(yz)d(1)]

=1

m k j—1 3 ~3
_ My21)M(13) u3- Z 2 P] n &:1_
(m(lz) o’ pJ a=1 & p-7_ Pi

.'I
k -1 : R R A
9 P, 5 P?—1 3 P§—1 7 P?—1
Z Zpa A3 A3+2A2 ~3 +§ AP Y ,A2+§ -3
y=2 =1 Pj-1P;j Pj— 1pJ PiP; PiPj Pj

~3 ~ A2 "
+Z“‘ §pa'j1 305 1 9pibin 7/’{;1 5Pi-1 | 15
4p;p% 2pp; 4 73 2 3 2 P2 4pip;

15 Pr
+= UpUqUy = +2 P re
2 Z i Tpp— ( - Z a) Pa—1Pq Pr—1Pr

2<p<g<r<k

—1

15 2 2 Pq
+— E UpUg s3> E pE | + Py
4 Py 2{ ( = ") i 1}pq 10q

2<p<gsk

15 —1 2
4 — Up ’LL2 —1 + p2 ( )
4 25};9 pp 1p ( Z * |\ Pg-1Pq
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D
2<p<q<k p— pp Pg—1Pq

1
+ + P =
Pp—lpp( - Z a) (Pg 1 Pq)
+5— + o
/’p— ( - Z a) Pa-1Pq
+3~ 2 Por— Zpa 5 -3t ’
pp—l Pq— lpq Pg—10q

1 U LA |
(3.23) ﬁ(m(ls)) E {Z EHG(%')]

i=1

_ (man)? i 31 Jz_i 0\ P2 +ﬁ?_1
T (man)? |45 R o )BT s

a=1

+£51 Z upuqu“ 5 ( 1+Zpa> = ——ET——-
Pp—

2Sp<q<,’.sk pq lpq pT‘ lp'f‘

Pq
UpUg 55 P +P 1 py
2<1§<k Pp—-1 pl’{ (Z a> " }pq_mq
2wt (2,45
8 P pp 1p P * ﬁﬁ_lﬁq ’

2<p<q<k a=1

1 - 1
(3.24) —=(ma2))’E Hs(y:)Hs(y;)
72 ;; /pi [5 t J
= M i 3 Jil 2 P3 p?
(m)* ez j=2 a=1 P31  hin
Y gy Bt S )t
G A
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1 pg _2pp/3p—1 Pq +Ppﬁp—1 Pq
2 Aq_lﬁq ﬁg ﬁq—lpq ﬁp /33-1/34

1
wo(F)
Combining (3.12), (3.17), (3.18), (3.19) and (3.20) for the fourth moments and using
Bartlett identities, we have

(ﬁj—l 1y P ) (ma2) — 2maz) —mas))

i\ Pj Pi—1 (m@2))?

1 1
(3.27) 3 Z(cj - 1)5

Similary combining the third moments, we have after some lengthy algebra

’

P; ) (m(gymr) — Smzymas) — 8meymas))

k
Ly 1 (i
328 ———— (C'—'l)'r‘ (——J +1+ ”
( ) 24 = 7 Pj ; (mgi2))3

Pj Pi—1
which gives joint moment generating function (2.8).
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