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Abstract. By using a combinatorial method it is shown that for every finite pat-
tern, the distribution of the waiting time for the reversed pattern coincides with that
of the waiting time for the original pattern in a multi-state dependent sequence with
a certain type of exchangeability. The number of the typical sequences until the
occurrence of a given pattern and that of the typical sequences until the occurrence
of the reversed pattern are shown to be equal. Further, the corresponding results
for the waiting time for the r-th occurrence of the pattern, and for the number of
occurrences of a specified pattern in n trials are also studied. Illustrative examples
based on urn models are also given.
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1. Introduction

Recently, exact distribution theory of patterns has been developed very much stim-
ulated by some new techniques such as the finite Markov chain imbedding technique (Fu
and Koutras (1994), Koutras and Alexandrou (1995), Fu (1996) and Koutras (1997)) and
the method of conditional probability generating functions (p.g.f.’s) (Ebneshahrashoob
and Sobel (1990) and Uchida (1998)). Though the distribution of the waiting time for the
first occurrence of a pattern in a sequence of independent identically distributed (i.i.d.)
discrete random variables were known (see Feller (1968), Johnson and Kotz (1977), Blom
and Thorburn (1982)), the above new techniques enabled us to consider the problem in
dependent sequences (Aki and Hirano (1993), Koutras (1997), Uchida (1998), Robin
and Daudin (1999) and the references therein). In that case, needless to say, we can
not evade that the results become complex and tedious. However, we can enjoy the
theoretical results comfortably by using computer algebra systems.

We will begin by considering a simple example. Let &;,&2,... be a sequence of
{0,1}-valued i.i.d. random variables with P(§; =1) =p=1—¢,i=1,2,.... We denote
by é((z1,-..,zk);t) the p.g.f. of distribution of the waiting time for the first occurrence
of the pattern (z1,...,2x), z; = 0,1; i = 1,...,k, in the sequence &, §2,.... Then we
have 23 p.g.f.’s of the waiting time for each {0,1}-pattern of length three by using the
method of probability generating function technique (e.g., Ebneshahrashoob and Sobel
(1990) and Aki and Hirano (1993)). They do not necessarily coincide with each other
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owever the p.g.f.’s of the waiting time for each {0,1}-pattern

even if p = ¢ = H
1,0) and (0,1, 1) become respectively

(1,0,0),(0,0,1),(1

e

pq2t3

1 —qt)(1 — pt — pqt?)’
p’qt®

1 — pt)(1 — qt — pqt?)

and we observe that ¢((1,0,0);t) and ¢((1,1,0);¢) equal to ¢((0,0, 1); t) and ¢((0,1,1);1),
respectively. We also find that the patterns (1,0,0) and (1,1,0) are the reversed patterns
of (0,0,1) and (0,1,1), respectively.

We deal with a more general case. We consider a finite string (succession of out-
comes) composed of elements of a set {1,2, ..., u}, and call it briefly a finite {1,2,..., u}-
pattern. The purpose of this paper is to show that for every finite {1,2,..., u}-pattern,
the distribution of the waiting time for the reversed pattern coincides with that for the
original pattern even in multi-state dependent sequences with a certain type of exchange-
ability.

#((1,0,0);t) = #((0,0,1);t) = (

#((1,1,0);t) = #((0,1,1);¢) = (

2. Waiting time for reversed patterns

Let a = (a1,a2,...,am) and b = (by,bs,...,b,) be any {1,2,..., u}-patterns of
length m and n, respectively. We denote by @ = (am,@m—1, - - ., a1) the reversed pattern
of a. For patterns a and b, we let (a,b) = (a1,...,am,b1,...,b,) be the concatenated
pattern. For 1 < i < j < n, we denote by [b]] the subpattern (b;, bit1,...,b;) of b. We
define h(i,b) = number of i’s'in b, i = 1,2,...,u. Let Z; be the set of all {1,2,...,u}-
patterns of length £. For {1,2,..., u}-pattern = of length m, we let

A(x) ={c=(c1,...,c0) € Zo | [, )itV £ 2,0 =2,3,...,0+ 1}

Let hy, ho, ..., h, be nonnegative integers satisfying h; +--- + h,, = £. For such nonneg-
ative integers hi, ho, ..., h,, we let

AlPrh) (@) = {e = (c1, ..., ¢0) € Ae(@) | h(iy€) = hiyi=1,2,...,p}.
Then, we have the following theorem.

THEOREM 1. Let X1,Xs,... andY1,Ys,. .. be sequences of {1,2,. .., u}-valued ran-
dom variables. For each ¢ = 1,2, ... and nonnegative integers hy, ..., h, with hy +---+
hy, = £, assume that

P((X1,---, Xerm) = (€@) = P(V1,- .., Yerm) = (d,@))

for each c € Aghl""’h“)(a) and d € Aghl’“"h“)(d). Then, the distribution of the waiting
time for the pattern @ in X1, Xa,... and that of the waiting time for the pattern a in
Y1,Ys,... are equal.

COROLLARY 1. Let X1,Xs,... be a sequence of {1,2,...,u}-valued exchangeable
random variables. Then, the distribution of the waiting time for the pattern a and that
of the waiting time for the pattern @ in Xy, Xa, ... are equal.
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PRrROOF OF COROLLARY 1. Let Yl_,Yg,... be the same as X, Xp,.... Since the
numbers of each letter in (¢€,a) and in {(d,a) are the same,

P((X1,..., Xerm) = (€@)) = P(V1, ..., Yeum) = (d,a))

completes the proof.

In order to prove Theorem 1 we need the following lemma.

LEMMA 1. For every nonnegative integer £ and nonnegative integers hy, ha,. , hy
satisfying b1 + -+ -+ hy, = ¢,

(2.1) #A4" (@) = A" @)
holds. Here # A is the number of elements in a set A.

PrOOF. We prove this by induction on ¢. First, we consider the case £ = 1.
Suppose that ¢ = (c1) € Ai(a) forac; € M ={1,2,...,u}. Then, (az,...,am,1) =
(a1,...,am) holds and hence a; = az = -+ = a,, = ¢ hold. Thus, we find that the
pattern a is a run of ¢;. Since the reversed pattern of a run is the same as the original
pattern, d = (¢1) € A;(@). Consequently, we see that #Aghl"“‘h“)(a) = #Agh"""’h“)(&).

Next, suppose that (2.1) holds for £ = n — 1. Define

En(@) = {c € Ana(2) x M | [(,0)]31T = o).

If we define d = [{a, ¢)|E"T for every ¢ € E,(a), the mapping E,(a) > ¢— d € E,(a)
is a bijection and h(i,c) = h(i,d) for every ¢ = 1,2,..., u. This can be checked easily if
n > m. Suppose that n < m. Then (@n41,--.,0m,C1,-..,6n) = (a1,...,0y) and hence

(c1y---5¢n) = (@m—n+t1,---,am) and (di,...,d,) = (a1,-..,ap). Then, we can see that
ck = dpy1—f(k) for £ =1,2,...,n, where
F(k) = (m+k)modn, if ((m+k)modn)#0
T, if ((m-+k) modn)=0.

Noting that Ap(a) = (Ap—1(a) x M)\ En(a) and A,(@) = (An_1(@) x M)\ E,(@) we
have (2.1) for £ = n from the induction hypothesis. This completes the proof.

PROOF OF THEOREM 1. From the assumption of Theorem 1,

P((Xl, .- -aXZ+m) = <E,ﬁ>) = P((Y17 .- "Y@+m) = <jaa>)

value as pp,,..n,. Let W(a) (W(a)) denote the waiting time for the pattern a (resp.
@). Then, from Lemma 1, we have

P(W(a) =m+¥)
= }: Z P((X1,..., Xerm) = (€,8))
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hiyosh
= Z #Ag ! l‘)(a)phl y"':hu
hi+-th,=£

hi,-..,h —
= Y Al @ypn, o,
Byt +ha=£

= Z Z P((Y1,...,Ye4m) F (J3a>)

= P(W(a) = m + ¢). '1
This completes the proof. ‘
i
Ezample 1 (The Pélya sampling). Let us consider an urn containing a white and
b black balls. Assume that balls are randomly drawn one at a time and that each ball
is returned to the urn along with ¢ additional balls of the same color before the next
drawing. Suppose that a finite {(W)hite, (B)lack}-pattern a is given. For example, let
a = (W,B,W,W). Then, the distribution of the waiting time for the pattern a and
that of the waiting time for the reversed pattern a = (W, W, B, W) are equal, since the
random sequence generated by the repeated drawing is exchangeable.

3. Wiaiting time for the r-th occurrence

Next, we compare the waiting times until the r-th overlapping occurrence. First,
we will show the next lemma regarding the numbers of typical sequences to the next
occurrence of the pattern a just after the occurrence of the pattern a. Let hy, ho,... h,
be nonnegative integers with hy + --- + h, = £. We define

crt) (@) = {e = (1, ..., c0) € Ze | [fY € Agq (@),
cd Ag(x),h(i,c) = h;,,i=1,2,...,u}.

LEMMA 2. Let hy, ha, ..., h, be nonnegative integers with hy +---+h, = €. Then,

#Cghl,...,hu)(a) —_ #Céhl,,hﬂ)(a)

holds.
PRrROOF. For every ¢ € C’lgh"""h“)(a), {a,e)]T* = (ay,...,ar) and [(a,c)]?ﬁe =
(a1,---,am) hold. Then, we see that [(a,c)]* = (am,...,a1) and [(a,c)]gfie =

(@m, .. .,a1). Noting that {(a,c) = (¢, a) we have

- —\m hi,oonhe) =
(@ a)mit e o) (@),

even if £ is less than m. Moreover, it is easy to see that the mapping ¢ — [(g, d)]ﬁif

is one-to-one. Similarly, we see that the mapping Céhl’“"h“) (@ > dw— [{a,d)|"tt €
C’éhl""’h“)(a) is also one-to-one. Therefore, the desired result holds.

THEOREM 2. Let Xy,Xs,... be a sequence of {1,2,. .., u}-valued exchangeable ran-
dom wvariables. Let r be a positive integer. Then the distribution of the waiting time for
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the r-th overlapping occurrence of a pattern and that for the r-th overlapping occurrence
of the reversed pattern in the sequence are equal.

ProOF. For simplicity we prove only the case r = 2. Let Wa(a) (Wa(@)) be the
waiting times for the second overlapping occurrence of the pattern a (resp. @). Let &
and ¢, be nonnegative integers with ¢1 +¥¢3 = £. Let hy,...,hy, k1,...,k, be nonnegative
integers satisfying hy + ---+ hy, = ¢, and k3 + - - + k, = £5. Then, note that from the
exchangeability of X3, Xo, ..., for every ¢; € Ag”"“’h“)(a) and d; € Cgfl"“’k")(a), the -
probability

P((Xla .- 'aX€1+m7X€1+m+l’ s 7Xe1+m+32) = <El—, C_L,d;[))

is a constant and hence we write it as Pp, 44, +h(1,8),....hu+hu+h(1,8)-
Then, from Lemmas 1 and 2, we obtain the following.

P(Wy(@) = £+ m)

= 2> 2 2

= e = e = RGITS h ky,..., k -
z1'|‘£2 £ h1+ +h# 21 k1+ +ku £2 C1€A§11 l-t>(a) dlecézl u)(a)
P((Xla tees X£1+m,Xé1+m+1, s ,X£1+m+22) = <c_1) a’7d1>)

=2 X2

L1+La=L hi+-thy=£1 k1+--+k,=E2

hiyeeshp S A P
#AEII )(a)#Cézl ) (@)Phy 4 ky th(L,E) st -Hh(0,8)

=2 XD

& +be=CLhi+Fh,=C1 k1+-t+k.=E2

hrosh) (= P
#Aﬁll “)(a)#0§21 ) (@)Phy 4k +h(L,a), st En-th(ra)

=2 X2 2 >

L +b2=L hi+--+hy=C1 k1 +--+k,=E2 d2eA1(3hl ----- h“)(&) C2€C§kl ----- "n)(a)
1 2

P((X17 s 7X£1+m7X€1+m+la .. 7X€1+m+22) = (d_27 a7c2>)
= P(W(a) = £+ m).

This completes the proof.

Since a sequence of i.i.d. variables has the exchangeability property, it is clear that
the outcomes of Corollary 1 and Theorem 2 hold true for sequences of multivalued i.i.d.
trials as well.

Last in this section, we discuss the distributions of the number of occurrences of a
specified pattern and the reversed pattern in n trials. Under a very general condition,
the relationship between the distribution of the waiting times of a given event and that
of number of occurrences of the event in the first n trials is investigated by Koutras
(1997). By using the results and Theorem 2, we obtain the following theorem.

THEOREM 3. Let X1, Xs,... be a sequence of {1,2, ..., u}-valued exchangeable ran-
dom variables. Let n be a positive integer. Then, the distribution of the number of
overlapping occurrences of a pattern in X1,..., X, and that of overlapping occurrences
of the reversed pattern in Xi,...,X, are equal.
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PROOF. From Theorem 2, for every positive integer r, the distributions of the
waiting times for the r-th overlapping occurrences of the pattern and the reversed pattern
are equal. Let Z, and W, be the number of overlapping occurrences of the pattern
and the reversed pattern in X1,..., Xy, respectively. From Theorem 21.3.1 in Koutras
(1997), P(Z, = r) and P(W, = r) are completely determined by the p.g.f.’s of the
corresponding waiting times of the 7-th and (r -+ 1)-th occurrences. Therefore, we obtain
the desired result.

Acknowledgements

The authors wish to thank two referees for valuable comments and suggestions.
Theorem 3 is due to a comment from one of the referees.

REFERENCES

Aki, S. and Hirano, K. (1993). Discrete distributions related to succession events in a two-state Markov
chain, Statistical Sciences and Data Analysis (eds. K. Matusita, M. L. Puri and T. Hayakawa),
467-474, VSP International Science Publishers, Zeist.

Blom, G. and Thorburn, D. (1982). How many random digits are required until given sequences are
obtained?, J. Appl. Probab., 19, 518-531.

Ebneshahrashoob, M. and Sobel, M. (1990). Sooner and later problems for Bernoulli trials: Frequency
and run quotas, Statist. Probab. Lett., 9, 5-11.

Feller, W. (1968). An Introduction to Probability Theory and Its Applications, Vol. 1, 3rd ed., Wiley,
New York.

Fu, J. C. (1996). Distribution theory of runs and patterns associated with a sequence of multi-state
trials, Statist. Sinica, 6, 957-974.

Fu, J. C. and Koutras, M. V. (1994). Distribution theory of runs: A Markov chain approach, J. Amer.
Statist. Assoc., 89, 1050-1058.

Johnson, N. L. and Kotz, S. (1977). Urn Models and Their Application, Wiley, New York.

Koutras, M. V. (1997). Waiting times and number of appearances of events in a sequence of discrete ran-
dom variables, Advances in Combinatorial Methods and Applications to Probability and Statistics
(ed. N. Balakrishnan), 363-384, Birkhauser, Boston.

Koutras, M. V. and Alexandrou, V. A. (1995). Runs, scans and urn model distributions: A unified
Markov chain approach, Ann. Inst. Statist. Math., 47, 743-766.

Robin, S. and Daudin, J. J. (1999). Exact distribution of word occurrences in a random sequence of
letters, J. Appl. Probab., 36, 179-193.

Uchida, M. (1998). On generating functions of waiting time problems for sequence patterns of discrete
random variables, Ann. Inst. Statist. Math., 50, 655-671.



