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Abstract. Binary and Poisson generalized linear mixed models are used to analyse
over/under-dispersed proportion and count data, respectively. As the positive defi-
niteness of the information matrix is a required property for valid inference about the
fixed regression vector and the variance components of the random effects, this paper
derives the relevant necessary and sufficient conditions under both these models. It
is found that the conditions for the positive definiteness are not identical for these -
two nonlinear mixed models and that a mere analogy with the usual linear mixed
model does not dictate these conditions.
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1. Introduction

Generalised linear models (Nelder and Wedderburn (1972), McCullagh and Nelder
(1989)) are used to analyse a wide variety of discrete and continuous responses that
can be assumed to be independent. In many problems, however, responses are clustered
and they are likely to be correlated. This within-cluster correlation must be taken into
account to correctly assess the relation between the responses and the possible covariates.
For example, in a genetic epidemiology study, observations on members of the same
family are usually correlated and the correlations may be modeled by introducing the
same random cluster effect over the individuals of the cluster.

In this paper, we deal with mixed effects models which will reflect heterogeneity
across clusters in the regression coefficients, causing observations from the same cluster
to be correlated. Note that the mixed effects generalized linear model is composed of a
response ¥;; and a vector of p predictors z;; for observations j =1,...,n; within clusters
i=1,...,K. The within-cluster correlation arises from heterogeneity among clusters in
the coefficients for a g-dimensional (say) additional set of covariates z;. If, conditional
on a random vector 7;, y;; follows an exponential family distribution of the form

(1.1) Fyij | 1) = expl{yi65; — a(03;)}/ ¢ + b(yis, 9)],
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where 6 = h(n;) with ;5 = @;8+2] v, a(-), b(-) and h(-) are of known functional form,
¢ is a possibly unknown scale parameter, then y;; unconditionally follows an exponential
family based mixed model which is obtained by integrating over the distribution of «;.
Under normality assumption of ~;, ie., 'y,-Niiqu(O,E), many authors, recently, have
dealt with the above exponential family based mixed model mainly for the estimation of
the regression vector 3 and the g(g+ 1)/2 distinct elements of the covariance matrix of
the random effects, 3. For example, we refer to Zeger and Karim (1991), Breslow and
Clayton (1993), Waclawiw and Liang (1993), Breslow and Lin (1995), Lee and Nelder
(1996), and Jiang (1998), among others.

Note that one of the main reasons for studying the exponential family based mixed
model is that, apart from the normal mixed model, this model accommodates two
highly practical models, namely, the binary and Poisson generalized linear mixed models
(GLMMs). These latter two models, with some modifications in some cases, appear to
fit many biomedical data, for example. Consequently, these binary and Poisson GLMMs
have been studied by many authors over the last two decades. The binary GLMMs,
for example, are studied by Williams (1982), Stiratelli et al. (1984), Moore (1986), and
Karim and Zeger (1992). Similarly, for studies on Poisson GLMMs, we, for example,
refer to Breslow (1984), Moore (1986), Lawless (1987), Morton (1987), and Sutradhar
and Qu (1998).

Although many of the above mentioned authors have customarily considered the in-
formation matrix under the binary and/or Poisson GLMMs, no study on the conditions
ensuring the positive definiteness (p.d.-ness) of the information matrix is as yet available.
Note that, especially in small samples, just as in ordinary linear models, there is a risk
that the information matrix may not be positive definite. This makes the issue of such
p.d.-ness important since it is a required property for further valid inference about the
fixed regression vector and the variance components of the random effects. While the
absence of this p.d.-ness is sometimes revealed numerically through lack of convergence
or through poor performance of the maximum likelihood estimators, we consider it ap-
propriate to study the subject theoretically with a view to obtaining systematic results
via specification of the relevant necessary and sufficient .conditions. Verification of these
necessary and sufficient conditions before one starts analyzing the data can entail con-
siderable saving of efforts in the event of lack of p.d.-ness of the information matrix. For
example, if these conditions do not hold then more data should be collected till such
p.d.-ness is achieved even before any further analysis is attempted.

The necessary and sufficient conditions for the binary and Poisson GLMMs are
provided in Sections 2 and 3 respectively. As the information matrix is not analytically
tractable under either of these models, a subtle technique based on carefully chosen
unbiased -estimating functions is employed for this purpose. We conclude the paper in
Section 4 where it is noted that, somewhat counterintuitively, mere analogy with the
usual linear mixed model does not dictate the present results.

2. Binary generalized linear mixed models

Let y;; be a binary response variable with associated fixed covariate vector z;; =
(zij1, - -, Tijp)T. Then conditional on a random vector ;, the binary regression model
assumes that Pr(y;; = 1| %) = {1 + exp(—z};6 — 2] 1)} ™" = p};, say. This conditional
distribution is of the exponential form (1.1) with 6; = z,8+ 2 v and o' 05) = {1+
exp(—z8 — 2] 7))}t = pj;- Similarly to Zeger and Karim (1991), Breslow and Lin
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(1995), assume that ;~14N,(0,3), where £ = (0y,) is an unknown positive definite
(p.d.) dispersion matrix.

Let n = Zfi]_ ni, Yy = (ylla v Ying,- - YKL, 7yKnK)T7 0 = (IBT7UT)T, where
the (q+1) x 1 vector ¢ is defined as ¢ = (011,...,014:022,--+,02¢, - .y0qq)T. Here y is
the observation vector while @ is the vector of unknown parameters Let I = I(6) be
the Fisher information matrix for # on the basis of y. We shall obtain necessary and
sufficient conditions for I(#) to be p.d. for every 6. Note that I(6) is the very basis of any
kind of inference about 6 and, as in ordinary linear-models, lack of positive definiteness
of I(6) results in non-identifiability of the parameters.

Some more notation will help. Define the n x p matrix

X = [a:n,...,:clnl,...,xKl,...,:cKnK]T.
For each i, let z; = (zi1,--.,2iq)” and define the (Q;I) x 1 vector
z = [Z?I,QZi]_ZiQ, ooy 220125, 232, ey 229%ig, - - - ,z%q]T.
Also define the K x (?3") matrix Z = [2],...,2],...,2k]T. Let W = {i:n; > 2} and

w be the cardinality of W. If w > 0 then define Z as the w x (q+1) submatrix of Z
consisting of rows (z *)T for i € W. We are now in a position to present our main result
for the binary GLMM, as in the following theorem.

THEOREM 2.1. Under the binary generalized linear mized model, the information
matriz 1(0) is p.d. for all  if and only if w > 0 and both X and Z have full column
rank.

We first prove the ‘only if’ part of the theorem. For 1 < j < n;, 1 <i < K, let
Pij = wg;ﬁ, and for 1 <i< K, let

A =N (0‘ = ZTEZZ Z Z OuvRiuiv-

u=1wv=1

Define the n x 1 vector g = p(8) = (W11, - - - » Mings - -+ s LK1, - - - » bKni ) - 5 and the K x 1
vector A = A(6) = (A1, ..., k)T. Also, let ¢ = 1(8) = (uT, AT)T. It then follows that

out T ouT T T T
. _— = _— = _— = _— = Z
@1 B -% % =% e T
implying that
T [XT o
(2:2) B0 [ 0 ZT] .

We now consider the likelihood function of # on the basis of y. Let ¢q4(-; L) denote
the g-variate normal density with mean vector 0 and dispersion matrix ¥. As +; has
the density ¢q(; %), then & = zI+y; is univariate normal with mean O and variance
X; = zI'¥z;. Consequently, the likelihood function for the binary mixed model is given

by
K o) n;

8 L=T[ [ | TTexplls + &b/l +expling + €01} a(6s M)k
i=1Y 7P =1



358 RAHUL MUKERJEE AND BRAJENDRA C. SUTRADHAR

It then follows that the likelihood function L depends on 6 only through 1 = (u¥, AT)T.
Therefore, using (2.2),

(2.4)

dlogL YT ologL [XT 0 dlog L
3 00 oy | o 27|\ ey )

Now for each i(i = 1,..., K),

@9 B -gmr [ Lr:"[l{exp{(uﬁ+si)yij}/[1+exp(uij+&)1}]

X (€2 — Xi)1 (&5 M )dEs,

where

L= / i []j{eXp{(llfij +&)vis }/[1 + exp(us; + Si)]}} $1(&i5 Ai)dés.

—oo | 321

Now by (2.5), for ¢ ¢ W, noting that y;; is either 0 or 1 for the binary mixed model, we
have ‘

dlog L

26) g~

oo = é—/\i—Lz /_00 {exp(&iya)/[1 + exp(&)]H(E? — M) (&i; Mi)d& = 0.

In order to see why (2.6) should be true, let Jy and J; be the integral in (2.6) corre-
sponding to ¥;1 = 0 and y;; = 1 respectively. Clearly Jy + J; = 0. On the other hand,
transforming &; = —; (say) in Jp, we get Jy = Ji. Thus Jy = J; = 0 which establishes

(2.6).
If w = 0 then by (2.6), {0log L/0A}s=0 = 0, so that by (2.4),
o o [e (D
. —_—— = 3 _ R
2/ P 0 B=0

where the null vector appearing in the bottom of the right-hand side of (2.7) is of order

(‘”2'1) x 1. On other hand, if w > 0 then define A as a w x 1 vector with elements \;,

i € W, arranged in an order that corresponds to the ordering of the rows of Z. Then
writing ¥ = (uT,AT)T, by (2.4) and (2.6),

25) 610gL’ B [XT 0 ] (8logL>
. — ~T - .

The “only if” part of Theorem 2.1 is immediate from (2.7) and (2.8).

We now proceed to prove the “if” part of the theorem. This is, however, more
difficult since an analytical expression for I(6) is intractable because of the integrals
involved with regard to the random effects. As shown below, we have to start from
a carefully chosen unbiased estimating function and follow an approach akin to that
employed in the derivation of the Rao-Cramer bound for the multiparameter case.
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Suppose that the conditions stated in Theorem 2.1 hold. Furthermore, without any
loss of generality, let W = {1,...,w}, where 1 <w < K. Let

(2.9) U= (y11%12s- - -» Yw1¥w2) "
and

(2.10) 9@y) = T, U

In the conditional setup with ~q, ...,k conditionally fixed, it is easily seen that the
dispersion matrix of g(y) is p.d. whatever 8 and vy, ..., vk might be. As such, denoting
the dispersion matrix of g(y) in the unconditional set-up by V'(#), the following lemma
is evident.

LEMMA 2.1. The dispersion matriz V(6) of g(y) is p.d. for every 6.
The following lemma is the most crucial one in our proof.

LEMMA 2.2. Let h(6) = Eg{g(y)}. Under the conditions stated in Theorem 2.1,
the matriz Oh(6)/06T has full column rank for every 6.

The proof of the lemma is given in Appendix A.

LEMMA 2.3. The matriz 1(0) — (%%))T{V(ﬁ)}‘l(a—g-‘é?) is nonnegative definite.

PRrROOF. Since the dispersion matrix of g(y), under 0, is V() and since Eg{g(y)} =
h{6), the lemma follows as in the derivation of the Rao-Cramer bound in the multipa-
rameter case (Rao (1973), pp. 326-327).

The “if” part of Theorem 2.1 is immediate from Lemmas 2.1-2.3.

Remark that as conjectured by a referee, if the conditions of Theorem 2.1 fail to
hold then I(f) will cease to be positive definite only at 8 = 0. However, then in a
neighbourhood of 8 = 0 as well, the convergence of maximum likelihood estimators
should be slow and such estimators will perform poorly.

3. Poisson generalized linear mixed models

As opposed to the binary GLMM discussed in the last section, given ~v1,...,7x,
the observations y;; (1 < j < n;,1 <4 < K) are now independent Poisson random
variables with mean a’(6;;) = exp(0};), with ]; = z;"; B+ 2F~;. The assumption about
the distribution of ~;, however, remains the same. That is, as in the binary GLMM case,
7~ N, (0, ), with ¥ = (0yy). This type of Poisson log-normal mixed model has been
studied by many authors. For example, we refer to the recent study by Sutradhar and
Qu (1998). These authors, however, have not examined the positive definiteness of the
information matrix under such Poisson GLMMs.

As the purpose of this section is quite similar to that of the last section, we maintain
the same notation as in the last section and state the main result as in the following

theorem.

THEOREM 3.1. Under the Poisson generalized linear mized model, the information
matriz 1(6) is p.d. for all 8 if and only if both X and Z have full column rank.
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Here again, one can check that (2.4) holds. Hence the ‘only if’ part of Theorem 3.1
follows.
To prove the ‘if’ part of the theorem, we first assume that the conditions stated in
Theorem 3.1 hold. Further let :

(3.1) U= lyu@u —1),-..,yx1(yxr — 1)

under the Poisson model, whereas this U function was defined by (2.9) for the binary
model.

Also define g(y) as in (2.10) with U given by (3.1). The proof of the ‘if’ part can
now be completed noting that Lemmas 2.1-2.3 hold even under the present setup. The
proof of Lemma 2.2, with ‘Theorem 2.1’ in its statement replaced by ‘Theorem 3.1° is
given in Appendix B.

4. Concluding remarks

1t is interesting to observe that the necessary and sufficient conditions for the binary
and Poisson GLMMs are not identical. The conditions for the binary GLMM are more
stringent than those for the Poisson GLMM. Note also that the conditions for the binary
GLMM delete the contribution of ¢ ¢ W only from Z but not from X. Thus the
conditions for the positive definiteness of the Fisher information matrix I(#) under a
mixed generalized linear setup can vary from model to model and mere analogy with
the usual linear model does not dictate the finer details underlying such conditions. For
example, by analogy with the usual linear model, one might anticipate the necessity of
both X and Z having full column rank for the positive definiteness of I(6) (vide (2.4)).
The sufficiency of this condition, however, is by no means obvious and, as Theorem 2.1
reveals, it is not sufficient for the binary GLMM. The point just noted, in addition to the
algebraic complexities encountered in the proofs, makes the present problem nontrivial.

Before concluding, we briefly comment on some possible extensions of the present
results. The first of these relates to the situation where the coefficient vector of ;
depends on j in addition to 7. In the linear regression case, this type of extended mixed
model was studied by Laird and Ware (1982), among others. To deal with this extension
in the present set up, we require to replace zlv; by z%’yi in the models considered
in Sections 2 and 3. The following notation is then helpful. For 1 < ¢ < K and
1 <7< s< g, let Ajs = zg]’-Ezis; also, for any fixed i, let A;) be a vector with
elements A;;5(1 < j < s < n;). With the vector o defined as before, then A;) = Z;o,
where the matrix Z;, with elements dictated by those of 2;;(1 < j < n;), is easy to find.

For example, if z;; = (2ij1,.--,%jq)7, then the first row of Z;, which corresponds to
/\ill = ZiTl Ezz-l, is (2’?11, 2zz-uzi12, “eey QZillzilq, 21-212, ey 22,’,5122,,;1q, ey zizlq)‘ Let

T T \T
(41) A:(A(l)""’A(K)) .

Then A = Zo, where
(4.2) Z=(z%,...,Z5)T.

In the above set up, it is not hard to see that for either the binary or the Poisson
GLMM, the likelihood function depends on 6 = (87,07)T only through ¥ = (u7,AT)7T,
where p is as before and ) is now given by (4.1). Hence, analogously to (2.4), for either
model, in order to ensure the p.d.-ness of I(6) for every @, it is necessary that both X
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and Z have full column rank, where X is as defined earlier and Z is now given by (4.2).
For the Poisson model, this condition is also sufficient. One can prove this along the
line of Lemmas 2.1-2.3 and Appendix B taking g(y) as g(y) = (y7,UT)T, where y is as
before and U is now defined as a vector with elements y;;(y;; —1)(1 < j < n;,1 <i < K)
and y;;vis(1 < j < s < n;,1 <4 < K). While this completely settles the problem for
the Poisson case, one encounters additional complexity, as in Section 2, for the binary
GLMM. For the latter model, in the setup of the last paragraph too, equations like (2.6)
and (2.7) hold. As such, analogously to the ‘only if’ part of Theorem 2.1, one gets a more
stringent necessary condition for the p.d.-ness of I(6), namely, w > 0 and both X and Z
have full column rank, where Z is obtained by deleting from Z in (4.2) the submatrices
Z; for i ¢ W, and W, w, and X are as defined earlier. This condition, however, may not
be sufficient. More work is needed here and we hope that techniques similar to those in
Lemmas 2.1-2.3 together with appendices may help in this regard.

Another possible extension of the present results concerns the situation where the
dispersion matrix Y is structured. Then the vector o, defined earlier, takes a known
functional form ¢ = o(p), where p is an unknown parametric vector of lower dimension
than o. In such a situation, the information matrix for 8* = (87, pT)7T is given by

(4.3) I(6*) = {G(p)H(0){G(p)}",

where 8 = (8T,0T)T = (BT,0(p)")T, and G(p) = diag{I,da(p)” /Op}, with I being
an identity matrix of order same as the dimension of 3. Now suppose 8a(p)T /0p has
full row rank for every p, a requirement which is met quite commonly (e.g. when X has
an equi-correlation structure). Then by (4.3), the p.d.-ness of I() for every 6 implies
that of I*(#*) for every 6*. Hence the conditions stated in Theorem 2.1 or 3.1 continue
to remain sufficient for the p.d.-ness of I*(6*) for all 8*. This is satisfying since, with
structured ¥, necessary and sufficient conditions for the p.d.-ness of I*(6*) depend on
the particular structure of ¥ and hence cannot be specified in a unified manner.
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Appendix A

Proof of Lemma 2.2 for the binary generalized linear mixed model. Under the binary
model, for 1 <j<n;, 1<i<K,
(A.1) Eo(yi;) = mi

where

Tij = / lexp(z5B + 27 i) /{1 + exp(z; 8 + 2 ) Ybg (i; Z)dvs,

—00
o0
= / a;;¢(r:)dr;,
-
with a;; = exp(ui; + Tiv/A) /{1 + exp(pij + Tiv/Ai)}, and ¢(-) representing the standard
univariate normal density. Similarly, for 1 <i < w,

(A.2) Eg(yiryiz) = 6i,
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where §; = [%_a;1ai2¢(7;)dri. Now by (2.9), (2.10), (A.1) and (A.2),
(A.3) h(8) = (xT,6T)T,

where

T = (7r11,...,7r1n1,...,7rK1,...,7rKnK)T, &= (51,...,5w)T.

In consideration of (A.1)-(A.3), h(f) depends on 6 only through ¢ = (u™,AT)T
where p and A are defined earlier (cf. eqn (2.1)). It then follows that with Z, Z, A, A
and o as defined earlier

(A.4) A=Zo, and A= (A,..., )T = Zo,

as W = {1,...,w}. Under the condition of Theorem 2.1, the matrix Z has full column
rank. Hence by (A4), 0 = (ZTZ) 1ZTX, that is A = Z(ZTZ) 1ZTX. Consequently,
h(6) depends on 8 only through + = (uT, AT)T Therefore, by (A.3),

Ah(6) X 0
(45) o = A e = AD) |5 3]
where
or - om
7 _ | 9T BAT
A= a0 e
ouT 9T

Under the condition stated in Theorem 2.1, the matrix in the extreme right of (A.5) has
full column rank. It, therefore, remains to show that the matrix A(v) is nonsingular for

every ¥ = (0).
By (A.1),

(A.6) Om

ouT ~
where D(4)) is a diagonal matrix of order n x n with n = Zfil n;, the (¢, j)-th diagonal
element being given by

di;(¥) = /°° a;;(1 — a;5)p(3)dr;,

—00

for 1 < j <my, 1 <i< K. Clearly, for every 1, the quantities dij (1) are all positive.
Hence D() is nonsingular and, in view of (A.5), it is enough to show that the matrix

e () () wor (%)

is nonsingular for every 1.
By (A.1), (A.2) and (A.3), 6 does not involve u;; for any (4, ) that does not belong
to the set {(1,1),(1,2),...,(w,1), (w,2)}. Hence

ay  (2) oin (L) =S s () (%)

=1 j=1
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Again, forany 4,7 (1 <i<w,j=1,2), by (A.1)-(A.3) all elements of the column vector
06/0u; other than the i-th vanish, while by (A.1) and (A.4) all elements of the row

vector Om;;/ONT other than the i-th vanish. Therefore, by (A.8)

(

(4.9) () 0O (255) = (€D, Culi),

where for 1 <i < w,

c(6) = ;{dm«ﬁ)}—l (52) (522):

From (A.1)—(A.4), it is also clear that for 1 < ¢,#’ < w, the quantity 96;/8\;» vanishes
whenever 4 #¢'. Hence by (A.7) and (A.9),

(A.10) A* () = diag[Ai(¥), - - -, Aw(®)],

where for 1 < i < w, A () = 86;/d\; —~Ci(1/~)). Because of (A.10), it now suffices to
show that for every 1, the quantities A;(v)),. .., A, (%) are all nonzero.
By (A.1) and (A.2), for 1 < i< w,

85

(A.11) T

2%//\7‘ /_o; anai{(1 = ait) + (1 — ai2) }rd(7:)drs.

Also, for 1 €i < w, and j = 1,2,

06; o
(A.12) £ = / ai1ai2(1 — ai;)¢(7i)dri,
7] —00
Bm- 1 o0
(A.13) 8_)\1 = m/ ai; (1 — ai;)T:p(T)dri.

By (A.10)-(A.13), for 1 <4 < w,
(A.14) A;(9) = Bu(¥) + Bia(¥),

where for j = 1,2,

- 1 &0 Ty —1
Bi;j(y) = e [/_w ainai2(1 — ai;)Tip(ri)dri — {dij(¥)}

: {/:o ai1ai(l — aij)¢(Ti)dTi} {/—‘: aij(l — a"")né(n)dﬁ}] .

In view of (A.14), we shall now complete the proof by showing that for 1 < i < w and
j = 1,2, the quantities B;;(¢) are positive for every .

To that effect, define for 1 <i<wand j=1,2,
(A.15) fii(r) = {dij ($)} i (1 — aij)p(m),

and, recalling (A.6), note that f;;() is a proper density over the real line. Also, define
m = m(j) as m(1) = 2 and m(2) = 1. Then by (A.14), (A.15), for 1 < ¢ < w and
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i=12,

(A.16) Bij(y) = 5%%’(1[1) [/—00 aimTi fij (73)dT;

[o0] [o,e]
- {/ aimfij(Ti)dTi} {/ Tifij(Ti)dTi}]
=00 —0Q
1 -
= Q—mdij(tb) coVij (@im, Ts),
where cov;;(aim, 7;) is the covariance between a;, and 7; under the density fij (+) for 7.
However, f;;(-) has support over the entire real line and, by (A.1), both a;; and a;z are

strictly increasing in 7;. Therefore, covi;j(aim,7;) is always positive and from (A.16) the
proof is now complete.

Appendix B

Proof of Lemma 2.2 for the Poisson generalized linear mixed model. For the Poisson
model, for every i, j,

1 1
Eg(yi;) = E{exp(c;8 + 2 7))} = exp (:v?;-ﬁ +3% Ezz) = exp (uij + §Ai> ,
Eo{yij(yi; — 1)} = E{exp(2:c£-,8 + 2279} = exp(2:ci7},8 + 227 2;) = exp(2ui5 + 2X:).

Thus, in view of (3.1) and (2.10), h(6) = Ey{g(y)} depends on & only through ¢ =

(uT, 27T, and we have
(B.1) h(#) = h*(¢¥)

= (M), w3 ()T,
with

N 1 1 1 T
hi(¥) = {exp (Mu + §A1> ye ey €XP (lhm + 5/\1> y- e, €XP (NKnK + 5/\K>:| )
Ry (1) = [exp(2p11 + 2)1), - - ., exp(2pxc1 + 22k)]T -

By (2.2) and (B.1),

Oh(6) _ Oh* () Y  [OR*(¥)\ (X O
(B2) 96T ~ " oyT aeT“( 9T )(0 Z)'

Under the condition stated in Theorem 3.1, the matrix in the extreme right of (B.2) has

full column rank and it remains to show that for every ¥ = (), the matrix % is
nonsingular.
Now, by (B.1)

(W)  [An®) An(®)
(B:3) T " {Aiiw) A;(zp)]’
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where
Ohi(¥)
A = L
11(¢) a,l,LT
. 1 1
= dla’g [exp (iu’ll + 5)‘1) y ey €XP (p‘l‘lu + '2—A1> IRRRE
1 1
exp (Mm + 5/\1() yoe -y €XP (MKnK + ‘2‘)\K>] )
and i) 1
— 1 —
An() = —5r = Au()E,
with
1,, O 0
B 0 1,.12 0 ,
0 0 ... 1,
1, being the u x 1 vector having all elements unity,
Oh3 '
Ao1 () = Bji(;/)) = 2[exp(2u11 + 2\ )My, . .., exp(2ux1 + 22k ) Mk],

with M; as a K x n; matrix having 1 in the (%,1)-th position and 0 elsewhere,

Ohs .
Ag () = 82/\(;1ﬁ) = 2diagexp(2p11 + 2M1), - .., exp(2uk1 + 2Ak))|.

It is clear that Ay;(%) is always p.d.. Consequently, it follows from (B.3) that

B4) et (Z00) = er{An(9)det{An() — An(9)(Ann () A}

= [det{A11(¥)}] [det {Aﬂ(w) B %A21(¢)E}} '

Now because
Ao (V)E = 2[exp(2p11 + 2M1)M11n,, . .., exp(2ur1 + 2A k) My 1y | = Asa(¥),

it follows from (B.4) that

det (ag;(;@) ~ [det{ Az ()}] [det {%Agz(@}} >0,

for every 1. Thus the lemma, is proved for the Poisson model.
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