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Abstract. Let Fp be the event that lo O-runs of length ko occur and F; be the event
that [, 1-runs of length k; occur in a two-state Markov chain. In this paper using a
combinatorial method and the Markov chain imbedding method, we obtained explicit
formulas of the probability generating functions of the sooner and later waiting time
between Fy and Fy by the non-overlapping, overlapping and “greater than or equal”
enumeration scheme. These formulas are convenient for evaluating the distributions
of the sooner and later waiting time problems.
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1. Introduction

Since the geometric distribution of order £ was introduced by Philippou et al. (1983),
discrete distributions of order k have received a great deal of attention. One of the
reasons for this, is their widespread application, for example, in psychology, quality
control, non-parametric statistics, the reliability of consecutive-k-out-of-n: F systems
(Chao et al. (1995)) and start-up demonstration test (Balakrishnan et al. (1995, 1997)).

The geometric distribution of order & is one of the simplest waiting time distribu-
tions. Recently, the waiting time problems associated with runs have been studied by
many authors (see Philippou (1984), Hirano et al. (1991), Aki (1985, 1992), Ling (1990,
1992), Ling and Low (1993), Aki and Hirano (1993), Monhanty (1994), Balakrishnan et
al. (1995, 1997), Antzoulakos and Philippou (1996, 1997), Aki et al. (1996), Koutras and
Alexandrou (1997), Koutras (1997) and references therein).

Feller (1968) introduced the sooner waiting time problem. Ebneshahrashoob and
Sobel (1990) introduced the sooner and later waiting time problems for a run of &
consecutive successes or a run of r consecutive failures whichever comes sooner (later)
and obtained their probability generating functions (p.g.f.s) in the case of independent
and identical Bernoulli trials. Balasubramanian et al. (1993) obtained the p.g.f.s of the
sooner and later waiting time problems for Markovian Bernoulli trials. Uchida and Aki
(1995) considered a generalization of the sooner and later waiting time problems, i.e. the
sooner and later waiting time between Fy and Fj, where Fp is the event that [y runs of
“0” of length ko occur and Fj is the event that {; runs ot “1” of length k; occur in a
two-state Markov chain, and obtained recurrence relations of the p.g.f.s for the waiting
time problems.

In this paper, by using a combinatorial method and the Markov chain imbedding
method (see Fu and Koutras (1994), Koutras and Alexandrou (1995) and Han and Aki
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(1999)), we obtain explicit formulas of p.g.f.s for the sooner and later waiting time
between Fy and F in the following Markov chain.

Let X;, X5,... be a time-homogeneous {0,1}-valued Markov chain defined by
PI‘(Xl = l) =0, Pr(X1 = 0) = Do and PI‘(XH.l =1 I Xi = 0) = Po1, Pr(Xi_*.l =
0| Xi =0) = poo, Pr(Xiya =1 | Xy =1) = pu, Pr(Xita = 0] X; = 1) = pao,
(i = 1,2,...), where po +p1 = 1, po1 + poo = 1, p11 +pio = L and 0 < p; < 1,
0<pm £1,0<pnn <1,

In Section 2 we obtain explicit formulas of the p.g.f.s of the sooner and later waiting
time between Fy and F; by the non-overlapping way of counting (Feller (1968)) in the
Markov chain, by using a typical combinatorial method. In Section 3, by using the
Markov chain imbedding method, we also obtain other explicit formulas of the p.g.f.s for
the same problems. Using these methods, we can also obtain the p.g.f.s of the sooner and
later waiting times by the overlapping and “greater than or equal” enumeration scheme.

Our results in this paper are general and new. A number of well known results can
be obtained as special cases of the formulas stated here. These results are also suitable
for numerical and symbolic calculations. In Section 2 we give a numerical example.

2. Combinatorial method

Let We (Wr.) be the sooner (later) waiting time between Fy, and Fy. Let Wi (e, 51)
(Wo(jo,®)) be the waiting time for the ji-th (jo-th) occurrence of the 1-run (0-run) of
length ky (ko). Let Wi(jo,j1) be the waiting time for the j;-th occurrence of 1-run of
length k; and until this time there are just jo O-runs of length ko (i.e. W1 (jo, j1) is the
waiting time of the event which jy O-runs of length kg and j; 1-runs of length k; occur
and the last occured run is just 1-run). Similarly, let Wp(jo,71) be the waiting time for
the jo-th occurrence of O-run of length ko and until this time there are just j; 1-runs of
length k.

First, we consider the waiting time W (jo, j1).

In the sequence of the event {W1(jo,j1) = t}, there are jo O-runs and j; 1-runs, and
the last run is just 1-run. These 1-runs fall into (can be put into) three categories based
on their preceding run: (1) there is not any run before the 1-run (i.e. the l-run is the
first run); (2) the preceding run is 1-run; (3) the preceding run is O-run. Their typical
sequences are

~ =
(2.1) (2) Sy3: 1run p 0.0 | T---1 0---0 |T---1.
(3) SOI: O-run repe;; >0

(1) Si: nothing }05’5’“0"1 1<,<k; —11<,<ko~1 K,

The difference among Sy, S1; and Sp; is only their initial probability. From these
typical sequences, the p.g.f. of S; and the conditional probability generating functions
(c.p.g.f:s) of S1; and Sy are

(2.2) f1(2) = (2p1 + zpoao) [Z(alao)i] (zp11)™
i=0
= (2p + Zpoao)ﬁ@(zpu)k‘_lw
(23) fll(z) = (an + Zploao)ﬁ(zpll)kl—la
(2.4) fo1(2) = (zpo1 + zpooao) . (zp1a)™ 7,

1—ajaq
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where ag = [¥1% > (2p00)'](2p01), a1 = [ 252 (2p11) ] (2p10).

Similarly, we can consider O-runs in the sequence of the event {W;(jo,j1) = t}. By
interchanging “0” and “1” in (2.1)-(2.4), we can introduce Sy, Sop and S)¢, and compute
their p.g.f:s fo(2), foo(2) and fio(2).

We can divide the sequence of the event {W;(jo,71) = t} in jo + j1 subsequences
and these subsequences are the above S, Si1, So1 and Sg, Sgo, S10. Because the first
subsequence must be S; or Sp, we have two cases: (a) the first subsequence is S; and
(b) the first subsequence is Sp.

For case (a), supposing there are i11 S118, i01 So18, G00 Soos and 419 S1ps in the
sequence, we have 1 4417 4+ 991 = 71, %o + 10 = jo. Because the first and the last run
are both 1-runs, we have 470 = 4¢3.

The number of arrangements of the sequence of the event {W;(jo,71) = t} in case
(a) is (71011) ( 13001 11) Ezplanation: There are two steps for this question. Step 1: in a
row of j; l-rums, the first must be ;. We select ip; 1-runs in the remaining (5; — 1)
1-runs, and let these selected ig; 1-runs be Sp;’s and other 1-runs be S;1’s. The number

of selections is (’;0_11) Step 2: We put jp O-runs into before every Sp1 of 191 Soi’s.

Because the number of ways of putting jo objects into ig; different cells is (’0 11) when
no cell is empty. Hence, by the rule of product, we have the number of arrangements is

e
101 / \io1—1
Heuce, we can get the p.g.f. of Wi(jo, 1) in the case (a)

min{jo,j1—1} , .
fl Z (.71._ 1) <.70 )fzm Ji—1— 101f101 Jo 201

1 1
gty o1 01—

where we let (Z1) =1 and (" ) =0,(n=0,1,...).
Similarly, we can get the p.g.f. of W1(jo,j1) in the case (b)

min{jo—1,j1 -1} 1
o 2 (JO_ )(z l)ff'szo TR AT

1
i10==0 10

Hence, we obtain
PROPOSITION 2.1. The p.g.f. of the waiting time W1 (jo, j1) is

(1) ~ min{jo,j1 —1} -1 - o
30.71() f1 Z l l f01f f10f

=0

min{jo—1,j1~1} jo—1 _1
+f0 Z ( l )( )flofju 1-1 l+1 131 1- l

=0

By interchanging “0” and “1” in Proposition 2.1, we can obtain the p.g.f.
¢]0 Jl( z) of the waiting time Wy (jo, j1). Because

{Ws =t} = UL Z6{Wo(lo, 1) = t} UUSZH{W1 (o, ) = t},

and these events in the right-hand side are mutually exclusive events, we can obtain
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THEOREM 2.1. The p.g.f of the sooner waiting time Wg between Fy and Fy is

-1 lo—1

(0) (1
= Z ¢101.71 z) + Z ¢Jo?11

J1=0 Jjo=0
where ¢lo 1 (2) and ¢§(]:l?l1 (2) are given by Propositions 2.1.

Remark 2.1. For higher-order Markov chain, when the order is less than or equal
to min{ko, k1}, we can obtain similar results by using the same method. But, when
the order exceeds min{ko, k1}, because there are many kinds of different subsequences
leading to the event of interest, it is difficult to use the method.

Remark 2.2. (1) If po = p1o = poo and p; = p11 = por (i.i.d. trials), then we have
fo= fio = foo and f = f11 = for. Using (,",) + (2) = ("*') we have

-1 lo—1
lo—1+ -1+
ws)= 3 (T e e 0 (M st
j1=0 0 jo=0

This is Theorem A 1 of Han and Aki (1999).
(2) Iflp =1, =1, we have

(zpo + zp1a1)(2Po0) ™1 + (2p1 + 2poao) (2p11
1 —apaq

)kil—l

Ys(z) = fo+ f1=

This is the result of Balasubramanian et al. (1993) and Antzoulakos and Philippou
(1997).

Let us now discuss the waiting time W (e,[;).

This problem has been discussed by Mohanty (1994) and Koutras (1997). Aki et
al. (1996) also discussed the problem in higher order Markov dependent trials. Actually,
the waiting time Wj(e,l1) is a special case of W1 (jo,l1) for kg — oo and jo = 0. So,
from Proposition 2.1, we have

PROPOSITION 2.2. The p.g.f of the waiting time Wy(e,ly) is ¢£1l)1(z) =
91(2)[gn1 (2)]1 71, where g1(2) = (2p1 + 2Pobo) 7opsar (2P11)" 7, g11(2) = (2p11 + 2p10bo)
1—_;(.11‘1 (2p11)M 71 and bo = 32724 (2poo)} (zp01)-

Remark 2.3. Proposition 2.2 is just Theorem 4.1 of Koutras (1997).

By interchanging “0” and “1” in Proposition 2.2, we can get the p.g.f. ¢l() .(z) of
the waiting time Wy(lo, ).

Because {Ws = t} U{W; =t} = {Wo(lo, ) = t} U{W1(-, 1) = t}, and the events
in the right-hand (left) side are wutually exclusive events, we can obtain
THEOREM 2.2. The p.g.f. of the later waiting time Wy, is r(z) = 4’91)1 (2) +
0
Do (2) — ¥s(2).
Remark 2.4. Ifly =1; = 1, Theorem 2.2 reduces to Proposition 2.2 of Antzoulakos
and Philippou (1997).
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Fig. 1. The probability function of the sooner waiting time.
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Fig. 2. The probability function of the later waiting time.

Because these results are rational functions, we can easily expand them (Stanley

(1986), p. 205) and obtain the coefficient of z* of ¥s(2), (¥ (2)) which is the prohahility
of {(Ws =t} ({Wr =t}) (t=0,1,...). So, these results are suitable for numerical and

symbolic calculations by computer algebra systems. For example, by using Maple V
software, we can get the probability functions of the sooner and later waiting time. In
Fig. 1 and 2, we give the bar graphs of the probability functions of the sooner and later
waiting times between Fy and Fy, where Fy is the event that lo = 3 O-runs of length
ko = 2 and F} is the event l; = 2 1-runs of length &y = 3, in a Markov chain pg = 0.5,

Poo = 0.35, Pio = 0.6.
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This method is applicable not only to nonoverlapping runs but to runs obtained by
other counting schemes as well. Needless to say, for these schemes the typical sequences
of S1, S11 and 801 (So, Soo, Slo) are different.

For the overlapping way of counting (Ling (1988)) the typical sequence of Si, S11
and Sy is, respectively

0<,<ko—1 1<,<k1—11<,<ko—1 Ky
. — ~—~ =
S; : nothing || 0---0 | 1---1 0---0 |1---1,

repeat 1220
1 or
1<,<ko—1 1<,<ky1~11<,<ko—1 Ky
S11: l-run ” /—/H —~
0---0 |.T.-1 0.0 |11

repeat 120
1<,<k1-115,Sko—1 k1

~ = N
Sor: Orun || T---1 0.--0 |T---T.
repeat 1220

For the “greater than or equal” way of counting (Goldstein (1990)), the typical

sequence of Sy, S11, So1 is, respectively

0<,Sko—1 15,Sk1—115,<ko—1 2k

. —~ ~—~
Si: nothing || 0--0 | T-1 0.--0 |11,
repeat 120

1<,Sko—1 1,8k —-115,<ko—1 2k

—~ ~

Su: loun| 0---0 | T---T 0---0 |T--1,
repeat 1220
1<,<k1-115,<ko—1 2k

~ N~
Sp: Orun| 1---1 0---0 |1---T.

repeat 1220

k1

. —~
But, the last part of the last run is only 1--- 1.
3. Markov chain imbedding method

Recently, Fu and Koutras (1994) developed a unified method for run statistics by
using a Markov chain imbedding technique. Koutras and Alexandrou (1995) introduced
a Markov chain imbeddable variable of Binomial type (M.V.B.) and obtained the dis-
tributions of several run statistics and scan statistics. Koutras and Alexandrou (1997)

and Koutras (1997) investigated the waiting time problems by using the method. Han
and AKi (1999) extended the concept of the M.V.B. to a Markov chain imbeddable

vector of multinomial type and a Markov chain imbeddable vector of returnable type
and obtained the joint distributions of some run statistics. Doi and Yamamoto (1998)
and Koutras and Alexandrou (1998) discussed joint distributions of runs via the Markov
chain imbedding method.

In this section, using the Markov chain imbedding method, we consider the sooner
and later waiting time problems between Fy and F) in a two-state Markov chain.
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First, let us give a brief outline of the aforemetioned Markov chain imbedding tech-
nique and some of its machinery which is essential in the derivation of our results.

A (m+1)-dimensional random vector X, is called a Markov chain imbeddable vector
of multinomial type (M.V.M.), if

(1) there exists a Markov chain {Z;,t > 0} defined on a state space €,

(2) there exists a partition {U : £ > 0} on the state space §,

(3) for every z, Pr(X, =z) = Pr(Z, € Uy)

(4) Pr(Z; € Ugigs | Z4—1 €U) =0,if z* # 0, or z* # e, (k=0,1,...,m).

Without loss of generality, we assume that the sets U, have common cardinality s =
|Uz| for every z, so we denote U, = {Uz,,...,Uszs}. For the Markov chain {Z;, ¢ > 0},
we introduce the s x s transition probability matrices

At(z) = (Pr(Zt = Uz,j l Zi1 = Uz,i))sxsv
B®(2) = (Pr(Zy = Upserj | Zecr = Usi))sxs, (E=01,...,m),

the probability vectors of the t-th step Z; of the Markov chain
fil@)=Pr(Z; =Uzr),...,Pr(Z: =Uzs)), >0, (t=0,1,...),
and the probability generating functions

Qot(z()yzla"w th z)z(ﬂ)'«‘ozfl__

>0

If 4,(z), B (z) do not depend on z, ie. A;(x) = A, B®(z) = B® (k =
0,1,...,m) for all £, we have

m
0. (20,21, -y 2m) = @_1(20,21, -, Zm) (At + szBt(k)>

k=0
t m

=o(20, 21, ., 2m) H (Al + szBl(k)> _
=1 k=0

For the homegenous case (i.e. Ay, Bt(k) do not depend on t), the double generating
function is

(=]
qS(zo,zl,...,zm,z): Zgot(ZO,zl,.. zm)z —Zth Zg"2f1~~ mmz
t=0 t=0 z>0
-1

= @20, 215+ -, Zm) |:I—z <A+sz3(k)>

k=0

Here we are dealing with a two-state Markov chain and therefore m = 1.

For the nonoverlapping runs case, we establish a proper Markov chain {Z; =
(o, T1;Y0,91) | t > 0}, where z; (4 = 0,1) is the number of “’-run of length k; up

to the ¢-th trial, y* is the number of tralhng “”, (i-e. the number of last consecutive “3”
counting backwards) and

y—[%}k ity £ ks, 2k, .
~1 ity = ki 2k,
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Let {Zo = (0,0;0,0)}. The state space is
Q= {(zo,21;90,%1) | 2 2 0,-1 <y <k; — 1,i=0,1}.
The partition is Uy = {(z;y0,v1) | =1 <y < k; — 1,4 = 0,1}, and Q = Uz>oU,. We let

U, = {(=;0,0), (z;0,1),...,(z;0,k1 — 1), (z;0,-1),(z;1,0), ..., (z; ko — 1,0), (z; —1,0)}.
We have s = k1 + kg + 1,

C((1,0,...,0) if z=0
f"(x)"{(o,o,...,()) if z#0,

and @,(2) = (1,0,...,0). We have

A+ ZoB(O) + le(l) =

0 n” 0 . 0 Do 0 . 0
0 0 P 0 P1o 0 R 0
0 0 0 0 P1o 0 0
0 0 0 21P11 P10 0 0
0 P11 0 0 P10 0 0
0 Po1 0 0 0 Poo 0
0 Po1 0 0 0 0 0
0 Po1 0 0 0 0 “+ Z0Poo
0 Do1 0 . 0 Doo 0 . 0

With this set up, the sooner waiting time Wg between Iy and F; has

{(Ws =t} = U4Z4{Z = (lo, 515 —1,0)} UURZL{Z; = (o, 1150, —1)}.

We consider the waiting time of the state (jo, j1; —1,0). The state Z; = (jo,j1; —1,0)
denotes that a 0-run has just occurred at the ¢-th trial X;, and there are jp 0-runs and
j1 l-runs until the ¢-th trial X;. So, the waiting time of the state (jg,71;—1,0) is just
Wo(jo, j1) in Section 2. The probability function of Wy (jo, j1) is

Pr(WO(j07j1) = t) = Pr(Zt - (j07j1; _1a O)) = ft((j()?jl)) : (07 s 07 1)I
= PI‘(Zt_kO c U(jo—l,j1)) . (1, 0, cey O)Ip()
k‘l k()
—
+(0,1,...,1,0,...,0) p10o
+ (07 R 0; 1),1700} i pgg_l;
where f;((70,71)) and Pr(Zi—g, € Ugio-1,51)) = S1—k,((Jo = 1,71)) - (1,...,1)" can be
easily obtained from the joint distributions of 0-runs of length kg and 1-runs of length
ki (see Han and Aki (1999) and Fu (1996)). Hence, we obtain the probability functions
of the waiting times Wy(jo, j1) and Wg, Wy. Further, we can discuss and extend the
results to r-state Markov chain (r > 2) by using the same method.
In the rest of the section, we derive the explicit formulas of the p.g.f.s of Wg and
Wy by using “Snake Oil” method (Wilf (1994)).
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The probability generating function of Wy (jo, j1) is

0
¢()

o o0
i (2) =D Pr(Wo(jo, 1) = )" = _ f,((jo, 1))2" - (0,...,0,1)
t=0 t=0
= the coefficient of z2° 27

002t of ¢(z0,21,2)(0,...,0,1).

Because ¢y(z0,21) = (1,0, ...,0), by algebraic manipulations, we have

20,21,2) = {1, u,(ZP11)u, ..., (2Pn Tfu, 2 ZP11 B u,
é( )= (Lu,(2pn) (zp11)" 2, 21 (2p1) M 7

v, (2P00), - - -, (2P00)¥0 2, 20(2P00)* ~'v),
where
u = zp1 (1-20(2P00)*0)+(2po) [a0+20(2po0)*0 ~* (2po1 )]
T (I=z1(zp11)*1)(1—20(2poo)*0 )~ [a0+20(2Po0)*0 =1 (2po1)][ar 421 (2P11) %1~ (2p10)]’
v = (2po) n [a1 + 2 (Zpll)kl_l(zplo)] u
1-— Zo(zpoo)ko 1- Zo(ngo)ko
Hence,

d)§-g?jl (2) = the coefficient of 2°23* of zo(2pgo)*~1v.
Because 2zo(zpgo)*e v

o

5 and 8 = (1 — aoa1)[l — zowp — zyw1 — 2021W01], @
20(2po0)*0 " [zpo + zp1a1] + 2021 (2p00)*° 7 (2p11)*r ~ [2p1 2p10 — 2P0 2p11], Where

_ (2poo)*o~ [2poo + zporaa]
wo =

1 — agpay ’
- (zp11)** " zp11 + 2p10ao)
! 1 —apaq k
e — (2P00)* " (zp11)"™ " [2por 2p10 — 2poo2zpua]
o1 1 —agpaq ’
we have

_ 1
20(2poo)F0 !

o
—_— Z[zowo + 2zw1 + 20z1w01)! p -
1—apay P

Because the coefficient of z§2] of {372, [zowo+2z1w1 +2021w01)'} is Z;:
wé—ﬂwll—zwz+] -1

V=

i+
o1. , we have

max{i,j} (Jl) (i+;—l)
ProprosiTION 3.1.

The p.g.f. of the waiting time Wy (jo, j1) is
_ jo+Jj1—1

0 [2po + 2zp1a1](2poo)Fe ! ”

Hor (2) =

> GGt )
l=max{jo—1,j1} J JO—1+‘71_Z

X wé—jx wi—jo+1w6<i+j1 —-1-1 }

n (zp11)* =1 (2poo)*o = [zp1 2D10 — 2P02P11]

1- apai
Jjo+j1—2 I i1 .
% —J1+1
L G )
l=max{jo—1,71 -1}

l—jo+1, jo+j1—2-1
Jo+qi—2—1)P0 T }

1—apaq
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We can obtain the p.g.f. qu]O i, () of the waiting time W (jo, j1), by interchanging
“0” and “1” in Proposition 3.1. Hence, we obtain

THEOREM 3.1. The p.g.f. of the sooner waiting time Wy is

l1—-1 lo—1

— (0) @
- Z ¢10,J1 z) + Z ¢Jo)51

J1=0
where ¢l(<?.)j1 (2) and ¢§i?ll (2) are given by Proposition 3.1.

Remark 3.1. Theorems 2.1 and 3.1 are different formulas of the same problem.
Theorem 2.1 has a clear combinatorial meaning, but it is difficult to extend to other
problems. Theorem 3.1 (the Markov chain imbedding method) has a great potential
for extending to other problem, for example, the higher-order Markov chain case, the
multi-state Markov chain case, the waiting time problems of pattern and etc.

Remark 3.2. (1) Let lp = 1 and {3 = 1, Theorem 3.1 is similar to Theorem 1 of

Aki and Hirano (1993).
(2) Tn iid. case, we have py = pog = P1v, P1 = pu1 — p11 aud wg; = 0. Defining
0° = 1, Theorem 3.1 reduces Theorem 6.1 of Han and Aki (1999).

Then, we consider the waiting time Wy(ly, ®) of the lp-th O-run of length ko.

0 (2) = S Pr(Wollo, o) = )2 = > 3 £,((lo,51))24(0,...,0,1)

t=0 t=0 j; =0
= the coeflicient of z(l)" of ¢(20,21 = 1,2)(0,...,0,1)
= the coeflicient of zé‘) of z()(zz)()())’“‘>“1 U |y =1 -

Hence, we obtain
PROPOSITION 3.2. The p.g.f. of Wo(lo,®) s

(0) o) lo(ko—1) (2p0)[1 — (2p11)"'] + (2p1)[a1 + (2p11)* ~* (2p10)]
4’10 .( z) = (2poo) ! (1 —aga; — (Zp“)lgl—l[(zpu) + (2p10)ag))bo

x [(2poo)[1 — (2p11)™] + (2po1)lar + (2p11)" ! (zpr0)]] 0 7.

Similarly, we can obtain the p.gf. ¢(.1’l)1(z) of Wh(e,ly). Because by =

ko—1 e e
20+ (2po0) © (zpo1) iy g just same as Proposition 2.2. Hence, we have
1—(2pao)¥o0 ’

THeoneM 3.2, The p.g.f. of the luter wuailting time Wi is ¢r(z) = (1) (Z) +
lo .(Z) 1&5(2).

Similarly, for overlapping run, “greater than or equal” run and “just equal” run, we
can derive the p.g.f.s of Wg and Wi, by establishing proper Markov chains.
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