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Abstract. This paper considers simultaneous estimation of means from several
strata under error-in-variables superpopulation models. Necessary and sufficient con-
ditions for an estimator to be admissible in the class of linear estimators are obtained.
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1. Introduction

In large scale survey sampling, it is often necessary to consider the estimation of
means from several strata (cf., Ghosh and Lahiri (1987)). A common method of es-
timating a vector of stratum means is to consider a two step procedure whereby the
investigator estimates the mean of every stratum separately in the first stage, and com-
bines the estimates in the second stage to form the vector of estimates of stratum means.
Of more practical interest and relevance is the simulteneous estimation of the means from
several strata. This latter problem was considered by Ghosh and Lahiri (1987, 1988)
and Chattopadhyay and Datta (1994). These authors considered empirical and hier-
archical Bayes estimators of mean vectors of strata. Chattopadhyay and Datta (1994)
also extended the analysis to error-in-variables superpopulation models. They assumed,
however, that the reliability ratio is known in their analysis. In this paper, we relax this
latter assumption, and assume instead, that the reliability ratio can be either known or
unknown. For each case, we discuss the admissibility of the estimators for estimating
simultaneously a vector of stratum means under error-in-variables models. Further, we
obtain admissible estimators of the means in the class of linear estimators.

2. Model framework and main results

Suppose that a finite population U7 consists of L strata, and the size of i-th stratum
s N;, i =1,..., L. Let Y;; be the characteristic value of the j-th unit in the 7-th stratum,
Y; be the population mean of the i-th stratum and ¥ = (¥},...,Y.)'. Let s; be asample
of size n;(< N;) from the i-th stratum and denote f; = n;/N;, i = 1,..., L. Following
Chattopadhyay and Datta (1994), we assume that Y;; is observed with errors as y;;, and
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the error-in-variables superpopulation models are written as,

1
8 = p+a;, Efa;} =0, E(a}) = —,
rA’
1
(2.1) Yy =0;i+ey,  Eley)=0, Blef)=-,
1
yijznj"'vij: E('U,;_,')=0, E(@?j)zg’
where i =1,...,L, 7 =1,...,N;, #; is the superpopulation mean of the i-th stratum,

p is the overall population mean, g, 7 and A are unknown parameters and & is the
reliability ratio. Furthermore, {a;}, {e;;} and {v;;} are mutually independent. Values
of & for characteristics such as age, unemployment and per capita income are given in
Fuller {1987). For the case of L = 1, the above model has been considered by Bolfarine
(1991), Mukhopadhyay (1994), Zou and Liang (1997), among others.

Chattopadhyay and Datta (1994) gave hierarchical and empirical Bayes estimators
of a vector of stratum means, Y, by assuming that § is known and a; ~ N(0,1/(rA}),
eij ~ N(0,1/r) and v;; ~ N(0,1/(r8)). In the subsequent discussion, we assume,
instead, that é can be either known or unknown. On the basis of the squared error
loss function ||T — Y||2, where T is any estimator of ¥, we give all admissible linear
estimators of ¥ in the class of linear estimators £, where

LELT=(Ty,.. .\ To) 1T = ) wis,¥is + Wos,» Wiss, Wos: € B

j€ss

THEOREM 1. Assuming that § is known, a necessary and sufficient condition for

the estimator T = (E icoy Wis1¥1j +Wos, ;- - "zgen Wis  YLj +wosy) to be admissible in
the class of linear estimators C is that there e:mst o and a; satisfying (a ﬁ'SL,r <a; <1
and (b) —- —:F'%:T)(G.J = L (a; — 1+5— 2 )(a; — 1) for 1 <i# j < L, such that

(i) szi = a;/mi (Vi € sz) and (i) wos, = (@ — L)a,
wherei =1,..., L.

Remark 1. It is readily seen from Theorem 1 that an admissible linear estimator
in the class £ must belong to one of the following three types:

14671 -1
((1; ; _((”'5 i ;: . lc(;-;l oo 1+5 rgr + L 1-(;-16+—esi lay, a € R;
1 y* yl:"'nyL ; ar .
_ tnit+fy o f1-{1+&~1) tng+fr - fo—(148~
(i) T = (i B + ind e % - T (A 16 L + ing (135" 1)0‘)' t>0

Remark 2. Interestingly, the estimator T given in Remark 1 (iii) includes the es-
timator (3.12) of Chattopadhyay and Datta (1994). In fact, if « = —g and t =1 /Ag,
then the i-th component of the estimator 7' is exactly the same as the estimator {3.12)
of Chattopadhyay and Datta (1994).

Remark 3. Remark 1 states that § is an admissible estimator in the class £. It
can be proved that § is a unique optimal estimator in the class of model unbiased
linear estimators. Now, a necessary and sufficient condition for the estimator T =
(Zjesl Wis1 Y15 + Wogys-- - s EjESL Wisp YLj + wogy )’ to be model unbiased is that for 4 =

L,

(2.2) > w, =1 and  wps, =0.
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Making use of (2.2), it is obvious that j is model unbiased. Hence,

L 2
Ni—n,; 1 9 i
Ul PP

) % ((“fs' i ‘3* (5 NL)) SR
(@)

=

J€ 8
L 2 2
1 1 Ni—mn | 1 1 1
> - — R J—
W.Z Z(ﬂuz Ni) + N? T+z(n,:) ré
i=1 JEs; ¢ JEs:
=El5-Y|?*

and the equality of (2.3) holds if and only if w;s, = 1/n; (j € s;, 4= 1,...,L). This shows
that 7 is unique optimal in the class of model unbiased linear estimators. Obviously, ¥
cannot be optimal in the class of general linear estimators L.

Remark 4. If we let A = diagla;,....,ar), d = (dy,...,dr)’, where a; (i =
1,..., L) satisfies conditions (a) and (b) of Theorem 1, and d; = (a; — 1)a{e € R}, then
the estimator A7 + d is admissible in the class of the estimators of the form A*§ + d*,
where A* is an arbitrary L x L matrix and d* is a L x 1 vector (proof available upon
request. from the authors). Essentially, this result implies that if the estimator T is ad-
missible in the class £, then it is also admissible when the information of other strata is
“borrowed” for estimating the mean of a particular stratum.

THEOREM 2. If 6 is unknoum, then a necessary and sufficient condition for the
estimator T = (3 .c, Winn Y15 +Wosys-- 1 2 jesy WisLYLj +uwps, ) to be admissible in the
class of linear estimators L is that there exist o and a; satisfying (a) nfi < e; <1 and
(b) 7 (as ~nfi)(a; — 1) = ey —nf;)ai = 1) (1 i £ § £ L) for some n € [0, 1], such
that

(i) wis, = aifni (Vj € s3), and (il) wos, = (@i — L)a,
wherei=1,...,L.

Remark 5. It can be seen from Theorem 2 that for the case of an unknown 4, an
admissible estimator in the class £ must belong to one of the following three types:
() To = (nhith + (nfi — Ve, ..,nfrge + (nfe - D)), a € RY;
(it} §=(F,...,90)"

sy - -1 _ -
(i) 7= (mdahg 4 i, | fotalig, o 2fitaY, ¢ > 0, where np € [0, 1].

Remark 6. Since the proof given in Remark 3 does not require the assumption
that & is known, it follows immediately that when § is unknown, the estimator 7 is still
unique optimal in the class of model unbiased linear estimators.

Remark 7. The statement of Remark 4 applies also to the case where § is unknown.
In other words, if an estimator satisfies Theorem 2, then it is also admissible if the
information of other strata is “borrowed” for estimating the mean of a particular stratum
(proof available upon request from the authors).
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3. Proof of Theorem 1

In order to prove Theorems 1 and 2, we require the following supporting lemma,
the proof of which is straightforward and is omitted.

LeMMA L. The risk of the estimator T = (¥ e, Wia¥li T Wosis-- -,
EjEs;, Wis YL T Wosy, ), s

L 2
_ 1 N;—ny;
(31) EHT — Y“z = Z Z (':-‘-"js,- - F) + _“2— + Z Wig, T’(S
Ci=1 | |jess ' N
2 2
1
ijs,--'l 1")\+ ija,-_]- 4+ wps,
JES; JEs;

The following gives the steps for proving the necessity part of Theorem 1I:

(19} If 7 is admissible, then there exists a; (i = 1,...,L) such that wy,, = a:/n,
(Vj € s;,i=1,...,L). Suppose, instead, that the latter condition is not satisfied, then
there exists i such that w;,, (j € 84} is not a constant. Define

Z Wisigs .7 € Sig»

(3-2) w‘;st_u ES jES'AO
w(]s,'oa ] =0,
and
[33) wf,-si = W3, j€s8 or j=0, i#1ip.

Using Lemma 1, it is easily shown that the corresponding estimator 77 =
(X jes Wis Y15 + Wosys- 1 2jear WispYLi + @h,, ) 15 superior to T, which contradicts
the admissibility of T.

Thus, using Lemma 1, the risk of the estimator T" can be expressed as

L 2
= i 1 Ni—mn |1 a2 1 1
34) E|T - 2=§: I (. RALIL Y T T 2l
@4) I Yl {[n ('n_‘- N,-) t N? ]r+n4 r§+(az 1 rA

i=1 i

+[(ai - 1)1” + Wﬂsa]z}-

(2%) To show the necessity of the condition - iy < a; < 1,i =1,...,L, suppose

146~
there exists a1 such that a; < —Jr{sﬁ- Further, we define
hooo_,
(3.5) al = ¢ 14617 '
a”l,! z 2 2'.'
and
Ef]:r—_lw ) 1
(36) wa’_gi _ a — 1 051y 1
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It follows from the definition of a¥ that (af — 1)2 < (a1 — 1), and

1" 2 ”2 2 2

ay 1 a1 aj 1 ai 1

—_ = = — =< —_— | + ==
e (TL] Nl) + T ] i (m N]_ T é

Using (3.4), we can see that the corresponding estimator To = (a{# + /g, - - LA gL+
wis, ) is superior to 7', which contradicts the admissibility of 7.

Further, if there exists a; > 1, then by using (3.4), it is readily seen that the estima-
tor Ty = (¥1, a2¥fs + Wosys«+ -, 0LFL + wos, ) has smaller risk than T', which contradicts
the admissibility of T

(3%) Next, we show that the condition that there exists a such that wy,, = {a; — 1}a
for ¢ = 1,..., L is necessary for the admissibility of 7'. First note that if @; = 1, then
wps, = 0. We assume, without loss of generality, that a; = 1. If wps, # 0, then it is
readily seen from (3.4) that the estimator Ty = (71,0282 + Wosgs « - - GLFL + Wosy,)' 18
superior to T, which contradicts the admissibility of 7'. This indicates that if ¢, the
number of a; (i = 1,...,L) such that a; # 1, is less than or equal to 1, then there must
exist o such that wg,, = {a; — 1)a for i = 1,..., L. Suppose ¢ > 2, and without loss of
generality, we assume that a; #1,i=1,...,q, and ggp1 =--- =ar, =1 (¢ £ L). It can
be shown that there must exist « such that wy,, = {a; — V) for i = 1,...,q. Otherwise,
there exist i and 4o (1 < 41 # iz < ¢) such that wos, [(ai, — 1) # wos,, /(@i — 1)
Without loss of generality, we assume wg,, /(a1 — 1) # wos, /(a2 — 1}. Denote

(a1 = 1)2wis, + (a1 — 1)@ — 1)wos,

s =1
(@1 = 1)% + (ag — 1)2
(3.7 Wos, = ¢ (ag — 1){a1 — Dwos, + (a2 — 1)%wos, :
' =2
(@1 —1)% + (a2 - 1)2
Wos; s i 2 3.
Now, the estimator Ts = (a1§1 + w{l),,..., 0Ll + vy, ) s superior to T, since from

{3.4) and Jensen’s inequality, we have

(38) AZE|G-Y|*-E|T-Y|?
= {l{a1 - D + wiy, I* + [(a2 — 1)pe + wig, )}
= {[{e1 — V)t + wos |* + [(22 — iz + wos,]*}

= [(a1 = 1)* + (a2 — 1)?] [(m - SL; ; 82 - 1)2 (#

+
(as — 1)? wos; \1°
T@m o1t (-1 (‘”‘ az - 1)}
~ {[{a1 = g + wos, |* + [(82 — 1)pt + wos, )}

~1)2 w 2
) [(al B 1)2 * (az B 1)2] |:(fll _ g.;t; + éiz - 1)2 (# - = )

(az b 1)2 Woss 2
Tl 1E T (ae - 1 (”* az - 1) 1
- {[(G'l -1 +w03112 + [(a2 — u + U-"O.szlz}
—0,
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which contradicts the admissibility of T,
(4%} Finally, we prove that a; (1 = 1,..., L) must satisfy condition (b). Otherwise,
there exist ig and jp where ig # jo, say ip = 1 and jp = 2, such that

(3.9) nil (ax -1 +f1§_1) (a2 — 1) # nig (ﬂz - 1+f25_1) (@, —1).

Without loss of generality, we agsume

(310} % (GJ - T—I%) (@2 — 1) > "nlg (&2 - %25—_1) (a1 — 1),

which implies a1 < 1.
Let & and £ be constants such that

— — -1 - -1
a1 o _a— fo/(1+6 )/“1 ffd+é7) (£2+00,¢>0),
a; — 1 Ng 1 0
and
az — fo/(L+67Y)  klm - fi/(L+671)] ( |
i Tig n (a2 = 1) — klay - 1
0<e<2 min 2 1 ’ k21
I + —
1 g
Denote
(3.11) {%:m+m
fy, = da — £.
Then

(3.12) y . ﬂw12+ﬁf+¢l@ 12+ﬁ£.
! ny N1 i o) 2 115 Ng a2 ) ’

L{a] =12+ (a3 —1)2 < (@ - 1)% + (az — 1)2.

Using (3.4) and (3.12), we can see that the estimator T* = (a}f; + (a] — L), abja +
(a3 — Yo, 0383 + (a3 — 1)a, ..., arfy + (ar — 1))’ is superior to 7', which contradicts
the admissibility of T'.

The sufficiency part of Theorem 1 can be established in a manner similar to the
proof of sufficiency of Theorem 2 and is omitted.

4. Proof of Theorem 2

It follows directly from the proof of Theorem 1 that there exist constants o and g;
(¢=1,..., L) such that conditions (i} and (ii) of Theorem 2 hold. Now we prove that it
is necessary that a; satisfies conditions {a) and (b) for T to be admissible in the class of
linear estimators £.
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(1%} First note that for alli = 1,...,L, 0 < a; < 1. In fact, it is easily seen from
the proof of Theorem 1 that a; < 1. If there exists a; < 0, then by writing

, {U, i=1,
4.1 a. =
) olae, iz2,
and
Wog, -1
(4.2) Whe, =4 Lt ’
Wos; s 2’2 21

and using Lemma 1 or (3.4), we can see that the corresponding estimator 7° = (@18 +
Whs, -+ +» @LPL +whs, Y is superior to the estimator T', which contradicts the admissibility
of T.

(2%) Next, it can be shown that for all i # j,

Gig 1y Hig _ wi—fi, 4=k ._1]<0

69 [2e-0- 2@y [2 e -y - %) <0

Otherwise, there must exist 4, # j;, say 41 = 1, 71 = 2, such that

(4.4) ﬂmrn—@m—narﬁm—mﬁ”hm*ﬂ>&
L1 g n 2

Without loss of generality, we assume 2-(az — 1) > (a1 — 1), so that a1 < 1, and

(4.5) Sl WIS S - PR
n e

Let k& be a constant such that

az —1 <k<min{a2/n2 (az—fz)/nz},

a; - 1 ay/ni’ (a1 — fi)/m

when a; > fi; and

agwl az/nz
e & ,
a1—1 al/m

when a; < f1.
Note that when a; < f, we have

(ag ~ fa)/na P 1
(ay — fi)/my a1 —1

From (4.5), we have as > f» when a; = fi, so there exists ¢ such that

ay  kax ex—f2  klai - fi)

. g (5 Tio 1 ((Ig — 1) - k(al - 1)
0 <e«<2 -min % 1 2 1 , 1
T Tig ™ (%)
Denote
{ a; = o + ke,
ay =ag — €.
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Then

(16) o o _at, &
i£5] Na 1 Tia
(e} =12 + (a3 = 1)% < (a1 — 1)* + (a2 — 1)%

Using (3.4) and (4.6), it is obvious that the estimator T* = (ajy1 + (a] — Lo, a352 +
(@3 — Doy azfs + (as — Va, ..., arfr + (ar. — L)a)’ is better than T, which contradicts
the admissibility of T'.

(3%) Now we prove that @; must satisfy both conditions (a) and (b). Otherwise, for
each n € [0, 1], either (a) or (b) is not satisfied. In particular, for # = 0, conditions (a)
and (b) cannot hold simultaneously. Since 0 < a; < 1, so for n = 0, condition (a) is
satisfied, which means that condition (b) cannot hold. That is, there exist ¢ and jo
where iy # jo, such that

a; @;
4.7 29 0a. —1 o (g, —1).
{4.7) iy (a0 ) # e (@i )

It can be seen from (4.3} that ¢; < 1 for all i =1,...,L. In fact, if there exists 4,

such that a;, = 1, then it is readily seen from (4.3) that o, = 1 foralli=1,...,L. In
this case, both conditions {a) and (b) hold for all n € {0, 1], which contradicts the above
assumption. Making use of this result and (4.7), it is obvious that ——2i—5 (i=1,...,L)
are not all equal. So, without loss of generality, we can assume

ay i1 a; i1
48 — .= > >
( ) nl(al - 1) n571(ai71 - 1) n,;(a,; - 1) ﬂ..i+1(a,'+1 — 1)
oo G
’H.L(CIL - 1)
and

a9y AaTho {“J_-f:r}

ni(ay ~ 1) 1<i<i-1 | nj{a; — 1)

Then from {4.3), we have

(4.10) ar — f1 < o~ fi
nl(al - ]) ni(ai — 1)
In the subsequent analysis, we assume L > 3. The case of L = 2 is relatively simple
and is omitted.
It can be shown that there must exist [ # (1, ) such that

a a; a; — fi a; — [i
(4.11) [nl(al -1) B ni{a; — 1)] [ni(ai -1 B m(a; — l)]
#[ i _ y :||:a1f1 - aa*fe]
ni(a;— 1) ma—1)] |mle — 1) mle; — 1]
If (4.11) is not satisfied, then it is easy to see that for all [ # (1,4} and 5 € [0,1],
a1 a; a; —nf; a; —nfi
(412) [nl(al - ].) h n,-(a,- - 1):| [n,-(a,- — 1) h m(a; — 1)]

:[ 3 a; ][ﬂl—ﬂfl . ai_nfa]_

n,;(ai — 1) - ﬂ.g(ﬂ.,{ - 1) 'nl(al — 1) ni(ai bt 1)
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Let us denote
. a1 —nh a; —nf;

- nl(al - ].) - ni(ai - 1)-

From (4.8} and (4.10), we have g{0) > 0 and g(1) < 0. If g(1) < 0, then there exists
no € (0,1), such that g(ng) = 0. If g(1) = 0 and we let ny = 1, then we have g{no) = 0.
In other words, there must exist ng € (0, 1], such that g(ne) = 0. Making use of this
result and (4.12), we know that for all 1 3 (1,4),

a;—nofi  ar—mofi
(4.13) ni(ai — 1) ny{a — 1)

Note that g(no) = 0, hence for all ¢ # 7,

a; —nofi o —nof;
(4.14) ni{a; — 1)~ n;{a; — f).

This shows that for 7 = ny, condition {b) is satisfied. Therefore, condition (a) cannot
hold for # = 5. That is, there exists ig such that a;, < nofi,, which, when used
in conjunction with (4.14), leads to a; < nof; for all j = 1,..., L, which implies the
inadmissibility of the estimator T'. In fact, from (4.8), we see that a; # 0 and

al/m a1*l
CL,;/TZ.,' ai—l'

Making use of this result and (4.14), it can be seen that

ayfm (a1 — nof1)/m
(4.15) a;/n; < (a; —mofi)/mi
Therefore,
(4.16) ajm a1z fi)/m

a;/n; (@ — fi)/ni '

Hence, there exists k such that

a1/m Jar=1 (& - fi)/m
(4.17) Py <k<m1n{ai_1, (i — f)/m: }

Now let £ be a constant which satisfies

kai a1 Klai—fi) a1-fi

. n;  m ng ny  Kkla;i—1} (a1 — 1)
(4.18) 0<e<2 -min 1‘ R ‘1+k2 , L7 .
n (] {31 L
and define
{a} =a; +¢,
(l;;k = Q; — ke.

Then equation (4.6) still holds if the subscript 2 is replaced by i everywhere in the
equation. This shows that the estimator T is inadmissible if (4.11) is not satisfied.
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In what follows we use (4.11) to prove that T is not an admissible estimator, which
contradicts the admissibility of T. We consider the following three cases.

Case 1. Assume that

; ay } [ ar — f1 a; — [i

=D w1 m@- D m@-n] <

It is obvious that

a1 — f1 < a; — fi

(4.19) ni(e; — 1) " nile; - 1)
So, we have
(4.20) i a

> .
ni{a; — 1)~ nylar— 1)
Hence, a; # 0 and from (4.3),

a; — f; ar— fi
(4.21) ni{a; — 1) < m(ag — 1}

From (4.21) and (4.19), we see that ¢; = f1 and a; = f; cannot hold simultaneously.

Denote
R TOR O T
A= 1 a; > 0’
n—l(az -1)- E(al = 1)
and
atn‘f,( 1) - J;fl(az_l)
o i L
B_a1"f1( 1 ai i 1 ="
(5] L )— T2 (fl1— )
1) If
a; a; a; — f; a — fi
(4.22) [m(al —1)  nla - 1)] [m(ai 1) e - 1)]

<[ a; B o ][alwfl 3 ai_.fi:|

ni{ai — 1) mfar—1)] [ni(ag — 1) my(as —1)]7

then A < B. Let § > 0, such that A <8 < B, and § - %f—’ + ‘i;:"l # 0. Further, let &
be a constant such that

4i a; — f;
(4.23) o — 1 < k < min L i
’ lay — 1)+ {ay— 1) &i_i_gt_’(s(ﬂl—fl)_‘_al*fl
ni 7y n ny
when § . ©=li 4 @2t 5 05 or
az-—l ai/ni

4.24 b —————r—
(4.24) 8lar — 1)+ (a1 — 1) k< Say/ny + a;fng’
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Note that when & - al—n“l& + ﬂi_r:l.& <0,

a; — fi
- —1
4.25 n; < G .
(425 o 1) e f DT @D
n ng
Thus, there exists £ such that
_bk(a = 1) L& fi  kla— fi)
496) 0<e<?2 mi L s i
{ ) € min FEFe 1 k'_2 )
T ‘ T Ty
7(51'\70,1 n a; k‘a;
iy 7, ny —Ok{ay — 1} + (@ — 1) — k{ar — 1)
k21 k2 §2k2 4+ 1+ k2
n 74 ()
Let’s define
a] = ay + ke,
{4.27) a; =a; — ¢,
a] = a; + ke.

Then we have

(4.28) ¢
0*2 a:_ﬁi! a*2 a2
S el M gt §
131 Ty i) m

Further, define

(4.29) at*

Then the estimator T** = (a]*§ + (a}* — 1)a,. ..

estimator T'.
2) When

2

n;
C(al —1)7 + (af — 1)% + (af -

(%)
i N
3 2
i Y

b

Ty

1)? < (@1 — )% + (a; — 1)2 + {a; — 1)2.

el, Jj=1,
ef, Jj=4%
Cl;, i=1
a,, j%l,’i,l.

a3 g+ (a3 — 1)a) is superior to the

a
(4.30) [nl (alli )

n;(a; — 1)]

ay

[ ai — fi - a— Ji ]
ni(ai— 1) nt(a;— 1)
a1 — fi a; — fi

> [n,-(aji— 1) e — 1)] [nl (a1 — 1) nla; — I)] ’
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we have B < A. Let § > 0, such that B < § < 4, and &- &;{&4' 9%-& # 0. Further, let
k be a constant such that

a; ai — fi
- . a; — 1
4.31 max L , C: < k< > )
(431) bar ' d(ay — fi) Lok Slar — 1) + (@ — 1)
ni [ m Tiy
whené-“l—;lf—l+ai—;'&>0;or
ai/n,- a; — 1

(4.32) sarTm tagm  F Fm oD+ @=1)

whenﬁ-al—%&+%ﬁ<0.

Similar to 1}, there exists £ such that

Sk{ar — f1) G —fz + klag — fi) bkay ] + ka

i n1 i Ty L} i L
(433) 0<e <2 min 5212 1 k2 H §2k2 1 N k2
ny n; o (3 Tig iy

Skiay — 1) — (@i — 1) + k(ar — 1)
62k2 + 14 k2

Define

aj = a; — bke,
(4.34) a;y = a; +€,
aj = a; — ke.

As in 1), we can see that the corresponding estimator 7** is superior to the estimator
T.

Case 2. Assume that

a4 _ Y }{ a-fi e f -0
ni(ai - 1) TL;(Q; — 1) nl(al - 1) ni(ai - 1)
1) If nf(la_l{ln = n?(ia:{il)’ then we must have | > i+ 1 in (4.11). Otherwise,

2 <0 <i—1. It is easy to see from {4.8) that

@1 aq

(4.35) ny(ay — 1) > ni(a; — 1)

From (4.3), we have

a — fi a; ~ fi
(4.36) ny(ag — 1) = nifa; — 1)
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Thus, from (4.9}, we get

a—fi e fi
(4.37) mla;—1)  mniai— 1)

which shows that both sides of (4.11) are equal to zero. This is, of course, impossible.
Thus, given that [ > i + 1, it is easily seen that a; is not equal to zero.
If

(4.38)

3

ay @ :'l:ai_fi ar— fi -0

ny ((11 — ].) B ni(a,; - 1) n.,f(ai — 1) B n;(a; - l)

then we have

a; — fi S ar — fi

ni{a; — 1) g (ay — 1)1

(4.39)

which implies

(4.40) (@ — 1D - mlm 1)

So from (4.8), we obtain

a; ai

(4.41) nilai— 1)  nfa ~1)

Thus, from (4.39) and the above assumption, we get

(4.42) [ a1 — fi a — fi ] [ 21 @ ]>U,

ni(ay — 1) nfar = 1} {nilag - 1) mfa— 1)

which contradicts (4.3). Therefore, we must have

(443) [nl(aoil— 0~ ni((::i— 1)] [ncza_—fl) - nzta:_ﬁl)] <0

Hence,

a; — f; ar— fi
(4.44) @ — 1) ma ~ 1)’

which implies that ¢; = f; and a; = f; cannot hold simultaneously.

Note that ! > i +1. So, A > 0. Let 6 > A such that § - 2.=01 4 2=8 £ 0. Further,
let k and ¢ be constants and define a}, a}, af and T** as in part 1) of Case 1. It then
be seen that the corresponding estimator 7* has smaller risk than 7.

2) I nﬁﬂ:fl) < n,_”("a:{"l), then we have

When

@y a; ai — fi o~ fi
(4.45) [m(az Y - ng{a; — 1)] [nz—(aé - 1) B ni{a; — 1)} <0,

Qi — ay
ni(a, -1}y — m{m—1)"
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we have

a; — fi a; — fi

ni(a; - 1) mlap— 1)’

(4.46)

which implies that a; = f; and a; = f; cannot hold simultaneously.
Let § be a constant such that 0 < § < B, and & - ‘“—n_lf—’ + “‘—n_lf—‘ # 0. As in part 1)
of Case 1, we can sce that the estimator T is inadmissible.

When
aq a; a; — fi ar = fi
_ — > 0,
(4.47} nay — 1) nia; — 1)} ['ni(ai —1) mla-1)
we have
(4.48) e T

nz-(a,- - 1) m(a; - 1) )

Clearly, a; = f, and e; = f; cannot hold simultaneously. In addition, it is obvious
that a; # 0.
Now let & be a constant such that (£ = 4oc, where ¢ > 0}

ai__fi(al~].)4alif£(ai—l)
(4.49) 0<5<af'f a"ff ,
Ao -1y - 2 gy - 1)

ny 1

and & - “I—T;f—l + in;f— #0.

Let k and £ be constants and define af, af, ¢f and T** as in part 1) of Case 1 except
that ¢ and { are replaced by ! and i respectively. It then follows that the estimator T™*
is superior to the estimator T'.

Case 3. Assume that
a; ar }[ a; — f a; — fi

nila;—1) mla—1)] [ni(e - 1) nila, — 1) > 0.

It follows from (4.3) that

a1 — fi a; — f;
(450) F(3} (Ct.] b 1) n.i(a,z- - 1)
So we have
(4.51) i il

<
ni(a; — 1)  myar— 1)’

and a; = f; and a; = f; cannot hold simultanecusly.
From (4.3) and {4.8), we get

a; — fi a,— fi
(4.52) a1 mla =1’
a) _ al
nl(al - l) N nl(al - 1)

(4.53)
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It follows from (4.11), (4.53) and (4.9) that

a1 — fi a; — fi

m(al — l) 'ﬂ;(ag - 1)'

(4.54)

Let & be a constant such that

a—fi, . wm—fi,
7. (ar — 1) ; {a; — 1) >0,

(4.55) 6>

dl;{ft(al _1)- aln_lfl(a‘ ~1)

and § - “%:;'t‘— + “—n_L # 0.

Now let & and ¢ be constants and define af, a}, af and T** as in part 2) of Case 1
except that i and { are replaced by ! and i respectively. It can be shown then that 7 is not
an admissible estimator. This completes the proof for the necessity part of Theorem 2.

The proof given above shows that if a linear estimator, say T***, cannot be written
in the form T* = (aith + wg,,, .-+ aLTL + Wi, ), then there must exist an estimator
of the form T, which is superior to T***. So in order to show the admissibility of the
estimator T, it suffices to prove that there exists no estimator of the form T™* which is
superior to I'. We consider the following three cases.

Case 1. Assume that 0 <5 < 1.
(1) If there exists ¢y such that @i, = Nfi,, then for all ¢ = 1,...,L, a; = nf;.
Suppose that
E|T - Y|? < B|T-Y|?,

which is equivalent to

56 S af 1\ L,a? 1l gl P Dp et wd|?
@56) D> yml-w) pH et @ oDyl Ve,
i=1

+ (a; — 1)%- % + [{a; — D+ wOHi]z}.

Multiplying r on both sides of (4.56), and letting » — 07 and A — +oc, we get

L * 2 *2 L 2 2
, Ei__lm 4 1 < . ﬂ_l_ ELE
e Zlm(n‘ Nf) s 5] <2 |l w) tE|

i=1

Letting 6~! = (1 — 5)/n in (4.57), we obtain

L * 2 * _ ‘
(4.58) Z[n (“—-?Vl—) +‘:Lz u] 52;;(1—7;).

Ty

i=1
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That is,
|
(4.59) > —(a; -nfi)* <0
i=1 i
Hence, we have af = nf; = a;,i=1,..., L, and (4.56) can be written as,
I L
(4.60) S las — Da+ wgo 2 < > las ~ L + sl
=1 i=1

If 4 = —c, then from (4.60), we obtain w§, = (a; —L)a=wps,, i =1,..., L. This shows
that T is admissible.

(2°) For the case where there exists ¢; such that a;, = 1, the proof can be obtained
along the same lines as in part (1°) and is omitted. )

(3%) Now assume that nf; < a; < 1foralli =1,..., L. Suppose that E||T* -Y|* <
E|T — Y|?, that is, equation (4.56) holds. Multiplying = on both sides of (4.56), and
letting 7 — 0%, we have

(46].) Zn £7i2+a:21+(a*71)21
' "\ni N, n; & ! A

which is equivalent to

L
a; + a; 2 a; +a; 1 1
. . - . k1 - * R .= <0,
{4.62) Y (a2 m)[( )+ 6+(“1+“" 2) A]_O

=1 Ty Ni My

If we write

1 1- 1 =l
(4.63) o= ,._n, I _ a nf ,

& n A nni(1 —ay)
then from (4.62), we obtain

L
1—nf;

(4.64) af —a;)? —— <.

;( 1 ) Tini(l — G‘i)
Thus, a; = a;, i = 1,...,L. Analogous to (19), it can be seen that wj,, = wos;,
i=1,...,L. This shows that 7" is an admissible estimator.

Case 2. Assume that = 0. We only consider the case where 0 < a; < 1,
i =1,...,L. Suppose that E||I* — Y|* £ E|T - Y|°. That is, equation (4.56) is
true. If we let A = @ - 6, and multiply & on both sides of (4.56) and let § — 0T,
then we get

(4.65) 3

i=1

* L

2 2
& * 2 a; a; 9 a;
+(af — 1) —m—1 < = 4 a;— 1) —,
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which holds if and only if

(4.66) ZL: (—“’—ﬂ <0.

i—=1 ni(l - ﬂ’t) -
Therefore, af = a;, i = 1,...,L. So, as in part (1%) of Case 1, we have wg, = wos,,
i=1,...,L. That is, T is an admissible estimator. Similar are the cases for ¢; = 0 and

a; = 1 and the details are omitted.

Case 3. Assume that 7 — 1. It can be established in a fashion similar to Case 1
that T is an admissible estimator. The details are available on request from the authors.

This completes the proof of Theorem 2.
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