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Abstract. Let X_;41, X meo,..., X0, X1, Xo2,... be a time-homoegencous
{0, 1}-valued m-th order Markov chain. Joint distributions of the numbers
of trials, failures and successes, of the numbers of triais and success-runs of
length [ (m <1 < k) and of the numbers of trials and success-runs of length {
(I < m < k) until the first consecutive & successes are obtained in the sequence
X1, Xz,.... There are some ways of counting numbers of runs of length {. ''his
paper studies the joint distributions based on four ways of counting numbers of
runs, i.e., the number of non-overlapping runs of length [, the number of runs
of length greater than or equal to 7, the nurmber of overlapping runs of length
and the number of runs of length exactly I. Marginal distributions of them can
be obtained tmmediately, and surprisingly their distributions are very simple.

Key words and phrases:  Probability generating function, discrete distribution,
success and failure runs, geomotric distribution, geometric distribution of order
k, higher order Markov chain.

1. Introduction

Let X7, Xo,... be a sequence of {0, 1 }-valued random variables. We often call
X, the n-th trial and we say S (success) and F' (failure} for the outcomes “17 and
“1, respectively. The distribution of the waiting time for the first consecutive
k osunceesses in indepeandent. Bernonlli trials is called the geometric distribution of
order k {(cf. Feller (1968) and Phillippou et al. (1983)). Recently, exact distri-
bution theory for so called discrete distributions of order & has been extensively
doveloped and some of the results were applied to problems on the reliability
of the consecutive-k-out-of n:F system by many authors {cf. Aki et al. (1996),
Aki and Hirano (1993, 1996}, Chao et al. (1995}, Fu and Koutras (1994), Hirano
(1994), lirano and Aki (1993), irano et al. (1991}, Koutras {1997), Koutras and
Alexandrou (1995) and references therein).

In the fiterature, numbers of success-runs of length I are counted in various
ways. Four of the best-known types are Type I (non-overlapping success-runs
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with length  in the sense of Feller’s (14638) counting), Lvpe LI (success-runs of
length greater than or equal to [ in the sense of Goldstein's (1990) counting),
Type HI (overlapping success-runs of length ! in the sense of Ling’s (1988, 1989}
counting), Type [V (success-runs with length exactly { in the sense of Mood's
(1940) counting).

For example, consider a realization of a scquence of S and F such as

SSSSFSSSFFFSSSSSSFPFFSS.

If we take [ = 3, then there is only one success-run of Type IV; there are four
suceess-runs of Type I, three successruns of Type IT and seven success-runs of
Type III.

Throughout the paper, let k, { and m be fixed positive integers such that
ILm < k. We denote by Gi(p} the geometric distribution of order %, and by
Gr(p,a) the shiffed geometric distribntion of arder & so that its support begins
at a. Here the geometric distribution, to be denoted by G(p), is deflined as the
distribution of the number of failures preceding the first success. Note that G(p) =
< (p, 0).

Aki and Hirano (1994) studied the exact marginal distributions of the numbers
of failures, successes and success-runs of length less than & of Type III until the
first consecutive & successes for some random sequences such as o sequence of
independent and identically distributed {0, 1}-valued random variables, a time-
homogeneous first-order {0, 1 }-valued Markov chain and binary sequences of order
k {cf. Aki (1985)). When the {0, 1}-scquence follows the first-order Markov chain,
they pointed out that the distribution of the number of success-runs of length [ of
Type IIT until the first consecutive k successes is the shifted geometric distribution
of order k£ — [ with the support {k =1+ 1L,k —{+2, ...}, le, Gy y(p,k — 1+ 1).

Aki and Hirano {(1995) obtained the joint distributions of the numbers of
failures, successes and success-runs of length less than k of Type [, I and III until
the first consecutive & successes for some random sequences such as a sequence of
independent and identically distributed integer valued random variables, a time-
homogencous first-order {{, 1 }-valued Markov chain and binary sequences of order
k. Further, Hirano ef al. {1997} studied the distributions of the numbers of success-
runs of length { of Type I, II, III and IV until the first occurrence of success-run
of length & in the m-th order Markov dependent trials. They pointed out that
when m < [ < k, the resulting distributions coincide with the corresponding
distributions in independent trials with a success probability whose value is given
by the transition probability that a sneeess neenre aftar a aiiecess-run of length m
in the m-th order Markov chain. .

In this paper, we investigate the joint distributions of waiting time and number
of outcomes such as successes, failures and suecess rung with length less than k of
L'ype L, IT, 11T and IV until the first consecutive & successes in the following higher
order two-state Markov chain.

Let Xomi1, X mga, ..., Xg, X1, Xoe, ... be a thine-howogeneous {0, 1}-valued
m-th order Markov chain with

Ty

ot — P (X1 = 61, X g2 = oy, X = Xy ),
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Pay ot — P(Xi =1 ‘ Xi—?n =, X’é—m-{—l =&, ... :Xé—l = -T:m,}e

— 1 - q:'nl,...,:]tmz

for oy, . 2, —= 0,1 and i = 1,2,.... For x\.....z, = 0,1, we assume that
0<poyen <L

We denote by 7 the waiting time for the first consecutive £ successes in the
sequence Xy, Xy, . ... In Section 2, we derive the joint distributions of waiting time

and number of outcomes such as successes, failures and success-runs for the first
consecutive k successes in a second-order two-state Markov chain. In Section 3, we
study the joint distributions of the walting time and the numbers of failures and
successes until 7. In Section 4, we consider the joint distributions of the numbers
of trials and success-runs of length [ {r <! < k} of Type [, I, IIT and IV until 7.
We also investigate the joint distributions of the numbers of trials and success-runs
of length I (I < m < k) until 7.
Throughout the paper, we define that for o« > 3

s

[Tod =1 aud > a) -0,

i=

where g{¢) is a function.

The results in this paper are not only general and new but also avallable to
numerical and symbolic calculations by using a computer algebra systemnn, {or ex-
ample, the REDUCE system ver. 3.5, In particular, when &, { and m are given, we
ean obtain the probability generating functions (p.g.f.’s) of the joint distributions
ot the numbers of successes, failures and trials and the numbers of success-rung
and trials until 7, expectations and variances of the corresponding marginal dis-
tributions by using the computer algebra system (cf. Uchida (1994) and Uchida

and Aki (1995)).
2. Preliminary

In this section, we study the joint distributions of walting time and numbers
of outcomes such as successes, failures and success-runs for the first consccutive &
successes in the following second-order two-state Markov chain.

Let X 1, Xo.X:,Xs,... be a time-homogeneous second-order {0, 1}-valued
Markov chain with transition probabilities

pr 7 p(-‘Y‘H, —1 t ‘X'r-.“z - ?:} 'Xvu,fl = .?) =1- q:_)

for i ¢ {0,1}.
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2.1 Joint distribution of numbers of successes and failures i a second-order
Muarkov chamn

In this subsection, we consider the joint distribution of the numbers of failures
and successes until 7. Let g and £, be the numbers of occurrences of “0” and “17
among X1, Xy,..., X;. For j | =0,1and j, = 0,1, we denote by ¢l (¢ 4, g)
the joint p.g.f. of the conditional distribution of (7,0, 1) given that X_; = 5_,
and X[) = j[).

ProprosiTion 2.1.

Y- (8, u, s)

pl-1:90d (1 4 ) =
q ( Ju, S) U)(t,u,s)

Jov,dn € {0, 1},

where

k-1
Vit u,s) = 1—u{fu,s) (Qmiu + ZPmﬁv‘;(P11fS)?’m2Q11tu) )

=2
BO0) gy Poots tslprrts)h—2
w ( U, ") [ qootﬂ,pﬁl 'S(pll 9) 3
’@9(0'1)@1 u, 8) = [(qoitu + portsqyitu — pritsgortu)y (tu, ) + Pi1ts]
-ports(piits)© 2

,tp(lf-") (I, u, 3) - '%i‘)l{t, u, 'f"').’t'jt)lts(p]lt'-‘;);c 23
y’;(l’l)(t,u, s) = [{(1 + puts)aiitupgits — (prits)>qortuld (¢, u, s)+ (pits)?]
: (Pnt‘?)k_za
_ qrotupoots

Y1t u, s) = T — quotu + pots.

Proor. For i = 0,1,...,k — 1, let A; be the event that we start with a
“17-run of length ¢ and “0” oceurs just after the “1”-run. Let ¢ be the event
that we start with a “1”-run of length k&, For j_; = 0,1 and j, = 0,1, let
U-1d0d (£ 4y, s | A;) and -1} (¢ u, 5 | C) be the p.g.f’s of the conditional joint
distributions of {7,£9,¢1) given that the cvent A; N{X_; =j 1, Xy = Jo} occurs
and given that the event CN{X_; = j.|, Xg = jo} occurs, respectively. Since A;,
i=10,1,....,k —1and C construct a partition of the sample space, we have

k—1 ’
OV (E 0, 8) = ZP(A.i)qb((J’O)(t,u,.s | 4) + PC)p %O (#,u, 8 | C)
i=0
= qootue ™V (¢, u, )
L—1
+ (Pooté‘qmtu + Zpoetspcnts(}mftS)"'_?ql 1tu> S (L, 5)

#2=2

+ poatsports(prts) 2.
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Similarly, we obtain

k-1
OV (t,u, 8) = (thu | met-s(putf;’)“”qlltu) PO, 6)
i==1
, k-1
+ ports(puits)™ ™,
¢ (¢t u, s) = qrotug PV (t,u, 5)

k-1
+ (pu)t.'-?{]()lt?}. + metspmts(p”ts)' gL ltu) {1,0) (t U, S‘)
i=2
k—2
+ protsports(prits)” ",

and
k .

Ut u,s) = (prats) g tugttO (t u, 8) + (prits)”.

i=

—

D

From the above four equations, we have the desired results. This completes the
proof.

Remark 1. By setting £ = » = 1 in the formulas of Proposition 2.1, we see
that

#0011, 8) = ¢110(1, 1, 8)
and
SO0 (11, 5) = s(1 — pris)pors(piis)
1—pus—ago1s+ p118gms — Dmsquis + PmS(iﬂllé)k 2gus

k—2

Now, we consider the following first-order Markov chain. Let ¥y, Y1, Y5, ...
be a time-homogeneous first-order {0, 1}-valued Markov chain with P( = 1]
Y-,,_l —0)—1)0,P(Y,—0|Y_1 —O)—Q(;,P(Y :1|Y; 1 = 1)*})14
P(Y;=0|Y;_1 =1)=gq, fori=1,2,.... We denote by 7y the waiting time for
the first consecutive k successes in the sequence Y3, Ys,. ... Let ¢(s) be the paf of
the conditional distribution of the waiting time 7 given that Y5 = ¢. Then, we
have

(1 pis)posips)!

1~ p1s— qos + p1sgos — posqus + pos(prs)F1qis
Hence, we sce that the marginal distribution of £, given that Xo = 0, X_1 =0
or 1 is the shifted geomctric distribution of order &£ - 1 given that ¥p == 0 in the
above first-order Markov chain Y1, Y5, . ...

p(s) =

2.2 Joint distribution of numbers of success-runs in a second-order Markov chain

In this subsection, we consider the joint distribution of the numbers of success-
runs of length { (I = 2,..., k) until 7. Let p, v;, & and 1y be the numbers of “17-
rans of length 1 of Type I, 11, IIT and IV until 7, respectively. For j_;,jo = 0,1,
we denote by qﬁ(lj "1’3“)(15 fare o te), 5 VI o), c,b(" 2990 (g L ) and

(rf}gj_1 ) (L, ta, ..., tg) the joint p.g.fs of the (‘ondltional distributions of {7, pgz,.. .,
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i)y (7w, ve), (T8, .-, &k) and (T,m2... ., %) glven that X _; = j_; and
Xy = Jo, respectively.

1THEOREM 2.2.

o {7 1.70) Por;
(’,‘553_1.30)(1. to o )tk) — wq{) (t f (ta ]-,- it)‘fikj ?
e l2, .y Tk

j*lajﬂ = U,l,

2 T

where

k1
q1otpont i
Bi{t by, k) =1-— (“‘L +Piot) (Q‘mt + met(puf)" qulf%;‘)

L — qont p—
and
BN =1
feeet, if =2,
vij = i—1,0-2 o
ty ty Tt if 5 =3,
Liy 2f .7:4

Proor. Let A;, C be as in the proof of Proposition 2.1 and for 5.1, jo = 0,1,
we denote by qb_(-J_l"?(’)(t,tg, conte LAY, qbgj'l’m)(t,tg,...}tk | ') the respective

i
conditional pgfis Since A;, 7 =0,1,...,k — 1 and £’ construct a partition of the

sample space, we have
¢§0’G)(t: by oo :tk)
k-1
= ST PANSO eyt | A PO (b b, 1 | ©)
=0
= qoote" " (t b2, i)

k—1

- 1.0

+ (Pooffmli+ E pootport(pit)’ 26]1115%;) ¢§ ' )(tat%---:tk‘)
1=2

+ pootPort{m1t) ;.

Similarly, we obtain
45;0»1)(1;, t?: s 7tk)

k—1
= (qmt +portgut + met(put)’“qut%) o8O b, ty)
i=2

+ port{prit) oy,
O (s ty)

0
— qlot(,'b_go )(t, fo, . .., ﬁk}
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k—1

+ (pmtqolt + metp[}lt(pmt)iQqutp.ij) "t o, )
i=2

=2

+ protport(pi 1 t) ok,

and

L(1,1Y
By (L 0o, th)

kol

, ” :

= (qllf + pritgnt + Z(Pnt)?’qlit%_;‘) 4)_51 Mita, otk + (put) s
§=2

From the above four equations, we have the desired results. This completes the
proot.

COROLLARY 2.3.  The conditional joint distribution of (ua, ..., p) does not
depend on the values X_1 and Xo. In particular, if & = [(m + 1) holds for a
positive integer m, then for every l =2,.. .,k — 1, the marginal distribution of p
is the geometric distribution of order m, t.e., py ~ Gm(ph,m +1).

PRrOOF. By setting j = 1, t = 1 in the formulas of Theorem 2.2, we scc that

00 (01 {1,0) (L1

N = o) = 95 = Qﬁg -

The second statement is eagy to prove hy suhstituting | for all arguments except
for ¢;. This completes the proof.

CoOROLLARY 2.4.  The conditional joint distribution of (1, ... ) does nof
depend on the values X_| and Xo. Especilly, for every | = 2,... .k — 1, the
marginal distribution of vy is the geometric distribution of order 1, ve., 1 ~
Gt

COROLLARY 2.5.  The conditional joint distribution of (o, ... &) does not
depend on the values X _y und Xg. Especially, for every I — 2,. v,k — 1, the
marginal distribution of £; is the shifted geometric distribution of order k — 1, v,
&~ Gralpu,k =1+ 1),

COROLLARY 2.6. The conditional joint distribution of (n2,...,m) does not
depend on the values Xy and Xo. Especially, for every I = 2,...,k — 1, the
Pt

marginal distribution of )y is the geometric distribution, i.e., g~ G(W
il dit

3. Joint distribution of numbers of successes and failures in a higher-order Markov
chain

In this section, we consider e joint distribution of the numbers of failurcs,
successes and trials until 7. We give a method for deriving the p.g.f. of the condi-
tional joint distribution of the numbers of failures, successes and frials until 7 in
the m-th order Markov chain.
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A sequence which follows the m-th order Markov chain depends on the past
occurrences of length m. A set of {0,1}-sequence of length m consists of 2™
clements, and can be uniquely regarded as a binary number. Further we translate
it into a decimal number. For example, when m = 3, Pioo = p4 and when m = 4,
Proor = pa. Let Ny = {0,1,2,...,2™ — 1} and let f; (i = 0,1) be the mapping
from N, to N,, such that

filg) =22 4+1 (mod2™), for i=0,1.

Lot ¢y and ¢| be the numbers of accurrences of “07 and “17 among X1, Ao, ...,
X,. We denote by ¢t {t, u, ) (for each r € N,,;) the joint p.g.f. of the conditional
distribution of {7,9,e1) given that X 41 = 21, X 40 = 29,... X0 = T

Fori =0,1,...,k -1, let A; be the event that we start with a “17-run of
length ¢ and “0” occurs just after the “1”-run. Let C be the event that we start
with a “1”-run of length k. For z € Ny, let ¢ (¢, u, s | A;) and ¢ (¢, u, s IO be
the p.gf.’s of the conditional joint distributions of {7,,¢;) given that the event
A {Xempyr =21, X 2 = 29, ..., X = o} occurs and given that the event
C{X_my1 = 21, X cimq2 = @2,..., Xp = 2} oceurs, respectively. Since A,
t=10,1,...,k — 1 and C construct a partition of the sample space, we have the
following system of 2™ equations of conditional p.g.f.’s.

For each z € N,,,

k—1
¢t u,s) = > PA)SD (s | &) + PC)™ (1w, s | C)
i=0

= q$t?L¢(f(](m))(t, U, 8)

m—2 [i-1

trats 3 | [[pr0yt5) | ageiotus 10 (8, s)

i=1 | 7=1
rm—z i

+ pots H{pff-(m)ts) qf;nfl(m)tugb@m""g)(t,u,s)
J

m—1

II

=1
- k1 |
(D ricayts) Z {pam 1t5)" " qam _1tug®” "2 (¢ w, 8)
1—1

i=1 =1

+ p.ts

-

]

+ Dyts H(pflj(x)ts) (pam _1ts)E ™.
=1

For each @,y € Ny and i € L, = {1,2,...,m — 2}, we set

i1
am,?ﬁ(t:uvs):pwts H(pff(w)t's) Qf{'(z)tu:
a=1

m—2

Bu(t, v, 8) = pgts H (pff(_:c)ts) Qﬁ"“l(m)tu
i=1
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trats | [ (ppapto)] D (pomrts) " gem
=1 i=m
m—1
"/x(t,S)zpmtS H(pff(a:)ts) (p-zm_-}ts)k_m’
i=1

J;y {EELmIfUOfl(CC)—y}

For each =,y C Ny,

211

Azt w, ) = gotul{fo(z) = y} + Z g i(t U, 8) + Bu{t,u, 8)1{y = 2™ — 2},

1€,y

bﬂ?ay(tauas) = l{:{: = U} - awﬁy(taua 3)1

where 1 y
U x=y,
=yt =
{ v {0, if z#y.
In particular,
k-1
beam—a(t,u,8) = Z.(t,u,5) — [zt s) Z(pgm,lts)"‘qum,ltu,
=TT
where
m—1
Celte) —puts | [T (it} | -
j=1

Soltyu,8) = Wz =2 — 2} — gutul{fo(z) =2™ — 2} — ) auilt,u,s)

iEIl‘,'Zm -2

m—2

— pgts H(pff(m)ts) poe=t (g bt
=1

Define

b= (bm,y(t1 t, S))x,yENm :

B = (Cx,y ) o y€Nm
_ A?I:-T"
B

where Ay, is the {z,y)-cofactor of the matrix B.
Then, we have

2m—1 27 1

, JAVIN
¢(‘5)(t1u’75) = Z IR‘ %(f s) _R_ Z Azl s).

1={}
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Here, we sel thal for each .o € Ny,

Wt u, s) = B,
2™ —1

) = Y Al s).
i =0

Then, we obtain

IProposirion 3.1,

{=) (¢ :
Q’)(T)(L,U:, 5) — w’ Jr()'." €I Nf,vn.-

Wt u, 8)

Remark 2. By the above result, we can easily obtain the p.g.f. of the joint
distribution of the numbers of successes, failures and trials until = by means of
computer algebra. Here we use a computer algebra, REDUCE ver. 3.5 for generat-
ing the system of equations of conditional p.g.f.’s. As a matter of fact, we can also
compiite the expectation and the variance of 7, i.c., the geometric distribution of
order k in a higher order Markov chain. Moreover, we can obtain the probability
mass function (p.m.f.) of the distribution of 7 by using the fact which the p.g.f. of
the distribution of 7 is a rational function (cf. Stanley {1986) and Uchida and Aki
(1095)).

4. Joint distribution of numbers of success-runs in a higher-order Markov chain

In this section, we investigate the joint distributions of the numbers of success-
runs of length { of Type I, TT, TIT and IV until 7 in the m-th order Markov chain.

4.1 Case m <|

In this subsection, we consider the joint distributions of the numbers of trials
and success-runs of length I (m <1 < k) of Type 1, II, IIT and IV until 7. Let
w1, vy, & and ny be the numbers of “1"-runs of length I of Type I, II, IIT and IV
until 7, respoctively. For x € N,,,, we denate hy (f)gz) (£, th), d)gm) (tte, o te),

_(f)(t,t!, ..., t;) and qtsff)(t,t;, ..., %) the joint p.g.f.s of the conditional distribu-
tions of (7, 4, - pig)s (v, ve), (7€, &) and (7,7, ..., 7m%) given that
K o+l = L1, N g2 = Ta,..., X0 = &m, Iespeclively.

Let A;, C and I, be as in the proot of Proposition 3.1 and for each x € N,
and 7 = 1,2,3,4, we denote by ¢§$)(t,f1,...,tk | AL, qb_(f)(t,tg,...,tk | C} the
respective conditicnal p.gf.’s. Since 4;, i = 0,1,...,k — 1 and € construct a
partition of the sample space, we have the following system of 2™ equations of
conditional p.g.f.’s.

For each x € N,,,

(p_g‘l) (t* tl: R tk)
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k-1
= 3PN (bt st | A+ PO (8t 1 1 C)
1=0

— gt )

m—2 |1 .
et ST | it )

i=1 |4=1
-m«—‘Z i 5
(2 —2
t ot | [] o] rp-iotd) (Gt t)
g=1
(o —1 T t-1
3—1 272
spat | [T @prnt) | D0 pomat) ™™ aam a1l (bt 1)
Lj:l i i=m
Fm-—l _] k-1
i 2™ 2
+ pet (Pflj(w)t) Z(P’zm—lt) qum—lt‘,@ijd)g‘ )(tth--v:tk)
- Z
+ pat (pff(;c)t) (me—lt}k_m(fgkjr
=1 )
where
AR if j=1,
o tl"'t'c‘;s }f ]:2j
¥ij Lrulcti:r% sy, if 4 =3,
ti, it 7=4

For each z,y € Ny, aud i € Lyy,, we sct that

i—1
o (1) =pat | [[ gt | sty
g=1
m—2
Be(t) = pat H(pf{(m)t) Qpp=tiat
g=1
(m—1 W 11
tpat | [T 08| 2P at) M aomat
Lj—:l ] i=1m
_'m—l i fr-r1 )
+pat | [T 0t | 2o p2m 1) T gt
7=1 i
m—1

) = pat | [T i) (pam 1) ks

i=1
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For each x,y € Np,,

g () = aot1{folz) = y} + Z oy (1) + BL(1)1{y = 2™ — 2},

€ly

bey(t) = Uz =y} —al ().
Define
B = (b’m,y(t))x,yENm:
(B’)_I = (C;,y)m,yeN,”:

l
’ — W,z

ijy = jB,| E

where A!  is the (z,y)-cofactor of the matrix B’

.y
From the above system of equations, we have
(z) 2™ -1 Af
.T T
O (Lt tk) = IB,‘T} IB’ ZAW%
1=0

Here, we set that

w}(ta tl: v Jtr'c) = iBr‘a

27 —1
Wt t) = ST ALY (=ul)
2==()
for each = € N,.
We note that
boa(t) e boe 1 (t) (1) By vy (1) N b am 4 (1)
$i =
Bom_10(t) - bhoy oo (8) Aam_i(t) bam_qa_i(t) - b 4 gm 1 (L)
and
bi;727r572(1) — E; (t) — t) Z(p?"“ lt) gom — !t - .'I'(t)
k-1 .
D Pz i) M gam by,
it
where

-1
F;(t):pmt H(pff(:c)t) )
J—1

EL(t) =z =2™ - 2} — q.tl{fo(x) = 2" — 2} — Z o, ;(1)
GET, am _g
m—2

“pet | T 0g008) | 4510t

J—1
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Here, we see that
Vo (t) = 72 (t, i

and when y £ 2™ — 2,

b;,y(t) = by y(t, 1,1).

When z = 2™ — 2, we have

buo(t) bh,2m —3(t)
s z ;
am_1,0(t) pm—12m—a(t)  Vam_1(?)
bin(t) 0,0m _a(t)
= Pk ;
b —1,0(t)

= 1/)(2""#2)(& 1, l)g&kj
On the other hand, when z # 2™ — 2,

oo (t)
W= 5 5
bgzmq,u(t) Fom 1 ()
-1
— > {pam 1) Mgam it

=1y
00 (t)

Yo(t)

by —1,0(75) Yo —1 (2)
k—1
=3 (pam ) Mg 1ty
=1

00 (t) %o (t)

bym 1 o{t) Yom 1 (1)

We note that

Yo(t)

WO e =)

Epm (1)

by am—1(2)

by 1 2m 1 (2)

Wo(fa 1) bf),am_l(t)

Bym _10m—3(t)  vam—1(t,1) Dym_q0m ()

b am 1 (£}

b’2m71,2m71(t) |

Lo (t) bo,am 1 ()

Tom () Bym_y om 1 {t)

o (t) bo,2m 1 ()

gm_1{t)  Vam_q9m_1(t)

Vo lt) = Da(t) (pam— 1) ™5,
:1‘

L) =Z.(t.1,1).
Then, we obtain
b (t)

Yo(t) o)

gm _1,0(} Yo~y (L}

bo.am s (1)
: = (.

Tom 1 (£} bom 3 9m (T}



216 MASAYUKI UCHIDA

Here, we have

boolt) - wl o Ei(Y bo 2 1 (1)
2l I s : 5
amorolt) o Y (8] B (8] By g (1)
e 1) Bt 1,1) 0,0 —1(t)
= $rj , : : :
Bpm o1 0(t) oo yem 1 (E1) e B (6 11) By pe o (2)

Then, we have

THEOREM 4.1.

ESU RN [Ene

=~ or € N,,.
T/Jj(t,tg,..wtk)' f

¢57)(t1tl: s :t-‘i)

COROLLARY 4.2. For m < I < k, the conditional joint distribution of
{1, .., pte) does not depend on the values X 1, X _pago. ..., Xo. In particu-
lar, if k = l{n + 1) holds for a positive integer n, then for everyl =m, .k ~ 1,
the marginal distribution of ju; is the geometric distribution of order n, i.e., py ~
Cn(phm_1,n +1).

PrOOF. By substituting ¢ = u = & = 1 in the formula of Proposition 3.1, we
obtain that for each =z € N,,,
P, 1,1) = 9(1,1,1).
By setting j = 1, ¢ = 1 in the formula of Theorem 4.1, we see that
5O = ol =g,

‘The second statement is easy to prove by substituting 1 for all arguments
except for {; in the formula of Theorem 4.1.
Here, we note that

bppm—2(1) = Hz =27 =2} = @ l{fo(z) =27 -2} — > (1)

’iEIw‘Qm_g
m—2 -1 )
= Dz H (pff(;,;)) prm=tigy — f;(l) Z(}PQ”‘—])I_mQ‘JM-]
i=1 i=m
1
i—m i/l
- (1) Z(mewl) qzmqtg 4
i=l

k-1

= 2+ T (L) {pam 1) = TL(1) Z(sz—l)ifm%m*lt%im
i

=2 A1),
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where

== o = 2" =2} — g, {fo(a) = 27 -2}

m—2
- Z 04;!.,;(1) —= Pr H (pff(x)) ’
€S, pm g j=1

D(t) = P, Z(pgm =g 1,

Here, we see that

2m 1 m—1 ji-I
Do by =1 —p: D | [[0pe)| a1
=0 i=1 |4=1
[m—1 11
“ve | [] (erry) | 2202 1) o
_j:i. ] P o
[m—1 T e
P ifl
— Pz H(pff(m)) Z(P?Ll)? " gty
| i=1 | it
=TI {t).
We also give
™1 o]
2 Vea M= 3 by ()4 bamoa(l)
x=0
7#2"‘ 2
am 1
— > (1) + T+ T (&),
=0
T#2™ -2
Here, we obtain
2m—1
> b (M +E] =0
L=0
A2 2
Then, we obtain
ooty - Eg by am —1{1)
= (),
Uypn_10(t) 0 Em_y By om  (8) ]
Consequently, we have
| boelt) o By alf) by am 1 (1)

ij(l)tillﬁ"'?l) -

ym 1 0(8) =0 Bhmy gm () Do gm 1 {1} |,y
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oo () e =5 bg,pm 1 (1)
By olt) o Elm_y by gm 1 {) [,y
olt) - o(t) bg,2m 1 (%)
+ 7 () : : :
’2""—1,0(” o T4 (1) om _ 1 9m 1 () | 4=
b(ty -+ Tg{t) by,am —1(t)
=T"(t;) : : :
bym _10(t) - Thm (8] By g am_y(8) |,
Similarly, we have
Yoolty -+ Eg B,am 1 (1)
£(1,1,1) = :
by, u(f) o Bmg Bymoym o) [y
boo(t) -+ Tt bi,2m 1 (1)
+I7(0 ; ;
om10(t) o Tom g (8) Bhmygm_y (£) |,y
ot o To(#) bham_1(t)
= T"(1) : : : i
by _10() v Tom 1 (t) Byy w1 () 4y

Consequently, we have

ST i fefl
{z) [pfszl *Z? -] Pam_1G2m - lJt.E a
1 =

pf@?’fl - Ef .!1 pi" 192’"-1tgim
gt
1 - Z? = Pam—192"’“71t£m]
- (Phom — 1)%?'1
L= 3200 (ho )7 (1 = pho )

This completes the proof.

Remark 3. The second statement in Corollary 4.2 coincides with Theorem

23.2.2 of Hirano et al. (1997).

CoOROLLARY 4.3. for i < | < Kk, the conditional joint distribution of
(U1, ..., i) does not depend on the values X i1, X, . .., Xo. Especially, for
every l =m,...,k—1, the mm"qmai distribution of v; is the geometﬂr distribution
of order L, we., vy~ (Jl(pz,,,_l)
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Remark 4. The second statement in Corollary 4.3 agrees with Theorem
23.2.4 of Hirano et al. (1997).

CoROLLARY 4.4, For m < | < k, the conditional joini distribution of
(&,..., &) does not depend on the values X 01, X ppyn. ..., Xo.  Bspecially,
for every L = m, ... .k — 1, the marginal distribution of £ is the shifted geometric
distribution of order k —1, i.e., & ~ Gr_y(pam _1, kb ~ [+ 1).

Remark 5. The second statement in Corollary 4.3 is in keeping with Theo-
rem 23.2.1 of Hirano et al. {1997).

CoroLLARY 4.5 For o < 1 « k, the conditional joint distribution of
(niy. .. 1) does not depend on the values X _py o1, X _pmaa, ..., Xo. Especially, for
everyl = m, ... k-1, the marginal distribution of 1y is the geometric distribution,

phmt s
e, ~G| ———.
Pom 1 Fdam -1

Remark 6. The sccond statement in Corollary 4.5 tallics with Theorcmn

23.2.3 of Hirano et al. (1997).

4.2 Cesel<m

In this subgsection, we consider the p.g.f. of the joint distribution of the num-
bers of trials and success-runs of length [ {{ < m < k) until 7.

Let o8 (8,8, 1 | ), 647 (811, 8 1 C) be as in the proof of Theorem
4.1. Then, we have tho followmg system of 2m equations of conditional p.g.f.’s by
congidering all possibilities of the first occurrence of 0.

For each z € N,,,

k—1
Bt = > PADST (bt | A + PO (Gt | ©)
i=10

= gt 0, )

-1 [i-1
. X (foofi{x))
+p‘”t2 prg(m)t) Qsi(yt®; EAER A £ TP
d=1

=1

m—2 [i—1

+ Pt Z H(pfj(.v) Uity t0is ®; ool 5o (4 4, ta)

» -
2" -2
+ p:l.' H (Juff (m)[) q‘fi'“_l(:z)t(pnbﬁl‘jqbii )(t’a oo 3 Lk)
7=l J

- T k-1
+ Pl H(pff(m)t) > (pamoyt)m
LJ"‘l ==

nm

-2
Sttt Tt )
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+ Dt H(pff(-'ﬂ)t) (pQ"’—lt)kimwkj%
7=1

where o L
AT LA T T )
t- -t if =2,
@i = :
1} tz l+1t;+i t“ lf !
t, if =4
For each 2,y € N, and i € L,,.
[i—1 ]
Pt H(pff(m)z) i iyt if 1<i<l~1,
F=1
oy i(t) = 3 _ ;
' |—z 1
Pat H(pfa(x qf;(a;)tsoij, i l<i<m-2,
mw—
pr'fx} Lpr 2 (o bPm -1,
m—1 k—1
+ p.t H (?)ff(z)t) Z(P:Zm—1t)1’_mfI2"~—1t991.31
j=1 i=m
m—1
Af.;:’(t) = pat H (pff(x)t) (pia’“—lt)kim(/;kj
=1

Ior cach ©,y € Ny,

iy () = q:tl{y = 2z} + Y ol (1) + AL (1 {y = 2™ — 2},

iel,
b;,y( _l{x—y}_amy(t)
Define

B” = (bg,y{t))-’f,yENm 3

(B") ' = (¢l )oyenns

1
oo Sy

Coy = IB”| ’

where A7 s the (2, y)-cofactor of the matrix B”.
Trom the above systemn of linear equations, we have

o™ _ ” a1

Al

{x) 1"

T, ) = E E

(;63 ( IR > k) |B” ( ‘B"| i.r /i

i={
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Here, we set that for each z € N,
ub,f(tath e 7tk) - |B”‘7

PSR |
"J)ﬁm)(t’ oo ty) = Z A-’iiw"f;’(t)'
i—n

Then, we have
THROREM 4.6.

Qpb‘gm)(t:t.t: L 3t.‘c)

= , or xr e N,.
b (bt te) 4

;7 (b, )

Remark 7. In gencral, when [ < m, the corresponding marginal distribu-
tions depend on the initial condition of the m-th order Markov chain and are not
necessarily as simple as in the case m << 1.

Remark 8. By using these results, we can easily obtain the p.g.f. of the joint
distribution of the numbers of success-runs of length { and trials until 7 by means
of a computer algebra. As Remark 2, we use a computer algebra, REDUCE ver.
3.5 for generating the system of equations of conditional p.g.I.’s.
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