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Abstract. Joint distributions of the numbers of failures, successes and suc-
cess-runs of length less than k until the first consecutive k successes in a binary
sequence were derived recently by Akl and Hirano (1995, Ann. Insi. Statist,
Math., 47, 225-235). In this paper, we present an aliernate derivation of
these results and also use this approach to establish some additional results.
Extensions of these results Lo binary sequences of order A are also presented.
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1. Introduction

The distribution of the waiting time for the first consecutive Kk successes in
independent Bernoulli trials, called the geometric distribution of order k, has been
discussed by Feller (1968), Philippou et al. (1983), and Johnson et al. (1992). Aki
and Hirano (1988, 1994) studied the distributions of numbers of failures, successes
and overlapping number of success runs. Recently, Aki and Hirano (1995} derived
joint distributions of the numbers of failures, successes and success-runs of length
less than k until the first consecutive k successes for a binary sequence of order k
among other cases. In this paper, we derive these joint distributions by a direct
algebraic method. We also use this approach to establish some additional results
in this direction. We also present extensions of these results to binary sequences
of order h. Mention should also be made here to the recent paper by Dhar and
Jiang (1995) in which the distribution of the finite sum of a hinary sequence of
order k has been studied.

First of all, a sequence {X;}{2, of {0, 1}-valued random variables is said to be
a binary sequence of order k if there exist a positive integer k ond & reol nuwmbers

0<p1,p2,...,06 < 1 such that Xy = 0 almost surely and
(11) Pl(Xn -1 l Xo— I();Xl = X1y 7X’n,~1 = w'nfl) = 3
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520 N. BALAKRISHNAN
where j =7 — [’"gl}k, and r ig the smallest positive integer such that xp_ = 0.
This sequence was defined by Aki (1985) and further discussed by Hirano and
Aki (1987), Aki and Hirano (1988, 1994), and Aki (1992). As pointed out by
Aki and Hirano {1995), this sequence is closely related to the cluster sampling
scheme discussed by Philippou (1988) and Xekalaki and Panaretos (1989), and
the (k — 1)-step Markov dependence model studied by Fu (1986} in the context of
consecutive-k-out-of-n: F system.

First of all, let us refer to “1” as “Success” (S) and “0” as “Failure” (F). Let
7 denote the number of trials until the first consecutive & successes in Xy, Xa,....
Let # be the number of failures among X1, Xo,..., X, Let & (i = 1,2,...,k) be
the number of overlapping success runs of length ¢ until 7. Let v; (i = 1,2,...,k)
be the number of success runsg of length at least ¢ until 7. Finally, let pu; {1 =
1,2,...,k) be the number of non-overlapping success runs of length ¢ until .

2. Joint distribution of waiting time and the numbers of failures and overlapping
success runs of length i

Let ¢1(r,s,t1,...,t) be the joint probability generating function of (7,7, £,
s, ...,&); that is,

(2.1) A1 (r, 8, b1, .., tk) :E(r"s”tfl ---ti").
In order to derive the joint probability generating function @,(r,s,%;,...,tg), we
first note that a typical sequence of outcomes leading to the first consecutive &
successes among X, Xs, ..., with [ failures, is given by
<k-1 <k—1 <k—1 k
—— —— prm—— ——
(2.2) o0 1---101---1 cele--1 1---1
’ Xo 1 2 {

<k-1

- . . . - v P“M -
Starting with Xo = 0, it is easy to observe that the contribution of 11---10 is

(2.3) qi7s + prgaristy + p1P2Q3T35tft2
bt pipe g tst HE TRy
k-1
=qrs+ Y pipa-c P stity et
i=1
k
. - A 0 +
Next, we observe that the contribution of 1---1 following a 0 is

(2.4) pipz - prriNEs -t

Upon combining these two expressions, we obtain the net contribution of the
scquence in (2.2} as

(25) ¢1,I(T18?t17"-rtk)
k=1 S !
= {1117“3 + Y pipr e pigear Tty ti}
i=1

cpipe o prrteits Tty
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which readily yields
(s @)
(2.6) Pilr, s, b1, .. ts) = Z d1 {7, 8,81, .. . b))
=0

_ pipa - -pkf‘ktictgfl SRS 7
1—qurs — Y v pipe - pigiaritlstity h oty

(2.6) has been derived by Aki and Hirano {1995); also see Johnson et al. (1997).
From (2.6), we obtain the following expressions for the means, variances and
covariances:

(2.7) E(r) = Pibe P
P—q - Zizl P1eoPigigt
n pipz--pedig + E:-:ll (i +1)p1- - pigit1}
{1 -4 - Zi:ll n- ‘Pz'fIi+1}2
w4+ Zi:ll P1D2 + - Dii g Y01D2 - Dk
= T—1
{1—q =30 mpa- - pigina 2
(2.9) E(&;) - (k—j +k1_){)1pz Pk
L—qu— 320 p1o s Pidfitt
PPz Pk Zf;jl(i — 3+ Upip2 - pigiv1
{1—q -5 b pigigr}?

H

(2.8) E(m)

k(k - 1)p1---pe
1—aq - 22:11131 R 21/ A
L Pip2 P SR+ Dipy - pigia
{1-—q — Zi:ll P1c o DiGig 12
4 2p1 ol TG Dpn - pigi )
{1—q = Y5 pr- pigi1)?
+ 21 pela + 0 G4 Dpr - pigin }
{1-a— Ef;f P Pigig1 )t
+ E(r) - {E(T)}?,

(210) Var(r) =

k-1

(2.11)  Var(n) = 2p1 - -prela +;§i=1 P pigie1 )’ + B(r) — {BE()2
{L-q1 -2 propigin PP

(k—J+ 1)k —~J)p1 - D

1— g1 — 35 mpigin

L PR Zf:mjla(i — 3+ 1 - F)p1- - pidi

k—1
l=—g1 =2 prepigin )2

(2.12)  Var(;) =
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2(k -5 + )py- - pe Z::JI (¢ J 1 Lpr pigiv
1-a - o pigin 2
20 pe{ i G 1 Dpn o pagirt )
{1-a =20 prpigin
+ E() - {E()),

(2.13) Cov(r,n)
_kprpedg + 3 o g}
B {1-q— E:':ll P1ePigigr)?
1 e T i-:ll(i + DpL - pL}
{l-q - Z;:ll LD }P
2ps - pr{gn+ b i+ Up1 - pigen Mo + S50 p1 - - piginn }
{1—g -5 P pigien}?

+

+

— E(r}E(n),
(2.14)y Cov{T, &)
kik—j+Dp1- pr
ERETTED DAt TRRR 2t e
kpuoope Y —d+ Py pigin
{1—qi =Y pro pigin}?
T (k—7d+Dpr-pefq + Ef;ll(z + Up1-- pigis1}
{1-a -5 o1 pegien )2
Pr"Pe 21:—31(2 + 1)(@ -3+ 1)P1 P+l
(1 q - p o pga}?
L el 4 S G D pigie} S — 4 Dpr - g
{1-¢ -5 - pigin}3
- E(T)E(&;), =12,k
(2.15) Cov(n,¢;)
k=g Vo peda #3000 pr e pigin}
- (0 —m - P pgera}?
PPk Ef:fjl(i —J+ L)prpigin
{1-q - pi- pigis1}?
2p1 oo + Z;:ll P1- pigir1} E:?:—jl (i—j+1)pye pigess
1-a - Tiippigin}®
—BEmeE), J=L11%,....k

and
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(2.16) Cov(gy, &)
(k=N (k—4"+)p1- - pi
1 - Zi‘c=—11pl s Pigitl
it e p SE - + Dp1eepigign
(1-q S p pigia)?
N (k=4 +Up1-pe 305 (0= 5+ Upr e piginn
{1-q— Z?;f P1 Pigi+1}?
P1c Pk E::,l'(" —i+tDGE ="+ 1)pL- e pigiva
{1-q— E?;il pr- - pigiy1}?
2ps - e Ef;jl(i — 3+ 1Uprepigin Ef’;ﬁ(? — 5+ Dpre s opigaa
{1-a - pi pigin 3
- E()E(Ey), 1<j<ji <k

+

Furthermore, by rewriting (2.6) as

k-1
(2.17) {1 - q7s — ZPI cepigi sttt 'ti} o1(ry s 1, ..., 1)

i=1
=pp2-- .pkrkt"fté’_‘l . tk

and comparing thc cocfficients of r2sb#§! - - - ¢3¢ on both sides of {2.17), we obtain
a recurrence relation for the joint probability mass function as follows:

(2'18) P(kyoykgk"“1,...,1):p1p2...pk
and
(219) P(a:bycl,---ack)*mP(a-1,b—1,c1,...,ck)

k-1
—Zpl"'pi%—i-l
=1
-P(a—z’—l,b—l,cl —7:,62"*%'+1,...,Cz'—1,0;,;.;_1,...,(3;;)

={.

In the above equations, P(a,b,cy,...,¢,) denotes the joint probability Pr(r =
a, = b, & = PR :Ck)-

From (2.17), wc also obtain the following recurrence relation for the joint,
moments:

(2.20) E[r9ntelt - gl] — qB[(r + 1)7( + 1)Peh - glt]

k-1
- Zpl s Pidia
1=1

CE[(mHi+ 1)+ 1P E D) (6 DB gl
=pipz - pekdti (e 1) 1hI(h =0),
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where I{h — 0) is the indicator function taking the value 1 if A = 0 and the valuc 0
if A # 0. The recurrence relation in (2.20) can be used to derive the expressions of
the means, variances and covariances presented in Egs. (2.7)-(2.16). In addition,
(2.20) can be applied recursively to determine the higher-order moments and joint
moments as well.

3. Joint distribution of waiting time and the numbers of failures and success runs ot
length at least ¢

Let ¢o(r,s,£1,...,t,) be the joint probability generating function of (7,7,
Vi,-..,Vg); that is,

(3.1) bo(r, 8,11, ... 1) = B(r7 s - 40,

In order to derive the joint probability generating function ¢a(r, s, t1,.... 1), we
first note that a typical sequence of outcomes leading to the first consecutive &

successes among X1, Xa, ..., with [ failures, is given once again by (2.2). Starting
<k-1

k] - - + . ’_A_\ .
with Xy = 0, it is easy to observe that the contribution of 11---10 is

(3.2) qrs+ P1Q'2?"28t1 + pipagsTostita + -+ PP 'pk:—lQ'k:rkStltz <ot
k-1

=qrs+ ZPIPQ o pigiaar Tstita oty
i=1
k
g,
Next, we observe that the contribution of 11---1 following a 0 is

(3.3) pip2- e pertity -t

Upon combining these two expressions, we obtain the net contribution of the
sequence in (2.2) as

(34) qﬁg‘; (T’, 8, tl, [ ,?f,[;)
k-1 _ t
= {WS +D P pagenr st 'tz} Py Rttt
i=1
which readily yields

vy
(3.5) qﬁg(f‘, 8ty tg) = Z qbg,g('.", -3 AT tk)
I=0

pip2 - periiita - b
- : :
1—qirs — Soioy P1eo Pifienm sty ot

(3.5) has been derived by Aki and Hirano (1995).
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Upon rewriting (3.53) as

k-1
(3.6) {1 —qrs = > preePigiprr sty t«;} Ga(r, s, lay .o bk)
i1

= pipy - prrhits - b,

we readily obtain the following recurrence relation:

(37) P(k,(),l,,l) =mpz2 P
and
(3.8} Plu,byet,...,c5) —qiPla—1,0—1,c1,...,ck)

k-1
*ZPl"'Pi%’H
im=1
-P(a—i—l,b—l,cl _1,...,(3.,;—1,(3?;_!.1,...,(2&)
= 0.

In the above equations, P(a,b,c1,...,¢x) denotes the joint probability Pr(r =
a,n=hwm =r, 1 =ep).

From (3.6), we also obtain the following recurrence relation for the joint mo-
ments:

(3.9) E[Tgnhvil .- -vi’“] —q E[(r+1)¥%(n+ 1)%{1 .. uf;“]

k—1
- Zpl o Pidi4l
i=1

El(r 4+ 10+ Do+ D DB
=p1p2 - pek9I(h = 0),

where I(h = 0) is the indicator function taking the value 1 if h = 0 and the value
0 if h # 0. The recurrence relation in {3.9) can be used to derive the expressions
of the means, variances and covariances of the variables. In addition, (3.9) can be
applied recursively to determine the higher-order momaeants and joint moments ag
well.

4.  Joint distribution of waiting time and the numbers of failures and non-overlapping
success runs of length ¢

Let ¢3(r,s,t1,...,tx) be the joint probability gencrating function of (7,1,
i, 5}“’!’5:)! that iS,

(4.1) dalr, s, by, ... te) — D(rT sl %),

In order to derive the joint probability generating function ¢s(r, s, t1,...,tk), we
first note that a typical sequence of outcomnes leading to the first consecutive &
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successes among X1, Xg, ..., with { [ailures, is given vnce again by (2.2). Starling
<k-1
r——
with Xy = 0, it is easy to observe that the contribution of 11---10 is

(4.2) Q178 + praersty + p1pagaT  stits

k12

b pipa o proagerteti T k—1

1/2
2y,

'y

k=1
=qrs+ Zpl g T stht
i=1

k

——
Next, we observe that the contribution of 1---1 following a 0 is
(4.3) pipz - -perktity /A g Dl

Upon combining these two expressions, we obtain the net contribution of the
sequence in {2.2) as

(44) ¢3,1(T', S, tl, . ,tk)

!
k-1

= {(hTS + 3 o pigar st ti}
i=1

P °Pk7‘kf’f1‘_[gk/2] vty

]

which readily yields
(4.5) ¢3(T‘, 3, fl,‘ . ,tk)
= Zﬁﬁg,g('r, s, t1,... ,tk-)
=0
_ mipa - -pm‘ktjft[zk/z] iR —th_/ik_}‘”tk
1—qirs = Y00 pre - pigiaritist

PRE P

(4.5) has been derived by Aki and Hirano {1995).
Upon rewriting (4.5) as

k-1
(4.6) {1 —qrs— > _pi copigipar Thstith --t,[;‘_’i“”‘ti} #3(rys,t1, .- tk)
i=1

2 k/(k—1
=mpa-: -pk'rkt’ft[zk/ I.. fLZE )]tk,

we readily obtain the following recurrence relation:

k k
(4.7) P(kaoak, [5],,[m},1) =p1pr- Pk

and
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(4.8) Pla,byer,...,ox) q@Pla 1,b—1,e1,...,ck)
k-1 ;
Zpl"'pzq'i-}-lp(a_i"lyb_laclW'i:cQ|:§:|5-'°’
i=1

1
Ci1— |~ ,Ci 1,0@*1,...,Ck
1—1

In the above equations, P(a.b.ci,...,ck) denotes the joint probability Pr(r =
@, =0b,u1 = C1,..., k = Ck)-

From (4.6), we also obtain the following recurrence relation for the joint mo-
ments:

=0

(4.9) E[r9n"ul - pl] = @ B[ + 1)7(n + 1Y pg -+ pif]

k1
- Zpl - 'piQi+lE[(T i D+ 1) + )
i=1

(oo o)

) Lise N
s ) ‘”iﬂ]

k

Jhﬁuh=m,

k1"
= pip2 - pekdth [2] [kz

where I(h = 0) is the indicator function taking the value 1 if A = 0 and the value
0 if A # 0. The recurrence relation in (4.9) can be used to derive the expressions
of the means, variances and covariances of the variables. In addition, (4.9) can be
applied recursively to determine the higher-order moments and joint moments as
well.

5. Extensions to binary sequences of order h

The results presented in Sections 2-4 can be extended to binary sequences of
order h. First of all, it is easy to observe that the results do not change if h > k.
However, for the case when h < k, the results do change. For convenience, let
[5-1]=aand k—1 = ah+b, where 0 < b < h— 1. Then, for the derivation of the
joint probability generating function in (2.1), starting with X, = 0, we chserve

<k—1

- . f.-A-‘-\ -
that the contribution of 11--.10 is

a—1 h=1
i ih+7 ih+7 ih+j—
(5.1) D= Y (el D (1 pygiaa )T PRI
=0 =0

kfb+j3tlicfb+j71t12cfb+j~2

b
+ (p1 - pr)* Zpl AU ES A oo tppgg—1
)
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k

) k ) ) J——,
Next, with [§] = ¢ and k = ch + d, we observe that the contribution of 11.--1
following a 0 is

(5.2} (Pr-pn)'pre e parttits Tt

We then obtain the joint probability generating function ¢j(r, s,ty,...,t%) as

(1 pr)pr - parttheh by

(5.3) i (r 8,1, -t = ) ,

where D is as given in (5.1).

It may be noted here that the expression in {5.3) may also be derived directly

¢ times
-

from (2.6) by setting (p1,- -, 2k) = (P13 PRy o2 Plye oo PRy PLs - -+ Dd)-
Similar extensions can be made to all the other results presented in Sections

2-4.

Further, the results presented in this section will be guite useful in developing
inference procedures for the order A of a binary sequence. Work is currently in
progress in this direction.
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