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Abstract. A characterization of the generalized inverse Gaussian population
is obtained from a condition of constant regression of a suitable statistic on a
linear one.
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1. Introduction

Let X1, Xa,..., X, be a sample of size n (independently and identically dis-
tributed random variables (r.v’s)) from a population with a distribution func-
tion F(z). We write A = Y. | X; for the sum of the observations and § =
S(X1,Xo,...,X,) for another statistic.

In many cases it is possible to find a statistic S which has constant regression
on A, Moreaver one can choose such S that this properly delermiues (). For the
normal population and also for Poisson, binomial, negative binomial, gamma and
hypergeometric such characterization was obtained by Laha and Lukacs (1960},
Bolger and Harkness (1965), Gordon (1973). This characterization for the inverse
Gaussian population was obtained by Khatri (1962), Roy and Wasan (1969) and
Seshadri (1983).

The inverse Gaussian distribution with parameters o and F {i.e. the first-
passage-time distribution of Browian motion with positive drift defined by Tweedie
(1957)), is a particular case (= —1/2) of the generalized inverse Gaussian distri-
bution (considered by Barndorfl-Nielsen and Halgreen (1977}, see Seshadri {(1993),
pp. 26-30) for an history of this distribution) determined by probability density
function with paramcters a > 0, 3 > 0, p € (—o0,00):
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on (0,00), where K,(z) is the modified Bessel function of the second kind

#oopoo 2
K, (2) — % (%3) fo uH L exp (u — :u> du

for complex z such that Re z? > 0 {e.g. Watson (1958}, p. 183).

We shall use the notation X ~ GIG(w, 3, ) to denote that r.v. X has a
generalized inverse Gaussian distribution with parameters «, 5 and p.

In this note we give a characterization of the (I3 popnlation hased an the
constancy of regression of a suitable statistic S on A.

2. Statistics characterising GT('s populations

We state a moments characterization of GIG(«, 3, 4) distribution which is a
basic result for our considerations.

LEMMA 2.1. Let X be a positive r.v. and m, = EX™ its moments (n =
0,1,..) anda > 0, 0> 0, p € (—o0,00). Then X ~ GIG(a, 3, 1) if, and only

if?
Mo = (8/0)"?K, (2 a) K, (2VaB), n=0,1,....

Moreover, any X ~ GIG(«, 8, 1) has finite moments for all integer n and
they are uniguely determined by the recurrence formulae

(2.1} aMny2 = (p+n+ Dmyeg + Bmy,
with my — 1, m1 — (B/)' P K, 1 2ol K 7 (2v/uB).
PROOF.  Assume that X has the GIG(«, 3, 1) distribution. Then using (1.1)
b M = (B/ )™ * K1 (23/0B) K (24/ )
for any integer n. On application of identity
(2.2) 2K, 1(2) = 2Kyq1(2) = ~2vK,.(2)

(see, Watson (1958), p. 79) leads to (2.1).
To prove the converse we use the Carleman criterion. We shall prove that if
moments (t1in)n<1,2, . sabisfy (2.1) then the series 3 (my,) /2" is divergent.
From (2.1) we see that for n > ng > max[l,a — u], Mgy > my and

o (z+ k-1
el ,E“" e, k=1,2,...

Mny+k <
23

where & = ng + o+ 2 > 0. From this

aF 1/2(no+k) ) -
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Since limy_, o0 (@ fmy, )1/270H8) = /o > 0 and

1 ng + k
=
(Vive+1l--vVr+k— 100tk Jr+vo+1l+ - +vet+k—1+ng
1
> _
2WNe+k
then for large & and some positive ¢ > (,
m —1/2(no+k) -, c )
( nu+k) m

Clearly 357, 1/v/z + k = co and this implies that 350, (m,,)~*/*" = co0. O

THEOREM 2.1. Let X1, Xaq,..., X, be asample of sizen (i.e. X1, Xa,..., Xy
are independent and identically distributed) taken from o positive population with
finite moments m_s = EXI_Q, m_q = EXl"l, my = FEX] and

A=X1+X 4+ +X,,
§=A (pZX,;"l +qZX;2) —ngy_ X1,
k=1 k=1 k=1

where ¢ > 0 and p s real such that

(2.3) pmop +gm oo >0
Then
(2.4) ES|A)=¢

holds almost everywhere if , and only if, the following two conditions are satisfied:
(1) X1~ GIG(e, 3, 1) for some & > 0, 8 > 0 and p € (—o0, 00),
(i) there exists v > 0 such that p = (up — 1)y, ¢ = 8y, e = nlnu — 1)y.

Proor. To prove the necessity of conditions (1) and (ii) we assume that (2.4)
is satisfied. By Lemma 1.1.1 of Kagan, Linnik and Rao (1973}, S has constant
regression on A if, and only if,

n n 2] K n
E ZXj (pZX;1+qZX;2)—anX;1 exp itZXj
J=1 k=1 k=1 k=1 j=1

n
= cEexp itz X;
j=1

Let ¢{t) = Fexp(itX;) be the characteristic function of X; and f(t) =
EX7%exp(itX;). Then this formula is equivalent to
(e~ mp)(—f" ()" — (n— Lngif (O ") ‘
= (n = Lnpf (&)= /()7 + (n— Dngif @) F" )= 17(0))" .
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Since f”(t) = —(t) then there exist a neighbourhood V' of the origiu such thal
for t € V, f”(t) # 0. The above equation is equivalent to

@5 )R~ af (OF' () = Gpf () o B) ()

fur t € V. Trom (2.5) for t — 0 we got

c—Tn
(2.6) —fn =p+y, y=pmam —1)+qlm_amg —m_y),

(n
and using {2.3) we see that

m_aq — mg_l

v > —qz_j(m_].ml —D+glmam —ma) =g m-_y >0
Let
[ () —af(t)
(2.7) h{t) — f”(t) ’ tev.

The differential equation {2.5) reduces in view of (2.7) to
R'(t) + iy =0
and h(t) = a —ivt, t € V for some constant a. From (2.7)
(2.8) ipf'{t) —qf(t) = (e i) f'(t) for teV
Taking t = ¢ in (2.8} we get
a=pm_1+4gm_s.
Moreover from(2.8) we get that f have derivatives of any order on V and
2.9 (a—iyt)f"TE) =i(p+ n) TV —gf (), n=0,1,....
Then {2.9) implies (m,, = EX])
amp, = (p+0Y)Mp—1 + ¢Mp_a, 1> 0.

By Lemma 2.1 we conclude that X, ~ GIG(a, 3,v) for § = g/v, p = p/v+1,
o= (p—1m_ 1+ 8m_ 2. From (2.6) we obtain ¢ = n{nyg — 1)7.

Now to prove the sufficiency of (2.4) we assume that the density function

fe.u{z) of the population is given by (1.1) and that p, ¢ and c satisfy (ii). In this
case we compute the right side of (2.7) (t € V = R)

2K, 1 (5() + 987 K, 2(2(8)

N0
P (t) — (o — it) Kp(z(t)) J
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where z() = 2+/3(a — it).
If 4o =1 then from (ii) p = 0 and hq g, ()
If i # 1 then by application of identity (2

;
hopu(t) = “— (a —it)+ 3 (o: — if) ( w— 1) Kf?:(zift()t)))

(e — it} since K;(z) = K_1(z).

and from (ii) he,g,.(t) = v(a —it).
In both cases

ipf'(t) —af(t) = yla — @) f" ()

and by simple computation we see that f satisfies {2.5) for any real . Since {2.5)
is equivalent to (2.4) this ends the proof. O

Similarly as in Theorem 2.1 we can prove the following more general.

THEOREM 2.2. Let X1, Xa....,X,, be a sample of size n taken from a posi-
tive population with finite moments m_o = EXl_z, m_1 = EXl_l, my = EX| and
1y -3 Gns Plse-. s Pn be real numbers such thal g — Egzl yr > 0, p = E£=1 Vi
and pm_q +gm_g > 0. Let

A—X1+X2+"'+Xn:
i1 n T

S=A Zkak_ququX;g —ankX};l.
B=1 k=1 k=1

Then the regression of S on A is constant if, and only if, the population is
GIG{w, B, p) with parameters satisfying condition (ii) of Theorem 2.1.
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