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Abstract. The maximum variance of order statistics from a symmetrical
parent population is obtained in terms of the population variance. The proof
is based on a suitable representation for the variance of order statistics in terms
of the parent distribution function.
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1. Introduction

Let X1, < Xompm < --+ < X,., be the order statistics corresponding Lo
the sample X;, 5 = 1,2,...,n, from an arbitrary df F with finite variance a?.
Yang {1982) proved that the variance of the sample median cannot exceed o® and
Papadatos (1995) extended this result to any order statistic showing that

(1.1) Var[X;n) < o2(i) 0%, i=1,2,...,n,
where o2 (i) are given constants depending only on ¢ and n (of course, Yang’s result
is equivalent to o3, ,(n} = 1: see Papadatos (1995) for more details).

Although the bounds (1.1) are attainable, they may be too large compared
with the exact values of a specific df. Thus, in order to improve the results, we
have to impose further conditions on the parent df F; a natnral simple condition
is the symmetry of I about some point ¢. In the remainder of this note we assume
that F is symmetric about 0 (that is F(z) =1 — F(—=z.) for all ) and we derive
the modified bounds for the variance of order statistics in this case (note that
symmetry about ¢ is equivalent to symmetry about 0, since the transformation
X — X + ¢ does not change the variance of order statistics). The proof of the
main result (Theorem 2.1) is based on a suilable representation [or the variance of
order statistics {Lemma 2.1), combined with the monotone behavior of the special
bivariate function I defined by (2.2) below (see Lemma 2.2 and Fig. 1).
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2. Main result
Fix n and ¢ with (n+ 1)/2 < i < n. Then we have the following
LEMmMa 2.1
i i= -F .
W o =aff L (= Py
(i) Var[X;.,)
=2 f[ (o) + GR@)IL - GFW) - GR)
0<e<y
+2G(R(y)) Yy,

where R{x) = 1 — F(z) and G(z) = L(i,n+ 1 —1i) (I;(a,b) denotes, as usually,

the incornplete beta funetion with parameters a > 0 and b > 0).

Proor. (i) Follows immediately from the relation (c.f. Papadatos {1995))
(2.1) o? = 2]] F(2)(1 — F(y))dydz
T<Y

and the fact that F(z) = 1 ~ F(—z} ae. in (—00,4oc); note that (2.1) is an
immediate consequence of Hoeftding’s identity for the covariance of a random pair
(cf Lehmann (1966), Temma. 2).

(i1) Follows, by using similar arguments, from

Var{X,..] = 2 //< G(F ()1 — G(F(y)))dydz,
Jazy

since the df of X;.,, is simply G(F(x)).
For z, y satisfving % <z <y < 1, consider the function (see Fig. 1)

[G(z) + Gl —a)][1 ~ Gly) — G(1 —y)] +2G(1 — y)

(2.2) Diz,y) = 2(1 — o)

and set D(z) = D(z,z), 3 <z < L.
The following lemma is required for the main result.

LemMA 2.2 (i) Ifz <y (x> 1/2) then

Dz, y) < D{y).
(iiy D(1/2) = 4G(1/2)(1 — G(1/2)), D{1_) = 0.
ProoOF. (i) Since

9 [g(z) — g(1 = )][l - Gly) — G(1 —y)]
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Fig. 1. Three dimensional graphs of the function D{x,y) for n = 10 and ¢ = 7 and 8.

for z € (1/2,y] (because it is easily verified that g(z) > ¢(1 — =) and 1 — G(y) >
G(l —y) for all x > 1/2, y > 1/2), we conclude the desired result.
{ii) Follows immediately from the definition of D(z).

Remark 1. From the continuity of D(z) in [1/2, 1] follows that D attains its
maximum value for some point yy # 1 (this point yo needs not be unique). This
obgervation, together with Lemma 2.2, leads to the inequality

(2.3) [G(F(x)) + G(R(=)]1 - GF(y) — G(RW))] + 2G(R(y)) < 2D{y) - Rly),

)
for all 0 < 2 < y < +oo (since F(x) > 1/2 for z > 0). Equality in (2.3) is
equivalent to either F(y) = 1 or F(z) = F(y) = yo, where 1 is any (if more than
one) of the maximizing points of D.

Remark 2. A point yo in [1/2,1) may be found as either a root of the equa-
tion D'{z) =0 or yo = 1/2. Since D'{x) = 0 reduces to a polynomial equation of
degree 2n — 2, there are at most 2n —  possible maximizing values of D (including
1/2). These values may be calculated numerically in order to find the maximizing
point{s) of D in [1/2,1).

Consider now any such point yg (= wo(é,n)). Certainly the maximum value
of D (i.e. D(yg)) does not depend on the particular choice of 4y and therefore we
can prove the main reanlt of

THEOREM 2.1.

(2.4) Var[X,.,,] < D(ya) - %,
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with equality if and only if

T

v 2(1 = y0)

(If there exist k (> 1) different values of yo (see Remarks | and 2), then (2.5)
leads to k different df’s, one for each yq.)

(2.5) P[XjZﬁZ ‘| =1l-yy, P[X;=0]=2y—L, j=12,...,n.

ProOOF. Integrating (2.3) over § = {0 < 2 < y < +oc} and using Lemma 2.1
we have (2.4). In order to hold the equality in (2.4) it is necessary and sullicient
that the equality in (2.3) holds ae in §; that is, either F(y) = 1 or F(z) =
F(y) = yo for almost all (x,y) € S. Taking into account the symmetry of ¥ and
the fact that Var[X;] = o2, we conclude (2.5) (since F is right continuous and
non-decreasing) and the proof is complete. (It is not hard to show that for the
equality in (2.4) it is necessary that the set {F(z),z € [0,40c)} takes only two
values: the values 1 and yg, where yy is any (fixed) maximizing point of D.)

Remark 3. The same bound (2.4) holds true for the variance of X, y1—sn,
since for any symmetrical parent df we have Var[X;,,] = Var[Xn 1—un).

Remark 4. The case 4o = 1/2 leads to a two-valued symmetric df. If yg >
1/2, then a three-valued parent df attains the maximum variance of order statistics.

3. Further remarks

The bounds (2.4) are, as expected, lower than the bounds (1.1) for any i #
{n + 1)/2 (of course, the case i = (n + 1)/2 does not effect any improvement
on Yang's bound o2, since the maximizing df in this case is already symmetric).
However, the improvement is better as long as the distance between i and (n+ 1}/2
is large. In the following short table (Table 1) we give for illustration the sharp
bounds for the variances of order statistics, both in the symmetric and in the
completely arbitrary case (see also Fig. 2).

Table 1. Least upper bounds of Var[X;10]/0? for i = 6,7,8, 9ix),

i 6 7 8 9
Upper bound {1.1)
(any population) 1.0111 1.1096 1.3778 2.1608

Upper bound (2.4)
{any symmetric population} 0.9394 05693 0.5463 0.9725

(*)The values have been truncated to four decimal points.
For i = 6,7,8,9, yy equals to 1/2, 1/2, 0.8008 and 0.9042, respec-
tively.
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Fig. 2. Two dimensional chart for the values D{yp) (r = 10).

For the extremes {i = 1 and i = n) the problem has been already treated by
Moriguti {1051}, who showed that the best upper bound for symmetrical parent
population is Var[X,,.,] < (n/2)-o? (note that the respective upper bound for any
population is n - o2).

The corresponding lower bounds are trivial for 1 < ¢ < n, taking the form
Var[X;.,] > 0. However, these trivial bounds are the best possible, since for the
symmetrical df F taking the values —o/ V2, 0, 0/+/2¢ with probability €, 1 — 2¢,
€, respectively, we have Var[X;,] — 0 as ¢ — 0, while the population variance
remains 2. The non-trivial case ¢ = n (equivalently ¢ = 1) treated by Moriguti,
who showed (see also David (1981)) that

Var[Xpp] = A - 07,

where A, is some specific value (depending only on n) such that A, = (7/2") -
[1 + O(1/n)] as n — oo. However, the previous formulas hold as long as F is
symmetric, since the best lower bound for the variance of the extremes from an
arbitrary (not necessarily symmetric) population is again the trivial 0.
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