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Abstract. Assume n items are put on a life-time test, however for various
reasons we have only observed the ri-th, ..., rx-th failure times , n, ..., Zr,,n
with 0 < &ryn < -+ € &r,,n < 00. This is a multiply Type II censored
sample. A special case where each z,, , goes to a particular percentile of the
population has been studied by various authors. But for the general situation
where the number of gaps as well as the number of unobserved values in some
gaps goes to oo, the asymptotic properties of MLE are still not clear. In this
paper, we derive the conditions under which the maximum likelihood estimate
of 6 is consistent, asymptotically normal and efficient. As examples, we show
that Weibull distribution, Gamma and Logistic distributions all satisfy these
conditions.

Key words and phrases: Maximum likelihood estimation, multiply Type II
censoring, law of large numbers, central limit theorem, order statistic.

1. Introduction

Assume we are sampling from a population with density function f(z,6),
where 0 is the parameter of interest in R9. The estimation of # has been ex-
tensively studied both for complete and censored data. In the case of different
censoring scheme, the maximum likelihood estimate (MLE) has been proved to be
consistent, asymptotically normal and asymptotically efficient under certain reg-
ularity conditions, see Cramér (1946), Halperin (1952), Basu and Ghosh (1980),
Bhattacharyya (1985), etc.

In this paper, we assume that n items are put on a life test, but only r;-th, ...,
r-th failures are observed, the rest are unobserved, where r1, ..., 74 are considered
to be fixed. That is, for some items, we may not know their exact failure times,
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not even their orders, but for each of these items, we have observed the r;_;-
th and r;-th failure times z,, | , and @, , such that it fails between these two
failures. This is the multiply Type II censoring. Multiply Type II censoring
is a generalization of Type II censoring where only the first k failure times are
observed. It is a frequently practiced censoring scheme, particularly if one fails to
record the failure time of every subject, only several failure times and the number
of failures between them are recorded. For examples of such situation, see Mann
and Fertig (1973), Balasubramanian and Balakrishnan (1992), Balakrishnan et al.
(1992), and Fei et al. (1995).

A special case as a simple generalization of Type II censoring has been studied
by many authors. For instance, for 1 < r; <7y <n,only 2, n < Zr 41, < <
Tr,n are observed. The derivation of the asymptotic properties of the MLE is
similar as that for Type II censored sample. This has been described by Halperin
(1952), Bhattacharyya (1985) and others. For more general case of Multiply Type
II censoring, it is yet unclear under what conditions the MLE of the parameters is
consistent, asymptotically normal and asymptotically efficient. Especially, when
some gaps of unobserved failures go to oo along with n, it is interesting to know
under what conditions the desired properties are still valid. This is the main
objective of the paper. For the desired properties to be still valid, we need to
impose some extra restrictions on the density function, especially at the tails of
the distribution. In addition, we need to restrict the speed at which the maximum
gap goes to oo.

Multiply Type II censoring has been studied for several special populations
such as exponential, normal, logistic, Weibull and extreme-value distributions.
Various estimations such as MLE, approximate MLE, BLUE and BLIE have been
derived and compared, see Balasubramanian and Balakrishnan (1992),
Balakrishnan et al. (1992, 1995a, 1995b), and Fei et al. (1995). For one- and
two-parameter exponential distributions, Fei and Kong (1994) have provided sev-
eral approximate and accurate interval estimations for the parameters.

The assumptions and results about the asymptotic normality and efficiency
are stated in Section 2. In Section 3 we give some examples. The proofs are
provided in Section 4.

2. Assumptions and theorems

Suppose Tr; n,. .-, Trpn With 0 < 2 < -+ < Ty, o < 00 is a multiply Type
II censored sample from a population with p.d.f. f(z,0) and c.d.f. F(z,8) for
6 € R4. Since our problem is of prominence in the field of life-data analysis, here
we make the assumption that the random variable is defined on [0, 00) although
this is in no way critical to our proofs.

Denote the likelihood function of the sample as h(z,8) = h(zr, ny. .. Try 0 9),
then with zg, = 0 we have

k
(2‘1) h(:L‘,G) = CH{F(J;’N,'H.’ 6) - F(Iﬂri_l,n,o)}”—n‘l_l
=1
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k
: {1 - F(w‘l‘k,n’ 0)}n—rk Hf(mri,n,e),
i=1
where C is a constant not depending on f. The likelihood equation becomes

k
[ (X 6 - F Ti—1,M1
Ologh(z,0) _ Z(ri N 1)alog{F(m i 0) — F(2r,_, n,0)}

22 5 = 28
log{l — F(zy, »,0 £ 8log f(zr, 1,0
=) g{ 86(3«‘, )}+Z gfée )
i=1
=0.

We shall derive the conditions under which (2.2) has a solution being consistent,
asymptotically normal and asymptotically efficient.

For the multiply Type II censored data, define the gap between z,, , , and
T, n 88 T; — 7;—1 — 1, which is the total number of unobserved failures, and

g= m?x(ri —ri-1—1)

as the maximum gap. To obtain our results, let’s introduce the following assump-
tions. To avoid the extra complexity in stating the assumptions, results and proofs,
we present for most part one dimensional parameter case, and if it’s necessary, we
indicate the modifications for multiple parameters.

AssuMPTION 1. For almost all x, the derivatives
dtlog f(z,0) 8"*log f(z,6)
a6 ’ 006" '

exist, and are piecewise continuous for every 6 belonging to a nondegenerate in-
terval I and z in [0, 00).

1=1,2 and i=1,2,3

AsSUMPTION 2. There exist positive numbers A;, Ay, v;;, ¢ = 1,2, j =
1,...,5, such that when @ is in some neighborhood of true value 6y, and z is large
enough,

Otlog f(z,0)
of¢
8+ log f(z, 0)
006"

) S Alm’hi, 1= 17 25
(2.3)

‘ < Alz’h,i-}d, i=1,2,3,

and when z is small enough, meaning being close enough to zero,

&' log f(z,6)
06t
0"*1log f(z,9)
0z06°

‘ <Az, i=1,2,
(2.4)

‘ < AgzMi+2 (=123
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Also assume there exists a function H(z) that for every 0 in R,

83 log f(z,0)

503 <H(z), for —o0o<z<o0,

and there exists M independent of # such that

/00 H(z)f(z,0)dr < M < oc.

For simplicity, we define

1 = max{2711 + 73, 711 + 714, T12 + 713, Y15}
and

v2 = max{2yz1 + V23,721 + Y24, Y22 + Y23, V25 }-

AssUMPTION 3. For z large enough, there exist positive numbers C; and o
such that

(2.5) f(z,8) > C1{1 - F(z,0)}°.

For z small enough, there exists a real number 3 and a positive number C5 such
that

(2'6) f(x70) 2 02{F(x70)}ﬁ

AssSUMPTION 4. For every 6 in I, the integral

2.7) M2 = /_ Z (ange(‘”’—@Y f(z,8)do

is finite and positive.

The above assumptions are easy to be modified for multiple parameter case.
Note for different parameters, the values of 1, v2 could be different. Under these
assumptions, we have the following theorems.

THEOREM 2.1. For constants a, 3, 1, 2 defined as above, assume Assump-

tions 1-4 are valid. Purther assume there are small positive numbers D, ¢, 1 and
To with 0 < ¢ < 1, such that

D
(2.8) / {F~'(1 - ¢z,0)}mz~ @ Vdz < oo,
0

D
(2.9) /0 {F~1 - ¢)z,0)} 2z~ P Vg < oo,
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and for some positive y,
m
a—2 -1{q_ Y 0
(2.10) n {F <1 ——n(logn)1+71 , )} — 0,

—72
p2)p1(__ Y 4 Y
(211) i { (n(logn)lw’ )} °

Then if the mazimum gap g is always bounded the likelihood equation (2.2) has a
solution converging in probability to the true value 8y as n — 0.

To derive the asymptotic normality, we only need to add very limited assump-
tions.

THEOREM 2.2. In Theorem 2.1, instead of conditions (2.8)—(2.11), if we
have

D
(2.12) / (F1(1 = ¢z, )} "2~ @ /D dg < oo,
0
D
(2.13) / {F7Y(1 - ¢)x,0)} 22~ ¥~z < o0,
0
and
3/2 1 Y "
: a=3/2p-1(1-— <2 ___ ¢
(2.14) n { (1 T )} -0,
B8-3/2 1 Y o
: SR — ¢ -0
b e () o

then when g 1is bounded, the solution of (2.2) is an asymptotically normal and
asymptotically efficient estimate of y.

Consider the case that g — oo along with n.

THEOREM 2.3. Under Assumptions 1-4 for the distribution, assume asn —
o0, ne~ (/9 5 0 for any € > 0. At two tails of the order statistics, we assume
(rj+1 —r; — 1)/(r; — 1) on the left tail or (rj41 —71; — 1)/(n — rj31 — 1) on the
right tail are bounded. Further, instead of (2.10) and (2.11) we have

71
a=2¢ N2 ) p-1{q_ Y
(2.16) n®* “(n —rg) {F <1 nllog M)+ ,0) } -0,

-2
B8-2_2 -1 )
(2.17) n"r{ {F <—n(logn)1+ﬁ , 0)} — 0,

and (2.8), (2.9) in Theorem 2.1. Then the MLE is consistent. Furthermore, if
together with (2.12) and (2.13) in Theorem 2.2, (2.16) is modified by replacing
a—2 by a—3/2 and (2.17) is modified by replacing 8 — 2 by B — 3/2. Then the
derived MLE is asymptotically normal and efficient.
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3. Examples and discussions
Before giving the proofs, let’s consider some examples.

Ezample 1. First, consider the Gamma distribution. It has the density func-
tion

1
(3.1) flz, k,0) = mx"—le—w/", k>0, >0 z>0.

—r

Take k as a constant and only consider € as a parameter, Assumption 2 is valid
and we have 73 = 2, and 72 = 0. Choose 1 < a < 2and 1 -1/k < 8 < 2,
both Assumption 3 and conditions (2.8)~(2.11) are satisfied. Theorem 2.1 is valid.
Further let 0 < o < 3/2 and 1 — 1/k < 8 < 3/2, Theorem 2.2 is also valid. For
the case that the maximum gap g — oo under conditions in Theorem 2.3, this
theorem is also valid.

Ezample 2. As the second example, consider the two-parameter Weibull dis-
tribution, which has the following c.d.f.

(3.2) F(x,0,p)=1—exp{— (g—)u}, w>0, 6>0, >0,

and the log-density function is

T\H
log f(x,0, 1) =logp — plogf + (u— 1) logz — (E) ,

By taking derivatives with respect to p, we find that for any € > 0 the values of
+’s satisfying Assumption 2 are

Mmi=pte M2=p+e mMz=p—l+e
Ma=p—1l+e ms=p-l+e

So we have y7 = 3u — 1 + €. Similarly, noticing

Ya1=¢€ y2=0, 7v3=1
Yua=1l—p+e if p<l, =0 otherwise,
vs=1—p+e if pu<l1l, ~yi5=0 otherwise,

so we have v = 1 + €.

Apparently, Assumption 3 is satisfied if > 1 and 8 > 1 — 1/u. Note when
¢ < 1, B could be negative. Furthermore, if o, 3 also satisfy o < 2and § < 2—1/p,
one can find a positive ¢ small enough that conditions (2.8)—(2.11) are satisfied.
For (2.12)-(2.15) to be satisfied, one needs to choose a, 3 such that 1 < a < 3/2,
and 1 -1/p < p<3/2-1/p.

By taking derivatives with respective to §, we can easily determine those ;s
satisfying Assumption 2. Similar as above, we have vy =3y —~1and v, =1 — ¢
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if g < 1, and 2 = 0 otherwise. For p < 1, we choose 1 < o <2and1-1/u <
B<3—1/p. Forp > 1 wechoosel < a<2and1l-1/p < f <2 Then
Assumption 3 and (2.8)—(2.11) are satisfied. For (2.12)—(2.15) to be satisfied, we
further let 1 <@ <3/2and 1 -1/p<f<5/2-1/pifp<1,1<a <3/2and
1-1/p<p<3/2ifp>1.

Put these together, we are able to find common values of « and & such that
all the assumptions of Theorem 2.1 and Theorem 2.2 are satisfied, therefore the
MLE of (8, u) is consistent, asymptotically normal and efficient. Theorem 2.3 is
also valid if the gaps satisfy the assumptions there. Notice here the values of vy,
and 72 need not to be the same for different parameters, but the values of o and
B must be the same. This can be seen in proofs.

In the theorems, we point out that at the upper tail of [0, c0), we can replace
71 by some easier to obtain 4] although this might make the assumption more
restrictive. For example, we can define 4] in Assumption 2 as follows: When z is
large enough, there exists a positive number o that

8t log f(x, 8)

(3:3) D063

’§Ax7°, i=1,2 j=1,2,3,

and let 71 = 3v0. Under this modification %] is usually larger, therefore (2.8)
and (2.10) become more restrictive. Nevertheless, this will not eliminate some
important distributions because for many distributions F~1(1 — ¢z, §) goes to co
at the order of (logz)™ as £ — oo, for some m > 0. So if a satisfies Assumption
3 and (2.8), (2.10) in Theorem 2.1 and also (2.12), (2.14) in Theorem 2.2 for v,
it will also satisfy these conditions for 4{. But at the lower tail of [0, c0) where
z is near zero, one needs to be much more careful. For example, for the Weibull
distribution we have just seen,

FY((1~ ¢)z,6) = 6{—log[L — (1 — $)a]}/*.

Asz — 0, {F71((1 - ¢)z,0)} ! goes to oo at the order of z~1/#. If we replace
the value of v2 as we did for v, in (3.3), then (2.9) and (2.11) will no longer be
satisfied.

If the r.v.’s are defined on (—o00,0), the assumptions need to be modified
correspondingly. In this case, it is easy to see that the corresponding assumptions
for (2.9), (2.11), (2.13) and (2.15) are derived simply by replacing —y; by 72. Let’s
take the logistic distribution as an example.

Ezample 3. Consider the density function as follows
(3.4) f(z,0) = %e‘(z_")/e/(l +e EME? o < 1 < .

Taking derivatives with respect to ¢, one has v;; = y12 = 1,and y; = 0,4 = 3,4,5
in Assumption 2, so one has 7; = 2. Choose 1 < & < 3/2, Assumption 3 and
(2.8), (2.10), (2.12), (2.14) in Theorem 2.1 are satisfied. By the symmetry of the
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distribution at two tails, Assumption 3 is satisfied for 1 < 8 < 3/2, so are the
corresponding assumptions at the lower tail of (—o0,00). At the same time, by
taking derivatives with respective to 7, one has v; = 0, 9 = 0, and the values for
o and (3 to satisfy Theorems 2.1 and 22 are 1 < a < 3/2and 1 < § < 3/2. So for
parameter (#,7), we can find common values of o and 3 that both Theorem 2.1
and Theorem 2.2 are valid. If the gaps satisfy the assumptions in Theorem 2.3,
this theorem is also valid.

Note that if y is fixed then the one-parameter Weibull distribution becomes
exponential after a power transformation. Therefore the conditions restricted on
these two distributions should be equivalent. This is true because our theorems
include both the family of exponential distributions and that of the Weibull dis-
tributions for all values of . So they are equivalent in terms of including these
two families.

Here we assume the natural parameter space. However, from the proofs we
will see that the theorems are still valid if the assumptions are satisfied for 4
only in a neighborhood of the true parameter . So if the natural parameter
space is truncated and the assumptions are satisfied in the truncated one, then
the theorems are also valid for 6 inside the space.

So for the situation where there exist some gaps between observed failure times
in a life test experiment, we have derived the conditions under which the MLE
is consistent, asymptotically normal and efficient. This generalizes the results of
regularly understood multiply Type II censoring, where the last [pin] failures are
unobserved or the first [pyn] failures are unobserved for 0 < p1,p2 < 1, or even
the case of several points of truncation, each being defined as a particular sample
percentage point. In these cases, the derived MLE is not asymptotically efficient
since part of information is totally lost.

Besides the regularity conditions for the regular Type 11 censoring in Halperin
(1952), we have introduced (2.3)-(2.6) and the assumptions included in the theo-
rems. Although these additional conditions seem complicated and sometime diffi-
cult to verify, they are all restrictions on the tails of the population distribution.
Under these conditions, the scores at two tails of the order statistics do not fiuc-
tuate too dramatically such that the unobserved scores are different from the
observed scores in a small scale. Therefore the score statistic of the incomplete
sample is essentially equivalent to that of the complete sample. Similar assump-
tions are used in Hall (1984) and Khashimov (1988).

4. Derivations
LEMMA 4.1. Let Uy,..., U, be independent r.v.’s with uniform distribution

on (0,1). Denote 0 < U1 < -+ < Unn < 1 as the order statistics of these
variables. Then for any y > 0 and € > 0, we have

y .
. o > 1 — ——————1.0. p =
(4.1) P{U, 1 nllog n)TF zo} 0

and
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y C 1
(4.2) P {Um < n(logn)”f’z'o'} =0,

where i.0. stands for “infinitely often”.

PROOF. Notice Us, ..., U, have a common distribution function F(u) = u
for 0 < u < 1. Define u, = 1 — y/[n(logn)'*¢] for any positive y and €. Then u,
is increasing and

Q0

(4.3) Z[l—— (un)] = Z logn)1+5 < 00.

2

By Corollary 4.3.1 in Galambos (1978), we have proved (4.1). Similar arguments
lead to (4.2) via using Theorem 4.3.3 in Galambos (1978). D

LEMMA 4.2. For 0 < 6 < 1/2 denote E, = {én <i < (1 — 6)n}. Assume
positive integers j,j + k € En, as n — 00, ne~ (/K€ 0 for any € > 0, then for
order statistics X1, <+ < Xp n from a population with continuous density

(44) P (] ]I-ir-lkaé{En{Xn j+1l,n — Xn——j—k+1,'n.} > 5) — 0.

ProOF. From Khashimov (1988), one has

1 [ k
19 TesinTosaine 2 (52) (100, (£))

J+1

[f{F 11?1]&;/71)} O (5)] /

where Z;’s are i.i.d. standard exponential random variables. For fixed 6 > 0, and
f continuous, there exist finite K, K3 > 0 such that for j,j + &k € E,

2
- max Z Z S mJax{Xn_jH,n - Xn—j—k+1,n} S —nw mjax Z Z,’
j+1 Jj+1

Therefore to prove (4.4), it suffices to prove that as ne~(v/k)e — 0,

jt+k
(4.6) P maxZZi > ne p — 0,

j+1
for j,j + k € E,. To do that, we define X; = Zji’f Z; and Y, = maxi<j<n Xj.
Then X has an exponential distribution with density p(z) = ze~*/*, and P{X; >
ne} = e~(n/k)e. So we have

Jtk
P {mjax]; Z; < ne} > P{Y, < ne}

2 1 —‘nP{Xl Zne} 3 1 —ne_(n/k)e — 1.
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Thus we have proved (4.6) and the lemma. O

ProoOF OF THEOREM 2.1. For simplicity let’s prove a special case, where the
sample size n is an odd number, and the observed survival times are 3 , . . ., Z2k,n,
with k = [n/2]. The proof of the general case is given in the proof of Theorem
2.3. Although this looks like a rather special case, many parts in the proof can be
used in more general case only if the notations are modified. Denote the likelihood

function of the sample as h(z,8) = h(zgn, .- ., T2k,n,0), then
k
(4.7) h(z,0) = C [[{F(z2in,0) — F(2(i-1) .0} (20,0, B),
i=1

where o, = 0, and C is a constant not depending on §. The likelihood equation
is

Olog h(z, )
4. ——= 17
(4.8) 0
_ i Olog{F(z2i,n,0) — F(T20-1),n,0)} + dlog f(x3in,0)
P a4 a0
=0.
We expand
(4.9) 10logh(z,6) 1 (0logh(z,0) N (6 — 6o) (82 log h(z, )
on 08 T n 00 8 n 062 8o
+ (6 —0o)% [ Blogh(z,b)
2n 803 o=
1
= By + (60 —69)B; + 5(9 — 69)*B,.
Here 8* is between 6 and 6, and By, B; are functions of the sample 23, ..., T2k n

and 6 only. We shall prove that in probability By — 0, B — —M? and B, — Mp,

where M? is defined in (2.7) and M is defined as E(Qa—l—"%%g’@).
First, let’s consider By. For the simplicity of notation, we use 8 instead of 6.

k
1 Olog{F(z2in,0) — F(T23-1)n,0)} 0log f(z2in,6) }
4. = — ! . 2 .
(410)  Bo=7 ; { 56 * a0
Assume Zj n,Z3n,. - ., Lak+1,n are those unobserved failure times, then
k -
_ 1 dlog f(&2i—1,n,0) | Olog f(mzi,n,é’)}
(4.11) By = n;{ = + 55
1 & {alog{p(xz,-,n, 8) — F(2-1).m,0)}
+ —
n— o6
_ Olog f(%2i-1,n,9)
00

1 1
=L{"” + LY.
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Adding one term, Lgl) becomes the full log-likelihood derivative, or score statistic
of the complete sample, Lgl) , say. By the regular law of large numbers, Lgl) -0
in probability, so does Lgl). So it suffices only to prove Lgl) — 0 in probability. For

multiple parameter case, By, Lgl) and Lgl) all become ¢ dimensional vectors. The
following proof is valid for each component of the vector, therefore the conclusion
for By is valid for the ¢ dimensional case.

Olog{ F(z3i,n,9) — F(x33i-1),n,0)}
o6

_ Olog f(Z2i-1,n,6)
o0

dlog f(x3; ,,6) _ Olog f(%2i—1,,0)
o0 o0

62 log f(x2z n? )
Yolits)/)

k
1
(4.12) 2RSS

i=1

{z2in — Tai-1)n )}

i=1

where z3; , and z57, are both in [T3(;.1),n, Z2i,n]- For a fixed § small enough, we
separate the right side of (4.12) into three parts, and according to Assumption 2,
it becomes

(4.13) —Z > i1 >

n
icok T ok<ic(1-8)k | i>(1-6)k

Ay _
< n Z xz(zin,n{x%,n — Ta3i-1),n}

i<bk
1 A0k 52 log f(x37 ., 6)
n 1,% 8200 {z2i,n - m2(?‘.—1),77,}
+ % Z xgzln{x%n — T2(i-1),n }>
i>(1-6)k

where 0 < § < 1/2. The second term on the right hand side is the easiest to deal
with, we consider it first. The value of § will be determined while considering the
first and third term of (4.13). At this moment, we assume it is fixed and known.
From Lemma 4.2, for any 6 < 1/2, on set E, = {6k <i < (1 - §)k}, as n — o,
max(ick, }{%2in — T2(i—1),n} — 0 in probability. Therefore

(1-6)k P Mg

(4.14) -

Here A5, A1_s are the 1006-th and 100(1 — 6)-th percentile of the population
distribution. From below, one will see that § can be selected uniformly for n. In

2 log f(x,0)

8z00 dz.
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the light of Assumption 1, the integral (4.14) exists and is finite. So as n — oo,
the second term of (4.13) goes to zero in probability.

Consider the third term of (4.13). It is obvious that with possible difference
of one term, when n is an odd number, the following equation is valid.

A
(4.15) —;} E x;’in{xzm — T33i-1)n}
i>(1-8)k

5k

— A1 23!

= —= 2 TaairinlZn-ditin = Tn-2i-1n}-
=1

If n is an even number, this equation needs some small modification, so does the
following proof, but the conclusion is still valid. Let H(z) = F~!(e~%,8), use
Rényi’s representation for order statistics, we have

!

(4.16) Tnotrtn=H{Y Zi/(n—j+1)p, 1=1,...,n,
=1

where Z;’s are 1.1.d. standard exponential random variables. Therefore

(417)  Zp_2i41,n — Tn-2i-1,n

2i+2
=- ) Z/n-j+1)
j=2i+1
24 2i+2
xH'SS Zi/n—j+ )+ Y, Zi/(n—j+1)¢,
j=1 j=2i+1

where 0 < 9; < 1. In view of Assumption 3, for small values of x,
—H'(z) = /[f{F (e, 0)}] < 1/[C1(1 - e™)%] < K1z ™%,
for certain positive number K;. Similar as Hall (1984), for positive number 7, we
define
(4.18) En=¢Y Zj>ni for i=1,...,n
j=1

We may choose 1 so small such that P{E,;} > 1 — ¢/2, and 7 does not have to
depend on n. On set E,1,

(419) Tn—2i+1,n — Tn-2i-1,n
2442 2i e
<k S Zi/n-j+1)p [ S 2Zi/m
j=2i+1 j=1

vt [ 212
(375 2)

j=2i+1
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So the right hand side of (4.15) is dominated by

2y LT ZH”"{ZZ/n ]+1}( ) (Zf Z)

j=1 =2i+1

Since Z;’s are i.1.d. standard exponential random variables, fz( —1)/2i con-
verges to zero almost surely as n — oo, that means for 0 < ¢ < 1,
2

e ;(Zj -1)/2i| > ¢} =

Take ip large enough such that as i > iy with 1 — €/2 probability that

h—o0

(4.21) 11m P{

2

Y (Zi-1)/2 < ¢

1

(4.22)

For any such ip, define a positive integer N1 = [2ip/6], as n > Ny, for i > ip,

(4.23) ZZ/n ]+1>—{1+Z -—1/21}

20-92 2 -Kiosf1-0- 9%

z—log{l—qsl%},

for some 0 < ¢; < 1 and 2i/n < § which is satisfied by i in (4.20). Besides, we
may let 6 and ¢ be small enough, such that ¢, is very close to 1. Hence

(4.24) H™M {izj/(n—j+1)} < {F-l (1—¢1%,9) }“.

For i, determined as above, separate (4.20) into two terms

i0
(4.25) > o+ Z
=1 i=t9+1
and only consider the second term. By (4.24), its expectation is dominated by

(4.26) K“;’—a ﬁkj {F—l (1—¢1%§,9>}ﬁ (g)a*l.

i=ig+1
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As n — o0, it converges to integral

)
Kan™ / (F1(1 - ¢z, 0)) "z~ @ Vg,
0

By (2.8), for each 7 this can be arbitrarily small simply by choosing 6 sufficiently
small. Therefore we have proved that for iy fixed as earlier, as n large enough,

13

1

(4~27) P {5 E le_.z,;+1)n($n—2i+l,n - zn—2i—1,n) > 5} <e.
i=ig+1

For this 4, the rest part of (4.15) is bounded by
A
(428) ;lxmn{mn—l,n - xn—2110+1,n}-

On set E,1 again,

210

(4.29) Tn-1m = Tn—2ig+1,n < Ksn~®n*! Z Z;
i=1
For any positive integer n and r.v.’s Xy, ..., X, with distribution F(z,8), Ui, =
F(Xin),---yUnn = F(Xn,n) are the order statistics from a uniform population.
From Lemmas 4.1, for any 7, > 0,
- Yy .

. PiXpn>F (1o ——2L __ 9),i0l=
a0 e {1 g 6) o
That is

. i Xoo>F 11— Y __ g}i}=0
(431) o P ny“ [ e ( n(logn)t+n ) }

So there is an event Eny with P{E;2} > 1 — ¢/2 and a positive integer N, such
that on E,2, when n > Ny,

<P i{1-—Y 9}
(4.32) Xon < F (1 n(logn)1+n’9>

Combining (4.29) and (4.32), we have

A
(4.33) fxlfn{mnq,n — Tn-2ip+1,n}

T 210
< —apa=2)p-1(1___ Y ___ g _S_ Z; |.
s G G D) ( )
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The expectation is dominated by

71
-, =2 -1 _ ¥ ]
(4.34) Ken~n {F (1 oy )} .

By (2.10) this can be arbitrarily small if n is large enough. So we have proved
that for ig fixed,

A
(4.35) P {7111: L (@Zn—1,n — Tn—2ig+1,n) > e} <e.

Together with (4.27), we have proved that the third term of (4.13) converges to
zero in probability.
Let’s consider the first term of (4.13), which is

(4.36) Z 1172(2 1), n{$21 n — L2(i~1 ,n}
1.<6k

Let Hy(z) = F71(1 — 7%, 8). Using Rényi’s representation again, we have

l
(4.37) ma=H{Y Zj/n—j+1)p, I=1,..n,
i=1

where Z;’s are i.i.d. standard exponential random variables. Therefore
(4.38) Tain — Ta3i-1)n

2i
> Z/ln-i+1)
j=2i—1
2(i—-1)
x Hi ZZ/n ]+1+¢22Z/n j+1) 2,

j=2i-1

where 0 < 12 < 1. Notice that when z is between 0 and 1/2, /2 <1—-e * <<z is
true, so by Assumption 3, for £ < 1/2 there are certain positive numbers Cy and
C3,

Hi(z)=e™®/[f{F'(1 - e7%,0)}] < 1/[Ca(1 - e7)°) < Cpa™”

Determine 4o again by (4.22), for this ig, we separate summation (4.36) into two
terms as we did in (4.25). Since H; "(z) is a nonincreasing function for v > 0,
for the second term, use (4.23) again, we have

2(i—1)

(439)  Hf ”{ ) Zj/(n—j+1)} < {F-l (¢12(";1),0)}—72,

j=1
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for 2(i — 1)/n < 6 and some 0 < ¢; < 1. If B > 0, we use (4.38) and earlier
arguments and find that on set E,; defined in (4.18),

B 2i
(4.40) Z2in — Ta(i—1)n < Can? (—) Z Zg) ;
(3 . p
j=2i—1
for n defined as earlier. So the second term is dominated by

wa1) gigf i {F_l <¢12(z’;1)79>}‘”m (Z})ﬁ-—l (Jilzj)‘

i=ig+1 i=2i—

Taking expectation and using the same arguments as we did for (4.26), with (2.9),
for n arbitrarily small, we can choose § small enough and n large enough such that
(4.41) is smaller than e with 1 — € probability. If § < 0, (4.38) leads to

21

) ~B
2i
(4.42) T2in — T23i—1),n < Cs Z Zj/(n —J+ 1) {Z Zj/(n —j+ 1)} .
Jj=1

j=2i-1

Instead of E,;, we define
(4.43) Eny={Y Zj<m for i=1,...,np,
j=1

and choose 7 large enough that P{En3} > 1 —¢/2. On En3, (4.42) leads to the
same formula as (4.40). So we have an almost same formula as (4.41), and the
conclusion is valid via (2.9). As for the first term of (4.36), using Lemma 4.1 and
previous arguments, one can define an event E,4 with P{E.4} > 1 —€/2, such
that on E,1 N Ea4,

Ar e
(4.44) - Z.’l:z(zz_l)’n{l'%,n — Tai-1)n}

=2

Ay
< —21 2" {T2iom — Zin}

5 y —vs [ 240
<KnpPpP 2P | ——— Z; .
<xreo (o (Cagtmmo)} (25

It converges to zero in probability according to (2.11). Put (4.14), (4.27), (4.35),
(4.41) and (4.44) together, we have proved that By converges to zero in probability.
Similar techniques can be used to prove the convergence of B; and B;. However,
both B; and B; are more complicated, and more assumptions have to be imposed
to ensure the convergence. So before declaring the consistency of the MLE, let’s
clarify these conditions.
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First, consider B;, where

1 82log h(z,9)

(4.45) B, = n o2

1 i 6 log f(E2i-1,0,0) | °108 f(T2i,6)
n 062 062

i=1

00?

_ 8% log f(%2i~1,n,0)
062

. .1_ Xk:{ o2 log{F(22in,0) — F(Z2(i-1),n,0)}

i=1

2 2
S 41,

Here ng) is almost the log-likelihood derivative of the complete sample. By the
law of large numbers and Assumption 4,

00 2
(4.46) L@ M= / (ﬁ’%) f(z,6)dz.
Since
82 IOg{F((L‘%'n, 9) - F(xZ(i—l),n1 0)}
862
_ F' 29 p,0) — F”(mZ(i—l),nae)
F(x3in,0) — F(T23-1),n,0)
~ {F'(xmmg)—F’(x'z(z 1>n,9>}2

F(x2in,0 F(xz(z 1 ,nve)

(4.47)

_ xgl) 0 {f/ (2.6 }2
2
m2l n’ f a“gz)n’
2
f”(‘rgi)n’ f, wgt)n’
R
1 2 2 2
xgl)’n’ xél)nﬂ )
xg)n’ ng)n’ )
1
62 ].Og f(mgz)n’ )
002

o Blogf(zgf)n, 6) leogf(xé“:')n, 9) (@D 2@y
50 5206 T2in = Tain

where xg)n, ng)n, xg)n are middle values and are all in [z3(;_1)n, Z2in]. So

8 log f(z5),,0)
002

@) ¢
(4.48) ILYY| nz

pe=]1

{-'1721',71 - x2(i—1),n}



748 FANHUI KONG AND HELIANG FEI

~Z

610gf'x21n,9)|

3
(92 log f (xél)n,
9200 {wzi,n - x2(i—1),n}a
where x;‘:,)n is in [Z3(;—1),n, T2i,n]- Previous arguments proving the convergence

of (4.11) leads to the conclusion that (4.48) converges to zero in probability. So
B; — M2 in probability. For q dimensional parameter 6, B; is a ¢ x ¢ matrix. The
elements on the diagonal obviously satisfy (4.47) and (4.48), therefore converge to
the corresponding elements in M?2. Very similar results as (4.47) and (4.48) are
valid for the elements off the diagonal of B; where the derivatives are taken with
respect to 6;, 6;. So By — M7{ in probability in general.

Finally, let’s consider Bs. Similar as (4.45), we separate Bs into

(4.49) Bo=L® 4+ L.

By Lebesgue dominated convergence theorem, ng) — Ms. To establish the con-

vergence of L , we need to use the middle value theorem three times in the
following expression

83 log{F(z2i,n,0) — F(za(i-1),n,0)}
903
)
.0
7.0 [ a0 [Fe2.0]
T ® Sy o 2| Tl ,
f(xzi,na ) f(x27, n’ 0) f(wZz n? 0)

(4.50)

where mg)n, xg)n, xg::)n are different from those in (4.47), and all in [Z3(;—1)n,

Z2in)- S0 (4.50) becomes

8 log f (x5, 6) 3 <610gf(x§1’n, )) (32 log f(25;,, 8 ))

(451) 563 562

2

g9l f(wéf’n, xé?,,, 9) f' (25, )
@® ® g
sz n’ f(mZZ n?’ )

2 2
f xgz)na f ('ng)n’ 0)
9@ o [ @
f x?z n’ f(sz n’e)

alogf(wzm, 6) ’ 610810(5”;?11’ 9) ’
T e 06
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_ 8log f(z5),,0) Glogf(wé?n,a ) (52 log f (23,0 ))

o 1O 962

5logf($2m, 8)\ [ 8*log f(z52).,6)
-3 962

6(010gf xé’f’n, (alogf(xé‘f’m ))

» 6210gfx2zn’ _w(z)
ox00 Zzn Zzn
alng mg?)n7 02 logf x2z n? ) 1) 2)
+3{ 01060 ( Toim — Lo, n)’

where xé}n, xé‘:)n are all in [Tg;;_1),n, T2i,n]. Easily we have

Blogf(wg)n, 9)\ [d* 10gf(93(21)nv 6)
(4.52) 3( 5 07

s dlog f(xz, w0)\ [ 9%log f(wé?m 6)
- o6 062
dlog f(z5 0\ [ log f =¥ )
=3 2i,n° 2i,n) ( (1) 1,‘(3) )
o0 91062 T2in ~ T2

82 log f(x21, no ) az log f($21 no ) (1) (2)
3 < 862 63}'69 (x2‘b n_ $2’I. )

where :cgf}n, 37(2?” are all in [Xo;;_1)n,T2in]. The previous arguments lead to

the conclusion that L) — 0. That is B, — M, in probability. Just as By, the
proof of multidimensional case is similar with some minor modifications. Following
precisely the arguments in Cramér ((1946), 502-503), we have shown that under a
special case of multiply Type II censoring where we have only observed failures of
even order, the likelihood equation has a solution 8 which is consistent. One will
see from the proof of Theorem 2.3 that under more general case of multiply Type
IT censoring where the biggest jump is bounded, this conclusion is still true.

PROOF OF THEOREM 2.2. Assume 0* = 6*(z2,...,Z2;) is a solution of the
likelihood equation (4.8), by the definition of By, By and Bz, we obtain

* Bo/M
(4.53) M@ - 60) = —5- /M? \—/E%;z/((?*l— bo) /M3

It follows from the proof of Theorem 2.1 that the denominator of the right hand
side of (4.53) converges to 1 in probability. By (4.11), By = Lgl) + Lgl). Since
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nLgl) is almost the full log-likelihood derivative, by the central limit theorem,
\/ﬁLgl) /M has asymptotically N(0,1) distribution. To show that the numerator

also has N(0,1) distribution, it suffices to show that \/ﬁLgI) converges to zero in
probability. Notice (4.19) can be replaced by

o _ mye-1/2 2i+2
(4.54) nY2 {0 _girt — Tnoi_1} < K7 ("{) Y 7).
j=2i+1

The previous arguments along with (2.8)—(2.11) lead to the conclusion.
It is obvious that #* is asymptotically efficient.

PROOF OF THEOREM 2.3. For the general likelihood function (2.1), the like-
lihood equation (4.8) becomes

k
(4.55) 3_19_g_l_z_(_ﬂ_c_,f_) - Z [(7‘1 g — 1)610g{F(:cri,n,9) — F(zr,_, n,0)}

o6 pot a0
Olog f(wre,m 0)
T 5
- F T nso
+(n- rk)(?log{l (T, ny0)} -0

el

With the same expansion as (4.9) we shall prove that in probability By — 0,
B; — —M} and By — My, for My, M, defined as earlier. In expansion (4.9),

we again use @ instead of 6y. Suppose Z,_,+11n,..-,%r,—1,n for i =1,...,k and
Trg+1,ms---»Zn,n are those unobserved failure times, then
k Ti—1 w
_ 1 Blog f(mn,na 9) X 810g f(:cjn'n’ 0)
(456) B‘)_EZ{T*, 2 T
=1 Ji=ri-1+1
1 < dlog f(Zj,,n,0)
oo 58
Je=Tk+1
k
1 Olog{F(zr,n,0) — F(zr,_,n,0)}
+E§{(H‘T‘i—1—1) 50
f Blog f (i}, n,b)
) 00
Ji=ri-1+1
1 0log{l — F(zs, n,0)}
5| 58
zn: alog f(ijk,'na 9)
. 00
Jr=rr+1

1 1
=L + LgY,
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where L(ll) is the score statistic of the complete sample therefore goes to zero in
probability. Using the middle value theorem twice we have the following inequality,

ri—1 2
0% log f(z}} 1, 9)
(457 L)< Z{wr,,n Troam} D T
Ji=ri—1+1
1 o |Plog f(z}rn0)] .
X 5200 {&nn = @rn}
Je=rr+l
=MD 4 @
where 27", € [Zr,_, n)Tr, o] a0d T}, € [Try 0, Tnn], and Zy,, is the unobserved

largest value of the order statistic. For 0 < 6 < 1 /2, as n — oo choose 7 and 7y
such that 7 /n — § and rpv/n — (1~ 6). As we did in (4.13), separate M (1) into

three parts,
R P IED )

k'+1 Tyt +1

Since %;0 log f(z,8) is bounded when z is between 1006-th and 100(1 — §)-th
percentile of the distribution, using Lemma 4.2 under the condition that ne(™/9)¢ —
0 as n — oo, the second term converges to zero in probability. Consider the third
term, it is bounded by

ri—1
(4.58) Z {Zrin — Tri_y1n} Z (] ]1,n
z—k”-{—l Ji=ri—1+1

1 k
< 5 Z 7‘1;” —Ti-1— 1){‘7:7‘1',” - zT‘i—x,ﬂ}
k"
k—

1
n lelc—j+l,n(7‘k‘j+1 —Th—j — 1){xrk—a‘+17" - x’”k—j’"}'

j=1

i

In order to use (4.16) more easily, let’s denote
Tn—7jm = xrk_j+1,n or N —Th—j+1 = F],

then (4.58) becomes

1 k_kll

H Zl le—Fj,n(Fj-Fl - Fj - 1){33"*":;‘,” - mﬂ—f"j+1,n}‘

J:
Similar as (4.17), we have
(459) xn—v"j,n - xnffj_;_l,n
Fijp1+1

== 2 —l+1

=7;+2
FJ- +1 r]+1 +1

D I D

=1 I=F;+2
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Notice ~H'(z) < K1z~ on event E,; defined in (4.18), one has

r1+1+1 it e

(460)  Tn-ryn — Tn—iyun S Ki — 3 a/m

l—r1+2 =1
a—1 ri+1+1
n 1

< Kn™@ . E
=5 (Tj+1) RS W

I=F;+2

Put all these as well as (4.16) together, (4.58) is bounded by

o kK" Fi+1
Kn=¢ 2
4.61 HmM —_—
( ) n ; ; n—I1+1
( n a—1 - 1_77._1 Ti41+1
< (- ) (L__z__) T 4
i+l R 1=F;+2
k—k" Fi+1
Kn™© 4 2
< H'Yl
- n ]2:; 12; n—I0l+1
n a—1 [Ti+1+l
X <~ > Z zZl
j + 1 l—Fj-{'-Q
1o k—k"
D
j=1  j=ig+1

where iy is selected according to (4.22). Here we use the assumption that
(Fj41 — 75 — 1)/(7; — 1) is bounded. Similar as (4.24), when 7; > 49, one has

7i+1

z _ 7i+1 m
D SR G

=1

To prove the second term of (4.61) converges to zero in probability, we see its
expectation is bounded by

k_k//

(4.62) K:}L““ 3 [F‘1{1~¢1 (Ff:1> ,GHM

i=1

a—1
n
Fo—F—1
x(@+1> Fia =7 =1

6
— Kn“"/ {F7Y(1 - ¢12,6)} "z~ * Vg
0




MLE UNDER MULTIPLY TYPE II CENSORING 753

It can be arbitrarily small as long as 6 is small enough. Consider the first term
of (4.61). Notice the way we choose 7g in (4.22), the first term of (4.61) contains
only finite terms of order statistics, therefore can be handled as the first term of
(4.25). Finally, let’s consider M(® in (4.57). Same as (4.58), we have

1
(4.63) M® < 7“1‘(" = 1e) T {Znm — Tren}-

If n — ry, is finite, it becomes (4.28) and no more assumption is needed to prove it
converges to zero in probability. If otherwise n — r, — oo along with n, we need
to use similar results as (4.29) and (4.32), and derive

1
(4.64) E(n —E)E  {Tnn ~ Trn}
< Kn ®n®"2(n—ry)
y v [n-ret+l
Fli1- ——— Z;
A (- )} | 2 5

It’s expectation is dominated by

84!
—apa=2(, 2 ) =1(q_ ¥y
Kn™*n*"“(n — 1) {F (1 n(logn)“‘ﬁ’a)} .

With Assumption (2.16), we can prove M (2 converges to zero in probability. All
these can be proved for multiple parameter case.

The proofs for the convergence of B; and B; are very similar as before. As
an illustration, let’s consider B;. Just as (4.45), we can separate B; as B; =
LM 4+ L® where LY is the complete yet unobserved negative Fisher information
which converges in probability to the true negative Fisher information, and L(?
is similar as (4.45). In fact,

u 2 log{F 6) — F(zy,
(4.65) L£2) — %Z{(rz - T'L—]_ _ 1)6 log{ (m"'ian7 ) F(mr‘l—lyn’e)}

i=1 602
Zl 92 1og f(%),,n, 6)
502

ri_1+1

1 0?log {1 — F(2r,n,0)}
T [(" ) 56°

_ z": 9% log f(Z, n,0)

962 '

re+1

Using similar result as (4.47), we have

ri—1

k
1
(466)  ILY) < =D {@rin — Tran} )
i=1

ri—1+1

J’n’

0x00?

& log f(z$?  0) '
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k (3)
2 dlog f(x3, 0
+= §. (7 =71 — 1) ———é-é"——)

8 log f(z\7,,6)
866 {xn-,n - xTi—l,n}

1 " |8%log f(z,,6)
+ o tann = ann 31— 53

re+1

log (2
+g(n—rk—1)aogf( kn) )

n 06
8%log f(z\,,8)]
Hz080 {Enn = 2rin},

(4) () @

Jkm
So we can use prev1ous method to prove that ng) — 0. The proof for the asymp-

totic normality and efficiency is also the same as the proof of Theorem 2.2.

€ )

where z;° and ;. are in [Ty, , n, Ty, n] and z;’, and 3’ are in [Tr, n, n.n)-
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