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Abstract. ThlS paper considers the asymptotic properties of two kernel es-
timates fn and f,,, which have been proposed by Bhattacharyya et al. (1988,
Comm. Statist. Theory Methods, A17, 3629-3644) and Jones (1991,
Biometrika, 78, 511-519), respectively, for estimating the underlying density
[ at a point under a general selection biased model. The asymptotic optimal-
ity of f,, and f, is measured by the corresponding asymptotic minimax mean
squared errors under a compactly supported Lipschitz continuous family of the
underlying densities. It is shown that, in general, fn is a superior local estimate
than f, in the sense that the asymptotic minimax risk of f, is lower than that
of f,.. The minimax kernels and bandwidths of f, are computed explicitly and
shown to have simple forms and depend on the weight functions of the model.

Key words and phrases: Kernel density estimate, minimax mean squared er-
ror, minimax kernel, bandwidth, weighted distribution, selection biased data.

1. Introduction

Let X;,Xs,...,X, be an ii.d. sample with distribution function G(z) =
P(X; <z),z>0,i=1,...,n, and density g with respect to Lebesgue measure
on the line. Then G is a weighted distribution or selection biased distribution if
there is an underlying density f and a non-negative weight function w on (0, 00)
such that

(1.1) 9(z) = w(@)f(z)/u, z>0

where p = fo (t)f(t)dt. To avoid any identifiability problem for (1.1), we assume
throughout that the weight function w(z) is known. Theory and applications of
(1.1) have been studied by Cox (1969), Patil et al. (1988), Patil and Taillie (1989),
Vardi (1985), Ahmad (1995), among others.

In density estimation, two types of kernel estimates of f(z),

(1.2) falz) = _i:) Z ( )

and
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nhn Ign e hn

13) A — nl wtxn (52,

have been proposed by Bhattacharyya et al. (1988) and Jones (1991), respectively,
where h,, > 0 is a bandwidth, K(-) a kernel function and

(1.4) ==Y wH(X).

In statistical literature, the asymptotic efficiency of a density estimate can be
measured either by a Bayes criterion or by a minimax criterion. Under the mini-
max criteria, the efficiency of a density estimate can be described by its asymptotic
minimax mean squared errors (MSE), or its global analogue, the asymptotic min-
imax integrated mean squared errors (IMSE). Studies of asymptotic minimaxity
for kernel type estimates in the classical i.i.d. direct sample case can be found
in Sacks and Ylvisaker (1981), Donoho and Liu (19915), among others. For the
special case of length bias model where w(z) = 2, Wu (1995) has shown that,
under a compactly supported Lipschitz continuous family with order one, that is,

F(C,;z,a,0) ={f: fly) =0ify ¢ [a,b],0<a<z<b<ooand
|f(z) — f(y)| < Clz —y| for all y € [a,b], some C > 0},

fa(z) and f,,(z) are locally equivalent in the sense that they have the same asymp-
totically minimax mean squared errors, and furthermore, the minimax kernel is
a non-negative triangular kernel and the minimax bandwidth is a deterministic
bandwidth which depends on w(x) = z and is of order n=1/3.

The aim of this paper is to generalize the approach of Wu (1995) to the
general selection biased model (1.1) and a more general family of the underlying
density functions. Specifically, we consider some compactly supported Lipschitz
continuous families defined by

(1.5) F(C,a;z,a,b)={f:fly)=0ify¢[a,b],0<a<z<b<ooand

[f(z) — fy)l < Clo ~ y|*
for all y € [a, b] and some C > 0}

where 0 < a <1 is assumed to be a known constant, and study the asymptotic
minimax mean squared errors of fp(z) and fp(z) under F(C,a;x,a,b). Denote

~

R(f, f(z)) to be the risk (MSE) of any estimate f(z) such that
(1.6) R(f, (@) = Eqlf(2) - ().

The asymptotic properties of f,(z) and f,(x) are measured by the large sample
behavior of their minimax risks

polfsz) = jnf  sw  R(f (@)
K.,hn fe]—'(C’,a;l‘»avb)

and
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pn(fiz)=inf  sup  R(fa, f(2)),

Khn feF(C052,a,b)

respectively. The families defined in (1.5) include a large class of interesting den-
sities which are less smooth than the twice differentiable family F considered by
Jones (1991) and Ahmad (1995). Unlike the direct sample case, the compactness
of the support of f ensures that the minimax mean squared errors of fn actually
exist for those w(z) which might be unbounded when z — oo, such as the length
biased model w(z) = z. Without the compactness on the support of f, one has
to make additional assumptions such as w(:c) is bounded away from 0 and oo
on {0,00), or fo w(z)f{z)dr < oo and fo Yz)f(z)dz < oo uniformly for all
f € F(C,a;z,0,00), etc. Since most real life situations have compact supports,
such compactness assumption should be mostly realistic.

The main results of this paper have several interesting features. First, the
asymptotically minimax MSE of fn is always lower than that of f,. This the-
oretically justifies the heuristic impression that fn is a locally better estimate
than f, (see Jones (1991) or Ahmad (1995)). Second, since the optimality of
Fo (or fn) is measured by their mean squared errors, we assume here only the
minimal conditions that the expectations and variances of fy, (or f,) exist for
all f € F(C,a;z,a,b) and n > 1. These conditions guarantee the existence of
R(fn, f(z)) (or R(fy, f(x))) for all f € F(C,a;z,a,b) and n > 1. Even though
there are no prior restrictions on bandwidths h,, and kernels K, it is shown in Sec-
tion 2 that the natural conditions on h,, and K as assumed in Jones (1991) and
Ahmad (1995), such as h, — 0 and nh, — 0o as n — oo and fK(u)du =1, are

necessary to ensure the consistency of f,, in the sense that im0 R( f, f(2) =0
for all f € F(C,a;x,a,b). However, the consistency of f,, may require the value
of [ K(u)du to be other than 1. Third, unlike the usual differentiable families, we
can not apply Taylor expansions to the less smooth family F(C, o;z,a,b). Thus
our derivations of the minimax kernels and bandwidths are based on the straight-
forward approach of step by step analysis of the least favorable risks of fn and
f.. Fourth, the asymptotic minimax risks of f, and f,, and the choices of opti-
mal kernels and bandwidths depend on the smoothness of w{z). When w(z) is
continuous at z, our optimal kernels are symmetric about zero. When w(z) is
discontinuous at x, optimal kernels may be asymmetric about zero. Finally, the
minimax kernels obtained in this paper have simple forms, and the optimal band-
widths are deterministic and computationally tractable. For practical purposes,
it is also worthwhile to develop some data driven bandwidth selection procedures.
However, to maintain our focus on asymptotic minimaxity, we omit the discussion
of such procedures in this paper.

In Section 2, we give some useful notation and preliminary results. In Sec-
tion 3, we formulate the minimax estimation procedures of fn and fn, compute
their asymptotic minimax risks, and derive the corresponding minimax kernels and
bandwidths. In Section 4, we present some examples and compare the relative ef-
ficiency of different kernels. Finally, the proofs of the main results of Section 3 are
deferred to Section 5.
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2. Preliminary results
Throughout we make the following assumptions on w(-):

AssUMPTION A. The weight functions w(-) are strictly positive and uni-
formly bounded away from 0 and oo on [a, 8], i.e. for each [a, b], there exist universal
constants 0 < m(a, b) < M(a,b) < oo such that

m(a,b) < inf w(t) < sup w(t) < M(a,b).
t€[a,b) tela,b)

AssuMPTION B. For each w(-), there exists a neighborhood (z — 6,z + 8) of
x such that w(t), t € (z — 6,z + 8), has right and left limits w(z,) and w(z_) at
z, ie.

ltilmw(t) =w(z;y) and ltime(t) =w(z-).

Suppose that v = [w™!(t)g(t)dt is known. Then the natural analogues of f,
and f, are given by, respectively,

2.) File) = ook (1)
and
(2.9 Fo(a) = w,;,:ff) iff (52).

The main effort of this section is to show that f. and f, are asymptotically
equivalent to fn and f,‘;, respectlvely Thus it suffices only to study the asymptotic
behaviors of R(f%, f(z)) and R(f2, f(z)).

Let B(f, f(x)) and V(f, f(z)) be the bias and variance of any estimate f (z),
respectively. By routine computation, v = u~! and the change of variables, the
risk of f2(x) is given by

(2.3) R(f2, f(2)) = BY(f, f(2)) + V(f, f(2))

where
B(f2, f(a)) = / K(w) (e - hyu)du - f(z),
(/1 f(z) = / w(z — hy) VK2 () f(z — hn)du

-2 ( / K(w)f(z - hnu)du)z.

Similarly, the risk of f*(z) is given by
(2.4) R(fy, f(2)) = B*(fy, f(@)) + V(f3, (=)
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where
B(f2, £(2)) = w\(a) / K(u)w(z — hat) f(z — hu)du — f(z),
’U)_2 T
V(2 1@) = 2 [ K (e~ oz — o)

- %ﬁ‘l ( / K (ww(z — ho) f(z - hnu)du)2 .

The next theorem summarizes the necessary conditions on K and h, for
the consistency of f,(z) and f,(z), and the asymptotically equivalence between
fn(a:), fn(:c) and their corresponding f;';(a:), f; (z). Its proof can be obtained by
modifying the method in the proofs of Theorem 2.1 and Lemma 3.1 of Wu (1995),
hence is omitted for brevity. The details of the proof can be found in Wu and Mao
(1994) and Wu (1994).

THEOREM 2.1. (A) Suppose that B(f,, f(z)) and V(fn, f(x)) exist for all
n>1, and

(2.5) lim R(fa, f(@)) =0 forall feF(C,a;z,a,b),

then the following hold:
(a) limp o0 b = 0 and limy, o nhy, = 00,
(b) K(-) is integrable on (—o0,00) and [ K(u)du =1,

(c) when n is sufficiently large,

sup  R(fn,f(x))=  sup  R(f: f(z))

FEF(C,a;z,a,b) feF(C,a;zx,a,b)

+o0 ( sup R( A;,f(x))) .

FEF(C,e5z,a,b)
Furthermore, if

(2.6) lim sup n2e/CetDR(f* f(z)) =X  for some 0< A< oo,
X0 feF(Coaix,a,b)

then
(d) hy = O(n~Y/ R+ for sufficiently large n,
(e) [IK(u))lul*du < 0o and [ K?*(u)du < co.
(B) If fn and f* in (2.5) and (2.6) were replaced by f,, and f*, then (a), (c),
(d) and (e) still hold, but (b) is replaced by
(b) limy,_, o0 f((:__b‘;)/h};" K(u)w(z — hou)du = w(z).

Remark 2.1. It is well-known that n=2¢/(22+1) js the optimal convergence
rate for kernel density estimates with i.i.d. direct samples (cf. Stone (1980), Donoho
and Liu (1991a)). We will see later in Theorem 3.1 that n—2/(22+1) jg also the
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best attainable convergence rate for kernel density estimates with biased samples.
A clear implication of Theorem 2.1 is that, for the selection of optimal kernels and
bandwidths, it suffices to eliminate any K(-) and h,, which do not satisfy (a), (b)
(or (b)), (d) and (e) of Theorem 2.1.

Remark 2.2. Contrary to the usual condition of ffooo K(u)du = 1 in kernel
density estimation, Theorem 2.1(B) shows that, in certain cases where w(:) is
discontinuous at x, the consistency of f,(x) may require that fix;o K(u)du # 1.
For example, suppose that w(z) = 2 and w(t) = 1 if ¢ # z, then Theorem 2.1(a)
and (b’) imply that

(x—a)/hn oo
lim K(u)du = / K(u)du = 2.

00 Ja—b)/hn

3. Minimax risks

This section is devoted to deriving the minimax risks of f, and f,. From
Remark 2.1, it suffices to consider (K, h,) which satisfies (a), (b) (or (b")), (d)
and (e) of Theorem 2.1. Here, we first compute the asymptotic form of the least
favorable risk sup ;e r (¢ aiz,a,8) 12 fx, f(z)), and then derive the minimax kernels

and bandwidths for f,,. The asymptotic minimax risk of fn is shown to be a lower
bound of the minimax risk infx k, SUP e 7(c,a;z,0,6) Blfns F(2))-

LEMMA 3.1. (A) If (2.5) and (2.6) are satisfied, then there exist constants
po and o such that

0<poo=  sup  flz)p<oo
feF(C.a;x,a,b)

and, for sufficiently large n,

(3.1) sup  R(f}, f(z))

FEF(C.azz,0,b)

2
= h2eC? [/ |K(u)||u|"‘du} + o(h2%) + o(n™*h, 1)

+ T [w—lm) / Ooo K2 (u)du+w ™ (z-) /0 ) K2(u>du] :

(B) If (2.5) and (2.6) are satisfied with fn and fr replaced by f, and f},
then, for sufficiently large n,

(3.2) sup  R(fn, f(@)) > T(hn, K) + o(h3*) + o(n™ k1),
fEF(C,o;x,a,b)
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where

(hn, K) = h2*C? [“’(‘“) / K () [u*du + 2E=) (“’ wie-) / K ()| |u|"du]

+1:f’¢: [Z;(:;) /-oo K2(u)du+%2%/0 KQ(u)du].

Remark 3.1. For some special cases, the value of poug can be computed
explicitly. However, when there are more complicated weight functions involved,
explicit solutions of pouo may be difficult to obtain. Thus we have to compute
popg numerically. A special density sequence which may be used to compute the
value of popg is given in (5.1) of Section 5.

It is now clear from Theorem 2.1 and Lemma 3.1 that the asymptotically
minimax risks of fn can be derived by finding a sequence of bandwidths and kernels
which minimize the dominating terms of the right hand side of (3.1). Similarly,
minimizing the leading term I'(h,, K) at the right hand side of (3.2) with respect
to some (h,, K), we can obtain a lower bound of the minimax risks of f,(z).

For the minimax risks of fn(:c), we define a kernel K,p; and bandwidth hope
such that

2 “ 1

w(zs) +w(z-) a+1

3.3) K, = _ o

(3.3) Kopt(u) 2w(z_) 1— 2 o H0<u< a+ 1
w(zy) +w(z) a+1 2
0 otherwise,

and

1/(2a+1)
(3.4)  hopy = n~1/@aHD) (1 N1/(2artD) -2/ (2at1) [ 2 }

w(ry) +w(z-)
x (a + 1)—2&/(2a+1)(za)Zcx/(2a+1)(2a + 1)1/(2a+1)‘

For the lower bound of the minimax risks of f,(z), we consider the same
bandwidth h,pt as defined in (3.4) and a new kernel K,y such that

2u(a) [1_(2_a>a|u|a] iffuf < 21,

(35)  Koptxlw) = § wlz_) + w(zy) a+1
0] otherwise.

Since Kyt and K,ps4 have the same support on a compact interval, it is easy to
verify that they satisfy the necessary conditions of Theorem 2.1. The conclusions
of Lemma 3.1 lead to the following main results of this section.
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THEOREM 3.1. The kernel Koy and the bandwidth hop as defined in (3.3)
and (3.4) are asyfnptotz'cally~ minimaz for fn(x). Furthermore, the asymptotic
minimaz risks of fn(x) and fp(x) satisfy

(36)  lim n?*/@2*p,(f;2)

> lim n2*/ YDy, Kopte)

n—00

= lim n**/GetDp,(f: )
= lim n2a/(2a+1) sup R(fKopt,hopt,f(m))
n—00 fEF(C,0;z,a,b)
— C2/(2a+1) (p0u0)2a/(2a+1)[(2a)~2a/(2a+1) + (Za)l/(2a+1)]
9 2a/(2a+1)
[w($+) + w(z_)}
x (2a + 1)—1—(1/(2a+1))(a + 1)2a/(2a+1)‘

Remark 3.2. The minimax kernels and bandwidths of fn(a:) are not unique.
In fact, the asymptotic least favorable risk

nlim p2e/(2o+1) sup R(fm f(x))
e fEF(C,x;z,a,b)

attains the right hand side of (3.6) if and only if for any constant 7 > 0 the kernel
and bandwidth of f,(x) are given by

a+1
— . (3 .f _ <
wle)r=nkl®) A e v ey =<
KT(’LL) = N . atl
UNL_NT — T« fo<u< ,
(z-)( Jul®) =7 ar(w(zy) + w(z-))
0 otherwise,
and
— ,—1/(2a+1) ( PO0 1/(2a+1)
htr) = n (2(102)

1/(2a+1)

w (o) [0 KR (u)du+w (z-) [§° K2 (w)du
(] K- (u)lulodu)?

where 7, = 72T Ha(w(z4) + w(z-))]*(a+ 1)~*. In particular, (K, h(7}) reduces
t0 (Kopt, hopt) if 7 = 2[w(z4) + w(z-)]~'. The above minimax kernels and band-
widths depend on the weight function w(-). For most of the interesting cases where
w(z) is continuous at z, these minimax kernels are symmetric about zero. How-
ever, contrary to the frequently used kernels in the i.i.d. direct sample case, when
w(z) is discontinuous at z, the minimax kernels depend on the values of w(z+)
and w(z_) and should be asymmetric about zero.
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Remark 3.3. A direct consequence of Theorem 3.1 is that Fa(z) is generally
a better local estimate than f,(z) under the minimax MSE criterion. It is also
straightforward to conclude that the best possible convergence rate for fn(a:) is
n~22/(e+1) "and this rate is attained by (Kopt, fiopt). However, Theorem 3.1 only
gives a pointwise result in the sense that the risk is taken to be the MSE. For global
properties, further study is needed to investigate the global minimax risks of fn
and f, such as the minimax integrated mean squared errors, minimax L;-norms
or minimax L .,-norms.

Remark 3.4. It is interesting to know whether the lower bound of (3.6)
can be always attained by some proper choices of kernels and bandwidths for
fn(w). For the special case of length biased model with family F(C, 1; z, a, b), Wu
(1995) showed that the lower bound is attained by using a triangular kernel of the
form K (u) = (1 — |u)1jjy<1) and a bandwidth sequence h, = n=1/3z=1/3C=2/3.
(3popo)Y/®. However, such kind of attainability does not hold in general. In some
cases, fn(x) is strictly superior than fn(x) To see this, consider the problem of es-
timating fo(0) where f, is a uniform density on [-1/2,1/2]. Let w(t) = max{0, 1~
t|*/2} be the weight function. Then, by Theorem 3.1, we know that the asymp-
totic lower bound of (3.6) can only be attained by kernels which are non-negative
and have compact supports. Now for any compactly supported non-negative kernel
K satisfying (2.5), direct computation based on (2.4) shows that, when n is suf-

ficiently large, 1/2hn p()du = 1 and infr, R(f*, fo(x)) = O(n=®/(1+®)) Thuys
1/2h, n n

the asymptotic minimax risk of f,(z) must be strictly larger than that of fn(m)
4. Comparison of kernels

It is well-known in the i.i.d. direct sample case that most commonly used
kernels such as the uniform kernel, the Gaussian kernel and the Epanechnikov
kernel are nearly optimal for kernel density estimates (cf. Silverman (1986)). Thus
it is natural to ask that whether this phenomenon still holds in the biased sampling
case. The numerical results of this section show that these popular kernels are
asymptotically suboptimal when w(:) is discontinuous at z. Because of Remark
3.3, the discussion here is limited to f, only.

Let fxn,(z) be the kernel estimate f,(z) with any particular choice of
(K, hy). Define

lim, o0 SUPteF(C,0;2,a,b) ‘R(fKoptyhopt’ f(l'))

limr, .00 SUP e 7(Cac,0,5) RU K b » £(2))

(4‘1) e(K;hn),(Koptyhopt) =

to be the the asymptotic relative efficiency of f K.h,, (Z) with respect to the minimax

estimate fKopt,hopt (z). If the pair (K, h,) does not satisfy (a), (b), (d) and (e) of
Theorem 2.1, then by Theorem 2.1(c) and Theorem 3.1, it automatically follows
that

€(K,hn),(Kopt hopt) = 0-
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If (K, h,,) satisfies (a), (b), (d) and (e) of Theorem 2.1, then the optimal bandwidth
hopt as defined in (3.4) should be used. Substituting hop back to the dominating
term at the right hand side of (3.1), we have

Q(Kopt) :| 2/(2a+1)

(4.2) €K Kopt = [ q(K)

where ek, K.,: = €(K,hopi(K)),(Koptshop:) 30

(4.3) q(K):[w :v+/ K2(u)du + w! _)/0001(2(u)dur

[ / K(u |u|°‘du} .

Let a = 1, 8 = w(z_)/w(z4) and K; through K3 be the following kernels:

1. Uniform: Ki(u)= (1/2)1[ 1<u<1]s

2. Epanechnikov: Ko(u) = (3/4v5)(1 — u?/5)1 (lul< V]

3. Gaussian: Ks(u) = (2m)" /2 exp{—u?/2}.
The relative efficiency ek k,,, for various 3 values are computed in Table 1 which
shows that all three kernels considered here have very high ey x, , values when 3
is close to one, but low ek g, , values when 3 is away from one.

apt

opt

Table 1. Relative efficiency e, k,,, when a = 1.

g 01 05 10 50
Kopt 1.000 1.000 1.000 1.000
K1 0442 0.855 0.925 0.625
Ko 0474 0917 0.992 0.670
K3 0474 0917 0.991 0.670

5. Proofs

This section gives the proofs of Lemma 3.1.(A) and Theorem 3.1. Since the
proofs for fr can be obtained by medifying the calculation for fn, the details for
f,, can be found in Wu (1994), and are omitted here for brevity.

First, we give a technical lemma which is useful for the proofs of Lemma 3.1
and Theorem 3.1. Define a density f, € F(C, o;z, a, b) such that

max{0,p — Clz —t|*} if t € A;[W(p)]U Ao [W(p), T(p)],
(5.1)  folt) = {p + Clz —t[® if t € Ax[W(p)] U Ao2[W (p), T(p)],

0 otherwise,
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where

= {t:w(t) <W(p),t € [a,b]},
= {t:w(t) > W(p),t € [a,b]},
| ={t:w(t) =W(p)t € a,b]},
,T(p)) = {t:t € Ao[W(p)] and t < T(p)},
,T(p)] ={t:t € A[W(p)] and t > T(p)},

and (p,W(p),T(p)) satisfies the technical conditions 0 < p, a < T(p) < b,

m{a,b) < W{p) < M(a,b), f: fp(t)dt = 1. To ensure that f, is a density, p
has to be bounded above by a constant. Let

b
0 if/ Clz —t|*dt > 1,
P = ab
D if/ Clz — t|%dt < 1,

where p, = max{0, (b — a)"1(1 - fab C|t — z|*dt)}, and pe be the unique solution
of

b
/ max{0,p — C|t — z|*}dt = 1.

It is easy to see that the constraint of f, € F(C,a;x,a,b) implies p; < p < pa.
For any f,(t), define u, = [w(t)fp(t)dt.

LEMMA 5.1. If w(-) satisfies Assumptions A and B, then
(a) pp ts a continuous function of p,
(b) there exist a constant ¢ > 0 and a point py such that

(6.2) max[p;,c] <po<p2 and popo= Sup ppp = sup  f(@)m,
p1<p<p2 FEF(C,a;x,a,b)

where po = [ w(t) fp, (t)dt.

PRrOOF. (a) For any py € (p1,p2) and € > 0, we may assume that without
loss of generality p = pg + €. The analysis for p = pg — € is similar. It suffices to
show that, for any 6 > 0, we can select € sufficiently small such that |, — pp, | < 8.

Since p > po, the technical condition of [ f,(t)dt = [ fp,(t)dt = 1 implies
that W(p) > W(po). Let

Ai1(p) = A1W(p)] U A1 [W(p), T(p)] and
Az(p) = AW (p)] U Ag2[W (p), T(p)]-

Consequently, we have that

(5.3) Ai(po) € Ai1(p) and  Az(p) C Az(po).
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If t € A1(po), then by (5.1) and (5.3)
0 < fo(t) — fpo(t) = max{0,p — Clz — |*} — max{0,po ~ Clz — t|*} < ¢
and if t € A(p), then 0 < f,(t) — fpo(t) = p — po = €. Thus, it follows that
(5.4) 0< fo(t) = fort) <€ if teA
where A = A;(po) U Az(p).
If t € [a,b] \ A and fp(t) — fpo(t) > 0, then (5.1) implies that fy,(t) =

po + Clz — t|® and f,(t) = max{0,p — C|z — t|*}, hence,

(5.5) |£p(t) = foo ()] < €.

Thus, there exists some constant ¢; > 0, such that

(5.6)

/ (fp(t) - fpo(t))l[fp(t)—fpo(t)>0}dt < e
[a,b]\.A

Similarly, by (5.4), (5.6) and the technical condition of [ f,(t)dt = [ fp,(t)dt =1,
we can verify that

(6.7) /[ - |£o(t) = Foo 1 (5,(8)~ o () <0)dE < c2¢ for some ¢z > 0.

Combining (5.4) through (5.7), we have

o — i = ‘ [ wle)56) = )] < M@ Deac

for some c3 > 0. Thus, (a) holds.

(b) By the definition of p; and ps, we have p1 < f(z) < pp for all f €
F(C,a;z,a,b). Thus, it suffices to only consider those densities with p1 < f(x) <
p2.

Now, for all f € F(C,a;z,a,b) such that f(x) = p € [p1,p2], the problem
of maximizing f(z)u is equivalent to maximizing p subject to f(z) = p and f €
F(C,a;x,a,b). We first show that ft, = SUDfe 70 aima,b), f(z)=p - L€E f1p(t) =
max{0,p — Clz — t|*} and fop(t) = p + C|x — t|*. Then, (5.1) shows that fy(t) =
Fio(t)lgea ) + fop(t)ljteasp))- Since fip(t) < f(t) < fop(t) holds for all f €
F(C,a;z,a,b), it can be seen from direct integration that u, > p for all f €
F(C,a;z,a,b) with f(z) = p.

Next, for each p; < p < p2, (a) implies that fp(x)up = puyp is a continuous
function of p. Furthermore, it is obvious that sup,, <,<p, PHp > 0. Thus py must
be bounded below from 0, that is, pg > c for some ¢ > 0. Now, since pu, is a
continuous function in p on the closed interval [max[p, ¢], p2], there exists a point
po such that pouo = SUPpe(max|p; c],pz] Pho- This completes the proof. 0
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PROOF OF LEMMA 3.1(A). The first assertion is proved in Lemma 5.1, so
it is only necessary to prove (3.1). We first establish that the right hand side of
(3.1) is an upper bound. By Assumptions A and B, and Theorem 2.1, we have the
following inequalities

(5.8) sup
feF(C,a52,a,b)

/ K(u)f(z — haw)du — f(z)| < Che / K ()] |u[*du,

and, for any s > 0,

(5.9) sup / (x — hpu) K%(u) f(x ~ hpu)du
feF(C,a;z,a,b) nh

= sup [/ wHz — hpu) K2(u) f(x — hpu)du
feF(C,a;z,a,b) nh s

+ /_s wl(z — hpu) K2(u) f(z — hpu)du

—o0

+ /00 w(z — hpu) K?(u) f(z — hpu)du

0
< sup l’i [w‘l(x+)f(.1;) K?%(u)du
FEF(C,a;z,a,b) T

—3

+w (2= / K?(u)du
+o(1) +m~(a,b) sup {f(t)}
te[a,b]

X ( _: Kf"(u)dzH—/soo Kz(u)du)] .

Since s > 0 can be selected arbitrarily large, (5.9), Theorem 2.1 and Lemma 5.1
imply that [~° K?(u)du and [° K?*(u)du can be arbitrarily small. Thus,

(5.10) sup H wH(z — hpu) K2(u) f(x — hpu)du
FEF(C,a;z,a,b) nh

0 00
< %’iﬂ [w_l(x+)[w K2(u)du+w"1(ac-)/0 Kz(")]
+o(n7 hyY).

Then (5.8) and (5.10) imply that the right hand side of (3.1) is an upper bound.

To see that the right hand side of (3.1) is also a lower bound, we need to show
that it is attained asymptotically by a particular density sequence. By Lemma 5.1,
there exists po > 0 such that W (po) > 0, T(po) > 0, and f,, satisfies (5.1). Thus,
for any s > 0 and sufficiently large n, we can define a density sequence {f.,} such
that

(5.11) Fun() = Tn(®) ( / m(t)dt)_l
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where
pn+Clz—t|*  iftefr—hps,x+ hps] and K[(z —t)/hy] > 0,
pn—Clz —t|* ift €z —hys,z+ hys] and K[(z —t)/hy] <0,
P+ Clz—t|  iftefa,b\|[x—hys,z+ h,2]
N (t) = and t € A[W(po)] U Ao2[W (po), T (po)],
Y (t) if t € [a,b]\ [z — hps,z + hys]
and ¢ € A1[W (po)] U Ao1[W (po), T (po)],
\ 0 otherwise,

Yo (t) = max{2Chys*,p, — Clz — t|°} and p, = pg + 2Ch%s*.

Comparing 7,(t) with fp, defined in (5.1), it is straightforward to verify that
[ na(t)dt > 1 for all sufficiently large n, and limp—.oo [ 7, (t)dt = 1. Hence, fun
is a density in F(C, a; z, a,b) when n is sufficiently large. Moreover, we can also
verify that lim, o fun(x) = po and lim, o py,,, = to.

By Assumption A and Theorem 2.1, we can take s > 0 sufficiently large so
that the following inequalities hold for any € > 0 and f € F(C, a; z, a, b),

K(u)(f(z = hnu) — f(2))du| < Chye,

‘ |lu|>s

and
/ w (z — hpu) K% (u) f(z — hpu)du < €.
|u|>s

Thus, when n is sufficiently large, (5.11) and the definition of 7, imply that

(5.12) ’/ K(u) fan(x — hpu)du — frn(x)

= ‘ / K (W) (fan(x = hntt) = fan(z))du

> Ch [ | K (uw)||u|*du — e]

> on | [ 1KGluiodu - 2]
and

(5.13) l:sz*: /w"l(w — h ) K2(0) fan(z — hpu)du

~ nh, [/,

> Bl [/s w Nz — hau) K2 () fan(z — hpu)du — e}

nh
+o(n" A1),

> ”0—": [w—l(x+) /_Ooo K*(w)du +w™(z_) /Ooo K?(u)du — e]
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Hence, by (5.12) and (5.13), the right hand side of (3.1) is also a lower bound. O

PROOF OF THEOREM 3.1. By Lemma 3.1, it suffices to find K and h,, which
satisfy (a), (b), (d) and (e) of Theorem 2.1, to minimize the following dominating
term of the right hand side of (3.1)

Q) =izt | | lK(u)nuiadur
+ %’hi: [w‘l(x+) /_io K*(u)du + w™(z_) /Ooo K2(u)du] .

Let K(-) be any kernel such that [ K(u)du = 1. There exists a set A C (—00, 00)
such that K(u) > 0ifu € A, and fA+ K(u)du = 1. Let K, (u) = K(u)ljyca,) to
be a non-negative kernel. Then it is easy to see that K, () satisfies (a), (b), (d)
and (e) of Theorem 2.1, and Q(K, hy,) > Q(K+,hy). Thus in order to minimize
Q(K, hy,) it is only necessary to consider non-negative kernels. For the rest of the
proof, we assume that K is non-negative.

For any fixed K, the corresponding optimal bandwidth f,p:(K) can be ob-
tained through the solution of 8Q(K, h,)/0h, = 0. Routine computation then
shows that

_ . —1/(2a+1) { Polo
(5.14) hopy(K) =n~1/ (e )(m

{w‘l(m) fi)oo K2(w)du +w™z_) [;° K2 (u)du

) 1/(2(1+1)

1/(2a+1)

(J K (u)lul*du)?
Substituting (5.14) back to Q(K, h,), we have that

(5.15) Q(K, hopt(K)) = n—20!/(2a+1)c2/(2a+1)(p0u0)2a/(2a+1)
x [(2a)—2a/(2a+1) + (2a)1/(2a+1)]q2/(2a+1) (K),

where
qg(K) = (w_l(w+) /_Ooo K*(u)du+w™(z-) /Ooo K2(u)du>a

x ( / K(u)lu[adu).

Let Ks(u) = K(u) + 6¢(u), 6 > 0, be another non-negative kernel such that
J Ks(u)du = 1. Thus [ ¢(u)du = 0 and ¢(u) > 0 when u is outside the support
of K(u). The Lagrangian of q(Kj5) is given by

L) = a(Ks) + ([ Ke(wau - 1)
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for some constant d. Since g(Kj) is a convex function of 8, there is a minimizer K
of g(K) such that it is a solution of

(5.16) lim 6~ (L(Ks) — L(K)) 2 0

for all ¢(u) such that [ ¢(u)du =0 and K;(-) is non-negative.
Direct computation shows that

1}{516_1([1([{6) - L(K))

0
= [ 1@ @) + el + d(u)du

—OoQ

+ /Ooo[(Q’w_l(x_)/\lAz)K(’u) -+ /\3|u|°‘ + d]¢(u)du

where

Al—a[ ey )/ K*(u)du + w™? / Kz(udu] —l,
A2 =/K(u)|u|°‘du
and

0 0o «
Az = {w_l(qu,)/ K?(u)du + w‘l(:c_)/ K%u)du}
—o0 0
Hence any solution K of (5.16) has the form

K(u) = w($+)[a1 + a’2|u‘a]1[a1+a2|u|°‘>0,u50]
+ w(m—)[al + a2|u|a]1[a1+a2|u|°>0,u>0]
where a; = —d/(2A\1A2) and az = —X3/(2A1)2). The constraint of [ K (u)du = 1
then implies that
2(w(z+) + w(z-)) /(01 + a2|u|* Mg, +as|uje>0,uo)du = 1

and

s ot (2L02)+ w(sc-»)“
a+1
Let a; = 7. It is easy to see that any solution of (5.16) is given by K, as defined
in Remark 3.2 for some 7. It is easy to verify that, for all 7 > 0, K, satisfies (a),
(b), (d) and (e) of Theorem 2.1.
Finally, substituting K, back to g¢(K), we get

(w—1<w+) / Om K +u o) [ KE(u)du)a = Gt I
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and
(x+1)%

K “du = .
/ () uldu a®(w(zy) + w(z_))*re (20 + 1)
Substituting the above equations back to (5.15), we see that

2 “ o o
o) = (a0 e

which is independent of 7, and that n2*/ (2"‘+1)Q(Kopt, hopt) has the desired form
given in the right hand side of (3.6). The proof for f, can be obtained by the same
method. O
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