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Abstract. In the non-regular case, the asymptotic loss of amount of infor-
mation (extended to as Rényi measure) associated with a statistic is discussed.
It is shown that the second order asymptotic loss of information in reducing to
a statistic consisting of extreme values and an asymptotically ancillary statistic
vanishes. This result corresponds to the fact that the statistic is second order
asymptotically sufficient in the sense of Akahira (1991, Metron, 49, 133-143).
Some examples on truncated distributions are also given.
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1. Introduction

In the regular cases, the amounts of information like Fisher, Kullback-Leibler
etc. play an important part in calculation of the loss of information associated
with a statistic. However, in non-regular cases, they are not always useful in
the calculation. So an amount of information is proposed and investigated by
Akahira and Takeuchi (1991) from the viewpoint of non-regular estimation, and
also by LeCam (1990) in relation to the concept of affinity introduced by Matusita
(1955). The order of consistency of estimators in terms of the information is
also discussed by Akahira (1995) in non-regular cases. Related results can be
found in Papaioannou and Kempthorne (1971) and Akahira and Takeuchi {1995).
In this paper, in a more general non-regular framework, we define the second
order asymptotic loss of amount of information associated with a statistic using
an amount of information extended to as Rényi measure, and consider the loss for
a statistic consisting of extreme values and an asymptotically ancillary statistic.
The main result is that the second order asymptotic loss of information of the
statistic vanishes. Further, some examples on truncated distributions are given.
In a similar situation, it is shown in Akahira (19915) that the above statistic is
second order asymptotically sufficient in some sense. The related results in the
estimation problem on a location parameter of the double exponential distribution
are obtained by Akahira and Takeuchi (1990).
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2. The amount of information

Suppose that Xi,...,X,, are independent and identically distributed (i.i.d.)
real random variables with a density function f(z,6) with respect to a o-finite
measure u, where 6 belongs to a parameter space ©. Then, we consider the
quantity which was defined by Akahira and Takeuchi (1991) as an amount of
information on X; between f(-,60;) and f(-,62) for any points #; and 62 in © as
follows.

(21) IXl (01762) = -8 lOg /{f(‘rvel)f(x’HQ)}l/2d/~"(I)

Here, the integral in the above is called affinity between f(-,6;) and f(-,82) (see,
e.g. Matusita (1955) and also LeCam (1990}). This amount (2.1) of information
was introduced in consideration of an application to non-regular cases, such as
truncated densities, and a connection with the amount of Fisher information. The
amount (2.1) of information is also extended to as Rényi measure:

8

— o2

(22)  LJ(0n62) = logJ/.f(w,91)“"”/2f(x,02)“*‘”/2du(r)

for -1 < a < 1. When o = 0, the amount (2.2) of information coincides with
(2.1). Let Ty = T7(X) and T; = T>(X) be statistics based on a sample X =
(X1,...,X,) of size n. Let fa(t1,%2) be a joint density of T} and T» with respect
to a direct product measure up, ® pr,, fo(t1 | t2) be a conditional density of
T1, given T3, with respect to the measure pz,, and gs(f2) be a marginal density
with respect to the measure pp,. Then, we define an amount Iy, )7,(01,62) of
information on T3, given T5, between fy (¢1 | t2) and fg,(t1]t2) for any disjoint
points #; and 6> in © as follows.

(23) IS0, (61,62)

8

T 12 log/fgl (t3 | 82) 1772 fo, (41 | £2) T 2dpr, (21).

LEMMA 2.1. Forany By, 02 in© and -1 < a < 1,

o 8 1 —0o? (4
(2.4) I;I?Tz(t%,ﬂg) =— 1—_§log/ {exp{— 3 I:(F1|)T2(01’92)}]

- 9o, (t2) 179 2 g, (t2) 1T 24y, (o)
1-a?

8 o
:T?EMEF%_S %@@%%

+ 1561, 82),

where the ezpectation E|[ ] is taken under the density

g6, (tz)(l_a)/Qgez(tz)(l_'_a)/? / /ggl (tz)(l_a)/Qg%(t2)(1+a)/2duTz (t2)‘
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PROOF. Let « be any fixed in (—1,1). We have
(25) I3Vr (81,62)
3 .
= -1—;_2;5 lOg // f91 (tlat2)(l_a)/2f02 (tlth)(1+a)/2
~dyr, (t1)dp, (t2)
8 -
=g o [ U | 2)gu 1))

1
{fou(t1 | t2) g, (82)} 1 2dpr (t1)dpur, (t)
8

a2
o [ { [ gt |02, 1| 2) ) 2, <t1>}
- goy (t2) 17 2 gy (1) I+ 2y, (t2)
=7 —8a2 log/ [exp {_ 1 _80‘2 ISJ)TQ(QLGQ)}J

" 9o, (tg)(l_a)/zgez (tQ)(1+a)/2duT2 (t2)

Since

[/ w0 1) e 1)
- goy (1) 7 2gg (1) I 2y (8)
-/ { [ o 121002 g 1 2) 2, mﬂ

s, (t2)(l—a)/2982 (t2)(1+a)/2
[ g6, (t2) 1= 2gg (t2) 1+ 2dpr, (t5)

' [/961 (t2)1 ) 2gy, (t2)(l+a)/2dﬂT2(t2)J du, (t2),

it follows from (2.5) that
I(T??Tz, (01.62)
8 —x [03
= — log/ [/ o (b1 | 82) 792 fo (81 | £2)0F )/zdﬂTl(tl)J

1—a?
g, (t2) 1)/ 2 gy (25)(1F+2)/2
[ g0, (t2)0 =/ 2gg, (t2) 1+ 2dpr, (¢5)

log/gol (t2) 7 2 gy, (£2) 1+ 2, (85)

dp’Tz (t2)

1—a?

8 B )
T 12 log & [/ Jou (1] t2) 172 fy, (11 | £)1F 2 dur, ( )}
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+ I (61,62)

1—a?

log E [exp {— 3 IZS"?I)TQ (91,02)}] + I:(r‘:)(01,02).

a2
Hence (2.4) follows as required.

Since X, ..., X, arei.i.d., it follows that the amount of information (extended
to as Rényi measure) on X between f(-,6;) and f(-,82) for any disjoint points 6;
and f; is given by

(2.6) I$(61,02) = nI$)(61,62)
for —1 < a < 1. It can be also shown that
(2.7) 1§07, (61,62) < I (61, 62)

for —1 < o < 1 (see Akahira and Takeuchi (1991) for o = 0). Further, for each
a with —1 < o < 1 we can consider the loss of information of any statistic 7, =
T.(X) as I;?‘) (61,02) —I}i) (61, 62), and, in the next section, discuss the asymptotic
loss up to the second order, i.e. the order o(n~!) when |0, — 85| = O(n ™).

The relationship between the amount Ig(al) of information and that of Fisher
information is stated as follows. Under suitable regularity conditions on f(z,8),
we have for any fixed a and sufficiently small Af

12)(6,6 + A9)

8 —a a
— log/f(a:,(i)(1 V2 f(x,0 + AB) /24y ()

1—
1-—
= _1_8_log/exp{ Zalogf(a:,e)

+1 —;—a log f(z,0 + A9)} du(z)

(1+ a)Ab dlog f(z,0)

___8 log/eXp {logf(w,9)+

1-a? 2 00
1+ a)(A8)2 B log f(z, 6 ,
DR TI0RLED) 4 o207} dute
- _8a2 log [1 N (1+ ai(AB) /6 loggQ(x,H)f(m,e)du(x)

2 2 2
+ (1+ a)*(A8) /{Blogafém,ﬁ)} £ 0)dp(z)

8
+ 0((A8)?)
S NV PR 2120
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P LLEROOR )+ of(207)

8 1 - a?)(Af)?
=TTz 8 1_(—__8)(—)
= Ix, (0)(A0)% + o((A8)?),

where Ix, (8) = Eo[{(8/00)log f(X1,6)}?] which is called the amount of Fisher
information. Hence, in the regular case, the investigation on the loss of information
associated with statistics is reduced to the works by Fisher (1925), Rao (1961),
Ghosh and Subramanyam (1974) and others.

I, (6) + o((AeV)]

3. The loss of information

Suppose that Xi,...,X, are ii.d. real random variables with the density
f{z,6) with respect to the Lebesgue measure and consider the location parameter
family f(x,6), € R, defined by f(z,0) = fo(x — ) for z € R'. We assume the

following conditions:

folx) >0 for a<az<b,

Al
(A1) fo(x)=0 for z<a, x>0,

where both a and b are finite.
(A.2)  fo(z) is twice continuously differentiable in the open interval (a,b) and

Jim fol@) = lim fola) =c.
. 12 _ . ! —
xl{glo fO(I) - x«l—ig—li—() fo(l‘) h’u

where c is a positive constant and A is a constant.

b
(A.3) 0<Ip / {F4@) 2/ folw)da < oo.
Putting

b 2 o
(3.1) r=- [ R e

we have from (A.1) to (A.3)
(3.2) [—Iy=—2h.

Indeed, since

b
1= [ ERERE )0

)
/ @dz+ | Fa ©
_f0a+0 f(l)(b'—O)—FIo

= —2h + Iy,
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we get (3.2). We also obtain, from (A.2) and (A.3), 0 < I < co. In the situation, it
is known that the order of consistency is equal to n. Then, we have the following.

THEOREM 3.1. Assume that the conditions (A.1) to (A.3) hold. Then, for
—1<a<1 and a small A

10,6 +A) = Bc|A| + {4¢2 — 2h + T — 62(2h + I)}A?] + o(A?)

— a2
and

16,6 + A) = T Ben|Al +{4¢ —2h + 1 — &* (2 + 1)}nA’]
(nAz).

ProOOF. Without loss of generality, we assume § = 0. First, we consider the
case when A > 0. Put I(z) = log fo(z) and let « be any fixed in (—1,1). Since

f0($)(1—a)/2f0($ _ A)(1+a)/2

:exp{lgalogfg(x)—k 1—i2_alogf0(a:—A)}

1+a

= exp {log fo(z) — }%Al’(x) A% (z) + 0(A2)}

1+a

Al'(z) + —

1+a 21
5 A" (x)

= fo(z) {1 -
PR + o0},
it follows that

(3.3) / fo(x) (1 a)/2f (z — )(1+a)/2d$

/ folz)dz — 20‘A /:;Al’(x)fo(a:)dx

1+QA2 /b "(z) fo(z)dz
a+A

L +e?
8

b
A? / {V(2)}? fo(x)dz + o( A?).
a+A
From (A.2) we have
b at+A
(3.4) /+A folz)dz =1 —/ fol(z)dx
=1- {Afo(a +0) + A72f6(a + 0)} + o(A?)

=1-cA+ gf_\ﬁ +o(A2).
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From (A.2), (A.3) and (3.1) we obtain

b b a+A
(3.5) / V@ () = [ @) folz)de - / () folw)da

+A
a+A
—— [ fayia
= hA + O(A2),
b b a+A
(3.6) / G / " (2) folx)de / V(@) fol)de
= -1+ 0(A),
b
(3.7) (V@R folde =l + O(a),

a+

Substituting (3.4), (3.5), (3.6) and (3.7) into (3.3), we have

b
[ @ e = )
Ja+A

. 1
=1-cA-Sha? - +O‘1A2 u ;‘” LA? + o(A?)

s 1 . 2
zl—cA—-g—h,A“— Zo‘m%r U 4 ana? + o(A2),

hence, from (A.1)

8 ’ - 154
I5)(0,8) = ——— log / Jo@) 07 2 o — A) 0 2
a+
8 a 1+«
=——— _log{1—cA——hAZ - ——JA?
T2 og( c QhA 1 A
1 2
PR (1+2h)A2+o(A2))
-8 Ayt {4c® — 2h + I — &®(2h 4+ )} A + o(A?).
1— a? 1—a?

In a similar way to the case A > 0, we have for A < 0

1
Iggl)(o,A):_lS cA+1_&2{4c —2h+ 1 — &*(2h + I)}A® + o(A?).

—a?

It is easily seen that the asymptotic value of Ix(0,A) follows from (2.6). This
completes the proof.

We define the extreme statistics § and § by 6 = mini<;<n, X; —a and 6 =
maxi<i<n X; — b, and put

Zy(0) = — Z ,_9) for 6<6<9.



356 MASAFUMI AKAHIRA

Let 8 be a true parameter and put 6* = @ +6)/2. Then it is seen that 6* is a
consistent estimator of 6y. Putting U = n{# — ) and V = n(d — 6y), we see that
the second order asymptotic joint density g,(u,v) of U and V is given by

(
c2e—c(u=v) [1 + %{—1 + 2c(u — v)

+ %((u+v)2+(u—v)2)
(38) g’n(u’v) = 4 2 h 1
—E(u —-v)? - E(u - U)H +o0 (ﬁ)
for v<0<u,

0 otherwise,

(see Akahira (1991a, 1993)). It is seen from (3.8) that U and V' are asymptotically
independent but not so up to the second order.

LEMMA 3.1. Assume that the conditions (A.1) to (A.3) hold. Then, for
—1<a<1andanyAcR!

/ / gn(u — 00,0 — )1 2g (u— by — A, v — 0y — AT 2dudy

—eo iy Lot}

(@) _ 8 4 9 9 1
Lignglfr o+ 8) = T3 A+ Ty, (0~ WA +o <E> '

and

Proor. Without loss of generality, we assume that ; = 0. Let o be any
fixed in (—1,1). From (3.8) we have for any A >0

/ / gn(u, v)(l"“)/zgn(u —Av— A)(1+°‘)/2dudv

0 0
11—«
— 2, —c(u—v) ) _
/_oo/A c‘e [l-i- o { 14 2¢(u —v)

+ = ((u+ )%+ (u-v)?)

Lot wbeo(2)]

1+«
1+ 2 1 2e(u —
[ + o { + 2¢(u — v)

S sl

F 2 (o287 4+ (- 0)?)
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2

_ %(u — )% — _Z(u _ v)} +0 (%)Jdudv
0 [ers]
:/OO/A 2o clu=v) [1+~2—1;Z-{—2+4c(u—v)

+ %((um? +2(u— )" + (utv - 24)%)
—P(u—v)? - ’2‘:“1(“ - U)}

+ % {g((quv —2A)? - (u+v)2)Hdudv

)

Y 1 h h
:/ / cze_c(“_”){l—%—{—1+2c(u—v)+z(u+v)2+—(u—v)2

o JA n 4

CZ

— 5 u—v)

h

h h
2 )=y A2
c(u v) 2(u+v)A+2A}

+ ;—:(—A(u +v)+ A2)J dudv + o <1>

n
=e A 1+i(h—02)A2+0 1
2n nJ’

Then we have

I?(z%,)nf(o’ A)

8 oo o0
s log/ / 9n (1, v)(l_"‘)/Zgn(u —Av— A)(Ha)/?dudv
- —oo v —oc

— 8 —cA 1 2\ A2 l
=173 log [e {1+-—2n(h c)A +O<n)}:‘
8 4 2 2 1

= 1_a2cA+ (1ﬁa2)n(c h)A +O<n)‘

Similarly we have, for any A < 0, the integral value and

(@) _ 8 4 2 _ 2 l
Iné,nQ(O’A)” I—QQCA+“(IAa2)n(C h)A +o<n>.

Thus we complete the proof.

Put Zf = Z;(0*). Then it is noted that Z1 is an asymptotically ancillary
statistic.

LEMMA 3.2.  Assume that the conditions (A.1) to (A.3) hold and A =
O(1/n). Then the conditional information of Z; /(Ig\/n) given @ and 8 is obtained
by

()

1
— 2 2
]Z{/(Io\/ﬁ)jﬁ,g(go’eo +4A) =nlA*+o <n)
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for -1 <a<1.

PRrROOF. Without loss of generality we assume that 8 = 0. Put Z9 = Z;(0).
Then the asymptotic conditional cumulants of Z{ given U = u and V = v, under
Ao = 0, are obtained by

Eo[Zglu,v]:_}l(“i\/%“’)_FOp(#),

%(Z?]u,v)=10+%{—210+ (do——) (u—v)} (%)

ks(Z0 | u,) = — = 4 0, (i) ,

vn ny/n
Kka(Z) | u,v) = il ot 0, (n\l/_)
where
b
- [ foteis
and

H= /{z (2)}* folz)dz — 312.

Hence the Edgeworth expansion of the conditional distribution of Z9/v/T given
U =wu and V = v is obtained by

F(z |uw) = P{ZY/VIy < 2| U =u,V =0}

h(u + v) K
= ®(z) + N ———"0(2) — —nﬁ;’ﬁ(zz - De(z)

H 3
S (? 3602

. {2 . (c - %) (=) — ———hg(“g v)” } 24(2) + o (%) ,

which yields the asymptotic conditional density of Z9/v/To given U = wand V = v
as follows.

h(u+wv K
F29/v1, (2 | w,v) = 6(2) — %w(z‘) - W(ﬁ — 3z)8(2)
' 24513 S %W(l —2)¢(2) + o (%) :

where ®(2) = ffoo ¢(u)du with ¢(u) = ﬁe‘“z/z, and W =2—(c— z}%)(u—v) -
2
%ﬁ;v)?. Let a be any fixed in (—1,1). Since Z; = Z{ + 0,(1), it follows that

fZ{‘/\/E(z i uav)(l_a)ﬂle*/\/n(z —vnhA | Uav)(Ha)/?
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(1 —a)h(u—l—v) (1-a)K
=3 1= - 3/2
2vnly 12\/nl;
(1-a)H (1-a)W
48 48ni2 4n
(@® —1)h%(u+v)? , n (@® = 1)Kh(u +v)
8nl, ¢ 24012

(@ —1)K? 5 1
+W(2 —32) +Op H

d+a)h(utv)
'{1 2v/nly SR V)

g}%( - 32— 3(2% — 1)y/nhA)
1+a)H (1+a)W(1_ 2)
48nl? 4n ”
(@? — 1)h2(u + v)? 2 (o? — YKh(u+v)
8nly 24nI?

(¢ - 1)K? 3 _ a2 1
+ 288n 13 (27 = 32)° + 0, -
{1+——\/nIgAz+

2
+a 3 nIoA2 2~l—0( )}

_{l_h(u’—i_v) 3_ )
N nly © 6\/_13/2

(2% — 32)
(z4 =622 +3) + (1—22)

(z* - 32%)

(2% — 627 +3) +

(z* = 322)

O IoA2(2 — 1)

N

I

24n i35 2

(z* - 62% + 3)

359

W(1~ )+1Lh( )A+(1—+Q—)K—A(zz—l)+op(%)}

41

nIOAQ(z - 1)

. { L + —/nlgAz +
a? — 1
+ 5 nIoA222 +o (E) }qﬁ(z)

21 1 h
-_—{1+a8 nIOAQzQ—l—%\/nIOAz— (u—f—v)z

'I’LI()

. H
e (25— 32) +
6y/nly’ 24n 13

lfTa (% — 9h(u+ v)) A2 —1) +

(1+a)K 1
_ WAz(zg’ —32) +0p (E) }d)(Z)-

1+«

w
(24—6z2+3)+%(1—22

’!),IQA2(22 —
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Hence the conditional information of Z;/(y/nly) given 8 and @ is given by

(@) /
IZ{/\/I—olu,v(O’ ’I’LI()A)
8 e _
=i a2 108/_00 fz;/\/E(Z l U,U)(l a)/2
'fZ;/\/E(Z — /nlA | u,v)3T9/24;

e 2_1 1
= ———8— log / 1+ e nlyA%Z2% + + a\/nIOAz
1—a? 8 2

h(u+v) K 3
- z— (2° — 3z
vnlg 6yl )
H 4 _c2 w 2
— 3+ —(1 —
+ 24n1_02(z 62"+ 3) + 2n( z%)
+ lta (-If — 2h(u + v)) A(22 —-1)
4 Iy
+ Lt anIOA2(z2 -1)

- %?—O)——I-(—AZ(Z3 - 32)}¢(z)dz +0 (%) ]

8 042—-1 2 1
.-_—1_a2log(1+ 5 nlpA +O(ﬁ>>

This completes the proof.

From Lemmas 3.1 and 3.2 we have the following.

THEOREM 3.2. Assume that the conditions (A.1) to (A.3) hold and A =
O(1/n). Then the information of the statistic (Z}/(v/nly),0,8) is given by

(@) _ 8
L jirygalfo 0o+ 8) = y—zenld

4
+ {1 — az(cz —h) +IO}nA2 + o(nA?)

for -1 <a<1.

Proor. Without loss of generality we assume that 6y = 0. Let a be any
fixed in (—1,1). From Lemma 3.1 we have

x> O
/ / gn(u, 0) 17D 2g (4 — nA, v — nA)1FT/ 2gydy

= e~2MA] + (h— 2)nA? + o(nA?)}
=C(na)  (say),
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and
() gl
(3.9) L5 0.8) =12 (0,n8)
4 2 2
= 7oAl 75 (¢ — h)nA® + o(nA?).
From Lemma 3.2 we obtain
(a) _ pla) . 9 5
L el O D) = 15 1o (0 VIO A) = IonA® + o(nA%),
hence, by Lemma 2.1,
(o)
(3.10) IZI/(\/ﬁIo)ﬁ,Q(O’ A)
8 e 1-0” (a)
= {2 log E —exp {‘ 3 IZ{/(\/ﬁIo)IE,Q(O’A)H
@)
+ I@,g (0,A)
8 [ 1-a? 2 2
= —mlogE _exp{— 3 IpnA* 4 o(nA )H

(a)
+1;5,(0.8).

Since, by Lemma 2.1,

8

—-/OO/OO ex —1_a2InA2+o(nA2) !
AN S L L B Cnd)
gn(u+nd, v+ nd) 9 2g (u— nA v — nA) T 2qudy

= e (1=aInAYB1] 4 oA},

E [exp {— L= A o(nAQ)}J

it follows from (3.9) and (3.10) that

4 2 2 2
C’l’l|A| + —1——_&2—(6 — h)nA +O(TLA )

(? —h)+ Io} nA? + o(nA?).

St (0,A) = IgnA? +

Z;/(Vnlo).8.8 1-a?

1—a?

8

This completes the proof.

Next we define the second order asymptotic loss of information (extended to
as Rényi measure) of any statistic T,, = T,,(X) as
1

LENT) = — (I8 (6.0-+ ) — 16,0 + M)} + o(1),
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for —1 < a < 1, where A = O(1/n). Then we have the following.

THEOREM 3.3. Assume that the conditions (A.1) to (A.3) hold and A =
O(1/n). Then the second order asymptotic loss of information of the statistic
Tr = (Z7/(v/nly),8,8) vanishes, that is,

LENTy) = o(1)
for -1 <a<1.

The proof is straightforward from Theorems 3.1 and 3.2 and (3.2), since

1 « «
W{I§‘ (0,4) - §Y(0,A)}
1
=I—Io+2h-+—0(1)
=o(1)

for -l<a<l.

Remark 3.1. Note that the above result does not depend on «, that is,
the second order asymptotic loss Lgba)(T;) is independent of o up to the order
0(1). This shows that the result becomes invariable for such types of amount
of information. The result of Theorem 3.3 also corresponds to the fact that the
statistic T¥ is second order asymptotically sufficient in Akahira (19915), and is also
closely related to the fact that, for any fixed t € R!, the maximum probability
estimator 6%, constructed from T has the second order two-sided asymptotic
efficiency in some class of estimators for the case h = 0 in Akahira (1991a). It
means that, in TF, the statistic Z7 /(y/nly) has the asymptotic full information on
the inside of the interval (a + 6,b + 6), i.e. the support of the density fo(z — 0)
and the remainders § and # have the one on the end points a + 8 and b+ 6, up to
the second order.

Remark 3.2. In (A.2) we assume that fo(z) and fj(z) at each endpoint of
the support have the two same limits, but the above may be similarly extended to
the case when they have the two different limits.

4. Examples

In the previous framework, we now give some examples on truncated distri-
butions.

Ezample 4.1. (Truncated normal distribution) Let X1,..., X, be i.i.d. ran-
dom variables with a density function

folz—0) = 4 € for |IE.— 0 <1,
0 otherwise,

~(z—6)/2
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where 6 is a real-valued unknown parameter and c is some positive constant. Then
it is easily seen that lim,_, .9 fo(z) = limg .1 ¢ fo(z) = ce~ /2 and that h =
lim, 1 f3(2) = —lim_1.¢ f3(2) = —ce™ /% since fj(z) = —cze /2 for |zl < 1.
Since the conditions (A.1) to (A.3) are satisfied, it follows from Theorem 3.3 that
the second order asymptotic loss of information of the statistic (Z7/( /nly),8,8)
vanishes, where Z¥ = n(X — 6*), X = > Xi/n, 0* = (0 +0)/2 with 0 =
maxi<i<n X; — 1 and 0= mini <<, Xj + 1, and I =1 — 2ce1/2,

Example 4.2. (Truncated Cauchy distribution) Let X1,..., X, beii.d. ran-
dom variables with a density function

folw—0)={ 1+(@—0)?

0 otherwise,

for |z-6] <1,

where 6 is a real-valued unknown parameter and c is some positive constant.
Then it is easily seen that limg ., 1.9 fo(z) = limz—1-0 fo(z) = ¢/2 and that
h = 1im$4>1—0 f(IJ(:L') = _lim$—4~1+0 f(/)(x) = ‘6/2 since f(l)(‘r) = —'2693/(1 + '7:2)2
for |z] < 1. Since the conditions (A.1) to (A.3) are satisfied, it follows from

Theorem 3.3 that the second order asymptotic loss of information of the statistic
(Z7/(v/nly), 0. 0) vanishes, where

z; IZ ‘_9*9*) b= @+0)2

with § = maxi<i<n X;—1and 0= minlgign X;+1, and

1 SUZ
Ip=8c | —dg.
0 CL 1+ 253"

Ezample 4.3. Let Xi,..., X, beiid. random variables with a density func-
tion
cexp[{l — (z — 0)*}*] for |z -0 <1,
0 otherwise,

fole - 0) = {

where 6 is a real-valued unknown parameter and p > 2 and c is some con-
stant. Then it is seen that lim, ., 1.9 fo(z) = limy .19 fo(z) = ¢, and that
h o= lim, . 140 f3() = —lim, . o fo(z) = 0, since fy(x) = —2epa(1 — z2)p!
—(1=2")" for |z|] < 1. Since the conditions (A.1) to (A.3) are satisfied, it fol-
lows from Theorem 3.3 that the second order asymptotic loss of the statistic
(Z3/(\/nlp),8,8) vanishes, where

Zr = \/_ZQp 01— (X; - 67271, 0" =(0+6)/2

with Q = mMaX)<j<n XL' —1and 9 = minlgl‘gn Xi + 1, and

1
Iy = 8p2/ (1 — 1:2)2p'gce(1_$2)pdx.
0
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