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Abstract. This paper establishes essentially complete class theorems and
gives conditions for admissibility of tests for parametric families of distributions
having some kinds of regular variation properties. A complete treatment of
topologically contiguous one-dimensional bounded and unbounded hypotheses
is given. Examples of applications to well known families of distributions are
presented.
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1. Introduction

Most of the research in the field of complete classes of tests has been devoted
to testing problems involving exponential families of distributions and there are
few results for non-exponential cases. In this paper we consider problems of test-
ing one-dimensional hypotheses for families of distributions whose densities vary
asymptotically at a lower rate than exponential families in the sense given by As-
sumption 2.3, which is a generalisation of Karamata’s (1930) definition of regular
variation. Well known examples of such families are the location families of the
double exponential, logistic and Cauchy distributions and the scale family of the
Cauchy distributions. Other examples are provided by the location families of
Rider’s (1957) generalised Cauchy distribution, Gumbel’s (1944) generalised lo-
gistic distribution, Talacko’s (1956) hyperbolic secant distribution and the scale
family of generalised Cauchy distributions. The generalised logistic and hyper-
bolic secant distributions belong to Perks’ (1932) family of distributions. For the
definitions and basic properties of the distributions mentioned above, see Johnson
and Kotz (1970). If a null or alternative parameter space is unbounded or if
these spaces are topologically contiguous an explicit characterisation of a proper
essentially complete class is usually difficult. Lehmann (1947), Birnbaum (1955),
Matthes and Truax (1967), Farrell (1968), Ghia (1976), Eaton (1970) and Marden
(1982) present certain complete class theorems for a simple null hypothesis for
cases such as exponential families of distributions, separated null and alternative
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parameter spaces or alternative spaces contained in a cone. A quite general case
of a simple null hypothesis versus an arbitrary alternative is considered in Kudé
(1961) but explicit forms of tests constituting a complete class are not presented.
Only the result by Brown and Marden (1989) yields a satisfactory characterisation
of such tests.

We assume a sample space X, a o-field F of subsets of X, and a family of
distributions {Py : # € O} on F, where the parameter space © is a subset of
the real line. We also assume that every Py has a probability density function
(PDF) fp with respect to a certain o-finite measure 4 on F and all fs have the
same support. A test of a null hypothesis Hy : 8 € B9 C R versus an alternative
Hy: 60 € 0,4 C R is represented by a measurable function ¢ : X — [0,1] and its
risk function is defined by

E9(¢), if # € B

(1.1) ro(¢) = { 1— Eg(¢), if0€Oa.

In Sections 2, 3 and 4 we give complete class theorems for simple null versus
two-sided alternative, non-simple null versus two-sided alternative and one-sided
null versus one-sided alternative hypothesis testing problems, respectively. Sec-
tion 5 is devoted to applications of the notions of regular variation and (in our
present terminology) additive regular variation to problems of testing scale or lo-
cation parameters. In Section 6 we give some conditions for admissibility of tests
from the essentially complete classes. In Section 7, we introduce the notion of
locally best at infinity tests which are the most sensitive to big departures from a
null hypothesis. Section 8 contains examples of test procedures from the complete
classes obtained and characterisations of their properties.

2. Simple null hypothesis

In this section we deal with simple null hypotheses and two-sided alternatives
under an asymptotic assumption that admits the two-point compactification of
the real line. An essentially complete class theorem, proven here, could be ob-
tained as a corollary of the result of Brown and Marden (1989) by an appropriate
reparameterisation of the parameter space as a bounded subset of the real line.
However, using similar methods we give a simpler proof of our theorem which sets
the stage for the next two sections where we deal with non-simple null hypotheses.
Before formulating the main theorem of this section, we state some assumptions
and definitions similar to those of Brown and Marden (1989).

For a Borel set 2 C R denote by P(Q2) and F(Q) the sets of all probability
and finite Borel measures on {2, respectively.

Consider testing the hypothesis

(2.1) Hy:0=0y versus Hy:0€0,4C{0:0+#0y},

where 6 is a left and right limit point of © 4. Take real numbers 67, 5 such that
0] < 8y < 0 and define sets ©1 and ©, by

@12[9/1,9“0@,4 and @2:[ ﬂ,eé]cﬂ@A.
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AssuMPTION 2.1. A family of PDFs {fs(x)} is such that fs(x) is a contin-
uous function of the parameter 8 for p-almost all x € X. There exists a positive
function a(f) such that Rg(x) = a(f)fo(z) can be extended to a positive function
of 6 on the closure © of the parameter space ©, which is continuous except possibly
at 6] and 65, and which is right-continuous at 8] and left-continuous at 63, and
the limits limg_; — Rg(z) and limg_,g; .+ Ry exist and are finite for p-almost all z.

From now on we use the convention that whenever we integrate Ry(z) over
the set ©2 we put

, — i ’ = 1 .
Ry, (z) gggfil_Re(l') and Ry (z) 9_152+Re(33)

AsSuMPTION 2.2. For p-almost all = there exists a neighbourhood U, of 8y
such that Rg(x) has continuous first and second partial derivatives with respect
to f at every point of U,.

AssuMPTION 2.3. There exist positive functions R4 (z) and R_(z) such that

, lirf Ryo(z) = Ry(z) and , lim Ry(z) = R-(z)

for p-almost all z € X.

Assumption 2.2 is used to deal with the problem of topological contiguity of
Oy and ©4. The purpose of Assumption 2.3 is to treat unbounded alternative
hypotheses. If Assumptions 2.1-2.3 are satisfied, for a certain function «(6), then
by considering Rg(z)/Re(zo) we can see that these assumptions hold with a(6)
defined by fy(zo)~! for p-almost all zo. For convenience, in the case of testing
problems involving location families, we usually take functions «(6) defined by

(2.2) a(f) = {fe(O)‘l, if 6 € ©,,

1, otherwise.

Define, for p-almost all z € X, the following function of  on ©;:

OR
Ro(w) ~ Ray@) - 22| (g g
6=5 if 0 £ 0
(2.3) Dy(z) = (0 — 00)2 > ! 0y
1 8 Ry(z) ,
2 e, if 0 =6,

Let I' = {(on,2,03) : ag > 0,]|a1| + |az]| + as = 1}. For F € P(©,),
G e ]:(@2)7 (a17a2,a3) € Fa 61 Z 07 /82 2 07 set

(2.4) d(z) = a1 Ry, (z) + a2 %Re(l‘)

T /@ Dyfa)F(do)

+ / Ro(z)G(df) + 1R+ (z) + f2R_(z).
O3
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Under Assumptions 2.1-2.3, we define ® to be the class of all tests of the form

o(z) = {1, if d(z) > 0,

2.5
(2:5) 0, ifd(z) <0, p-ae.

THEOREM 2.1. If Assumptions 2.1-2.3 are satisfied, then ® is an essentially
complete class of tests for testing hypotheses (2.1).

PrOOF. Let {m;} C P(O) be a sequence of prior probabilities concentrated
on finite sets and let

@) a@={,} = [ HEmn@) - w@nen{]}o

be the corresponding Bayes tests. By the complete class theorem of Wald (1950),
all limits in the regular sense (which is equivalent to weak* convergence in
L>®(X,F,u)) of convergent sequences of tests (2.6) constitute an essentially com-
plete class. Assume that a sequence (2.6) converges in the weak* sense to a test ¢.
We shall prove that ¢ € ® by showing that, there exists a subsequence {is} C {i},
such that the sequence {¢;,} converges pointwise to ¢ on the set {d(z) # 0} for a
certain function d(z) of the form (2.4).

We can assume that m;({6p}) > 0 for almost all i. Otherwise, it is possible to
extract a subsequence {is} of {i} such that ¢; (z) = 1 p-a.e., and therefore the
limit test ¢(x) = 1 p-a.e. belongs to ®.

If we set 7/(df) = a(8)1m;(df), and use Dy(z) defined by (2.3), then

(2.7) A fo(@)ms(df) = fo, (2)mi({60}) = Ray (2)[mi(©1) — mi({60})]

0 /
o [ gy 0-om@)
+ [ D)o~ o0y (a0)
+/@2 Ry(x)7}(dh).

For i =1, ... define probability measures F; € P(01) by
Ie, (6)(8 — 60)*m;(db)

(2.8) Fi(df) =14 Jo,(0 —00)*mi(df)
w(d), otherwise,

if 7/(01) > 0,

where T4 denotes the indicator function of a set A and = is an arbitrary element of
P(01). Using the probability measures (2.8), we can rewrite the right-hand side
of (2.7) as

(2:9) (5O ~ (e DIRey(@) + [ (0 00)7(d8) 5 Roo)

(53] 9=06¢

+ /9 (0~ 00xan) /@ Dof@)Fide) + [ Ro(w)ri(ar)
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Set
(2.10) si=|w;<@1>—w;<{ea})|+} /@ (o—oo>w;<de)]+ /@ (60— 60)2r!(d6).

Since m;({f0}) > 0 for almost all ¢, S; > 0 for almost all 1.
Define measures G; € F(0;) by Gi(df) = Ie,(6)S; '7}(d). Dividing the
expression (2.9) by S; for each ¢ such that S; > 0 yields

1 i 0
(2.11) 01" Ry, (¢) + 3”55 o (2)

+ol? [ Dy(z)F,(d6) + / Ro(x)G;(d6)
=0, e, SH

for a certain triple (a; ), (2) ol )) el.

We now make the conventlon that whenever in the further course of the proof
we assume that a sequence is convergent we mean that it is possible to pass to a
convergent subsequence which can be relabeled as the original sequence.

Each F; is a probability concentrated on ©; so that the sequence {F;} is
tight. Hence, by Prohorov’s theorem, we may assume that F; — F weakly. Fur-
ther the set I' is compact, hence, again we may assume that («; (1) (2) (3))
(o1, 02, as) € I'. We treat each G; as a measure on the two-point compactlﬁ;atlon
03 U {—00, 400} of O, which we denote by ¢(02). If limsup,_, ., Gi(02)= o0,
then we may assume that lim;_,. G;(©2) = +00. Since Ry(z) is separated from
0, the expression (2.11) diverges to infinity and ¢;(x) — 1 for y-almost all x € X.
In the case when limsup,_, . Gi(02) < 400, we can assume that for some mea-
sure G € F(c(©3)), G; — weakly. By Assumption 2.3, we can extend Ry(x) to a
function Rg(z) of 8 on ¢(©2) by putting R_(z) = R_(z) and Ry (z) = Ry (x).
Since Ry(z) is a bounded and continuous function of 6 on ¢(©3), the sequence
(2.11) converges p-a.e. to (2.4) and the sequence of tests corresponding to (2.10)
converges p-a.e. to the given test ¢ on the set {d(z) # 0}. Coefficients 51, (2
in (2.4) satisfy 81 = G(+00), B2 = G(—0oc) and the measure G in (2.4) is the

restriction of G to ©,. 0

The set @ is independent of a particular choice of 8] and 65,.

Note that it is not clear whether all measures F' € P(0,), G € F(O,), triples
(01, 02,a3) € T and numbers 8; > 0, G2 > 0 which are used in the definition
of the class @, can be attained by the limiting process considered in the proof of
Theorem 2.1. The following theorem gives a solution to this problem:

THEOREM 2.2. Under Assumptions 2.1-2.3, for each (o1, 2,a3) €T, 1 >
0,82 >0, F € P(O1) and G € F(Oy), the corresponding test (2.5) is a weak* limit
of a certain sequence of Bayes tests with respect to prior probabilities concentrated
on finite sets.

PROOF. Note that, the expression (2.11) is invariant with respect to rescaling
measures ;. Hence, we may assume that 7, can be any arbitrary finite measure
concentrated on finite points.



326 JACEK P. KOWALSKI

Let F € P(0;).  There exists a sequence {H;} C P(©1) of probabilities
concentrated on finite sets of points, that converges weakly to the measure F, see
Billingsley (1968). For i = 1,. .. define probabilities F; = p; H;+ %4 (6¢,+6y,), where
8 denotes the probability concentrated in the point v, & € [0},60), ¥; € (6o, 64]
and p;, q; are non-negative numbers such that p; + ¢; = 1 and ¢; — 0.

Denote by T; the support of F; and assume that the number of elements in
T; is n;. We can think of (2.8) as a system of n; linear equations with respect to
variables m;(0) for § € T;. Since for 6 € T;, Fi(6) > 0 and } g Fi (0) = 1 this
system has positive solutions and therefore there exists a measure 7, such that
(2.8) holds.

Extend now every measure 7, by putting a certain mass 7,({6o}) at 6o. We
can rewrite the first two coefficients in (2.9) in the following way:

(@) — (i) = [ g
0~ onmitas) = [ G [ (6o

/ (6 — 60)*(d8) — ({00},

©,
Set
e [ B[ B )
e @=t) "7 Jo, 060 f (9—90)27T§(d9)
and rewrite the coefficients oz,(c) in (2.11) as ag) = y;z; ( ) = =22 ( ) — =z 1

where z; = |y;|+|z;| +1. It is easy to see that, by a sultable choice of fz, 19 and the
proportion between 7({fp}) and 7}(81), z; and y; can be any real numbers and
therefore any triple from the set IV = {(a1,as,a3) : as > 0,|a1| + |ag] + a3 = 1},
which is a dense subset of I', is attainable. On the other hand, since ¢; — 0 as
i — oo, we can see that the sequence {F;} converges weakly to F. Therefore any
triple (a1, a2, a3) € T' and any probability measure F' € P(©1) can be attained in
the limit as ¢ — oco.

To complete the proof, we extend each measure 7, concentrated on ©; U {6}
to © by setting

7r£ (df) = S;[G;(dF) + ,615(9§+i)(d9) + ﬁzé(gi_i)(dg)},

where {G;} is a sequence of finite measures, ancentrated on finite subsets of G,
that converges weakly to the measure G € F(0) and S; is defined by (2.10). O

Remark 2.1. It may happen that

0
(2.12) %Rg(x) . =0 pae,

see Remark 2.2 in Brown and Marden (1989). Examples of such cases shall be
given in Remark 2.3. If (2.12) holds, then by letting ag =1, 61 = G2 = 0 and
letting a measure G be the zero measure in (2.4), we have that every test belongs
to class ®, and therefore Theorem 2.1 does not yield a proper essentially complete



TESTS FOR REGULARLY VARYING DISTRIBUTIONS 327

class. However, if we follow the proof until (2.9), then we can see that the second
term containing the first partial derivative is zero p-a.e. Eliminating the term
| fgl(e — 0p)7i(df)| from (2.10) and proceeding further with the proof, we find
that a new essentially complete class ® consists of tests of the form (2.5) with d(x)
defined by (2.4) such that az = 0.

It is easy to see that the counterpart of Theorem 2.2 is true for this case.

Remark 2.2. If H, is a one-sided hypothesis, then Theorems 2.1 and 2.2
can be easily adapted to this case by the following alterations: measures F' and
G in (2.4) are concentrated on the right side of y and I' = {(oq, a2, 3) : a3 >
0,2 > 0,|a1] + a2 + ag = 1} if Hy is right-sided, and measures F' and G in
(2.4) are concentrated on the left side of 6y and I' = {(a1,a2,03) : a3 > 0,02 <
0,]aa| — ag + a3 = 1} if Hy is left-sided.

Remark 2.3. Consider testing the simple null hypothesis Hy : § = 0 versus
Hy : 6 # 0 for the family of PDF's of the form

(2.13) fo(x) = f(z1 —0)--- fzn —0),

where £ = (z1,...,%Zn), 0 € R and f is an even positive differentiable almost
everywhere PDF such that for every s € Rlimg,+o f(s — 0)/f(8) = R(s), for
some function R: R — R.
This testing problem is invariant under the two-element group G of transfor-
mations consisting of the identity mapping and the symmetry about the origin.
Let

(2.14) go(z) = L Jel2D)

Consider testing of Hy : § = 0 versus Hy4 : 6 > 0 for the family defined by (2.14),
i.e. the reduction by invariance of the original two-sided testing problem. If we
take the function «(f) defined by (2.2) with ] = —a and 8, = a for some a > 0,
then Assumptions 2.1-2.3 are satisfied.

Note that, since fop(—z) = f-g(x), we have that

Ogo(x)
00

_ 02 f, (z)
=0 90,

2
~ 0 and 0%ge(x)

0=0

To determine an essentially complete class ®;,, for invariant tests, we follow
Remarks 2.1 and 2.2 and find that

(2.15) d(m) = alfo(iL‘) + as /Oa Da(IE)F(dG)

+o0 g6 ({B)
AR

+ B[R(x1) - R(zn) + R(=21) - - R(—zn)],
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where
z) — go(z .
216 D 96( )0290( ), lfa#(],
(210 @11 e i 6 =0
2 062 0:0’ ’

and a3 >0, o1+ a3 =1,3>0, F € P([0,q]), G € F(la, +o0)).

Certain examples of PDFs of the form (2.13) are given closer attention in
Section 5.

3. Bounded non-simple null hypotheses
In this section we are interested in testing the hypothesis
(3.1) Ho :0 e @0 - [01,02] versus Hj:0¢ @A - [91,92]0

where 61 < 05 and 6, 0, are limit points of @9 and © 4. For real numbers 6, 7,
65 such that 6] < 6; < 6y < 02 < 85 we define sets:

61 = [95791) n @A7 62 = [01700] N 607 @3 = (603‘92] N @Oa

3.2
(32) O4 = (02,05]NO4 and O5=[0],05]°NO4.

Two of the assumptions of this section are identical to the assumptions of the
previous section but we repeat them to simplify cross-referencing.

AssuMPTION 3.1. This assumption is identical to Assumption 2.1.

ASSUMPTION 3.2. Ry(z) has first partial derivatives with respect to 6 at §;
and 6, for p-almost all z € X.

AsSUMPTION 3.3. This assumption is identical to Assumption 2.3.

From now on we use the convention that whenever we integrate Ry(z) over
the set O we put

Ry, (z) = eli}g}_ Ro(z) and Rp,(z) = 9Eg§1+ Ry(z).

_ For p-almost all z € X' and k = 1,2 we define the following functions of 6 on
O2k-1 U Ogg:

Ro(r) — Ry, ()
0 — 0 ’
ORy(x)
oo =0, ’

if 0 £ 6y,
(33) DP(z) =
if 6 = 6.
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Let T' = {(a1,02,03,04) : @3 > 0,04 > 0,]aq| + || + @3 + a4 = 1}. For
Fy € P(@lUGQ), F e P(@3U94), Ge .7:(65), (051,042,043,(,Y4) € " and ,31,/82 >0,
define
(3.4) d(z) = a1 Rp, (z) + a2 R, (x) — a3 / Dél)(a:)Fl(dH)

01U,
+ o / - DP(2)Fa(d) + | Re(z)G(d6)
B3U0,

©s
+ bRy (x) + B2 R ().

Under Assumptions 3.1-3.3, we denote by @’ the class of all tests of the form (2.5)
with d(z) defined by (3.4).
Before we prove the main result of this section we establish the following;:

LEMMA 3.1. Let {fo(z) : 0 € © C R"} be a family of PDFs with respect
to a certain measure p on (X,F) and for p-almost all x € X, let fo(x) be a
continuous function of 0. Assume that the sets ©g,04 C O are disjoint. Then the
partial order generated in the set of all tests by the risk function (1.1) for testing
the hypothesis Hy : 0 € ©q versus Hy : 0 € O4 is identical to the partial order
generated by (1.1) for Hy: 0 € O versus Ha : 0 € O 4.

PrOOF. By Scheffe’s theorem (see e.g. Billingsley (1968)) the mapping © >
6 — fo € LY(X,F,p) is norm-continuous. Hence Eg(¢) is a continuous function of
g for an arbitrary test ¢. Therefore for tests ¢ and ¢/, we have that Fy(¢) < Eg(¢')
for all 6 € O iff Eg(¢) < Eg(¢') for all § € 9. O

THEOREM 3.2. Under Assumptions 3.1-3.3, ® is an essentially complete
class of tests for testing hypotheses (3.1).

ProoF. The methods of the proof are similar to those of the proof of The-
orem 2.1 and therefore some technical details are omitted. We concentrate our
attention on differences resulting from the presence of two boundary points. By
Lemma 3.1, we can assume without loss of generality that ©g C (64, 62).

Let

(3.5) di(z) = {(1)} as A fo(z)m;(d8) — A fo(z)m;(d8) {Z}O

be a sequence of Bayes tests weak* convergent to a test ¢. We may assume
that (@) > 0 for almost all i. Set m}(df) = a(f) 'm;(df), and note that
Jo, fo(x)mi(dh) — [o  fo(x)mi(dO) can be rewritten as

3 [Fi(©1) — m(O)lRa, (@) + (O) = (8 Ray(+)
# [ (Ro(o) = Bo, @ri(a) + [ [Ro(o) ~ Roy(@)}ni(a0)
— [ 1Role) = R, @(a0) = [ [Ro(e) = Ros @)}l (d8)
(P} O3

+ Rg(z)w}(d8).
O5
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* Define probability measures Fy; € P(Oax_1 U Og) for k = 1,2 by

I®2k—1U@2k (9)'0 — 0k|ﬂ—é (de)
f@2k~1U®2k Ie,, (0)!9 - 9k|7f;(d9) ’

it / 10 — B! (d6) > 0,
O2k-1UB2%

n(dd), otherwise,

(3.7) Fi;(d6) =

where 7 is an arbitrary element of P(Oq_1 U Og).
Using (3.3) and (3.7) we rewrite (3.6) as

(3.8) [mi(©1) — mi(©2)] Ry, (z) + [7{(O4) — (O3] R, (z)
- / 10— 0, ])(d6) / D () Fyy(do)
B8,UB, ©,U02

+ / |6 — 65|7(df) / D (2)Fy(d) + | Re(z)m)(db).
O35UO, ‘@3U@4 Os5

Set
Si = |m;(01) — mi(©2)] + |7i(O4) — T(O3)]
91UC")2 93U@4
Since m;(O2) + m;(O3) is positive for almost all ¢, S; is positive for almost all 4.
Define G; € F(O5) by
Gi(df) = Ie, (0)S; ' mi(df).

Dividing the expression (3.8) by §;, for each ¢ such that S; is positive, yields

(3.9) ol Ry, (z) + o) Re, (z) — ol / DY () Fya(d8)
8,00,

+af) / . DP(2)Fa(dd)+ | Re()Gi(dh).
O3U0, (ST

for some (agi), agi)a,vdéi)-, aff))E T

The remainder of the proof is analogous to the last part of the proof of Theorem

2.1.0

THEOREM 3.3. Under Assumptidns 3.1-3.3, for every F; € P(6©; U By),

F, € P(O3U 8y), G € F(O5), 81,02 > 0, the corresponding test (2.5) with d(z)
of the form (3.4) is a weak* limit of a certain sequence of Bayes tests with respect

to prior probabilities concentrated on finite sets.

PROOF. As in the proof of Theorem 2.2 we can assume that 7, can be any

finite measures concentrated on finite sets.
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Let {Hy;} CP(©1UOy—{61}) and {Hy;} C P(O3U B4 — {0:}) be sequences
of probability measures, concentrated on finite sets, converging weakly to Fy and
F,, respectively, and let §; € ©;, for [=1,...,4 and 4 = 1,... be points that are
different from 61 and 6,. Define probability measures

Fli = p’iHli + %(6511 + 6&21) a‘nd F?i - pZHZz + %(6531 + 6541‘)7
where p; >0, ¢; >0, p; +¢; =1 and ¢; — 0.
Let w, € F(©1 U B3 U B3 U B4) be measures such that (3.7) is satisfied for

all i = 1,.... Note that the first two coefficients in (3.8) can be expressed in the
following way:

(©1) — 7(02) = ( L - 2 f;ff’i) [ o=t

and

(0 -res = | 4 e 3 2 [ o lo= ()

Set

S / Fii(df) / Fy;(d9) - / Fy(df) / Fy;(df)
b 93 |0_91| S |0—01’, 2 B4 |9_92| O, |0—02;7

T3, = / |9 — 01|7T:(d6) and T4,5 = / |‘9 - ‘92!77;((19)
[SIRUIC2A O3U0,

The coefficients in the expression (3.9) can now be rewritten as

(%) Trilri2,i

B |z1,5|23,5 + |@2,i|Ta,i + T35 + Tas
Ts,i

o and

old = ,
|z1,5|23,5 + |Z2,i|Ta,i + T35 + Ta

where r = 1,2 and s = 3,4. By a suitable choice of §; , for | = 1,2,3,4, the
terms x1,; and z2; can be any real numbers. Similarly, by rescaling the masses
(01 U O3) and 7[(O3 U ©4), we can see that z3; and z4; can be any positive
real numbers and therefore (agl), ag), a:(f), aff)) can take any value from the set
I ={{o1, 9,3, 4) 1 a3 > 0,4 > 0, |a1| + |v2| + a3 + a4 = 1}. The remainder
of the proof is analogous to the last part of the proof of Theorem 2.2. O

Remark 3.1. If H, is a one-sided hypothesis, then Theorems 3.2 and 3.3 can
easily be adapted to this case. It suffices to put in (3.4) a1 = ag = 2 = 0,
O3 = B or s = ay = 1 = 0, ©2 = Oy when the alternative is right-sided or
left-sided, respectively.

Remark 3.2. Set 0y = —601=0>0,0y=0,0,=—60] =a>bin (3.2) and
consider the testing problem of Hy : |8] < b versus Hya : |6] > b for the family of
PDFs defined by (2.13). This problem is invariant under the two-element group
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of transformations G from Remark 2.3. Let a(f) be given by (2.2) and let go(z)
be given by (2.14). Consider testing of null hypothesis Hy : 0 < 6 < b versus
H, : 0 > b, i.e. the original problem reduced by invariance. By Remark 3.1, we
find that the essentially complete class @}, for the G-invariant tests consists of
tests of the form (2.5) with

(310)  d(@) = F[f(=2) + filo)]
fo(=z) + fo(z) — fo(—2) — fo(x)
/ 9 9 ()_‘bb o) pap)
T fo(—x) + fo(x)
e

+BlR(z1) - - R(zn) + R(=21) - - R(=2a)];
where o/ >0, |a|+a’ =1,8>0, F € P([0,a]) and G € F([a, +0)).
4. One-sided null and alternative hypotheses
We consider a problem of testing hypothesis
(4.1) Hy:0 €O C (—00,0p] versus Ha:0€ 04 C (0o, +00),

where 6 is a limit point of Borel sets ©y and © 4.
Define sets

O1 = (—00,01) N O, O =[6],60] N Oy,
O3 = (65,05]NO4  and Oy = (0, —00) N B4,

where 0] and 6} are real numbers such that 8] < 6y < 65.
AsSsUMPTION 4.1. This assumption is identical to Assumption 2.1.

From now on we use the convention that whenever we integrate Ro(xz) over
the set ©; or B4 we put

Ry, (z) = eli)rar}_ Rg(z) and Ry,(z)= Oli»g’l-i- Ry(z).

ASSUMPTION 4.2. Rgp(z) has first partial derivative with respect to ¢ at 6
for p-almost all z € A,

AssuMPTION 4.3. There exist positive functions R (z) and R_(z) such that

91121 Ro(z) = Ry(z) and Blir_n Ryp(z) = R_(x)

for yu-almost all z € X. We assume that Ry (z) is essentially different from R_(z).
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For p-almost all z € X, we define the following function of § on 65 U Os:
Ry (x) — Ro, (x)

, if 0 6o,
6 — 6
) = Up.
86 |yg,

Let D(B) denote the family of all probability measures having total masses
not greater than 1 on a Borel set B C R.

LetT' = {(al,ag,ag) tag > 0,3 >0, |a1|—|—a2+a3 = 1} For F' € P(@QU@?,),
H € D(6y), G € F(©,), (a1,as,a3) € T and 8 > 0, define

(4.3) d($) = oy Ry, ($) + OéQ/é s Dy (.T,')F(de)

o[ Rofa)H(db) + 1 - HOIR- (o))

s Ry(z)G(d0) + SRy (x).

Under Assumptions 4.1-4.3 we define ®” as the class of all tests of the form
(2.5) with d(x) given by (4.3).

THEOREM 4.1. Under Assumptions 4.1-4.3, ®" is an essentially complete
class of tests for testing hypotheses (4.1).

PROOF. The proof uses similar techniques to those of Theorems 2.1 and 3.2.
Consider Bayes tests {¢;} of hypotheses (4.1) defined by (3.5). Assume that, the
sequence {¢;} is weak® convergent to a test ¢. We shall show that ¢ € ®”. We
can assume that m;(01 U ©2) > 0 for almost all 5.

Set 7!(df) = a(6) " ;(df), and note that

(4.4) Jo(z)mi(df) — | = folz)mi(df)
S} ©¢

- / Ro()ml(d8) + [ [Ro(x) — Roy (a)]}(d0)
B4 O3

+ 7!(©s) Ray () — /@ [Ro () — Roo ()} (d6)

- 7i(8)Fap(o) ~ | Ra(o)mi(ah).

O,
Define probability measures F; € P(02 U O3) by
To,ue,(9)10 — bo|m;(db)
f@2U@3 (9)|9 - 90|7r;(d9) ’
it / 16 — Bo|7(d6) > 0,
©,UB3

(dh), otherwise,

(4.5) Fy(d6) =
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where 7 is an arbitrary element of P(02UB3). Further, for each ¢ define probability
measure H; € P(01) by

lo, (O)mi(df) .. ,
(46) Hdg)={ ey o OO
v(dé), otherwise,

where v is an arbitrary element of P(©1).
Using (4.2), (4.5) and (4.6) we can rewrite the right-hand side of (4.4) as

(47 [7l(8) - i(Es)|Ra (o) +

16— ol (db) / De(x)F,(d0)
O,UB3

[SPASISR

—m(01) Ry(x)H;(df) + Ry(z)x;(d6).
e, Oy

Set
i = Iri(8) = 7i(@)] + [ |p— Bolri(db) + mi(©1).
B,U0O3
Since ;(©1 U ©3) > 0 for almost all 4, we have that S; > 0 for almost all 7.
Define G; € F(84) by

Gi(dh) = Io,(0)S; ‘7 (d8).

Dividing the expression (4.7) by S;, for each ¢ such that S; is positive, we obtain

(4.8) o) Ry (2) + ol / Dol Fy(d0)
B,U0;3

NG . N
¢ /@ Rola)Hi(d0) + /@ Fo(w)CGilab),

for some (agi), ag), agi)) € I'. The remainder of the proof is analogous to the last
part of the proof of Theorem 2.1. O

THEOREM 4.2. Under Assumptions 4.1-4.3, for every F € P(©,U83), H €
D(0,), G € F(O©4) and 8 > 0 the corresponding test of the form (2.5) with d(x)
given by (4.3) is a weak* limit of a certain sequence of Bayes tests with respect to
prior probabilities concentrated on finite sets.

PrOOF. Similarly as in the proofs of Theorems 2.2 and 3.2, we may as-
sume that 7} can be any finite measure. By Lemma 3.1 we can also assume that
m({60}) = 0.

Let {F]} C P(©2U©3) and {H;} C P(0O1) be sequences of probability mea-
sures that converge weakly to F' € P(02 U©3) and H € P(c¢(01)), respectively.
Let &, ¢, pi, ¢; be real numbers such that & < 6y <, pi > 0,¢; >0, p; +¢; <1
and p; + ¢; — 0. Define probability measures F; = (1 — p; — q;) F} + pibe;, + @:6¢, -
Let m; € F(©2 U ©3) be a measure such that (4.5) is satisfied for all 7. Extend 7}
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on ©; U B, UB3 in such a way that (4.6) holds for all ¢. The first coefficient in
(4.7) can be expressed in the following way:

Put

/ Fy(df) / Fi(do) . 7}(©1)
ZIr; = - ;= .

Then we can rewrite the coefficients in (4.8) as

0) i () _ 1 () _ Yi
4.9 oy = oy = oy =
(4.9 ! || + 1+ w; 2 w4+ 1+ B w4+ 1+

By a suitable choice of &; and (;, the term x; can take an arbitrary real value. By
a proper setting of the proportion between the masses 7}(0;) and 7[(O; U ©3),
the term y; can attain any positive real value. The remaining part of the proof is
analogous to the last part of the proof of Theorem 2.4. O

5. Regularly varying functions and scale or location families

In this section we point out relationships between the notion of regular vari-
ation of functions, which has a number of applications in probability theory (see
e.g. Bingham et al. (1987)), and testing for scale or location parameters. If we
deal with scale parameters, then the asymptotic assumptions of previous sections
are equivalent to regular variation of probability density functions. In the case of
location parameters these assumptions are equivalent to additive regular variation
defined below.

Recall that a positive function g : [0, +00) — R is regularly varying (r.v.) at
infinity if

by 90T) o =
(5.1) tl}gloo—é—(—i—)—-——S( ) <+

for every > 0. In the natural way the above definition extends to even functions.
A function g is said to be r.v. at the origin if g(z™!) is r.v. at infinity. If (5.1)
holds, then S(z) is of the form z?, where —oo < p < +00, see Feller (1966).

We say that a positive function f : B — R is additively regularly varying
(a.r.v.) at infinity if

o fta)

for every x.
Note that if g is r.v. at infinity, then f(z) = g(exp(x)) is a.r.v. at infinity
and conversely if f is a.r.v. at infinity, then g(z) = f(In(z)) is r.v. at infinity.
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Therefore, if (5.2) is satisfied, then there exists a positive number a such that
R(z) = a”® for every z € R.

One-parameter exponential families, which do not satisfy the condition (5.1)
belong to the class of functions of rapid variation, see Bingham et al. (1987).

Ezample 5.1. Consider the problem of testing the scale parameter for n i.i.d.
random variables in the case of Cauchy distribution with PDF

1 1

== -n e

where z = (z1,...,%n), for Hy: 6 € (0,a] versus Hy : 6 € (a,+00). Note that for
n = 1 the Cauchy distribution is r.v. at infinity and at the origin and Assumptions
3.1-3.3 are satisfied.

Similar consideration can be applied to the generalised Cauchy distribution.

LEMMA 5.1. If a function h : [0,4+00) — R is concave and non-decreasing
and a function € : [0,+00) — R is such that

zkr-fr—loo 6(33) =0,
then the function
(5.3) f(z) = exp(e(|z]) — h(]z]))

is a.r.v. at infinity.

PROOF. Put s =t — z and note that

ft=x) _ f(s)
O]

(5.4)

If (5.2) holds for every z > 0, then by letting s diverge to infinity, we see that
the right-hand side of (5.4) converges to ¢~ for some @ > 0 and all z > 0 and
so does the left-hand side. Therefore it suffices to verify (5.2) for every positive
z. To this end, we show the existence of a number ¢ such that lim¢_, 4o [h(t +
z) — h(t)] = cz for all z > 0. It is known that if h is a concave function, then
W, (t) > [h(t + ) — h(t)]/z > h_(t + z), where b/, and h_ denote the left and
the right derivatives of A, and both functions A/, and A’ are non-increasing, see
e.g. Ash (1972). Since h is non-decreasing, the functions h/_ and h’ are non-
negative and therefore there exist non-negative numbers c; and c_ such that
limy, 400 B/ (t) = ¢4 and lim;_, oo b’ (t) = c_. Since h is differentiable except for
at most countably many points we have that ¢, =c_ =c. O

If f is a function satisfying the assumptions of Lemma 5.1, then lim;_. o f(t+
x)/f(t) =limy 1o f(t —x)/f(t). Thus f is a.r.v. at (negative) infinity.
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As it turns out in the next section, in the case of location families generated
by PDFs of the form (5.3) we can prove admissibility of many tests and conditions
for admissibility are very simple.

Example 5.2. Denote by f,», 9, hm and d the densities of the generalised
Cauchy, double exponential, generalised logistic and hyperbolic secant distribu-
tions, respectively, i.e.

aT(b) 1 1 '

fa,b(x) = 2F(a—1)I‘(b— Cb_l) (1 + |x|a)b’ g(fl?) - §exp(—]x|),
2m —1)! —2\m

) = oS exp(a)ft + esp( )] 2}

d(z) 2 1

T exp(z) + exp(—z)’

where a,b > 0,ab>1, m =1,.... It is easy to show that f, 4, g, hm and d are of
the form (5.3).

In testing problems involving 7 i.i.d. random variables and location families
generated by fsp, g and d, if for each of these families we take a(f) of the form
(2.2), then the function Ry (z) = 1 for f,; and Ry(z) = exp(} ., ;) for the
densities g and d, where z = (x1, ..., ). In all the cases above R_(z) = R, (—x),
for all z € R™. For the density h., we have Ry (z) = mexp(3> ., %)

6. Conditions for admissibility of tests

In this section, we present certain sufficient conditions for admissibility of
tests for location families generated by a.r.v. PDFs. To prove admissibility of
tests which are weak* limits of Bayes tests, we use the following lemma, based on
Blyth (1951):

LeEMMA 6.1. Consider testing the hypothesis Hy : 0 € Og versus Ha 1 0 € © 4
for a family of probability density functions {fs : 0 € O}, and assume thal the
following conditions are satisfied:

(i) There exists a sequence of priors {J;} C F(O) such that

(6.1) di@)= | fol)3idd)~ | fola)Ji(d6) — d(z)

for p-almost all x € X.
(ii) If {¢:} is a sequence of Bayes tests with respect to J;, then

lim inf /X [6(2) — 64()|di(2)p(dz) = 0.

(ii) p({z:d(z) =0})=0.
Then the test of the form (2.5) is admissible.
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Proor. The proof is analogous to the proof of Lemma 3.2 in Brown and
Marden (1989). D

We assume (abusing the notation) that the measure 1 on the o-field of Borel
sets of R™ is the n-fold product of the same measure. In the next theorem, we give
simple conditions for admissibility of tests for a location parameter in the case of
invariant testing problems considered in Remark 2.3.

THEOREM 6.1. Let f be a PDF of the form (5.3) satisfying the assumptions
of Lemma 5.1 and such that the function €(|s|) — h(|s|) is twice differentiable and

(6.2)  sup l€'(JsDI = K'(Js] < +o0  and fgglé"(ISI)l — h"(Ish)l < +oo.

Ifd(z) is of the form (2.15) and p({z € R" : d(z) = 0}) = 0, then the correspond-
ing invariant test defined by (2.5) is admissible in the class of all invariant tests
for testing Ho : 0 = 0 versus Hy : 0 # 0 for the location family of distributions
generated by (5.3).

Before proving Theorem 6.1, we establish two technical lemmas.

LEMMA 6.2. If a sequence of functions {h;} C LY(X,F, u) is convergent in
L' to a function h and a sequence {1;} C L°° (X, F,p) is weak* convergent to a

function i, then
/X ha () ) pld) — /X Bz e)u(dz).

Proor. Note that

/ (@) a(de) = /X Ihalz) — h(a)(@)uldz) + /X () de)

} [ t0) = o wm(az)

where M is an upper bound for the L> norms of ¢; for i =1,2,....0

<M / Ihi() — h(z)|(dz),

LEMMA 6.3. If f: R — R is a positive continuous function and G € F(R)
is such that
“+00
| f@)Gn) <+,
—00
then there exists a sequence {G;} of finite measures, which are concentrated on
finite sets of points, such that

+o0 +o0
(6.3) G; — G weakly and / f(2)Gi(dz) — f(z)G(dz).

—0 — 00
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Proof. Let {I;} be a sequence of bounded intervals such that G(Ix) > 0,
GI;) = 0, Iy C Ixy1 and |JIrx = R. Denote by Gy the restriction of the
measure G to the interval I. The sequence of measures {G}} converges weakly
to the measure G and

+oo +oo too
/ f(2)Gi(de) = / I (@) f(@)G(dr) — | F@)G(da).

—00 —o0 —oo

On the other hand, we know that for every measure Gy, there exists a sequence of
probability measures {Gj,;}, which are concentrated on finite number of points,
such that lim;_, o, Gk, = Gj, weakly and since the function I, () f(x) is continuous
G-a.e. and bounded we have

+o0 Foo

i [ 1@ @6z = [ 1,(6)(@)Ciu(do)

l—o0 J_ —00

see Ash (1972). Since the set of probability measures with the topology of weak
convergence is a metric space, we can extract a subsequence of probability measures
from the double subsequence {Gy}, which after relabeling we denote {G;}, such
that it is weakly convergent to the measure G and (6.3) is satisfied. O

PROOF OF THEOREM 6.1. The proof is based on Lemma 6.1. Take «()
defined by (2.2) and consider the original testing problem reduced by invariance,
i.e. the problem of testing the hypothesis Hy : 8 = 0 versus Hy : 8 > 0 for the
family of PDF's gy given by (2.14).

From the proof of Theorem 2.2 and Remarks 2.1 and 2.2 it follows that there
exists a sequence of prior measures {J;} C F([0,4+00)) concentrated on finite sets
such that condition (6.1) holds and d;(z) can be expressed by

T go()

fo(0)

where aéz) >0, |a§l)|+a§1) =1, (ag_z),a:(,f)) — (a1, 03), P((0,a]) 3 F; — F weakly,
F((a, +0)) 2 G; — G € F([a,+00) U {+00}) weakly, the measure G is such that
its restriction to the set [a, +00) is the measure G and G({+o00}) = 28 and Dy(z)
is defined by (2.16).

Now we verify that the condition (ii) of Lemma 6.1 holds. We break this into
two parts. First, we prove that

of? fo(z) + o /Oa Dy () Fy(df) +/ Gi(db),

00 [ o)~ i@l {aPnow) + ) [ Do) Fa) b utaa) o,

and in the next step we prove that

+oo T
(6:5) [~ [ S a0



340 JACEK P. KOWALSKI

If we show that

/Dg ‘<Kf0()

for some positive constant K then, by Lebesgue’s dominated convergence theorem,
condition (6.4) is satisfied.

It is known (see e.g. Feller (1966)) that the convergence in (5.2) is uniform on
every bounded interval I and therefore

ft+0)

6.6 su < M,
(6.6) ver JO 0
for a certain My > 0.

By (6.2) and (6.6) we obtain
(67) sup of(t+0) } — sup 8lnf t+9 'f
oel 00 oel

= sup

Dttt +a1) - utwm] £t +6) < My (D)

for a certain positive constant M; and it follows that

?f(t+6)
(6.8) D | —pge
B O*Inf(t+6) Ol f(t+0)df(t+6)
=sup T SO+ — 5 20 ‘
= sup | et + 1) ~ h(lt+ 0]
) (t+8)
gl + ) = n(i-+ o) 2LEED
< Mo f(t)

for a certain positive constant M,. Bearing in mind (6.6)—(6.8), it is easy to see
that

¢ 1|0 fo(z) + foo(x)]| 1 0 fo(a)
Do(2)F;(df)| < sup - < - su
0 (@) )‘ ee[opa]4 002 296[—5,0,] 062
1 2f0) (zy —0)--- fOnd(z, — 0)
T 9 ,00p > i)
0€[~a,a] iyt =2 1 n

< K1 f(za) - flzn),

where fO(t — @) = f(t — ) and f® (t — 8) denote partial derivatives of order i of
the function f with respect to 8 for 2 = 1,2 and K, is a positive constant. The
first of the inequalities above results from Taylor’s expansion of the second order.
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Now we show that the condition (6.5) is satisfied. Let r be the maximal integer
such that 0 < r < n and f:oo exp(rh(8))G(df) < +oo. Denote by zpy,. .., Ty
the decreasing rearrangement of the sequence |z1|, ..., [z, | and set zjq) = 0.

By (5.3) we obtain

go(x)
©) H0A®
exp ( 3 e - 0 ~ Al - em) toxp ( 3 el + 0] ~ Alfoe + em)
2 exp(ne([9]) — nh(6]) ex (z (i) - h(lwkm)
o (— 32 o - 0|>) Foxp ( 32 o + 90)

h
exp (~an(i) - 3= (o))

exp( ﬁjh( []mk—9|+]$k+0|>>

k=1

exp | —nh(|8]) — i h(|wk|))

= 2cexp (Zh (lzx]) + nh(l60]) - Zsup{h |zxl), (lﬁl)})

k=1

where c is some positive constant. The first of the two inequalities in (6.9) follows
from the boundedness of the function €(z) and the second results from the con-
vexity of the exponential function and the concavity of the function kA on the set
of non-negative real numbers.

If |0] < 2[p—, for a certain integer r € {0,...,n}, then, since the function &
is non-decreasing on the set of non-negative real numbers, we have

n

(6.10) exp <Z (|zx]) + nh(|0]) ZSUP{h lzk]), (|9|)})

k=1

n—r—1 n—r—1
=eXp< Y hllzpl) +nh(6) - Sup{h(lw[k]l),h(lﬂl)}>

pt k=1
> exp((r +1)h(]9])).

By (6.5), (6.9) and (6.10) we obtain

(611) di(@) > ol folz) + o /aDe(as)Fi(dé’)l+ /+°° 90(@) - (6)

> i) ([ 2D - )

> foa) (2¢ [ exo(ir+ h(0DG@8) - &)
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for some constant K’ > 0. For a positive number §, define the set Cs = {z € R™ :
Tfn-p] < 0}. Now we can rewrite (6.5) as

61 [ ee-s@l [ L@
o) et [ )

The first integral in (6.12) can be rewritten as

(6,13 [ 6@ - osicnt@) [ 9 apputa).

By Lemma 6.3, we can assume that the sequence {G;} converges weakly to the
measure G and

+o0 Foo
(6.14) / exp(rh(6))G:(df) — / exp(rh(6))G(d6).

If we show that

+00 T +oo
(6.15) Io,(z) / ?ZEO;Gi(de)ﬂfcg(x) / ‘;JCGEO;G(dO) in L,

then, by Lemma, 6.2, the integral (6.13) converges to 0 as i — oo. To this end, note
that for y-almost all = the integrand in (6.15) is a continuous and bounded function
of # and therefore the left-hand term of (6.15) converges p-almost everywhere to
the right-hand one.

Define measures

G}(df) = exp(rh(0))G;(df) and G'(df) = exp(rh(8))G(d6).

Obviously G} converges vaguely to G’ and by (6.14) it follows that it also converges
weakly, see Bauer (1981).
If we show that

+o0 T +o0 T
610 [ 10w [ Do) — [ I [ DG,

then, since all integrands in the above integrals (with respect to measure y) are
non-negative, we have proven that (6.15) holds, see e.g. Parthasarathy (1978). By
Fubini’s theorem, rewrite the left-hand part of (6.16) as

+oo
e [ [ @ (O u(dm)Gi(df))
+o0
— [ [t expl-rh(@)utan)Giap)
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Define the set Os = {z : |z1| < -+ < |zp—r| < 6} and note that

go(x)
| 1eu(2) 5 expl—rh(@) )

=(n-r)! A ?Zixi exp(—rh(6))u(dz)

ne) /M /m(/ /mg

- exp(—rh(0))u(dey) - -u(dxn_») W(den—rs1)- - plde,)

Cre-0) .\
<(n—r)! (sgp ./—5 0 dt) sgpexp(re(@)) < +00.

Hence the integrand with respect to G} in (6.17) is bounded and since the
mapping § — go € L' is continuous, this integrand is also a continuous function
of #. Therefore (6.16) holds.

To complete the proof we have to show that the second integral in (6.12)
converges to zero as 1 — oo. If § is sufficiently large, then by the inequality (6.11)
the function d;(z) is positive for all x ¢ Cs. Therefore ¢;(z) = ¢(z) and the
considered integral vanishes. O

THEOREM 6.2. Let f be a PDF of the form (5.3) satisfying the assumptions
of Lemma 5.1 such that the function €(|s|) — h(|s|) is differentiable except possibly
at zero where left and right derivatives exist and

sup |¢/_(js]) — A (s])| < +00  and  sup €, (Is]) — B (Js])| < +oo.
SER SER

If d(z) is of the form (3.10), and pu({z : d(x) = 0}) = 0, then the corresponding
invariant test defined by (2.5) is admzsszble in the class of all invariant tests for
testing Hy : |0] < b versus Hya : |8] > b for the location family of distributions
generated by (5.3).

PrROOF. The proof is similar to the proof of Theorem 6.1 so that we only
concentrate on some technical differences.
We have to prove that the condition (ii) of Lemma 6.1 holds with

) = asglo) + o] [ LD g gy [T 8 G g

where a} > 0, ||+ of = 1, F; € P([0,a]), G; € F(la,+00)) and gs(z) is defined
by (2.14), see Remark 3.2. First consider

618) [ 180 - silolasan(o) + i [ O papuan)
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If we show that

< K fo(z)

| =D =2 apyyuan

for a certain positive constant K then, by Lebesgue’s dominated convergence the-
orem, the integral (6.18) converges to zero as i — co. Note that

==
0

g—b
< Ofe(x) 0fo(z)

fc[—a,a) 00— 00+
< swp Y fP@-0) 1 (2, - 0)

O€[—aal; 4 3 =1

+ sup > (@ =0) - £ (2 - 0)]
6€l[—a,a] e tin =1

+
0€[—~a,a]

< (sup e 1) = s + s 1€ () = W ls] ) S+ o)

where the symbols gg—_— = fgl) and % L= S) denote respectively the firs left and

right partial derivatives with respect to 8 and fio) = fio) = f. The remaining
part of the proof, i.e. showing that

oy [ @
[ - o) [ 2 ) o,

is identical with the analogous part of the proof of Theorem 6.1. 00

THEOREM 6.3. Let f be a PDF of the form (5.3) satisfying the assumptions
of Lemma 5.1 such that €(|s|) — h(|s|) is differentiable except possibly at 6y where
left and right derivatives ezist and

sup [e_(]s[) — h_(|s)| < +oo0  and  sup €\ (|s]) — Al (Is])] < +oo.
s€R seR

If d(x) of the form (4.3) is such that H(©;) =1, 8 =0, fél exp(nh(0))H(df) <
+00, [5, exp(nh(0))G(df) < +oo and p({x : d(z) = 0}) = 0, then the correspond-
ing test of the form (2.5) is admissible for testing hypotheses (4.1) for the location
family of distributions generated by (5.3).

PrOOF. The condition (ii) of Lemma 6.1 can be checked by splitting d;(z)
of the form (4.8) into functions

o Ry (2) + ) /  Dy(a)Fi(db)

(S} U@g
and
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~af’ | Re(x)Hi(d9) + [ Re(z)Gi(dO)

@1 C")4

and proceeding in a way similar to the proofs of Theorems 6.1 and 6.2. O

Remark 6.1. Theorem 6.1 can be applied to the generalised Cauchy, gener-
alised logistic and hyperbolic secant distributions. The double exponential distri-
bution does not satisfy the condition (6.2). However from the proof of the theorem
mentioned above, it follows that if there is no local term in d(x) defined by (2.15),
i.e. g = 0, and the set {z : d(z) = 0} has Lebesgue measure zero, then the corre-
sponding test of the form (2.5) is admissible. Theorems 6.2 and 6.3 apply to the
double exponential, generalised logistic, hyperbolic secant and generalised Cauchy
distributions.

7. Locally best tests

Under Assumption 2.1, consider a test ¢ of the form (2.5) of hypothesis Hj :
6 = 0y versus Hy : 0 > 6y with d(z) given by

(7.1) d(z) = BR1(x) — fo,(x),

where 3 > 0, such that p(z : d(z) = 0) = 0. The expression (7.1) is for y-almost
all z € X the limit of the sequence d;(z) = 3;fo,(z) — Rg,(x), where {8;} is a
sequence of positive numbers converging to # and a sequence {6;} C (6o, +00)
diverges to infinity.

Assume that for all such sequences {6;}, the sequences {83;} are such that
the corresponding measures J; = &g, + iy, satisfy the condition (ii) of Lemma
6.1. By Lemma 6.1, the limit test ¢ determined by d(z) is admissible for testing
Hy : 0 =6y versus Hy : 0 € {0;} for every sequence {6;} C (6, +0o0) diverging to
infinity. The test ¢ has the following optimum property: for any test v such that

(7.2) Too (%) < 76, (),

there exists a number ¢ > 6y such that

(7.3) ro(¢) < ro(¥)

for every 6 > c, where r is the risk function (1.1). To prove that ¢ has the
stated property, assume that (7.2) holds and the subsequent condition (7.3) does
not. Then there exists a sequence {f;} diverging to infinity such that rg,(¢) >
rg, (1). But this contradicts the admissibility of the test ¢ for the alternative space
consisting of the sequence {6;}.

In this light, the test ¢ can be called locally best at positive infinity. In a
similar way, for a left-sided alternative, we can define a locally best test at negative
infinity. These tests are good at detecting big departures from a null hypothesis.

Another extreme case of tests are locally best tests defined by Neyman and
Pearson (1936, 1938). In the expression d(z) defined by (2.4), we can find terms
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involving first and second partial derivatives with respect to a parameter, that are
characteristic for locally best unbiased tests. Similarly the expressions d(z) given
by (3.4) and (4.3) contain terms present in locally best tests for one-sided hypothe-
ses, see e.g. Ferguson (1967). These tests are weak* limits of Bayes tests relative to
priors which concentrate masses arbitrarily close to the boundary of a null param-
eter space. Locally best tests, locally best at infinity tests and tests which contain
combinations of local and asymptotic terms have usually quite simple forms, which
makes them easy to use.

8. Examples

In this section we present some examples of tests from the complete classes
obtained in the previous sections.

Example 8.1. Let f be an additively regularly varying PDF such that

Ri(z)= lim L(x—_t—);é lim MER_(%‘)

t—too  f(t) T tm-ee f(E)

for almost all z € R. Both functions R, (z) and R_(z) are exponential so that
Ri(z) = a® and R_(z) = b®, for some positive numbers a and b. We assume that
ab # 1.

The densities of the double exponential, generalized logistic and hyperbolic
secant distributions are examples of probability density functions which have the
above properties.

Consider testing the hypothesis Hy : § < 6y versus Hy : § > 6 for a location
parameter of the density f. For the case of n ii.d. random variables take the
function d of the form (4.3) given by

(8.1) d(z) = Bexp (lnain> — exp (—lanxi) ,

i=1

where £ = (z1,...,%,). The test based on the function d given by (8.1) is identical
with the test based on the sample mean, i.e.

n
1, 1f2xz >k,
i=1

P(z) = n
0, if Y zi <k,
=1

where k = In87!/Inab.

Since tests based on the sample mean were obtained as limits of Bayes tests
relative to priors with masses arbitrarily far from the point 8y, we can expect, that
for the one-sided testing problems under counsideration, these tests are sensitive to
big departures from the central point 6y. Figure 1(a) presents the power func-
tions of the tests based on the sample mean for samples of size 5, for testing the
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Fig. 1. Power functions of tests.

hypothesis Hy : 8 < 0 versus Hy : 6 > 0 for the double exponential distribution
(k = 5.1, solid line) and for the logistic distribution (k = 6.68, dashed line). The
size of both tests is & = 0.05. From the plots, we can see that both tests are very
sensitive even to moderate departures from 0 and their power functions increase
quite sharply in the neighbourhood of 0.

Ezample 8.2. Consider the invariant testing problem of the simple null hy-
pothesis arising from Remark 2.3 for the Cauchy distributions. The function R(z)
is in this case the constant equal 1. Consider a test of the form (2.5) with d(z)
given by (2.15) such that only local and asymptotic terms are involved, i.e.

2
(8.2) d(.’l?) = Ozlfo(.’l?) + 0!3% %fg(.’t) + 4,

0=0
where a3 >0, |on| + a3 =1and > 0. If § =0 in the expression (8.2), then the
invariant test based on d(z) is the locally best unbiased invariant test, see Ferguson
(1967). If g = 0, then the test based on d(z) is locally best at infinity for the
testing problem reduced by invariance, i.e. for the one-sided alternative space and
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the family of distributions with densities of the form (2.14). If we divide (8.2) by
fo(z) we can see that the test based on ( ) is identical with the test based on

(8.3) d'(z )—a1+a3z 1+ ) +5H (1+22)

By Theorem 6.1, all invariant tests determlned by d’ (3:) are admissible in the class
of all invariant tests for the testing problem under consideration.

The function d'(z) given by (8.3) attains its minimum when z; = 0 for all
i and d'(0,...,0) = oy —nag+ 3. If a1 —nag+ F > 0, then d'(z) > 0 for
almost all z. Hence, to obtain non-trivial tests we have to impose the condition
8 < —aj +nag = —ay + n(l — |aa]), where |a;] < 1. Numerical computations
have shown that in order to obtain low sizes of tests based on d’'(z) we should
choose negative coefficients «;. For instance if the sample size is 5, and a; is
non-negative, then the lowest size of such a test is attained when oy = =0 and
it is approximately equal 0.25.

If a; < 0 and 8 = 0, then the test determined by (8.3) is locally best and
unbiased. It is easy to see that the power of this test tends to zero as the parameter
6§ diverges to infinity. A method of improving the test is to combine it with
locally best at infinity tests by choosing positive coefficients § in (8.3). Such
combined tests appear to have, as might be expected, quite big powers in a certain
neighbourhood of 0 and their power functions approach 1 if the parameter 6 tends
to infinity. Figure 1(b) presents the power functions of the locally best test (solid
line) with oy = —0.6465 and 3 = 0 and the locally best at infinity test (dashed
line) with oy = —1 and 8 = 5.4 x 10~". Figure 1(c) presents the power functions of
the combined tests with oy = —0.79 and 8 = 10~ (solid line), oy = —0.8183 and
8 = 10~8 (dashed line) and o; = —0.8564 and 8 = 10~7 (dotted line), respectively.
In all the cases above, the sample size is 5 and constants «; and 3 are chosen in
such a way that the size of all tests is 0.05. Since the above tests are invariant
with respect to the symmetry about the origin, Figs. 1(b) and 1(c) show plots for
non-negative parameter values only.

Ezample 8.3. Consider testing the hypothesis Hy : 0§ = 0 versus Hy : 0 # 0
for the double exponential distribution. Take a locally best unbiased invariant test
determined by

d(z) = — 72 "exp (— > |in>
—n-+1
+ (]‘ - 7)2 + 892 exp < Z |xl - 9|> o 5

where 0 < v < 1, see Remark 2.3. After simple calculatlons we obtain that

d(z) = —~y2 "exp (— Z |mz|>

i=1

+(1 -2t (Z sgn(cw)) exp (— Z |$i|>
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and therefore the test based on d(z) appears to be a two-sided sign test. It is easy
to see that sizes of such tests can only be of the form r/2"~!, wherer = 1,...,2"" L.

The test obtained from (2.15) by taking oy = —1, ag =0, 8 > 0 and G being
the zero measure is identical with the test

n n 3 n

1, if exp Z]mJ—le + exp Z|mz(—|—2$l >k,
i=1 i=1 i=1 i=1
n n n n

0, ifexp leJ—sz + exp leZH—sz <k,
i=1 i=1 =1 i=1

for a certain real number £ > 0. By Remark 6.1, this test is admissible in the
class of invariant tests and it is also locally best at infinity for the testing problem
reduced by invariance. Figure 1(d) shows plots of the power functions of the
two-sided sign test given by

5
1, if ngnazi >4,
=1
b(a) = :
0, if ZSgnxi < 4,

i=1

(dashed line) and the test defined by (8.4) with k = 10° (solid line). Both tests are
of size @ = 27% = 0.0625. From the plots we can see that although the sign test is
slightly better in the neighbourhood of 0, the power of the second test increases
faster from a certain point.

It is easy to show that for testing one-sided hypotheses for the double expo-
nential location family, the sign test (which is locally best) belongs to the class
.
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