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Abstract. Let {X,,n > 1} be a strictly stationary sequence of associated
random variables defined on a probability space (2, B, P) with probability den-
sity function f(z) and failure rate function r(z) for X;. Let f.(z) be a kernel-
type estimator of f(z) based on Xi,...,X,. Properties of f,(z) are studied.
Pointwise strong consistency and strong uniform consistency are established
under a certain set of conditions. An estimator rn(z) of r{z) based on fn(z)
and F,(z), the empirical survival function, is proposed. The estimator r,(x)
is shown to be pointwise strongly consistent as well as uniformly strongly con-
sistent over some sets.

Key words and phrases: Density estimator, failure-rate estimator, kernel es-
timators, associated sequences.

1. Introduction

Let {X,,n > 1} be a strictly stationary sequence of associated random vari-
ables defined on a probability space (Q, B, P) with density function f, distribution
function F, survival function F = 1 — F and failure rate function rp = f /F, re-
spectively, for X;. The random variables X1, X»,..., X, are said to be associated
if for every pair of functions h(z) and g(z) from R™ to R, which are nondecreasing
componentwise,

Cov(h(X), 9(X)) 2 0,

whenever it is finite, where X = (X1, Xs,..., X,,). An infinite family is said to be
associated if every finite subfamily is associated.

Several types of estimators for a density function of i.i.d. observations have
been proposed in the literature. However, the most commonly used density estima-
tor is the kernel-type estimator. It has been extensively studied (see, for example,
Rosenblatt (1956), Parzen (1962), Prakasa Rao (1983), Silverman (1986)) espe-
cially when X1, Xs,... is a sequence of i.i.d. random variables. Roussas (1969)
and Prakasa Rao (1978), among others, considered density estimation for sta-
tionary Markov processes satisfying Doeblin’s condition. However, most often in
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reliability studies, the random variables, which are generally lifetimes of compo-
nents, are not independent but are associated. For example, if the failure times of
a system follow the multivariate exponential distribution (cf. Marshall and Olkin
(1967)), then they are associated. If independent components of a system are
subject to the same stress, then their lifetimes are associated. Another example
is when the failure of one component increases the chance of failure for its neigh-
bours and the related lifetimes are associated. Thus, there is a need to study the
problem of density estimation for a sequence of associated random variables. First
we establish the strong law of large numbers for sums of functions of stationary
associated random variables which is used to study the properties of an estimator
fn(z) of f(z). Then, the kernel-type estimator f,(z) of f(z) is proposed and
its properties are discussed in the next section. Finally, an estimator r,(z) for
the failure rate function r(z) based on f,(z) and F,(z), the empirical survival
function, is proposed. It is shown to be strongly consistent pointwise as well as
uniformly strongly consistent over certain sets.

Roussas (1991) studied strong uniform consistency of kernel estimates of r-th
order derivative of f under some regularity conditions on the kernel and band-
width. He has also obtained rates of convergence. A preliminary version of
this paper was prepared independently around the time Roussas (1991) appeared.
Techniques of proofs given here are essentially the same as in Roussas (1991) and
Bagai and Prakasa Rao (1991).

2. Preliminaries

First we obtain a strong law of large numbers for functions of stationary as-
sociated random variables {X,,,n > 1}. For a sequence of stationary associated
random variables, a strong law was obtained by Newman (1984) and another one
for nonstationary sequence of associated random variables by Birkel (1989).

Let ¢ denote a generic positive constant in the sequel. For simplicity we write
Var(Z) = Cov(Z, Z).

LEMMA 2.1. (Lemma 3 in Newman (1980)) Let (X,Y) be associated random
variables with finite variance. Then, for any two differentiable functions f and g,

(2.1) | Cov(f(X),9(Y)| < sup |f'(2)] sup lg'(y)| Cov(X,Y)

where f' and g denote the derivatives of f and g respectively.

We now prove a strong law of large numbers for sums of functions of associated
random variables.

LEMMA 2.2. Let {X,,n > 1} be a sequence of stationary associated random
variables.  Let Sm,n = Y57 fo(X;) where fn is differentiable with
sup,, sup,, |f} (z)| < ¢ < oo. Further suppose that

(2.2) ZCOV(Xl,Xj) <e < oo.
J=1
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Then,
Var(Sm,, n) < 2cmy,.

Proor. Observe that

Var(Sm, ») = Var ifn(Xj)
:mnVar(fn(Xl))+2Z Z Cov(fulXi), fn(X;))

1<i<j<my,
(by stationarity)

< 2m., Zn Cov(fn(X1), fu(X;)),

=1

and hence

Var(Sm, ») < 2cmy, Z Cov(X1,X;) (by Lemma 2.1)
j=1
< 2em,  (by (2.2)).

THEOREM 2.1. Let {X,,n > 1} be a stationary sequence of associated ran-

dom wvariables. Let Sp, = Z?:l fa(X;) where f, is differentiable with
sup,, sup, | fr, ()] < c. Suppose E[f,(X1)] = 0, Var[f,(X1)] < oo and condition
(2.2) holds. Then,
Sn,n
n

—0 a.s as n— oo.

Proor. Using Chebychev’s inequality and Lemma 2.2, we note that
>, Pr[|Spu2 ] > n2e] < oo for all € > 0 and hence, by Borel-Cantelli lemma,
it follows that

(2.3)

—0 as.as n— oo.

Let

D, = max Skn — Snz.nl-
™ n2<k<(n+1)2 | o " ,n|

Then, by Chebychev’s inequality,

1
(2.4) Pr{D, > n%} < n4—E2E(D,%).
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Furthermore

2
E[D?] = _
[Dr] =B {n2<l?§%r}zc+1)2 1St Srﬂ,nl} }

5 Sem — snz,nﬁ]

max
| n2<k<(n+1)2
((n+1)2
<FE Z ISk,n - Snz,nlz
| k=n2+1
= E[(fn(Xn241))? + (fa(Xn241) + Fa(Xn2p2))® + -
+ (fn(Xn2+1) + fn(Xn2+2) +oeet fn(X(n+1)2))2]

(nt1)?
<mE| Y faXp)+2) > Fa(Xa) fu(X5)
k=n2+1 n2+1<4,5,i#i <(n+1)2

=2n Var[S(n_H)zm — Spz )
<cn?  (by Lemma 2.2).

Therefore Y. P{D,, > n%} < oo for all £ > 0. Again, using Borel-Cantelli
lemma, we get that

(2.5) % —0 as.as n— .

Furthermore
|Sk,n[ < |Sn2,n’+Dn
k.~ n?

Hence, from (2.3) and (2.5), it follows that

for n?<k<(n+1)>%

Snn

)

—-0 as.as n— oo.

n

Other results which will be used later are stated below for completeness.

THEOREM 2.2. For ecvery a € J, an index set, let {X;(a),j > 1} be an
associated sequence. Let f,, n > 1 be functions of bounded varialion which are
differentiable and suppose that sup, s, sup, |f,(z)| < ¢ < 0o. Let E(fu(X;(a))) =
0 for everyn > 1,7 > 1 and o € J. Suppose there exist r > 2 and § > 0
(independent of ., j and n) such that

(2.6) sup sup sup E|fn(X;(a))|" < co.
n>lacd j>1

Let

(2.7) u(n,a):ig;; > Cov(Xj(a), Xk(w).



DENSITY ESTIMATION FOR ASSOCIATED SEQUENCES 257

Suppose that there exists ¢ > 0 independent of o € J such that

u(n, ) < en~(r=2r+6)/26,

Then there exists a constant B not depending on n, m and «, such that

(2.8) sup sup sup E|S, 1k m (@) — Sg.m(a)|” < Bn"/?
m>1acd k>0

where

mn,n(a an

PROOF. Since f, is a function of bounded variation, we can express f,, as

fn(x) = fn,l(x) - fn,2(1’)

where f,, 1 and f, » are two monotone functions. Observe that monotone functions
of associated random variables are associated (Esary et al. (1967)). Note that

El[Sutn(@) = Sien(e)]']

n+k
=EB|| Y fu(X;(a))

j=k+1

n+k

=F Z (fn1 —fn Z(X (@)

__7 =k+1

T T
n+k n+k

Se{E || Y faaX(@)| | +E || D faa(X;(@)

j=k+1 j=k+1

(by Cr-inequality, Rao (1973)). The result then follows from Lemma 2.1. and a
uniform version of Theorem 1 of Birkel (1988a).

THEOREM 2.3. For any a € J, an index set, let {X;(a),j > 1} be an as-
sociated sequence. Let fn, n > 1 be functions of bounded variation which are dif-
ferentiable and suppose that sup,~q sup, |fn(z)| < o0, and sup, >, sup, |f.(z)| <
c<oo. Let E(fo(X;(a)) =0,n>1,a € J and j > 1. Assume that there exists
r > 2 such that

u(n, ) = O(n~(r=2/2),

Then (2.8) holds.

PrOOF. The proof follows from Theorem 2.2 and Theorem 2 in Birkel
(1988a).
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3. Kernei-type density estimator

Here we propose a kernel-type estimator for the unknown density function f
of Xi, when {X,,,n > 1} is a stationary sequence of associated random variables.
We assume that the support of f is a closed interval I = [a,b] in the real line. Let
us consider

(3.1) fn(x)=%iK($;Xj>, rel
nj:l i

as an estimator for f(z), where K(-) is a suitable kernel and h,, is a bandwidth
sequence.
The asymptotic behaviour of f,(z) is discussed later under the assumptions
(A) listed below.
(Al) K(:) is a bounded density function and of bounded variation on R satis-
fying (i) limjy|—co [u|K (u) = 0, (ii) [ u?K(u)du < oo.
(A2) K(z) is differentiable and sup,, |K'(z)| < ¢ < oo.
Further it is assumed that the covariance structure of {X,,} satisfies the fol-
lowing condition.
(B) For all £and r > 0, 3.1, 5, Cov(X;, Xy) < u(r), where u(r) = e~
for some a > 0.

Remark 3.1. Cox and Grimmet (1984) and Birkel (1988a, 1988b), among
others, observed that, in any asymptotic study of a sequence of associated random
variables, the covariance structure plays an important role. Cox and Grimmet
(1984), while considering the asymptotic normality of a triangular array of asso-
ciated random variables, assume that there exists a function,

u(r) =0 as r— o0
such that

(3.2) Z Cov(Xnj, Xne) <wu(r) forall £,n,r>0.

Jile—jlzr

The condition (B) imposes restrictions on the covariance structure of {X,} analo-
gous to (3.2). It can be easily seen that (B) implies (2.2). Roussas (1991) assumes
a weaker condition similar to that in Bagai and Prakasa Rao (1991).

Assume that f is thrice differentiable and the third derivative is bounded. Let
h, — 0 and nh: — oo as n — co. Then, under (A) and (B), following Parzen
(1962), it can be checked that E[f,(z)] and B,(x), the bias of f,(x), are given by

2
(33) Blfa(a)] = £(2) — haf () + "2 @z + O(RD)
where
(3.4) v = /_00 P K(z)dz, j=1,2;
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and
(35) B(x) = Blfula)] - f(x)

= —hof (@ + @+ O(R),
Furthermore

(36) Var fu(x) = %VM( (x—?ﬁ))

b L0 Cov (K (5

n 1<i#i<n

Observe that,
1 .’L'—Xl N 1 5 ZL‘—Xl
37) WVMK( . )“nhi {E[K< . ﬂ

=[x (5]}

——[f(z)Bo = f'(@)hafr + [ (x)h} 3]

1

nh
2
- 2lEna) + @ + 0 ()
where
(3.8) B; = /oo ' K*(x)dz, j=0,1,2
and
- X; 1 z—X;
el ) ()
1;<]Z<n hn hn b,
2
< = ZZ sup{ Yn(x y)} Cov(X;, X;) (by Lemma 2.1)

1<i<j<n
where
(39) () = ,zK(x“y)

< n2h4 D3 Cov(Xi, X;)  (by (A2))

n 1<i<j<n

< WU(O) (by (B) and stationarity)

n
C

S 4"
n

S
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Substituting (3.7) and (3.9) in (3.6), we have

(3.10) Var fu(z) = ——[/()fo + O(hn)] + O (i) .

nhy, nhi
From (3.3) and (3.10), it follows that f,(z) is asymptotically unbiased and weakly
consistent for f(z). And, following Prakasa Rao ((1983), pp. 35), it can be easily

verified that the optimal choice of A, which minimizes the mean square error, is
O(n=1/%), same as the one in the i.i.d. case.

3.1 Pointwise strong consistency of fn(x)

THEOREM 3.1. Let {X,,n > 1} be a stationary sequence of associated ran-
dom variables. Suppose that (A) and (B) hold. Then, forx € I,

fo(@) = Efoy(z) =0 a.s. as n— 0.

ProOF. Set

Then E(X,;) =0, Var(X,;) < oo, and

> |Cov(Xng, Xne)l

jile—g|>r
= Z | Cov(¥n(z, X;), ¥n(z, X1))|

J:le—jlzr

2
< sup {%wn(w, y)} Z Cov(X;,X,) (by Lemma 2.1).
Y

Jile=glzr

The conditions of Theorem 2.1 hold because of (A2) and (B). Hence the result
follows.

COROLLARY 3.1. Under the assumptions of Theorem 3.1, fr(z) — f(x) a.s.
at continuity points x of f(-) as n — oo.

PrOOF. The result follows from the conclusion of the above theorem and the
fact that E[f,(x)] — f(z) at continuity points = of f(-).
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3.2 Uniform strong consistency of fn(x)

THEOREM 3.2. Let {X,,n > 1} be a stationary sequence of associated ran-
dom variables. Suppose that (A) and (B) hold and there exists v > 0 such that

(3.11) hyt = O(n").
Then, for alle >0, r > 1,

sup Pr||fn(z) — Efn(z)| > €] <ce™?n".

Proor. Observe that

u(n, z) = sup Z Cov(¢n(z, X;), ¥n(z, Xp))

01
=7 gli—t>n

2
< sup Z sup{iwn(m,y)} Cov(X,;,X;) (by Lemma 2.1)
215 e v LY

2
SsupSUP{a%wn(w,y)} sup Y Cov(X;,Xe)

v 21 jigi—t2n
=0nP), forany B>0 (by (3.11) and (3.12)).

Then, using Chebychev’s inequality and Theorem 2.3 with
=(r—-1), r>1,
we have

sgpPr[]fn(:c) — Ef,(z)| > €]

2r

= sup Pr Z Yn(x, X;) — Evn(z, X;))| > (ne)?"

2r

< sup(ne)"¥'E Z Yn(z, X;) — Etbn(z, X;))

T

< c(ne) ¥ n"

=ce ",

THEOREM 3.3. Let {X,,n > 1} be a stationary sequence of associated ran-
dom variables satisfying the conditions (A), (B) and (3.11). Further, suppose that
the following condition holds:

(C) |f($1) - f(él)g)l < C|.7J1 — .’EQ', z1,22 € 1.
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Then
sup(| fn(z) — f(z)|;zel] = 0 a.s.

The proof of the theorem is based on the following lemmas which are easy to
prove and it is a slight variation of a similar proof given in Roussas (1988).

LEMMA 3.1. If the condition (C) holds, then

sup{|f(z) — Efu(z)|,z € I} < chy,.

LEMMA 3.2. If (A) holds then

|[fu(z1) — fulzg)] < ch;zlxl —~za|, 21,22 €1

PROOF OF THEOREM 3.3. Let 6, = n~2¢ where 6 is chosen so that 0 < 8 <
21, Such a choice is possible since 7 > 1. Divide the interval I = [a, ] into by,
subintervals Iy = (Zne, Tne41], £ =1,...,b, = N of length é,. Notice that

(3.12) bn < bt
and

sup | fa(2) = f(2)| < max sup [[fu(2) = fa(zne)] + [falene) — Efalzye)]

zel xe]nl

+ [Efn(zng) — flzn)] — [f (@) — flano)]l
where ), is an arbitrary point in I,,,. Hence,

(3.13) sup |fn(¢) — £(2)] < max sup |fn(c) = fu(ehs)
+ max | fa(@ne) — Efnlzre)l
+max |Efn(z,) = f ()]

+max sup |f(z) — f(zn,)].

€l

Note that
(3.14) |z — z),| < cbn,  which implies that |f(z) — f(z),)| < cbp.
Then, by Lemma 3.1, it follows that

(3.15) |f(zre) — Efn(zne)| < chn
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and, by Lemma 3.2, we have
(3.16) |fa(@) = fa(@he)| < chy?bn.

Substituting (3.14) to (3.16) in (3.13), we have

(3.17) sup{| fn(z) — f()[}

zel
< Ch'r_b26n + chy + by, + In?.x | fr(Zhe) — Efnlzp,)l-

Let € > 0. Choose h,, = n~?, where > 0 and

eh?
(3.18) On = ™

Then, for large n,
ch; 26, < e/4,

Eehi <e/4,

5, =
©n =17

and
chn =cn™? < ¢/4.

Then, for large n, (3.17) reduces to
3e N .
sgr;{lfn(x) = f(@)l} < 7+ max|falzh) — Efalzn)l
Hence,

Pr [sup{| o(2) ~ £(0)) > ]

< Pr mzx fo(at) ~ Efalatal] > /4]

N
<Y Prllfal@ne) — Efalayy)l > /4]
=1

< cbpe™®n™"  (by Theorem 3.2)

< c&;ln‘r.

Then the result follows using Borel-Cantelli lemma. in view of the fact > 6 1n"" <
0o0.
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4. Kernel-type failure rate estimator

The failure rate 7(x) is defined as
r(z) = f(z)/F(z), F>0.

The distribution function F'(x) is uniquely determined by r(z) by the relationship

F(z) = exp {- /_ 1 r(t)dt} .

The problem of estimating r(z) on the basis of i.i.d. observations X, Xs,..., X,
from F' has been discussed by Watson and Leadbetter (19644, 1964b), Rice and
Rosenblatt (1976) and Prakasa Rao and Van Ryzin (1985), among others. An

obvious estimate of 7(z) is r,(z) given by

(4.1) rn(z) = fa(z)/Fu(2),

where f,(z) is the kernel-type estimator of f(z) discussed above and F,(z) is the
proportion of X;, 1 < 4 < n that exceed z. The properties of F,,(x) based on
stationary associated sequence {X,} have been discussed by Bagai and Prakasa
Rao (1991).

Roussas (1989) discussed the need for estimating r(z) when the lifetimes
X1, Xs,..., X, are identically distributed but not independent. He discussed the
consistency properties of r,(z) for a stationary sequence of random variables sat-
isfying any one of the four standard modes of mixing random variables. In what
follows, we prove analogous result for a stationary sequence of associated random
variables.

It is easy to see that

F(@)[fn(z) = f(2)] — (@) [Fu(z) ~ F(z)]

(4.2) rn(z) — r(z) = D)
where
Do(e) = Flz) (o),
Fule) = 1300,
and z

Y(.’I})—{l if X; > =z,
: 0 otherwise.

Note that D, (z) > 0 almost surely for all z in S = {z € R; F(z) > 0}.

LEMMA 4.1. (Bagai and Prakasa Rao (1991)) Let {X,,n > 1} be a station-
ary sequence of associated random variables with bounded density for X1. Assume
that, for some r > 1,

(4.3) i {Cov (X1, X;)}? = O(n=(r1)).
j=n+1
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Then, for every x,

F.(z) > F(z) as. as n— oo

THEOREM 4.1. Let {X,,n > 1} be a stationary sequence of associated ran-
dom wvariables satisfying the conditions (A), (B) and (4.3). Then, for allz € S
which are continuity points of f,

ro(z) = r(z)  a.s as n— oo.

PROOF. For every z € S and for all sufficiently large n, D,(z) > 0 a.s. Using
Corollary 3.1, f,(z) — f(z) a.s., when z is a continuity point of f. Then, the
result follows from Lemma 4.1 and Corollary 3.1.

LEMMA 4.2. (Bagai and Prakasa Rao (1991)) Let {X,,n > 1} be a station-
ary sequence of associated random variables satisfying the conditions of Lemma
4.1. Then

sup[|Fn(z) — F(z)|,z € J]— 0 a.s.,

where J is any compact subset of S.

THEOREM 4.2. Let {X,,n > 1} be a stationary sequence of associated ran-
dom variables satisfying the conditions (A), (B), (C), (3.11) and (4.3). Then,

sup{/rn(z) —r(z)| 1z € J} =0 as.
where J is any compact subset of S.

PROOF. The proof follows from the following facts by means of the relation
(4.2):
sup[|fu(z) — f(z)|:2€J] -0 as,
sup(|F,(z) — F(z)|: 7€ J] =0 as,
sup[f(z) : z € J] < oo,
and
inf[F(z) : x € J] > 0.
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