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Abstract. Stochastic expansions of likelihood quantities are a basic tool for
asymptotic inference. The traditional derivation is through ordinary Taylor ex-
pansions, rearranging terms according to their asymptotic order. The resulting
expansions are called here expected/observed, being expressed in terms of the
score vector, the expected information matrix, log likelihood derivatives and
their joint moments. Though very convenient for many statistical purposes, ex-
pected/observed expansions are not usually written in tensorial form. Recently,
within a differential geometric approach to asymptotic statistical calculations,
invariant Taylor expansions based on likelihood yokes have been introduced.
The resulting formulae are invariant, but the quantities involved are in some
respects less convenient for statistical purposes. The aim of this paper is to
show that, through an invariant Taylor expansion of the coordinates related to
the expected likelihood yoke, expected/observed expansions up to the fourth
asymptotic order may be re-obtained from invariant Taylor expansions. This
derivation produces invariant expected/observed expansions.

Key words and phrases: Asymptotic expansions, index notation, invariant
Taylor series expansions, likelihood, tensors, yokes.

1. Introduction

Let F={P,:wefC Rd} be a parametric family of probability distributions
defined on a sample space & and dominated by a o-finite measure p. The param-
eter space (2 is assumed to be an open non-empty subset of R?. Let us denote by
p(z;w), x € A, the density of P, with respect to u and by l(w) = logp(z; w) the
log likelihood function based on the sample data z. We assume that the log likeli-
hood function is a smooth function of the parameter and that the usual additional
regularity conditions hold ensuring, in particular, that the maximum likelihood
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estimator (MLE) & exists and that it is uniquely defined as the solution of the
likelihood equation Vi(w) = 0.

Let the statistic f() be a parametrization invariant function (a scalar function
in the language of differential geometry) defined on a copy of  that represents
the range space of the MLE. The maximized log likelihood is the most notable
instance. Stochastic expansions for f(@) are basic for higher-order asymptotic
inference. However, the ordinary Taylor formula for f(&) is not parametrization
invariant, depending on the coordinate system adopted for the statistical manifold
F. Let us assume that f(&) is of order Op(n®) under repeated sampling of size n.
An important aim of a ‘geometric’ stochastic calculus is to obtain an asymptotic
expansion for f(®) typically of the form

(11) F(@) = f(w) + by + by + b3 + by + Op(n®~5/2),

where each term by, is a scalar function of order Op(n®~™/2), m = 1,2,3,4; if f()
is a more general geometric object, for ingtance a tensor, it is desirable that each
term by, should follow the same transformation law as f(©). A first possibility for
obtaining the geometric expansion (1.1) is through the ordinary Taylor formula
and ¢ posteriori elicitation of geometric ingredients; a second possibility is to
use an invariant Taylor series expansion (Barndorff-Nielsen (1987, 1989), see also
Bleesild (1990)), namely a Taylor expansion defined on the manifold F (Murray
(1988), Murray and Rice ((1993), Chapter 9)).

Invariant Taylor series expansions are intrinsically geometric and rely upon
the definition of an appropriate yoke (Barndorfl-Nielsen (1987)). Two instances of
a yoke are relevant for asymptotic statistical calculations: the observed likelihood
yoke and the expected likelihood yoke, which are both defined in terms of the log
likelihood function. The former yoke gives rise to observed likelihood expansions,
where the coefficients depend on mixed derivatives of the log likelihood function
and the coordinates are products of elements of the score vector. The latter yoke
gives rise to expected likelihood expansions. Their coefficients consist of moments
of log likelihood derivatives together with derivatives of f(w); the coordinates are
products of expected values of elements of the score vector, where the expectation
is taken under &. Examples of expansions of both kinds are given in Barndorff-
Nielsen et al. (1991a). A possible difficulty connected with observed expansions is
that the calculation of their coefficients requires the specification of an auxiliary
statistic. On the other hand, in expected expansions, coordinates are defined
through an integration and the resulting expressions are not easy to handle nor to
interprete; moreover, the summands in each invariant term b,, are not in general
of the same asymptotic order in n.

For statistical applications, the most useful structure of a stochastic expansion
would have coefficients analogous to those of the expected expansions and coor-
dinates like those of the observed expansions. These requirements are met by the
expansions considered in Lawley (1956), McCullagh and Cox (1986), McCullagh
((1987), Chapter 7), Barndorff-Nielsen et al. ((1991a), Section 8). Following the
last reference, here this kind of expansions is referred to as expected/observed like-
lihood expansions. In this case, the built-in invariance of geometrically obtained
expansions is lost and further manipulation is required for a geometric structure
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to become visible. In McCullagh and Cox (1986) a technique is suggested for re-
covering invariant terms in the expansion of log likelihood ratio statistics. Their
contribution inspired much of subsequent work on invariant Taylor series in statis-
tics.

The purpose of this paper is to produce a geometric formulation for the ex-
pected/observed expansions, relating them to the expected likelihood expansions.
In particular, it is shown that they may be alternatively derived as expected like-
lihood expansions with coordinates substituted by a suitable geometric expansion.
Our derivation is bound to the first four asymptotic orders (which is, however, all
that one is likely to need in practice).

Section 2 contains some notation and background material. In Section 3 ex-
pected /observed likelihood expansions are briefly reviewed following Barndorff-
Nielsen et al. (1991a), while Section 4 deals with expected likelihood expansions.
Section 5 introduces the expansion for the coordinates of the expected likelihood
expansions that permits us to obtain the required geometric formulation of the
expected/observed expansions.

2. Basic notation and preliminaries

Throughout the paper we use index notation and the Einstein summation
convention (whenever an index appears twice or more in a product of symbols
summation over that index is understood). Let us denote by w”,w?®,... (r,s =
1,...,d) generic components of w. For a smooth real function f(w), defined on F
and expressed in coordinate form, we write

_ 0 _ o
fr - fr(w) - awrf(w)a frs - frs(w) - Wf(w):

and so on. More generally, denoting by R,, the set of indices ry - - - ,,, we write

- 8wT1 . awrm

fRm = fR. (W) fw).

With reference to the log likelihood function I(w), I, is a component of the score
vector and i,s = E,,(—l,¢) indicates an element of the expected information matrix
lirs]. We denote by " an element of the matrix inverse of [i,.s] and define I" = i"*[,,
Irs = [715, "% = ["]*]* and so on. For moments of log likelihood derivatives we
use the symbols u, = E,(lr), irs = Fuollrs),..., bR, = Eu(lg,,) and p, s =
Eo(lls), prst = Eo(lelse), s BRim Sy Uy = Euw(lrRumls, -+ ly,). Observe that
trs = —ips. Differentiating the identity w,, = 0 one obtains a sequence of balance
relations, known as the Bartlett relations, the first instances of which are p,s +
prs = 0, tirst + por,s¢[3] + fir,s,s = 0. The symbol [k] indicates a sum over k similar
terms obtained by suitable permutation of indices.

Let ¢ be an alternative parametrization of F, namely a one-to-one smooth
function of w with smooth inverse. We will denote the generic components of 1
by 12,4, ..., in contrast with the use of letters r,s,... to denote components
of w. Accordingly, a likelihood quantity denoted by indices a, b, . . . is understood
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as referred to the ¢ parametrization. A re-parametrization does not alter the
log likelihood function itself while it affects log likelihood derivatives and their
moments. In particular, it is easy to see that

lo = lrwy,
(21) lab = lTswgwg + lrwgbv

i
lape = lrstwgwiwc =+ lrswgbws [3] + lngbm

where w! = Ow" /OY*, w", = O*w" /O By’ and so on. Evaluating joint moments
up to the fourth order transformation rules of one of the following forms are
obtained:

- _ ros _ s T 8
tab = Mab = Hr,sWeWp = bprsWyWp,

(2.2)
. r,,8 1
Pab,e = Hr s, tWoWpWe,

and

Habe = ﬂ'rstwgwgwi + :u’TSwgbwz [3]’
(2.3) Ha,be = (Hr,stwlfwttz + MT,Swlfc)wgv

i t
Hab,cd = (Nr,s,tuwcwg + ﬂ’r,s,twcd>wgu}g;
and, finally,

T 8 t u r 8 t
(24) Hab,ed = fhrs,tuWqWhWelWg T Hrs tWoWpWeg

T s, |t r E
+ L stWapWoy + M, sWapWey-

Moreover we have

25) i = "y,
i =1y,
where 92 = OY®*/Ow".

Under re-parametrization, log likelihood derivatives and their moments trans-
form according to fairly regular patterns. The simplest one is that displayed in
(2.2), (2.5) and that obeyed by [, where only multilinear combinations of the quan-
tity itsell together with the Jacobian matrices [wh], [1/¢] are involved. Quantities
that follow a transformation rule of this kind are called tensors. To be specific, a
collection of smooth real functions T 5:‘ = Tglm (w) = T7L T (w) is called a (m,n)
tensor on F if under re-parametrization it obeys the transformation rule
(26) Thr = Tgmys - wimwyl - wir
According to this definition, [, is a (0, 1) tensor, i, is a (0,2) tensor, " is a (2, 0)
tensor, {" is a (1,0) tensor. A (0,0) tensor is a scalar. Since wl9? = 7, where
the symbol 67 denotes the Kronecker delta (87 = 1 if r = s, 67 = 0 if r # s),
it follows immediately from (2.6) that scalars formed by a suitable product of
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tensors (contraction) are invariants. For instance, i%l,l, = i"*l,ls; in general, if
THm is a (m,0) tensor and Ug,, is a (0,m) tensor, their contraction TE=Ug  is
invariant. Tensors are therefore particularly appropriate tools in writing geometric
expansions: if we are able to write an expansion in terms of tensors, invariance
may be easily established.

It is apparent from (2.1), (2.3) and (2.4) that higher-order log likelihood deriva-
tives and their moments do not usually transform as tensors. Since these quantities
constitute the basic ingredients of the usual expansions considered in statistics,
the study of their geometric structure represents a core problem for obtaining
invariant Taylor series. Two main approaches have been followed. The first is
coordinate-bound and relies upon the theory of strings developed in Barndorfl-
Nielsen (1986) and Barndorff-Nielsen and Blaesild (1987); tensors are recovered
from strings, namely from quantities obeying transformation laws like (2.1), (2.3)
and (2.4), by a process referred to as intertwining, which generalizes ideas in
McCullagh and Cox (1986). The second approach, stemming also from McCullagh
and Cox (1986), is pursued in Murray (1988), where a coordinate-free theory of
geometric Taylor series is presented; the basic concept is that of coordinate strings,
namely of local coordinate systems such that coefficients in Taylor series for scalar
quantities transform as tensors. The close relation between this approach and the
theory of intertwining is elucidated in the same paper. In this work we follow the
former approach, which is of algorithmic nature and closer to the usual view in
doing likelihood calculations.

Sequences of likelihood quantities such as {lp,.} = {lg, (w),m = 1,2,...},
{br.t = {pr.(w),m = 1,2,...}, {prs.} = {prs, (w),m = 1,2,...} and
{ter,s, 1. ¥ = {por,s, 1, (W), m = 1,2,...} which follow transformation rules that gen-
eralize (2.1), (2.3) and (2.4) are all instances of co-strings. A co-string of covari-
ant degree k is a (possibly finite) collection of smooth real functions {Cg, s} =
{Cryiirpsyosy (W), m =1,2,.. .}, symmetric in the indices sy, ..., s, and obeying,
under re-parametrization, the transformation rule

m

S El
(2.7) Ca,B,, = Z Z ORksl"'Sthlml ---thmh War ** Wek.
h=1 B, /h

The symbol B,,/h indicates summation over all ordered partitions of B,, into h
non-empty subsequences By, , ..., Bn,, such that the order of indices in each of
these subsequences is the same as their order in B,, and, for j = 1,...,h — 1,
the first index in B, comes before the first index in Bin;,, as compared with
the ordering within B,,; the sum is defined as equal to zero when A > m. The
sequences {lg,. }, {tr.. } as well as {Hg, =lg, —ur,, } are co-strings of covariant
degree zero, while the sequences {g,,} and {{rs 1, } constitute co-strings of
covariant degree one and two, respectively. Notice that the first element Cg, s of
a co-string of covariant degree k is a (0,k + 1) tensor.

The transformation rule of p,, s, given by (2.4) is not of the form (2.7).
Since pg,,.s, = Eu(lr,ls,), its transformation rule is obtained from the prod-
uct of the transformation rules for lg , and ls,. The sequence {ug,, s, } =
{vRr,,s, (W),m,n = 1,2,...} is an instance of a double co-string (of covariant
degree zero) whose general definition may be found in Barndorff-Nielsen (1986).
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The process of intertwining operates on co-strings and double co-strings (and,
more generally, on strings) to generate tensors. For instance, starting from a
co-string {Cp,, } of covariant degree zero a sequence of (0,m) tensors {tg_,m =
1,2,...} may be obtained from the recursive relations

Cr =tr,

Crs = trs + ﬂfstv’

Crst = trst + Brstot[3] + Brsito,

Crstu = trstu + rstvtu[ | + Brs Btutvw[3] + Brsitould] + Brsputo,

(2.8)

and so on. The sequence {tg, } obeys the transformation law for tensors, (2.6),
provided that the sequence of coefficients {3%, 8%, B¥stus - - -}, Symmetric in the
lower indices, transforms as a connection string, namely according to the relations

Bie = (Brwiws + who vy,
(2.9) Bied = (Birawiwiwy + BLwiewi[3] + whoa) s,
Biede = (Bipupwiwewgwy + B wiwiwi, [6]
+ Brwiwege[4] + Brwiwe 3] + Wicae U7,

and so on. It is convenient to put gy = 07, where 6 is the Kronecker delta.

An instance of a connection string is {8} } = {i"*usR,,}; it is used in
McCullagh and Cox (1986) (see also McCullagh (1987), Section 7.2.3) to define
a local parametrization such that log likelihood derivatives transform as tensors
(McCullagh and Cox refer to log likelihood derivatives in such a parametrization
as Mobius derivatives).

For co-strings of positive covariant degree and for double co-strings inter-
twining operates essentially in analogy with (2.8). Examples of tensors based on
likelihood quantities obtained via intertwining are collected in Tables 1-3; their
detailed description is deferred to Section 5.

Table 1. Tensors obtained by intertwining the co-string { Hg,, } with respect to the 1 connection

1
string {G7. } = {i"us, 1, }-

Tr=Hy =1,
Trs = Hps — /Lt,rslt
Trst = Hrst — ivw#v,rust[v?)] - (Ii'u.,'r'st - ’L.uw,uav,'r-s/iu,tw [3])lu

Trstu = Hrsty — 1 po,rs Heuw (6] — 1% py,ret Huw[4]
+ VWY (Nv,rsﬂw,tuny (3] + Mo, rspbz,twHuy [12])
+ v {Hv,rsl-bz,tuw [6] + Hou,rsttbzuw [4] — Mz,rst
- iwy(ﬂv,rsﬂx,tu#z,wy[g] + Nv,rsﬂm,tw.uz,uy[lQ])}lz

-1
Note. The tensors Ty with respect to the —1 connection string {¢G %m} = {i"ps;n }
are obtained from the tensors Tr,, replacing p., 7, With py.1,, -
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Table 2. Tensors obtained by intertwining the co-string {u7,, } with respect to the —1 connec-

—1
tion string { G 7, } = {i" ey, }-

Trs = —lrs
Trst = Mrst + Hr;st [3] = 2#’7‘13,t

Trsty = Hrstu + Ur;stu [4] + ivw#v;rlerw;tu [3] - Z‘vw'7'1r'sv,u'w;t7.¢ [6]

Table 3. Tensors obtained by intertwining the double co-string {pg,,;s, } With respect to the

-1
—1 connection string { G, } = {{"us;1, }-

Ttu =ty

TTyu = HTu — Huy T

TTyu = HTy3u — PusTy — 1% Bostrta (Bwtssu — Buswts ) (3]

TTy Uy = WUy — ivw.ufu;Ug,u'Tz;w

TT3;Us = BTs5U3 — 8% (BT 0w Uy + sty to Begw;Us [3])
+ VG it b P U Bitg sy [3]

TTyUs = BTy5Us — 1% (U0 HasUs  HBovjugug BTpugw[3])
+ VY g up BT bysusw (3]

3. Expected/observed likelihood expansions

Let f denote a real-valued function defined in a neighbourhood around w.
Starting from Lawley (1956), the traditional way to find expansions of f(&) around
w is to consider first the ordinary Taylor expansion

(3-1) f(d}) = f(w) + fr(‘b - w)r + %frs(a} - w)rs + %frst(w - w)rst

1 ~ r
+ ﬁfrstu(w - w) stu + -,
where (& — w)fm = (0 —w)™ --- (& — w)™™. An expansion for (& — w)" is then
obtained by inversion of the Taylor expansion around w of the left-hand side of
the likelihood equation [,(&) = 0, namely of

o0
1 .
(3.2) r+ > Tlrs. (@ = w)S* = 0.
k=1""
Let us consider the quantities
(3.4) Ks, = 1" pss,

(3.5) Hj, =i"H,s,.
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Under repeated sampling, irs and pg,, (m > 2) are of order O(n), I, and Hp,
are of order Op(n'/?) and by inversion of (3.2) we obtain

(36) (& —w)" = A] + Ay + 45 + A7+ Op(n /),

where the term A", is of order Op(n™™/2), m = 1,2,3,4. These terms are given
by

A =T,
T 7718 1 st
A2 = H l /‘Lstl

1 1 1
Az =HH U + §H§tl5t + i, HYUT - SpG U+ i I+

1 1
A7 = HIHHYL + Hy HU + §H5H:tzst i HY P 4+ St HY H L

r v jstu
:usv:utul ’

1 1
b S p HUHPE i HUHPT + LI 4 Spl

1 1 1
+ glu’stuHrlStu +Z #’St‘HT lstu + ILLS'UHU lstu + M;vll':wHZfZStu

1
+ :u'kustleStu +

1
2 2:“’svp‘tqul8tu 2ugwug¢H5l8tu

1 1 | /
+ ﬂ'ulgtuu/lstuu + éﬁgvﬂl)uu’lstuu + Zugtvuzwlstuu

lstuu'

1 w wu’ 1
+ guZwugtﬂuu’ZSt “ + §H:v.uthﬂ$u’

Let f(w) be such that higher-order derivatives with respect to w may be de-
composed as

(3.7) fr, (W) =¢r, +Fr, m=12...,

where ¢r,_ = E,(fr,, (w)) is of order O(n®) and the deviation Fg,, = fr,,(w) —
¢r,. is of order Op(n®~1/2) or zero. The general form of the expected/observed
likelihood expansion is obtained by substituting (3.6) into the Taylor expansion
(3.1) of f(w) taking into account the decomposition (3.7). The resulting formula
is

(3.8) F(@) = f(w) + By + By + B + By + Op(n?~%/?),
where the terms B, are of order Op(n®~™/2), m = 1,2,3,4 and are given by

Bl = ¢T‘A’£7
1 .
B2 = FrAg + ¢TA5 + §¢rsA;Ai7

1 1
By = FrAb + SFro ATAL + 6o A5 + 0y ATA 4 2 ATAT AL

1 1
By = FpAj + Fro ATAS + <P ATALAL + 6, AL+ S6rsA5AS + fro AT A

1 1
+ §¢rstA;AiAé + '2_4¢rstuA71«AiA§Alf
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Note that the pattern displayed by the quantities B,, is simple and easy to ex-
trapolate to higher-order terms.

Ezample. Ezpansion of the log likelihood ratio. If f(&) = (@), the term By
in expansion (3.8) is zero and we obtain

(3.9) (&) — l(w) = By + B3 + By + Op(n™%/2),
with
1.
B2 = §erlrs,
1
Bs = E(ﬂrstlmt + 3Hrslm)7
1 v \jrstu 1 vrst 1 VTS 1 rst
By = ﬂ(”’rstu + Bphrsv iy ) + iﬂrsthl + —iHmHsl + EHTStl ’

It is not difficult to check that By, B3 and By are scalar functions.

In general, if the function f is parametrization invariant it is desirable that
each term B, in (3.8), m = 1,2,3,4, turns out to be invariant. This fact is not
guaranteed by the derivation of (3.8) outlined above, so that the transformation
law of each term B, has to be investigated. Invariance of By and B; in (3.8) may
be established after some algebra. After extremely longwinded calculations the
same result is seen to hold for By (Blasild, personal communication). A direct
check of invariance of B, seems to be out of reach by hand calculations or by
to date available computer algebra packages such as that described in Kendall
(1992). Moreover, by this route invariance of terms in (3.8) appears to be a
somehow fortuitous fact. In the following sections the elicitation of the geometric
structure of the expected/observed expansion will be carried out by an indirect
route, namely by comparison with the invariant Taylor expansion based on the
expected likelihood yoke.

4. Invariant Taylor series expansions; the expected likelihood expansions

In Section 2 we recalled how the log likelihood function induces in & natural
way a series of geometric objects defined on F. The identity u, = 0 together with
the Bartlett relations, the metric tensor ¢,, and the connection string {i**us g, }
are the most notable instances. Assuming a more abstract point of view, analogous
geometrical structures on F may be induced by the general class of scalar functions
termed yokes (Barndorff-Nielsen (1987), Blaesild (1991)).

Let Q be a copy of Q (typically 2 represents the range space of the MLE).
Consider a smooth scalar function g(w,o) defined on © x Q and let us write

GRoi5, (W, @) = Bpy - By, By, -+ Os,, g(w, D),
where 8, = 8/8w", 8, = 8/0&*, and in addition let us define

ng;Sn = ng:Sn (w7 LL))
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The function g is said to be a yoke if for every w
(i) G, =0,

(ii) [Gr;s] is non-singular.

For a recent review of differential geometries derived from yokes see Section 3
of Barndorff-Nielsen et al. (1991b). In particular, a yoke gives rise to a family of
strings and connection strings; consequently it induces a family of tensors (Blaesild
(1991)). If g is a yoke, G, = {Gr,..s, : m,n = 1,2,...} is a double co-string and a
family of tensors based on g can be obtained via intertwining. We indicate with

1 -1
{GT, } and {G7. } the 1 and —1 connection strings associated with the yoke g;
they have, respectively, generic element

1
(4’]‘) gg"’m = gT'Sng;S m = 1, 2, e
and

—1
(4.2) G =G"Gyr, m=12,...

where [G"*] = [G,.s] 7 .
The quantity 7" = G"*gs,(w,@) is a (1,0) tensor; products of like quantities,
Fftm = 4™ ... 4™ play the role of ‘tensorial coordinates’ in invariant Taylor series

expansions. The coeflicients fr_ appearing in ordinary Taylor expansions are
-1
replaced in invariant Taylor series expansions by ‘tensorial coefficients’ f p . They

-1
are the tensorial components of f with respect to the —1 connection string { G 7. }
and are defined recursively by the equations

LL “1p
(4.3) fr.=> fr G5,
h=1
where
-1 -1 -1 -1 -1 -1 —1
_ rst __ r t
44  G¥. =) Gr G% ., G¥i=> 6% G4, Gh
Tm/2 Tm/3

-1
and so on. If f is a scalar function, f 5 is a (0,m) tensor. The invariant Taylor

series expansion of f(@) has thus the form

(43) @) = @)+ Y T
m=1
-1

From (4.3), the first four instances of f p are

-1

fr=1r

~1 -1

frs=Tfrs = fo :sv

-1 —1 -1 -1
(46) frst:frst_fv 25t—(f7’v_—fwgfv)ggt[3]’

-1 -1 -1 -1

/ rstu frstu — fo :stu - f rv Ztu [4]

-1 -1 -1 -1 -1

- fvw g:{sg%[g] - frsvggu[6]
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Expansion (4.5) does not depend on the choice of the parametrization of F;
of course it depends on the choice of the yoke. For statistical applications, two
main instances of a yoke have been introduced: the expected likelihood yoke and
the observed likelihood yoke. Expansions based on the former yoke turn out to be
the most convenient starting point for the study of the geometric features of the
traditional expected/observed expansions.

The expected likelihood yoke is defined, in coordinate form, as

(4.7) 9w, @) = Ex(l(w) — (@)
This yoke gives rise to the double co-string . = {ugr,,.s,,m,n = 1,2,...}, where

URpm:S. = OR,.:s.- The quantities pp, .g, are related to the joint moments
KR ,Sn,....U, Via the relations

n
(4.8) Z Z KRumySnysenSny s MRy = HRp,-
h=18./h

1 -1
The 1 and —1 connection strings {G7. } and {GT. } based on the expected
yoke have, respectively, generic element

(4.9) ng e, m=1,2,...
and

4.10 g sTm ™M=1,2,....
( ) Tm lu’ [t

The extended normal coordinates are products of the quantities 4" = ", where
(4.11) fr=1"hs =i" Ey(ls(w)).

When @ = & we write " = i"fi; = i"*E;(l;(w)) and the invariant Taylor series
expansion of f() based on the expected yoke may be expressed as

o0

(4.12) F@) = f@)+ Y =7 g, a8,

-1
where jiftm = 4™ ... o™ and the quantities f r,, denote the tensorial components
of f with respect to the —1 connection string {i"*us,7,, }. The first four instances

-1
of f p,  are obtained from (4.6) using (4.10).
Two comments are useful in order to get a deeper insight into the impact in
statistical applications of the expansion (4.12).
First, the coordinates /3" are rather unnatural from a statistical point of view:
they are simply [” in natural exponential families but otherwise they are not sus-
ceptible to a clear-cut interpretation and to closed form expression.
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The second point is that (4.12) does not guarantee that the summands in

each invariant term f p ffim are exactly of the same asymptotic order in n. In
view of (4.6), and more generally of (4.3), a derivative fgr, with zero expectation
causes to the corresponding summand a collapse of the order in n, from Op(n?)
to Op(nP~1/2). Consider for instance the expansion of the log likelihood ratio
&) — l(w); fr = L is of order Op(n!/?), while f,.; = I, is of order Op(n), so

-1

that f,,0"° is the sum of a quantity of order Op(1) and of a quantity of order
Op(n~1/2). The implication of this second remark is that if, for some & > 1,
contributions of order op(n®~*/2) are neglected, the term of order Op(nf=%/2)
may lose invariance.

The latter point raised above is simpler to treat and will be addressed first;
a rearrangement which preserves invariance may be obtained in analogy to the
reasoning leading to (3.8). The answer to the former point is less straightforward
and is deferred to Section 5. Let us assume, in addition to (3.7), that the function
f(w) itself satisfies the decomposition

fw) = ¢(w) + F(w),

where

¢(w) = Eu(f(w)),

with ¢(w) of order O(n?) and F(w) of order Op(n?~1/2) or zero. Under re-
parametrization, the transformation laws for f, ¢ and F' are the same. In partic-
ular, if f is a scalar function, ¢ and F' are scalar functions as well. It follows that
the expected likelihood expansion for f(&) may be decomposed as the sum of the
expected likelihood expansions of ¢(&) and of F(w). From (4.12) we have

(113) B =6 + Y — b a i
m=1

(4.14) F@)=Fw)+ ) %?Rmﬂ’%m,
m=1

-1
where ¢ g  is a sum of quantities of order O(n?), while F R,, is a sum of quantities

of order Op(nP~1/2) or zero.
Adding (4.13) and (4.14) and collecting terms of like order, we have

<1, -1 ~1
(415) f((;')) = f((.U) + ¢rﬂ1" + Z m(mFRm_l + ¢ Rmﬂrm)ﬂRm_la
m=2 :

-1 -1
wheremF g, + ¢ g 4" is of order Op(n?~1/2) and is itself a (0, m —1) tensor.

Ezample (continued). FEzpansion of the log likelihood ratio. Let f(w) = ().
Under repeated sampling 5 = 1 and the basic quantities needed to compute (4.15)
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with error of order Op(n=%/?) are ¢, = 0, ¢s = —irs, Or,, = UR,,; Fr = lr,
F,s = H.s, Fg,, = Hg_, m > 3. Expansion (4.15) gives

(4.16) &) — l(w) = by + by + by + Op(n™3/2),
where
1 s ASUAT
bZ - §{2lr = lrslt },u )
1 Aty o~
by = 6{3(Hrs - lt,ut;'rs) + (,U'rst + Pt [3])'ut}'urs’
1 u VW
b4 - ﬁ{zl(Hrst - luﬂu;rst - (Hrv - l ,LLu;Tv)Z ,U/w;st['g])
+ {N’r‘stu + /»Lr;stu [4] + ivw,u/v;Tsﬂw;tu [3} - ivw,ufrsvﬂ/w;tu [6]
AU rst.

- ikur;svﬂw;tu[12] — 0" s st [6]} 2"} i

The terms in expansion (4.16) may be written in a compact, explicitly tensorial
form as

1 AN AT
by = —(2Tr_ + T'rs,us),ul )

2
1 iy
b3 = 6(3TT_S + Trst/«‘t)lj’rs7
1 _ un A
b4 - 2_4(4T1'5t + TTStU)LLu)uTSt7

where Ty and 7g,, are (0,m) tensors obtained by intertwining the co-strings
{Hg,,} and {ug, } with respect to the —1 connection string {i"*us.r,,}. The
expressions of these tensors are collected in Tables 1 and 2.

5. Expected/observed likelihood expansions as expected likelihood expansions with
expanded coordinates

Expansion (4.15) is still unsuitable for statistical applications, due to the pres-
ence of the coordinates fi”. The first objective of this section is to show that "
can be given an expansion of the form

(5.1) AT = BT+ 5 + s + g + Op(n /%),

where each term 47, (m =1,2,3,4):
(i) is of order Op(n=™/2);

(ii) is such that 47, = g% wr, ie., like 47, it behaves as a (1,0) tensor under
re-parametrization;

(iii) depends on moments of log likelihood derivatives, with expectation taken
under w, and on the quantities Hg, , k¥ < m, defined by (3.3).

Consider the expected likelihood expansion around w, given by (4.15), of the
left-hand side of the likelihood equation f(®) =1,(@) =0 (2 =1,...,d). We have
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Or = —lsr, ¢rs = Mzrs, Grst = Pzrst; Fr = H,, Frs = Hyps, Frot = Horge and we
obtain

(5.2) 0=1,+ 1, + 2b + 3b, + 4b, + Op(n~3/?),
where
1bz = _,&'2;

_ AT N
2b, = T i + T2l

— ~rS ~1st
3b, = rszfb -+ Trstzfl

_ ~Tst ~rstu
aby = Dot 177" + Trstu-z 5

with
Tr-z = HZT)
1
Trs.z = §(Mz'rs + ﬂz;rs)a

1 .
Trsr= "(Hzrs - szlvw,uw;rs)a

Trst-z = _(Nzrst + phzirst — (,Ufzrv + #z;rv)ivwﬂw;st [3]),

— O s DO

T'rst-z - _(Hz'r‘st - szivw,uw;rst - (Hzrv - szixyﬂy;rv)ivwﬂw;st [3])7

(=)

1 .
Trstu-z — ﬂ{ﬂzrstu + Uzrsty = (,Uzrv + Nz;rv)'lvw,ufw;stu [4]

- (sz:c + Uz;vz)ivwiwy/«’/w;rsﬂy;tu [3] - (llfzrsv + Mz;rsv)ivw/iw;tu [6}

JUWTY

+ (,Uzrm + :U'z;T:c) uy;sv,uw;tu[]a]

+ (,Uz'uw + Nz;vm)ivwizy,ufy;rsﬂw;tu [6]}

Expansion (5.2) relates components [, of the score vector to the coordinates fi*.
Apart from the coefficients 1/2,1/6, ..., the quantities Tx,,., and 7g,,., may be
obtained by treating formally the sequences {H.g,,,m = 1,2,...} and {y.R,,,m =
1,2,...} as co-strings of covariant degree zero and intertwining them with respect
to the —1 connection string (4.10). However, Tk, ., and 7g,,., do not behave as
tensors.

We may express fi, as a function of [, in the form

(53) /:Lz = lz + 2bz + 3bz + 4bz + OP(TL_3/2),
and inverting the above asymptotic expansion we obtain

2by = 21by + 22D, + 23b, + Op(n™3/?),
3b, = 31b, + 320, + Op(n~%/2),
4bz = 41bz + OP(n—3/2)7
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where

210y = Tr A" + Trs. 177,
920, = "Ly . Trl” + Ty s Trswl 4+ 2Ty Ty 2 L™°
+ 2Ty s Totwl ™},
23bs = 1" Do s Trswl™ + TooaTrstawl”™
+ 2T s Teaw 27 + QTrv-sztu-wlrStu}
T, T Tl + Tos T Trs g™
+ o ToaTwy- "% + 20, T Toyl™
+ 2T o Ty Tow U™ + 2T s Trgaw Tty

rst rst
+ 2Tr-vaz-szt-yl + 2T.7:~u7_rw~z7—st~yl

+ 4Tr‘v7—sx-z7_tw-ylmt + Tvx-zTrs‘thu-yl'I‘Stu
+ 47—rv-szz-thu~leStu}a

31bz = Ijrs-zlrS + Trst~leSt7

32b, = 20" Ty, Tspl™ + 2ivarv-z7—st-wlmt

LAV rst VW rstu
+ 31" Trsu e Tepl™" + 38 g2 Tewwl

b

rst rstu
a1b: = Trgp %" + Trsty ol .

Rearranging the above expansions of the summands in (5.3) according to their
order in n and recalling that 4" = i"*/i,, we obtain an expansion for fi” of the
desired form (5.1), with

fip=1", g =1"2bs,
fiz = 1" (31bs + 22bs),  fig = 1" (41]s 4 32bs + 23bs).

It is not difficult to see that 91bs = Hglt + %(,usm + s;tu )t behaves as a (0,1)
tensor under re-parametrizations. This is not the case for 315 or 22b, individually,
while their sum is again a (0,1) tensor. Indeed, after some algebra, 4%, 4% and i}
may be written in the following tensorial form which demonstrates that each of
them is a (1,0) tensor:

(54) =TI,
(5.5) 5 =TITYl° +
(5.6) i =T T T¥I®

1 1
i(T;t _ ikus,t,wT:;)ZSt _ 'éiTstv;tulStu,

+ —{QT”(TQ = ¥ o Ty) + Ty (Toy — ¥ prs 1,0 Ty ) J°
{ st =1 Ms,tu Ty — 387 (s g0 Ty,
+ (va;st + Tsv;tw)Tqiu + (Tsw;tu + Ts,w,tu)quH)}ZStu

- '2_42 (47_sv;tuu’ + 6Tstv;uu’

lstuu/

-2
—12 yTsv;mTty;uu’ + ,U/s,t,u,u’,v) s
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where Ty, = i"*T,g, and the symbols Tg,, denote (0,m) tensors obtained by in-
tertwining the co-string { Hg,, } with respect to the 1 connection string {i"*us 1., }.
In addition, the symbols 77, ,;;, denote the (0,m + n) tensors obtained by inter-
twining the double co-string {u7,,., } with respect to the —1 connection string
{i" g1, }. The relevant instances of the tensors Tg,, and 77, .y, are given in
Tables 1 and 3, respectively. The additional quantity appearing in i}, namely
To,w,tu, 18 defined as
Ts,aw,tu — Msaw,tu — izyﬂ/y;tuﬂs,w,z

and it is a (0, 4) tensor obtained by intertwining the co-string {y, s 7., } with respect
to the —1 connection string {i"*ps.1,. }.

Substituting the expansion of the form (5.1) obtained above into the first four
terms of (4.15) and rearranging according to the order in n, we may write

(5.7) f((;]) = f((.d) +b1+ b+ b3+ b4+ Op(nﬂ_5/2),
where by, is of order Op(n®~™/2), m = 1,2, 3,4; in particular:
bl = ¢Tlr7

1-1
b2 = Frlr + ¢rﬁ'g + 5 ¢rslrs5

~ 1_1 rs AP -1 TAS 1—1 rst
b3 = Frfis + §Frsl +¢TU3 + ¢rsl Ha + '6_ ¢rstl )

~ -1 ~8 12 il
b4 — F’r‘#/g + F'rslrluz + gFTstlTSt + ¢"‘I’LZ

-1 -1 -1 -1
5 Do Dl B 5 Dl g B
with 5, 4%, i} given by (5.4), (5.5), (5.6).

If f is a scalar function each b, is a sum of scalar contributions of the same
order in n. There is a strict analogy between expansion (5.7) and expansion (3.8).
Our objective now is to show that they actually coincide. This fact seems to be
quite natural since the same basic ingredients (namely I”, ug, , Hg, ) are present

in both expansions.

Ezample (continued). FEzxpansion for the log likelihood ratio. After a little
algebra, expansion (5.7) for the log likelihood ratio statistic is seen to be

(5.8) U@) = Uw) = by + bg + bs + Op(n3/?),
where by = 1i,,0™, by = T30 + 110", and by = 3T, TOU + 1T,,,07% +

iTmml”t“' It is very easy to check that b», b3 and by coincide respectively with
Bs, B3 and By of formula (3.9), so that expansion (5.8) simply rewrites in tensor
form the expected/observed expansion (3.9).

As a first step for establishing the desired coincidence, consider the expansion
of f(&) = &" according to (5.7). Note that fs = &% and that, consequently, ¢s = fs
and F; = 0. It follows that, for n > 1, fg, = ¢g, = Fs, = 0. We obtain

(5.9) (@ —w)" = A} + AL + A5 + AL + Op(n™%/?),
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where
(5.10) AT =T,
(5.11) AL = g’"zsf
T ~T _lr snat 1 _1 r 1'Uw stu
(512) AS = M3 = gstl Uy — 6( stu ng gstu)l
—1

(13)  Af=h - o Glisah— Gl

1,-1

- 5( stu g:)w ZZ‘;L)ZStIUQ
1 -1 -1 -1

r w
- ﬂ( stuw’ ng stuu’

—-1 ,
T vwz T Twz stuu
+ g g m%)z g stuu’ g vwz stuu’)l )

with QT given by (4.10) and g g”t given by (4.4).
After some algebra, it is seen that each term in expansion (5.9) coincides with
the corresponding term appearing in (3.6). For instance, (5.11) may be written as

~T 1 TV 8 T 18 1 .
o — QZT Po;stl b= TP — QZTUNv;stlSt

. s 1.
= (Lm}(Hvs - Nt,svltﬂ - §ZTU (,U"u,st + /Lv,s,t)lSt

1 TV S
= Hgls - 51 (Nt,sv [2] + Hu, st + Nv,s,t)l ¢

1
— H;"ls + iirvuvstlst

which coincides with the term A% in (3.6). In the above calculations, the balance
relation fipse + fir st[3] + prst = 0 is used.

The final step consists in rewriting (3.8) according to the expressions (5.10)—
(5.13) of A7, A3, A%, A} and in comparing the expressions of By, By, Bs, By thus
obtained with the corresponding terms by, ba, b3, by in (5.7). Again, calculations
that are lengthy only for B, give the desired identities By = by, By = by, Bs = b3,
By = by. The first identity is trivial; we limit ourselves to giving the detailed
calculations leading to the second one. Taking into account (5.10) and (5.11) we
have

1
BQ = F’rlT + ¢’r (ﬂg 5 gr lSt) + _¢7‘slrs

A 1 s
= Frlr + ¢rﬂ2 + §(¢Ts ¢v )l

7 1—1 T8
=F0 + ¢pfiy + 5 O psl" = ba.
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The further identities B3 = b3 and By = by are established following essentially
the same pattern. When written according to (5.10)—(5.13), A}, A} and A} are

-1

seen to contain the combinations of elements of the —1 connection string {G 7. }
-1 -1

needed to reconstruct the tensorial derivatives F'g,,, ¢ appearing in b3 and

by.
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