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Abstract. A computable expression is derived for the raw moments of the
random variable Z = N/D where N = > 'miX; + 3y~  miX,, D =
Ziﬂ LX: + Z:H n;X;, and the X;’s are independently distributed central
chi-square variables. The first four moments are required for approximating
the distribution of Z by means of Pearson curves. The exact density function
of Z is obtained in terms of sums of generalized hypergeometric functions by
taking the inverse Mellin transform of the A-th moment of the ratio N/D where
h is a complex number. The case n = 1, s = 2 and r = 3 is discussed in detail
and a general technique which applies to any ratio having the structure of Z is
also described. A theoretical example shows that the inverse Mellin transform
technique yields the exact density function of a ratio whose density can be
obtained by means of the transformation of variables technique. In the second
example, the exact density function of a ratio of dependent quadratic forms is
evaluated at various points and then compared with simulated values.

Key words and phrases: Exact density, approximate density, moments, ratios
of quadratic forms, Mellin transform.
1. Introduction

We are considering the random variable

_ Z? m; X; + ZZ—H m; X

1.1) Z =

( Zfz—}-l LiX; + Z:—H niXi

where the m;’s are real numbers, [; > 0,i=n+1,...,8,n, >0, i=s+1,...,7,
and

ind 9 .
Xi ~ Xros 1=1,...,7,

that is, the X;’s are independently distributed chi-square variables having r; degree
of freedom.

557



558 SERGE B. PROVOST AND EDMUND M. RUDIUK

Such a structure arises in a variety of contexts. Chaubey and Nur Enayet
Talukder ((1983), equation 2.1) obtained the moments of the quantity Q1/Q> for
the case where Ql = ZCI,VXVZ -+ ZCiZi; QQ = szy; + ZdzZz; and Ql -+ QQ is
distributed as a chi-square variable; a representation of the raw moments of the
ratio QQ1/Q2 was obtained in closed forms by Morin-Wahhab (1985). Statistics
having the structure of Z also appear in Lauer and Han ((1972), p. 255) where
probabilities of certain ratios of chi-square variables are examined; in von Neumann
((1941), p. 369) where the ratio of the mean square successive difference to the
variance is studied; in Toyoda and Ohtani ((1986), equation 8) where a statistic
involved in a two-stage test is considered; and in Provost ((1986), p. 291) where
a statistic is derived in connection with tests on the structural coefficients of a
multivariate linear functional relationship model.

One may also use the random variable Z in the case of statistics expressed as
ratios of sums of gamma variables (by selecting the coefficients of the X;’s in (1.1)
accordingly and by assigning positive real values to the degrees of freedom) or as
ratios of quadratic forms in central normal variables where some variables may be
common to the numerator and the denominator (by diagonalizing the matrices of
the quadratic forms).

The technique of the inverse Mellin transform (see for instance, Springer (1979)
or Mathai and Saxena (1978)) is used in Section 3 to obtain in closed form a
representation of the exact density of Z. Many researchers have utilized this
technique in order to solve various distributional problems. For example Mathai
and Tan (1977) obtained the distribution of the likelihood ratio criterion for testing
the hypothesis that the covariance matrix in a multivariate distribution is diagonal;
Pederzoli and Rathie (1983) derived the exact distribution of Bartlett’s criterion for
testing the equality of covariance matrices; Bagai (1972) obtained the distribution
of a statistic used to test the hypotheses of equality of two dispersion matrices,
equality of the multidimensional mean vectors, and the independence between a
p set and a ¢ set of variates. This technique was also used by Gupta and Rathie
(1982) who considered the distribution of the likelihood ratio criterion for testing
the hypothesis of equality of variances in k-normal populations.

A representation of the raw moments of Z is obtained in Section 2. The exact
density of Z is derived for a particular case in Section 3; it is also shown that the
approach used applies in the general case. Two examples are provided in Section 4.

2. The raw moments of Z

One needs the first four moments of Z in order to approximate the distribution
of Z by means of Pearson curves. We derive in this section the A-th moment of Z

for any positive integer h.
Let Z = N/D and h be positive integer; then Z" = N" /D" where

S h S
(2.1) Nt = <Z miXi> = Zh! (H(miXi)hi/hi!> 5

1=

the unindexed summation sign denoting a sum over the nonnegative integers
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hi,...,hs such that hy +--- 4+ hs = h, and

s T —h
(2.2) D = ( SNoLXi+ Y, nin-)

i=n-+1 i=s+1
oo s ”
=T~ / e L WX Ll X gy,
0

Let f;(x;) denotes the pdf of the random variable X;, then the h-th moment of Z
is

E(z" =Y p][@/ T(r:/2))
i=1
oo o oo N
0 0 0 ;=1
s

« H m?il_?i+ri/2—1e—zi(lit+l/2)

i=n+1

T
X H x:i/zhle_“(”itﬂ/z)dxl coodxadt
i=s+1

where
p=h! (H hﬂ) (T(R)) .
=1

Noting that

d.’ITi = (nzt+1/2)_n/2 for i :S+17"')Ta

00 o-wi(nit+1/2) /271
/0 I'(r:/2)

oo e—zi/zzﬁi+ri/2—1
/o L(h; +7:/2)

dz; = (1/2)"**/2 for i=1,...,n,
and that

da; = (It + 1/2)~hetmi/2)

/oo e—zi(lit+1/2)x?i+7’i/2_1
0 F(hi + T‘i/Q)
for i=n+1,...,s,

one has

. © s 1\ ~hitri/2) T 1)\ /2
2.3) E(Z") = th Lit+ — ; -
(2.3) BE(Z") Zp/ﬂ II < + 2) i:S[L <nzt+ 2) dt

i=n+1
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where

(2:4) p =] [mi TR +ri/2)2% 0 (ri/2)] !

i=1

x f[ m?iF(hi +Ti/2)2_”/2[r(7“i/2)}_1

t=n+1

X ﬁ 2 Ti/2,

i=s+1

The integral in (2.3) is evaluated using the following lemma.

LEMMA 2.1. Letn=—h+31ki+3 0, ai, then

(2.5) /Oooth—l ﬁ (1+cit)—aiﬁ(0it+1/bi)—kidt

1=qg+1 i=r

H Hc LT (R)T(n + k)™

t=qg+1
o - (77)j
§JT+Z+J _]( —'—h')J = rjz
X H (a); [Tka)s T @ = 1/eay [ (1 = 1/(6:b))7
i=g+1 i=r i=g+1 i=r

provided

(26) |1—-1/(8:b)| <1 fori=r,....;q; |1=1/c;| <1 fori=q+1,...,p;
R(n) > 0 and R(h) > 0.

PrOOF. The right—hand side of (2 5) can be expressed as

c/ tht H (t+1/c;) ‘XlH(tJrl/(@b))“”‘"dt:fz (say),

i=q+1 =7
where C = [[L,. 0, % g1 G
Letting u = 1/(1 + t), i.e., t = (1 — u)/u so that |dt/du] = u~2,

e (50 1L (40 )

i=q+1
(1-w) 1L\ -2
XH( " +9'b' u “du
_c/ WY1 — w)h? H (1= u(l = 1/e;)) "
i=qg+1

q

< [T = w(@ = 1/(0:6:)))*du

=r
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where 7 = —h+>_7_ ., a; +>.i_, ki. Therefore

- R

S b nr G ay ke ki B (1= 1 ,
P(n+h) D(Tlaa’q-f-lv 3 A, q"7+ ( /Cq+1)

(1 =1/¢p), (1= 1/(0rbr)), - ., (1 = 1/(64b4)))

provided R(n) > 0 and R(h) > 0 where Fp(-) is Lauricella’s type D hypergeomet-
ric function (see Mathai and Saxena (1978), p. 162 for a series representation and
p. 163 for an integral representation) whose series representation leads to (2.5)
provided the conditions specified in (2.6) are satisfied.

The h-th moment given in (2.3) may now be expressed in terms of series as
follows:

2.7) E(Z"= Y pBna-m)> > [m./()]

hi1+--+hs=h v=0 v
% H h + 7“]/2),/3 l (hi+ri/2)
j=n+1
r v 2 (s
< I (""a/ 6/,

j=s+1

where the last sum }°, is over the nonnegative v;’s such that Y% ., v; = v,
(€)y = T(e+v)/T'(€), and p is given in (2.4); v, =1 —1/(2L), i = n+1,...,s,
Yi=1=1/2n;i=s4+1,...,r, =31 (hi+7r:/2)+ >, 7i/2, and a —h = 7.

If the conditions specified in (2.6) are not satisfied, both the numerator and
the denominator of Z" may be multiplied by a scalar quantity " chosen so that
2bl; > —;— fori=1,...,s, and 2bn; > % for i =s+1,...,r. Then the h-th moment
of Z can be evaluated using (2.7) as the conditions given in (2.6) are satisfied.

After evaluating the first four moments of Z, one can select the Pearson curve
which best approximates the exact density of Z. For a complete development of
the curves and the associated rules, see for example Elderton and Johnson (1969).

It is worth noting that the representation (2.7) still holds whether the coeffi-
cients m; are positive or negative since the expansion of the numerator of Z given
in (2.1) applies to sums of positive and negative numbers. However, in view of
(2.2), none of the terms in the denominator of Z may be negative.

3. The exact density of Z

First, an expression for the A-th moment of Z, where h is a complex number,
is derived for the case n = 1, s = 2 and r = 3. A representation of the exact
density of Z is then obtained as the inverse Mellin transform of the h-th moment
for this particular case. It is finally shown that the same technique also applies to
the general case.

Let

_ m1 Xy +meXo

1
(3 ) ZX2 +7’LX3
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where
X RN2 L i=1,2,3.

Then the h-th moment of Z where h is a complex number, is

00 poo pOO +m2x2)h 3 5177-”7'./2_1 6_'2:"'/2
32)  E(Z") = / / / (m1, i .l
( ) ( ) 0 0 0 (ll‘g + Tl.’Eg)h g 2ri/2 F<Tz/2) dx

Letting

th 1 —(la:2+nac3)t
3.3 lxg + nx _h:/ dt,
(3.3) (lzo 3) ; T

one can integrate out z3 as follows:

/o) (ne )

T(r3/2)27s/2 = (2nt + 1)—r3/2_

oo $33/2 1 e—T3(nt+1/2)
3.4 dra =
(3.4) /0 2rs/2T (15 /2) T3

Then, letting ¥ = myx1 + maoxo and xo = x5, one has

(3.5) / :1:;2/2_16"(““/2)”/ (mlxl+mga:g)h;vgl/z‘le"a’l/zdmldxg
0 0

o /2-1_—(lt4+1/2) e 1 h 1 r/2
= .’Er2 B e ¥z - MaT
/0\ 2 /777,2:1:2 ml ZZ) (ml (w 2 2)>

x e~ (¥=m2e2)/2m1 dupy iy,
—L()  (say).
Note that all the integrands in this paper are measurable functions. We may

therefore change the order of integration by Fubini’s theorem as was done for the
integral with respect to ¢t. In order to express

th L(2nt +1)77s/2
E(ZM = I (t)dt
/ TR (2T (ra 2z /22 1)

in terms of series, one needs the following lemma which can be proved using identity
3.383,4. of Gradshteyn and Ryzhik (1980).

LEmMA 3.1.

o)
(3.6) / Nz —w)P e P2y

— (1-v, 1
— Z ( V) . ,'r—'r(/'b +y— 1)ﬂr+1—,u~uure—,8u

+ i i@r_ . }_B( 11—y — V)ﬂTu“+”+T_le“ﬁ”
( Bl
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where B(a,b) = (I'(a)T'(b))/T(a + b) and (a), = T'(a +b)/T'(a).

Using Lemma 3.1, I (¢) becomes
) r1/2
@n [ apretem (L) ne e ey
0
X i __(__h)_r_.._ . i Mmats ' dx
— (1—ri/2=h), rl\ 2m 2

oo r1/2
+ / x;2/2+r1/2+h—1e~(lt+1/2)x2 (L) !/
0

my
B(r1/2,—(r1/2+h))
r1/2)y 1 (moza\"
(Z(rl/Q-lf-h-%-l) ;"—!(2;7,12> )d‘”
{Z 1—7‘1/2—- )

r=0

1 . 1\"/?
x ST(r/2+ h)(2ma)" /2 ThT () (-)

my
i —(r2/247)
T(re/2 + 1) (lt + 5)

> r1/2)r
{Z 7‘1/2+h+ 1)

r

x ;B(n /2, =(r1/2 + 1)) (2my) ""my ™ 2wy AT
1 —(r1/24+ra/2+h+r)
P(T1/2+T‘2/2+h+7’)(lt+§> .

Then

S GO
(38 TZ 1—7"1/2 h)

L(r1/2 + B)(2my)" 2Hh"miD(r2/2 + 1)
r12r2/2471 /207 /2T (p) /2)T (ry /2)T (h)

© 1 —(ra/2+r)
X / th=1(1 4 2nt)Ts/2 (lt + 5) dt
0

o0

(ry /2)r (ri/2+h))
PR Eh

(r1 /Q)T(le)_rmgl/ STy /2 4 19 )2 + B+ 1)

(r1/2 + b+ 1),712r2/2471 /27T (py /2)T (12 /2)T(R)

563
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1 —(7‘1/2+7‘2/2+h+7‘)
) .

></ th=1(1 4 2nt)~Ts/2 <lt+ 5
0

Using Lemma 2.1, we have

(3.9) E(Zh)z{ii >

r=0 j=0 Atu=j

g DO =IO — 3 R+ IG5+ 5 4 h)
(2m1) AD(—=R)T(r +1 — 2 —h)
mi (g R0 1R
R

r=0 j=0 A+n=j

FA+3+2+r+h)
P(g+“+”+’"3+r+h)

where
K — [(r3/2 + w)T(r2/2 + 7 + \)m5(1 — 1/(2n))*(1 - 1/(20)*
| =
r!2r1/2+r2/21“(r1/2)1“(r2/2) (r3/2)m T1/2(2m1)—’“1/2+Tl1”2/2+7’(2n)’“3/2
1
“ T(r2/2 + ra/2 47+ J)Nal
and
k. = D1 /24 m)0(rs/2 + w)0(r1/2 +79/2+ ra/2 + 7+ j)mp*/**
, =

r1271/2472/2(2m ) rmi 2T (11 /2)T (r2/2)T (r3/2)
L A=1/@n))(1—1/(0)*

I/ 2 2 /24 (gp)rs /2N )

Note that K1 and K5 do not involve h.

The inverse Mellin transform of the moment expression in (3.9) yields the
density of Z:
(3.10) f(z) = / E(ZM)z= D gp

_ ——1 8\ 8 _
27m /E(Z )2°ds  (letting s = —h)

_ZZ Z { {271_2/01."(7'—1—3)[‘(1—7"1/2—1—3)

r=0 j=0 A4u=j

k]
. T2 T3 ) (7‘1 z
2,13 o . _c
F<]+2+2+T+S 2 S)(2m1>
X ds

F(s)I’(r—!—l—%-ﬁ-s)

+E/ T'(—r1/2+ s)

27
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F<E+1—S>I‘()\+T—l+r—2+r—s) (l—z)

2 2 " 2 ms ds} }

I‘(T—{-%—i—l—s)l"(j—i-%%—%-i—%—kr—s)l’(s)

where C' is a suitable contour in the complex plane (for a definition of the Mellin

transform and its inverse, see for instance Springer (1979) or Mathai (1992)).
The density given in (3.10) can be expressed in terms of the H-function which

is defined below as an inverse Mellin transform:

(a1,41), .-, (ap, 4p) | -1 etioo N
(51,31),---,(bq,Bq)]_(27T) /c M(s)z™*d

X

(3.11) Hm {x

—400
where m "
. Hj::l I'(b; + Bjs) Hj:l I'(1—a; — A;s)

Il T =05 = Bys) [Tj— 1 T(a; + Ajs)’
m, n, p, ¢ are nonnegative integers such that 0 < n < p, 1 < m < ¢ A;,
j=1,...,p, Bj,j=1,...,qare positive numbers, a;, j = 1,...,p,b;, i =1,...,q
are complex numbers such that

(3.12) —Aj(bp+v) # Bp(l—a; + A)

for v,A = 0,1,2,...; h=1,...,m; 7 = 1,...,n and (¢ — i00,c + i00) is the
Bromwich path that separates the poles of I'(b; + Bjs), j = 1,...,m, from the
poles of I'(1 — a; — A;s), j =1,...,n. Hence one must have that

(3.13) pax, Re{-b;/B;} <c< 1r£rbi2n Re{(1 —a;)/A;}.

M (s)

When A; = By, =1for j =1,...,pand h = 1,...,q, the H-function reduces
to Meijer’s G-function. For a definition of the H-function, a description of the
conditions for its existence, and series representations, the reader is referred to
Mathai and Saxena (1978).

In view of (3.13), it is seen that the poles of the first integrand in (3.10) are
separated for any number ¢ satisfying

—7'1/2 <c< 1—7‘1/2
and the poles of the second integrand are separated for any number ¢; satisfying
-1 - 7‘1/2 < < —-7‘1/2.

Taking C as the left Bromwich contour corresponding to the path (¢; —i00, ¢; +00),
the right-hand side of (3.10) may be expressed in terms of H-functions as follows:

(3.14) f(2) :z_l{zz >

r=0 j=0 Au=j

13 z (1—7,1),(r1/2,1),(1—F—(ra+r3)/2—7,1
<K1 (H33 [‘2‘7;1‘ ’ (n%,1),)(1,1),](7"1(/5—:1))/ )]

— Res (—%—)) + Ky - H3}

[lz
>< —

mz

(171/2,1), (471 /2+1,1>,<j+<m+r2+r3>/2+r,1>] ) }
(r1/2+1,1),(Ar1/24r2/247r,1),(1,1)
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where Res(—7-) is the residue of the first integrand in (3.10) at the pole (—%).
The residue of a function g(-) at the simple pole xg is defined as follows:

Resg(zo) = lim (z — zo)g(x).
T—XQ

Note that in view of condition (3.13), the first integral in (3.10) cannot be
expressed as an H-function when the Bromwich path, (¢; — @00, ¢1 + 00), is used.
Hence, one must use the Bromwich path, (¢ — i00,¢ 4 o0), in order to obtain a
representation of this first integral in terms of an H-function “which is equal to the
sum of the residues of the integrand at the poles located to the left of the Bromwich
path, (¢ — 400, c + 00)” and then subtract the additional residue evaluated at the
only one of these poles located to the right of the Bromwich path, (¢; —ioco, ¢; +00),
initially chosen to define the contour C.

The two H-functions in (3.14) exist for 0 < |3%-| < 1 and 0 < }%| <1,
respectively; the following relationship

stk

Hgg” [a:

i)

allows us to compute them when the arguments are greater than one in absolute
value.

The technique described above may also be used for determining the exact
density of Z in its general form:

7 S miXi 30 miXs
o1 liXi + 30 X

The h-th moment of Z is

(3.15) E(ZM) = /OOO o /Ooo zhli[f(;vi)da:i.

Making use of the following identities

s r —h oo 4h—1
3 t S 1ea S na
(3.16) ( liz; + E ’niﬂfi) - PRI ) D
0

n+1 s+1 F(h)
and
r oo . rif/2=1 g, (t+1/2) r
x e
(3.17) H/ i do; = [ (2t+1)"/2
i=s+170 2r/2D(ri/2) i=s+1
/°° /Oo ﬁ ri/2=1 (L;t41/2)2;
x e
0 0 i=n+1

h
o0 o0 8 i)
X / < / (Z mzxz) H(xzi/Q_le_zi/Z)d.ﬁld.’Eg ---dxg
0 0 1 i=1
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can be written as

(3.18) /OO ¢:5/2—16—ws(bs—bs_1)
0
[es) oo §—1
) / / H((d’z ~ thiy1) "/ 2T Vilbimbion))y
s v3 ;o
X i (¢ — W) F e Tt oy dipy - - - dip,
P2
letting ¢, = myx; +- - +mexs, i =1,...,8 le, miz; =Y, — 1,1t =1,...,5s—1

and mszs = s, and b; = (1/2+&t) where §; =, fori=n+1,...,sand § =0
fori=1,...,n.

Each integral in (3.18) can be evaluated successively using Lemma 3.1 except
the last one (over 1) whose integrand is seen to be proportional to a gamma
probability density function, as was the case in (3.7).

The sums thus obtained will be of the type of those appearing in (3.8) except
that the integral over ¢ will be of the general type given in Lemma 2.1. With the
appropriate substitutions, the resulting expression will involve multiple sums of
the type appearing in (3.9). Hence, the only functions involving h will be gamma
functions and constants raised to the power h.

The exact density of Z can therefore be expressed in terms of sums of G-
functions by taking the inverse Mellin transform of E(Z") as was done in (3.10)
and (3.14). Then it can be evaluated using the series representations of the G-
functions as illustrated in the second example presented in the next section.

4, Examples

First, a theoretical example shows that the inverse Mellin transform technique
yields the exact density of a ratio whose density can be obtained by means of the
transformation of variables technique. In the second example, the exact distribu-
tion function is evaluated at various points covering the range of the variable and
then compared with values obtained by simulation.

In the first example, the following ratio of independently distributed chi-square
variables is considered:

1
X
2 1+ Xo

(4.1) Z=4—

where X; ind X?«i, ri =4, r9 =2 and r3 = 6.
Using the approach described in Section 3, the h-th moment of Z is found to
be equal to

1 h
E(Z"M = 2T (~h +3)['(h +1) = T(h + 2)I'(—=h + 3) (5)

—9T(h + T (—h +3) (%)h .
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The inverse Mellin transform of the moment expression gives the following repre-
sentation of the density of Z:

-3 -3 -3
0 }—Gﬂ{%’ ) }—QGH{%I 0 ]

The first G-function can be expressed as the following series

Gl {z ‘ _03] = gr(uk)(_kl!)kzk -4 fz)4,

(12)  f(z) =201 {

for 0 < z < 1, by considering the residues at the poles 0, —1,—2,..., and
ol |, —3 _ - (=D* 54 _ 6
1 0 P (1+2)*

for z > 1, by considering the residues at the poles at 4,5, 6,.... The infinite series
are simplified by applying the general binomial theorem. The following identities
are obtained similarly:

-3 48z
11 _
Gi1 [22 1 } = T+ 227 for z>0,
(4.3) 3 6
11 B —
Gi3 {22 0 ]_(1+2z)4’ for z>0.
This yields
6 482 6
4.4 =2 - -2
(44) T =205~ Ag ey azoa

_3122° 4+ 6602" + 4802° + 1202
(22 +1)5(z + 1)*

which is the expression obtained with the transformation of variables technique.
The next example involves a ratio of linear combinations of chi-square variables
whose numerator and denominator are not independently distributed. Let

1
Xy + §X2
(4.5) Z = T
§X2 + X3

for z>0,

where X; 'nd Xfi, ri =4, r, =1 and r3 = 6. We multiply both the numerator and
denominator by the parameter € in order to accelerate the convergence of the series
expression representing the density function. The h-th moment of Z calculated
from (3.9) is

Badigiad I(r—hIT(-1-RT2+hAT@B5+5+7—h
Zh :ZgzKl 2917, ) ( ( lz)I(‘(r_l)_(h) J )

2N T(-2- W@+ T(25+j —u+r+h)
PIPIPIL.c D(=h)(r+3+mI(B5+j+r+h)
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where
u i—u
(u+ D(u+2)L05+r+j —u) <1—%> <1~%>
K= FI(20) 3200 ST (05T (3.5 + 7 + /) — u)!
and A
1 U 1 ji—u
1+ (u+)(u+2)IG5+r+4)|(1- = 1—=
. (om) (5)

(26)r+5200-5T°(0.5)(j — u)!
The density function of Z obtained from (3.14) is

co oo J .
1 3l 2z |1-72,-25—5—r1
TR CEPED )3 B L RC 1 E Lk

r=0 j=0 u=0

3,7 3,55+ +r
—Res(—2) + Ko - G3; L :
es(=2) + Ko 33%‘&25+j—u+n1}}
By applying the method of residues (see Springer (1979)), the G-functions can
be expressed in terms of series as follow:

-7,2,-25—j—r1
20 2,1,2 -
S (1 2y :
rss G S
;T-i-v +U+]+T)(’U—1)! 29 or 29<
z 11—r2-25—j—r
Gis
|:20 27172_ :|
- .
—1\v —(3.5+r+j+v)
:E:@5+U+ﬁF@5+v+j+m<,)<iJ
U:O v! 26
z
f — >1
or 20> s
a2, 3,r+3,55+j+r
3,25+j—u+rn1
Sf r25—utj+r—v) (17!,
= z
«T(5.5+j+r—v)[(r—v+3) (u—1)!
u+2 . v
N Z ~25—r—j4+u—v) (=1) Ui ut25
I‘O5—j—|—u—v)f‘(u—v+3) vl
for z<1,
ca [, | Br3sstitr
3,254+ —u+rmnl
r0.5+j— D +J—
(05+j—ut+r) P5+7—utr) for z>1

TTA IG5+ i+  TE+rT(A5+j+r)"
and
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Table 1.

z 0.1 0.2 0.4 0.8 1.0 1.6 2.0 4.2 4.4
f(z) 0501 0.843 0.944 0.570 0.412 0.168 0.091 0.009 0.004
f*(z) 0.502 0.842 0944 0.577 0.421 0.170 0.098 0.010 0.008

Res(~2) = lim (h+2) <2_Z‘3)h

T(r — h)T(—1 — B)[2 + W35+ j + 7 — h)
8 T(~h)T(r —1 - &)

= (r+ 1)0(5.5+ 5 +7) (2—ZQ>2

Upon substituting in (4.6) the series expansions of the G-functions for the in-
tervals (0,1), (1,26) and (26, c0), one can evaluate the probability density function
of Z. For comparison purposes the density function of Z was simulated using a
sample size of 1,000,000; the simulated values are denoted by f*(2). The numerical
results are given in Table 1.

Note that this accuracy has been achieved by summing only the first 25 terms
in the series representations of the G-functions.
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