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Abstract. Consider a k-times differentiable unknown regression function 6(-)
of a d-dimensional measurement variable. Let T'(#) denote a derivative of 6(-)
of order m < k and set r = (k — m)/(2k + d). Given a bivariate stationary
time series of length n, under some appropriate conditions, a sequence of local
polynomial estimators of the function T(f) can be chosen to achieve the optimal
rate of convergence n~" in Lo norms restricted to compacts; and the optimal
rate (n"!logn)” in the Loo norms on compacts. These results generalize those
by Stone (1982, Ann. Statist., 10, 1040-1053) which deals with nonparametric
regression estimation for random (i.i.d.) samples. Applications of these results
to nonlinear time series problems will also be discussed.

Key words and phrases: Nonparametric regression, kernel estimator, local
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1. Introduction

Let {(X;,Y;) : X; € RYY; € Ri = 0,+1,%2,...} be a vector-valued sta-
tionary time series and let 8(xz) = E(Yy | Xy = z) denote the regression func-
tion of Y on X. For nonnegative integers ai,...,aq, set @ = (a1,...,aq) and
[a] = a1 +---+0g4. Let k be a positive integer, k > 1, and suppose () is a k-time
differentiable function on R?. Set

T()=T(50) = Y gaD6(),

[e]<k
where g, are constants and D* denotes the differential operator defined by
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Denote the order of T by m; that is, m = max{[a] : 0 < [a} < k and ¢, # 0}.
Then the function T9(-) = () corresponds to m = 0, while T(-) = 96(-)/0x;
corresponds to m = 1.

Given a set of realizations (X;,Y7),...,(Xn,Y,), the current paper studies
the asymptotic behaviors of nonparametric estimators of the smooth regression
function 6(-) and its derivatives T'(-). This is responding to the current grow-
ing interests in nonlinear time series modellings. A number of specific results on
testing and estimation for these nonlinear models have been given in the compre-
hensive accounts by Tong (1983, 1990), Subba Rao and Gabr (1984) and Priestley
(1988). However, the important problem of identification still leaves something
for desired. Recently, nonparametric methods for plotting the conditional mean
and conditional variance have been suggested and proved to be useful in model
selection. See, for example, Gyorfi et al. (1989), Auestad and Tjgstheim (1990)
and Hardle (1990).

The paper is also aiming at generalizing Stone’s results to time series, which
can be described briefly as follows. Set r = (k—m)/(2k + d). For random samples
(X1,Y1),..., (Xn,Y,) ~ia (X,Y), Stone (1980, 1982) established that the mini-
max bound for the estimation of the function 7'(-) is {n~"} in both pointwise and
the L, (1 < ¢ < oo) norms, while it is {(n"!logn)"} in the L, norm restricted
to compacts. Moreover, these optimal bounds can be achieved by nonparametric
estimators constructed using local polynomials. Under appropriate conditions to
be given in the following sections, it will be shown that these optimal properties
continue to hold in the context of time series.

Furthermore, it is worth noting that the approaches considered by Gyorfi et
al. (1989), Auestad and Tjgstheim (1990) and Hardle (1990) are kernel methods
based on local means or local constant fits, and it is known that these estimators
can not possess the optimal rates of convergence {n(*=™)/k+dY (with k > m > 1)
without imposing further smoothness conditions on the marginal distribution of
Xo. These conditions can be avoided by adopting an approach based on local
polynomials, which will be shown in this paper.

To make the problems more concrete, note that the vector or multivariate
setup considered here has several applications depending on the nature of the
problems. These will be illustrated in the following examples.

Ezample 1 (Univariate time-series). Let X;, ¢ = 0,£1,%2,... be a real-
valued stationary time series and let m be an integer. Then the plot of F(X;yq4m |
Xit1,- -, Xspq) can provide some insight about the autoregression of V; = X, 411
on X.i = (Xi+1, ey Xi+d)-

Ezample 2 (Bivariate time-series). Let (X;,Z;), ¢ = 0,£1,... be an R2-
valued stationary time series, let m be a nonnegative integer. Then the relationship

between V; = Z;1 41 and X; = (X;41,...,Xitrq) can be examined by plotting
E(Yy | Xo). More generally, set

Yi=Zitarm and X=Xy, , Xigk, Zivkt1s-- > Zivd),

where k is a positive integer such that £ < d. These types of series are often
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encountered in control theory where feedback plays an important role. Here, non-
linear problems can be studied by regressing Y; on X;.

The rest of the paper is organized as follows. Nonparametric estimators of T'(-)
based on local polynomials will be described in Section 2. Conditions required by
these estimators for the achievability of the optimal rates of convergence are given
in Section 3. Discussions and further extensions of these results are provided in
Section 4. Proofs are given in Section 5.

2. Nonparametric estimators

The estimator of the function T'(-) will now be described. For each given
n>1,let (X1,Y1),...,(X,,Y,) denote observations obtained from the bivariate
series {(X;,Y;) : i = 0,+£1,%2,...} and let &, be positive numbers that tend to
zero as n — 00. For a given ¢ € R?, set

L{z)={i:1<i<nand | X; — 2| <é,}

and let Ny(xz) = #I,(z) denote the number of points in I,(z), where ||z| =
(2 +- - +22)V2 for = (21,...,2q4) € R

For nonnegative integers o, ..., a4, set o = (0q,...,04), a!l = (a)!-- - (ag)!,
o] = a;+ -+ ag, and 2% = 27" ---z5?. Given an integer k > 1, let P(z;k
denote a polynomial in x® of degree (k — 1). That is, P(x;k) = Z[a]<k Ca?,
where ¢, are the coefficients.

Denote P, (-; ) the polynomial such that it minimizes diel, (x){Yi - P(X; —
x; k)}? over the class of polynomials P(-; k) of degree (k — 1). (It will be shown
in Section 5 that the existence of Pn(,;c) follows from Lemmas 5.2 and 5.3.)
Define the estimator of 6(z) by bn(x) = P,(z;x). Moreover, the estimator of
T(z) = T(x;0) based on P,(-; ) is defined by

To(@) = T(2;0,) = Y gaD*0n(z).
la]<k

As an example, suppose d = 1 and k = 2. Then B,(X;z) = a+ b(X — z) with
& and b minimizing }7,; ,{Y: —~ @ — b(X; — z)}*. Here a and b are called local
linear estimators of 6(x) = E(Y | X = z) and ¢'(z), respectively.

3. Optimal rates of convergence

Conditions for the nonparametric estimators described in Section 2 to achieve
the optimal rates of convergence are given in this section.

Let U be a nonempty open subset (of Rd) containing the origin. The following
smoothness condition is imposed on the function 6(-) so that the bias can be
estimated.

CONDITION 1. (-} has bounded partial derivatives of order & on U.
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The following two conditions are required to show the existence of P,(-;x).
Consequently, it also guarantees the existence of the nonparametric estimator
Tn() These conditions are similar to those used in ordinary least square the-
ory for random effect models.

CoNDITION 2. The distribution of X; is absolutely continuous and its den-
sity f(-) is bounded away from zero and infinity on U; that is, there is a positive
constant M; such that Ml_1 < fle)< My forzeU.

CoNDITION 3. For j > 1, the conditional distribution of X given Xy = =
has a density f;(- | «); there is a positive constant M, such that

M;'< fi(z' |z) <My for z,2’ €U and j>1.

A moment condition is required:

CONDITION 4. (1) There is a positive constant g > 2(2k + d)/k such that
E(Y]?) < .
(2) There is a positive constant s > 3 such that

sup E(JY|° | X = z) < .
zelU

Let F; and 77 denote the o-fields generated respectively by (X;,Y;), —oo <
i < j,and (X;,Y;), j <i< oo. Given a positive integer u set

a(u) = sup{|P(AN B) — P(A)P(B)|: A € F; and B € F/*"}.

The stationary sequence is said to be a-mixing or strongly mixing if a(u) — 0 as
u — 00. In this paper, the stationary time series {(X;,Y;) 14 = 0,+1,+£2,...} is
assumed to be a-mixing and it satisfies one of the following conditions.

CONDITION 5. (1) For some s > 2, 3".o v a!™%/¢(i) = O(N~1) as N — oo.
(2) For some 0 < p < 1, a(u) = O(p*) as u — oo.

Sufficient conditions for linear processes to be a-mixing are studied by
Gorodetskii (1977) and Withers (1981). See also Auestad and Tjgstheim (1990)
for an illuminating discussion on the role of a~mixing (or geometric ergodicity)
for model identification in nonlinear time series analysis. Condition 5(2) can be
weakened to algebraic rates. However, it is used here to simplify our presentation.
See Tran (1993).

Given positive numbers b, and ¢,, n > 1, let b, ~ ¢, mean that b,/c, is
bounded away from zero and infinity. Given random variables V,,, n > 1, let
Vn = Op(by) mean that the random variables b,V,, n > 1, are bounded in
probability; that is,

lim limsup P(|V,| > ¢b,) = 0.
c—00 n
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THEOREM 3.1. Suppose Conditions 1-5(1) hold and that 6, ~ n~1/(k+d),
Then R
T (x) = T(x;0)] = Op(n~k=m/CE+dy = g e [,

Let C be a fixed compact subset of U having a nonempty interior. Given a
real-valued function g(-) on C, set

1/2
lole ={ [ o(@)Pae}  and ol = sup o(a).

The L, and L rates of convergence are given in the following results.

THEOREM 3.2. Suppose Conditions 1-5(2) hold and that 6, ~ n~1/(2k+d),
Then )
Hjn() - T(,@)”Q = Op(n"(k“m)/@k—}—d)).

THEOREM 3.3. Suppose Conditions 1-5(2) hold and that 6, ~ (n~! -
log n)/(2k+d)  Then there is a positive constant ¢ such that

lim P(|| T () = T(:;8)|lco > e(n~t log n)E—m)/(Zk+d)y — ¢

Proofs of Theorems 3.1-3.3 will be given in Section 5.
4. Discussions

Given a univariate or bivariate time series, nonparametric estimates of the
regression function based on the vector-valued setup in Section 1 can be useful for
gaining insight toward model identification. See Auestad and Tjgstheim (1990).
The current paper contributes to this approach by establishing optimal sampling
properties for these nonparametric estimators.

For a class of k-time differentiable regression function 6(-), optimal rates of
convergence are achieved by using local polynomial estimators instead of the ordi-
nary kernel method based on local mean, this is because optimal rates of conver-
gence of the latter approach require extra smoothness conditions on the marginal
distributions.

This paper also answers a question raised by Truong and Stone (1992): “Can
the local constant fits be generalized to the local polynomials?” By taking a
semiparametric approach, which did not include the univariate time series, Truong
and Stone (1993) obtained optimal rates of convergence (with k > 2) for the local
polynomial estimators. The current results generalize our previous results, and
they are established by using a truncation argument and a theorem of Bradley
(1983), which was first exploited by Tran (1989). Truong and Stone (1992) also
considered an approach using local constant fit based on median. Followings are
related open questions.

1. Set 6(xz) = median(Yy | Xo = z) and denote its estimate by 6,(z) =
B, (x; x), where P,(-; &) is a polynomial that minimizes Eiaﬂ(m) Y, —P(X;—z; k)|
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over the class of polynomials P(-; k) of degree (k —1). (See Section 2.) Moreover,
define the estimator of T'(z) = T(z;0) = Z[a]<k o D*0(z) based on P,(-;x) by

To(a) = T(2;0,) = Y gaD%0,(x)

Then the question is: Will T (@) achieve the optimal rates of convergence given
in Theorems 3.1-3.37

2. For kernel estimators based on local constants, the “smoothing parameter”
6. can be chosen by minimizing

=n"1Y (Y; = na( X)) (X)),

where ém() is computed by leaving (X, Y;) case out, and w(-) is a weight function.

See Auestad and Tjgstheim (1990), Hérdle and Vieu (1992) and the references

given therein. This cross-validatory technique can be generalized similarly to local

polynomial fits in choosing §,. An interesting question would be: Is (4.1) of Hardle

and Vieu (1992) still valid for local polynomial fits? What can be gained here?
3. Suppose the regression function for an univariate time series is given by

E(Xi—H 1 XiuXiz’ oo aXiq)a

where 4 > i3 > .-+ > iy > i —d+ 1. How would the final prediction error (FPE)
(Akaike (1969)) and Akaike information criteria (AIC) (Akaike (1973)) for linear
autoregressive process be further developed to handle the nonparametric case in
selecting the lags?

5. Proofs

We recall the follovving notations. For a = (a1,...,a4), [@) = a1 + - + aa,
al = (o)l (ag)! and 2 = 27" -+ z7?. Also, set A = {a : [a] < k}. Given
z € C,let Y,(z), X,(z) and A,(z) be defined as follows: Y, (x) = (Yni(x)) is
the n~dimensional column vector given by Yyi(z) = Y; if i € I.(z) and Y,,;(z) =
0 otherwise; X,,(x) = (Xnia(z)) is the n x #(A) matrlx given by Xpin(z) =
(X; — x)> /50‘ if i € In(z) and a € A and Xpio(x) = 0 otherwise; A,(z) =
(Anas(z)) = X/ (2) Xn(z), which is a #(A) x #(.A) matrix. Since P,(-;2) is the
polynomial of degree £ — 1 minimizing

Y {Yi - P(X; — 23 k),

In(z)

we have that

~ ( — m)o‘
bra )
P 2 el

where

bra(2) = (A7} (€)X () Ya(@))a-
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Let @, denote the #(.A)-dimensional column vector defined by Q,, = (alg./
65N ae4. Then

Tn(z) = T(w§én) = erzAr_Ll(m)XrIL(m) Y. (z).

Let 6x(-; ) denote the k-th order Taylor polynomial of 6(-) about = defined by

tis)= 3 P gy aco

!
[a]<k o
Define the n-dimensional column vectors T,(z) = (Tni(z)) and Ti,(z) =
(Tkm‘(w)) by
T.i(z) = 0(X5), i€ In(x),

Tkni(w) = Bk(Xu .’L'), 1€ In(w),
and Ty;(z) = Tgni(x) = 0, otherwise. Then

X, — ) 681 D°0(= .
Tkm(w)z Z ( 5[(}} ) — ( )1 ZEI,L(:B),
lal<k "
80
[OL] o

(47 (@)X, (@) Ton(@))a = ‘i_%@ and

T(xz;0) = QA ()X, (@) Thn ().
Consequently,

(5.1) Tp(z) —T(z;0) = QLAY (z) X (2)[Yn(x) — To(z)]
+ QLA 2) X (2)|[ To(z) — Tin(z)], ze€C.

Moreover,
(5:2) Qr AL (@)X, (2)[Ya(2) - Ta(2)]
|
= 3 Na(@)(47" ()
a,f “m
: (Nnm)—l >, M (@)Y - e(Xz-))) ,
i€l (z)

where Mzﬁ(m) = (X; — :1:)'3/5%3]. Also, recall that

No(z)=#{i:1<i<nand |X;—z| <6,}, zeC.
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By Conditions 2, 3, 5(1) and Lemma 5 of Truong and Stone (1992), there are
positive constants ¢; and ¢y such that

(5.3) lim P(c;nél < Np(z) < conéd) =1, =zeC.
™

The existence of the polynomial P, follows from (see Lemma 5.3 below)
(5.4) No(z)(A N (2))op = 0p(1), z€C, a,B€A

LEMMA 5.1. Suppose Conditions 2-5(1) hold and that &, ~ n~Y/(k+d),
Then

No(m)™t Y MP(@)(Yi - 0(X) = 0,(6%), z€C, BeA

1€l ()
PRrROOF. According to Lemma 6 of Truong and Stone (1992),
2

E| Y M{(2)(Y:~6(X:)| =0 (ns}).

€1, (x)

It follows from Markov’s inequality and (5.3) that

(N (@)™ ) MP(2)(Y; - 6(X)) > ask)

1€l (x)

B - 1) [2
< Hien @M@ —0XDE | o st

- (ceynddtk)?
1
=0 | ——=7 | +o(1
<026%n6g+2k) ( )
=o(l) as c¢— oc. O

5.1 Proof of Theorem 3.1
According to Condition 1,

I Ti(2) ~ Teni(m)] = O(8%), i€ In(z), zeC.

It follows from (5.4) that

(55 QLA (@)XL(@)[Tal(a) — Ten()] = O,(65™), @€ C.
By (5.2), (5.4) and Lemma 5.1

(5.6) QAL (@)X, (2)[Ya(z) ~ Ta(@)] = Op(677™).
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The desired result follows from (5.1), (5.5) and (5.6). O

The proofs of Theorems 3.2~3.3 depend on a sequence of lemmas. First of all,
(5.3) and (5.4) are required to hold uniformly over & € C.

LEMMA 5.2. Suppose Conditions 2, 3, 5(2) hold and that 6, ~n=" or &, ~
(n~Ylogn)". Then there are positive constants c3 and cs such that lim, P({2,) = 1,
where Q,, = {candd < Np(x) < canéd for x € C}.

PROOF. See Lemma 7 of Truong and Stone (1992). O

_ The following lemma will be needed to show the existence of the estimators
6,.(-) and T, ().

LEMMA 5.3. Suppose Conditions 2, 3, 5(2) hold. Then there is a posi-
tive constant cs such that lim, P(®,) = 1, where &, = {N,(2)(4,;(z))ap <
cs forallz € C and o, € A}.

PrOOF. See Lemma 1 of Truong and Stone (1993). I

5.2  Proof of Theorem 3.2
By Lemmas 5.2 and 5.3, there is a positive constant cg such that

P( [ 1@iar @@ ¥a(e) - Tu(a))Pda 2 6

2

< P | cgbs?m max / > M (@)Y - 0(X)]| dz > 2625 ™) (cgnsd)?
C

In(z)
+ P(2%)
02 E Mﬂ T Y; —0 Xz Qdm
L GBSy M 0K
c?c362k(néd)
JR— 1 C
() + P
It follows from né2**+? ~ 1 and Lemma 5.2 that
(5.7) / 1QL A () X ()| Yu(2) — To(z)]|?de = 0,(82F~™),
c

The conclusion follows from (5.5) and (5.7). O
To prepare for the proof of Theorem 3.3, we need a truncation argument. Let

(58) B, ={n(logn)®}", v=202k+d)/k, 1<a< (4k+d)/(2k).
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LEMMA 5.4. Suppose Condition 4(1) holds. Then P(|Y,| > B, i.0.) = 0.
PRrOOF. This follows from Condition 4(1) and Markov’s inequality
P([Yn| > Bn) < BV E|Yy |
via Borel-Cantelli Lemma. O

We also need a lemma on approximating a-mixing sequence of random vari-
ables by independent random variables.

LEMMA 5.5. Let B be a Borel space and let V' be a random element taking
value in B. Let U and S denote random variables so that U ~ unif(0,1) and U
is independent of (V,S). Suppose further that { and g are positive constants so
that ¢ < ||S|lqy = (E|S|9)Y9 < co. Then there exists a real-valued random variable
W = ¢(V,S,U), where ¢ : Bx R x (0,1) — R is measurable, so that

1. W is independent of V,

2. W and S have the same distribution, and

P(W — 8] 2 ¢) < 18(|S[la/O)Y 7 - a(o(V), o(8)) 0/ Z2+D),
where a(o(V),0(S)) = sup{|P(ANB) — P(A)P(B)|: A€ o(V),B € o(5)}.
PROOF. See Theorem 3 of Bradley (1983). O
Set

(5.9) VP =Yilqvi<.p i=12,...,n

LEMMA 5.6. Suppose Conditions 2-5 hold and that 6, ~ (n~'logn)t/(2k+d),
Then there are positive constants ¢y and cg such that, for £ > 0, and n is sufficiently
large,

{

PrROOF. We may suppose that n = 2ning and set

Na(z)™t > MP(x)(¥VP - B(Y?|X))

i€l (x)

2§ (10gn)/n5%> < e,

reC, BeA

n1 = 675 (n(logn)?) ™), b>a,

where a and v are given in (5.8). Note that ny — oo because v > (2k + d)/k.
Write

(5.10) S MA@)VE ~ BYP | X)) = S Ve + 3 Vi,

i€l () Jj=1 Jj=1
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where
Jjn
Vij= > Kip(VP-EY?| X)),
i=(j—1)n1+1
(G+1)ny
Vos= Y, Kip(Y?-E(YP?| X)),
i:jn1+1
and

Kip = L{ix,~sii<sny M/ ().
By Lemma 5.5, there exists a sequence of independent random variables Wy, ...,
Wh, so that W; < Vij, and

P(|W; = Va;| 2 ¢) < 18([Va;lla/ )Y B0V - a(my )20/ Pa+D),
Set zp, = \/nédlogn. If (£/2n2)zn < ||Vijllg, then

q/(2g+1)
(5.11)  P(IW; — Vi[> (§/2n2)z) < 18 <M> !

(5/277’2)271
nBpo(n )2 q/(2q+1)
(")
If (£/2n2)zn > ||Vijllq, then
(5.12) P(|W; = Vi;| > (€/2n2)2,) < P(IW; — Vi 2 [[Villg)

< 18a(ny )29/ (20+1),
By Condition 5(2), (5.11) and (5.12), there exists a constant cy so that
(5.13) P(|W; ~ Vij| 2 (€/2n2)20) = O(o™).

By Lemma 6 of Truong and Stone (1992), there exists a constant cjg so that
2
Y EW,P =" By < crondt.
1

Set ¢ = 6. Then t|W;| = O((logn)~#=2)/%) — 0. Thus, eWs <1+ tW; + 2 W2
By Markov’s inequality,

N E(exp(t Y72 W;))
(5.14) P ( ;WJ > (6/2)Zn> < exp(t(¢/2)2)
exp(t* ] EW?)
= exp(t(€/2)zn)

= exp(cio logn — (£/2) logn).
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Note that

(5.15) P( 3
1
+ P (

The desired result now follows from Lemma 5.2, (5.10), (5.13)-(5.15). O

)

> (é/Z)zn) .

72

> (hy = Wy)

1

5.3 Proof of Theorem 3.3
Set Tp,(z) = Q. A ()X (x) T, (x). Then

Tu(®) ~ T(x;0) = QuA; () X, (2)[ Ta() — Toi(w)].

Note that T,(x) — Thi(x) is the remainder term of Taylor expansion. Hence by
Condition 1,

(5.16) sup [Tu(@) — T(w; )] = Op(857™).

This gives the bound for the “bias”.

To establish the uniform error bound (over the set C) of the “variance” term
(Tn(x) — Tp(x)), we need a truncation and an approximation argument.

The truncation. By Lemma 5.4, for all sufficiently large n,

(5.17) Yi|<B,, Jj<n wp L

In fact, if w € Uj»1 Ni>; {|Yi] < B;}, there exists a jo so that |Y;| < B; for all
1 > jo. Since B, is increasing, the desired result follows by noting that there is a
7% > jo such that B« > max{|Y1(w)|, |Ya(w)l,...,|¥j(w)], Bjo }-

Set Un(z) = (Uni(x)), Vulz) = (Vai(z)), where Upi(z) = VP — 0(Xy),
Vai(®) = Yilqy,>B,y for i € I,(x) and Upi(x) = 0, Vyi(x) = 0 otherwise. Then

(5.18) (:B) To(z) = Wo(z)Uy(x) + Wo(z) Vi(z) = Wy(z)Un(2)
w.p. 1,

where

Wa(z) = (Wiz)) = QA7 () X, (2), zeC.
Note that W;(z) = 0 for ¢ € I,(x). By Lemmas 5.2 and 5.3, there is a positive
constant ¢1; such that

(5.19) lim P (malei(wM <epn~l6T™ g e c) -

An approzimation. We need to approximate C by a set C, having a finite
number of elements. The set C,, can be described as follows. Since C is a compact
subset of U with nonempty interior, we may assume that C = [—1/2,1/2]%. Let
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X be a positive integer so that L, = n*. Let W, be the collection of (2L, + 1)¢
points in [~1/2,1/2]? each of whose coordinates is of the form j/(2L,) for some
integer j such that |j| < Ln. Then [~1/2,1/2]¢ can be written as the union of
(2L,)? subcubes, each having length 1/2L,, and all of its vertices in W,,. For each
x € [~1/2,1/2]% there is a subcube @Q,, with center w such that € Q,,. Let C,,
denote the collection of centers of these subcubes.

For each fixed A > 0, the uniform error bound restricted to C,, is given by

(5.20) liTanP (&aé}i [Tr(w) — Tp(w)| > c6;™1/(log n)/n5§> =0

for some positive constant ¢. In fact, this follows from Lemma 5.6, (5.2), (5.18)
and Condition 4(2) via
E(l{jxi-a) <6, EYilyviy> B,y | X))
< B, sup E(|Y;]° | X = a)P(||X; — z|| < 6,)
acU

= O(82BL7%) = o(69%*)  uniformly in € C.

Moreover, for A > O sufficiently small,

(5.21) max sup |Tn(z) = Tn(z) — Tn(w) + Tn(w)| = 0,(6;™1/1/néd).

wely z2€Qw

(Proof of (5.21) will be given shortly.)
We conclude from (5.20) and (5.21) that there is a positive constant ¢ such
that

(5.22) lim P (:gg (Tr(z) — Tn(z)| > 65;my/(logn)/n5§> = 0.

The conclusion of Theorem 3.3 follows from (5.16) and (5.22).

ProOOF OF (5.21). Let Cy be a compact subset of U containing C in its
interior. Since 4, — 0, we can assume that if ¢ € I,,(z) for some € C, then
X; € Cp. Thus, max{|0(X;)| : X; € Co} < co. Hence, from (5.17),

(5.23) sup max |Up; ()| = sup max [V;® — 0(X;)| = O,(B,).
zeC * zeC ¢

By Conditions 2 and 5(2) (see the proof of (2.13) of Truong and Stone (1992)),
for A sufficiently large,

(5.24) max sup #(In(z)AL(w)) = Oy(By)-
weCn zEQw
(For sets A and B, AAB is the symmetric difference defined by AAB = (A\ B)U
(B\ A).) We conclude from Lemmas 5.2, 5.3, (5.19), (5.23) and (5.24) that, for
sufficiently large,
max sup |Wi(z)[Up(z) — Un(w)]| = Op(B2n~16,47™).

weCy, 2EQuw
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Consequently, by (5.8),

(5.25) max sup | Wi (z)[Up(z) — Un(w)]] = 0,(8,™1/1/nb2).

weCn g,
Observe next that

(5.26) max mseué)w iejn(ril)%n(w) max | Xnia(®) — Xnia(w)] = O(n™2671).

We conclude from Lemmas 5.2, 5.3, (5.23), (5.24) and (5.26) that, for A sufficiently
large,

(527)  max sup |Q, A, (2)[X;(2) - X, ()] Un(w)| = 0p(8;,™4/1/n68).

€Cn 2EQy

Recall that A, () = (Anap(x)) = X, ()X, (). It follows from (5.24) and
(5.26) that, for X sufficiently large,

(5.28) max ms;lcg)w max, [Anas(®) — Anap(w)] = 0p(By).

We conclude from Lemmas 5.2, 5.3 and (5.28) that, for )\ sufficiently large,

-1 a1 — d\—2
max f,:.ué’wi,r}a%ﬁ'(“ln (2))ap — (A7 (w))ap| = 0p(Br(nby) ")

and hence that

(5:29) max sup |Q A (z) — AL (w)] X7 (w) Un(w)| = 0p(6,™1/1/nb8).

weCn 22,
It follows from (5.18), (5.25), (5.27) and (5.29) that (5.21) holds. O
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