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Abstract. In this paper, we study the likelihood ratio tests for situations in
which the null and alternative hypotheses are determined by two polyhedral
cones, C; and Cs, which are nested so that Ci; C L C C2 and L is a linear
space. The two cones are proved to be non-oblique. Members which satisfy this
nesting condition are easily identified and include the cases in which Cy = L
or L = C2. When testing two non-oblique hypotheses with variances unknown,
the least favorable point within the null hypothesis has not been determined in
general. However, for the situation considered here, the zero vector is shown
to be least favorable within the null hypothesis. Two sets of hypotheses are
said to be equivalent if they lead to the same likelihood ratio test. For two
non-oblique polyhedral cones, C; and Cy, four sets of equivalent hypotheses
are identified. If Cy C L C Cy, then the two cones in each of these four sets of
hypotheses are similarly nested with a linear space in between.

Key words and phrases: Inferences subject to inequality constraints, iterated
projection property, non-oblique cones, order restricted inferences.

1. Introduction

Bartholomew (1959, 1961) developed the likelihood ratio tests (LRTSs) of ho-
mogeneity of normal means with the alternative restricted by an ordering on the
means, such as p1 < po < - S ppoor g S pp < cor S pp 2 flpl 200 2 Pk
Robertson and Wegman (1978) considered the LRTs with the order restriction as
the null hypothesis and no restrictions on the alternative. The collection of mean
vectors which satisfy a particular order restriction is a closed, convex cone. The
cones determined by the most restrictive ordering, homogeneity of components,
and the least restrictive ordering, no restriction, are linear spaces. Robertson et
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al. (1988) summarize many of the details involved in making statistical inferences
subject to order restrictions.

The collection of mean vectors which satisfy a set of linear inequality con-
straints, such as Z?:l aj;jp; <0fori=1,2,...,m, is also a closed, convex cone
which is said to be polyhedral. With i a normal mean vector, Raubertas et al.
(1986) extend the results above to obtain the LRTs of Hy versus H, — Hy where
Hy:peCrand Hy - p € Cy with ¢ and Cy polyhedral cones, provided € or
(s is a linear space. We say such sets of hypotheses are of the LC type if C, is a
linear space and (5 is a polyhedral cone but not a linear space. Sets of hypotheses
of the CL and C'C type are defined similarly.

Warrack and Robertson (1984) studied an example of CC type hypotheses
and found that the LRT is dominated by the LRT of another set of LC type
hypotheses in that case. Menendez and Salvador (1991) examined the same issue
in a general context. Using the concept of obliqueness of two cones, which was
introduced by Warrack and Robertson (1984), Menendez et al. (1992a) explained
this dominance. Menendez et al. (1992b) studied the LRTs for CC type hypotheses
in which the two cones are not oblique. Non-obliqueness is characterized by an
iterated projection property. In particular, two nested cones, C1 C (5, satisfy this
property if the projection of any vector onto C} is the same as the projection onto
C1 of the projection of that vector onto C3. Of course, this property depends on
the distance function which determines the projection. The iterated projection
property is difficult to verify in some situations.

In this paper, we consider the LRT's for a special class of CC type hypotheses
which are non-oblique. We say that the hypotheses Hy and H, are of CLC type if
Cy C L C Cy with L a linear space. We will show that in such settings the cones
C7 and C5 are non-oblique. The members of this class are easy to identify and
include all of the problems discussed in Raubertas et al. (1986) and Robertson
et al. (1988). Menendez et al. (1992b) point out that when testing non-oblique
hypotheses with unknown variances, the least favorable point in the null hypothesis
has not been determined in general. For the types of hypotheses studied here the
zero vector is least favorable and hence the significance level can be computed by
taking the mean equal to zero.

In Section 2, we prepare the necessary tools for the development of the tests.
In Section 3, the LRTs are developed for CLC type hypotheses with polyhedral
cones in the cases of independent random samples and a random sample from a
multivariate distribution. In Section 4, equivalent sets of hypotheses are discussed
and four sets of equivalent hypotheses are identified for the variance known case.

2. Preliminaries

Assume that the Hilbert space R* has inner product {-,-). With ||| the norm
induced by the inner product, the projection of the vector z onto set D, P(z | D),
is a vector that minimizes ||z — y|| over y € D. For a closed, convex set D and any
vector z, P(x | D) exists and is unique. Furthermore,

(2.1) P(z|D)=z"
if and only if z* € D and (z — z*,2* — y) > 0 for each y € D.
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The characterization given in (2.1) will be used repeatedly to verify that a can-
didate is the desired projection. For a set A, A denotes the set {y : {x,y) <0,
for each x € A} which is a closed, convex cone. For a closed, convex cone C, C¥
is called the polar cone associated with C. It is well known that for any vector
z,z =Pz | C)+ Pz | CF) and (P(z | C),P(z | CF)) = 0. Define A+ B as
the set {x+y:2 € A,y € B}. If both A and B are convex cones, so is A + B.
Hestenes (1975) gives an example where both A and B are closed, convex cones,
but A+ B is not closed. When A and B are orthogonal, the notation A @ B is
used for A+ B. These definitions and related results are given in many references,
see for example Robertson et al. (1988).

LEMMA 2.1. IfCy C L C Cy, Ci and Cy are closed, convex cones in R* and
L is a linear space, then the following conclusions hold:

(1) For any set D in L, D and C¥ are orthogonal;

(2) For any closed,convex set D in L, D and Cy are non-obligue, i.e. P(P(x |
C3) | D) = P(x | D) for each x € R*,

(3) Pty |Co) =Pz | Cy) Lty and P(zx ty | CL) = P(z | CF) for each
z € R* and each y € L; and

(4) |P(z | Co)— P(x | C1)l| < | P(z—y | Co)— P(a—y | Cv)| for cacha € R*
and each y € C; © CY.

PROOF. (1) is true since C{ < L*. (2) and (3) can be proved by checking
the conditions in (2.1). We now consider (4). For each z € R* and each y € C4
by conclusion (2) and the definition of a projection,

1P(@ | C2) = Pl | C|| < |1P(z | C2) = (y+ Pl —y | CL))|.-

By conclusion (3) above, the right hand side is ||P(z —y | C2) — P(z —y | Cy)].
Thus
[Pz | Cy) = Pz | | < [|P(z —y | C2) = P(z —y | C1)].

Applying this result to the nested structure C§ C L+ C CF, we have that
1P~y | CT) = Pla—y | CD)| <Pz —y—2|CF) - Plz—y— 2| C3)|
for each z in CF. Thus,

[P(z | Co) = P(z |G| S |Plx=(y+2) | C2) —Plz—(y+2)|C1)|. DO

A polyhedral cone is a set of points which satisfy a finite set of linear inequal-
ities. With A an m by k matrix, the polyhedral cone {x € RF : Az < 0} is
denoted by C[A], where an inequality between a vector and a real number is to
be interpreted component wise. Let A; be a matrix consisting of some rows in A,
and A; be the matrix consisting of the rows in A but not in A;. The matrix with-
out any rows is denoted by 0. We assume that C[A] has no redundant rows, i.e.
C[A;] # C[A] if A; # A. The face of C[A] associated with A;, F[A;], is defined as
{z: Ajz =0, A;z < 0}. The face F[A;] is in the linear space {z : A;x = 0} which is
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called the null space associated with A; and denoted by N[A;]. The interior of the
face F[A;] with respect to the topology in N|A;] is the set {z : A;xz = 0, 4;x < 0}
and is denoted by F°[A;]. It is known that C[A] can be partitioned into a finite
number of interiors of faces.

LEMMA 2.2. If Ly C C C Lo where Ly, Ly are linear subspaces of RF,
C = C[A] is a polyhedral cone, then for each x in R* the following are equivalent:

(1) P(z|C) € FoA;

(2) P(z|C)= P(x| N[A]) € F°[A;]; and

(3) P(z | N[A)]) = P(z | Ly) € F°lA;] and P(z | L) — P(z | N[4;]) € CF.

ProoOF. The implications are proved in the order indicated below.

(1) = (2): For each y € N[A,] there exists § > 0 such that P(z | C) £ 6y €
Fe°[A;] C C since P(z | C) € F°[A;] and F°[A;] is an open set with respect to
the topology in N[4;]. By (2.1) we have (z — P(z | C),y) = 0 which establishes
Pz | C) = P(x | NIA).

(2) = (3): Ly C C implies that P(z | N[4;]) — P(z | L1) and P(x | N[4;])
are in the same interior of a face. Notice that P(z | La) — P(x | N[A4;]) = P(z |
CP) - P(z| Ly) and Ly € CF. So, P(x | Ly) — P(z | N[A;]) € CT.

(3) = (1): Clearly, P(z | N[A;]) € F°[A;] C C. Applying conclusion (1) of
Lemma 2.1 and P(z | Ly) — P(z | N[A;]) € CF, checking the conditions in (2.1),
we have that P(P(z | Le) | C) = P(z | N[A;]). But by conclusion (2) of Lemma
2.1, P(P(x | Ly) | C) = P(z | C). Therefore P(z | C) € F°[A;]. O

Let W be a k by k positive definite matrix. For any vectors z and y in RF,
define (z,y)w as xTWy. Then (-, )w is a well defined inner product. The norm
induced by this inner product is denoted by | - {|w. The projection of a vector z
onto set D is denoted by Py (z | D). The following lemma, is essentially Lemma
3.1 of Shapiro (1985). We present its proof because it may be of interest from a
methodological point of view.

LEMMA 2.3. If X is a k-dimensional normal random vector with zero mean
and covariance matriz W=, C is a cone in R* and L is a linear space, then
| Pw (X | L)||%, conditioned on Pyw (X | L) € C has a central chi-squared distribu-
tion with degrees of freedom dim(L).

PrROOF. If Y ~ N(0,V) and AVAT = diag(c?,...,02,0,...,0), then
(AY)T(AY) and AY € C are independent by Basu’s Theorem, cf. Hogg and Craig
(1978) since (AY)T(AY) is sufficient for o2, but AY /o is ancillary. Let PX be
Py (X | L), then P is idempotent and self-adjoint, cf. Bachman and Narici (1972).
Thus, vVWPW ~1PT\/W is symmetric and idempotent. Therefore, there exists an
orthogonal matrix Q such that QvVWPW ~'PTVWQT = diag(1,...,1,0,...,0).
Applying the claim at the beginning of the proof with Y = Py (X | L), V =
PW-1PT and A = QvVW, we see that ||Py (X | L)||% and Py (X | L) € C are
independent. But ||Pw (X | L)||% has chi-squared distribution with degrees of
freedom equal to r = rank(P) = dim(L). The conclusion follows. [J
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In the nested structure C; C L C Cq, if Cs is the polyhedral cone C[A], then
C1 is in N[A] since L C N[A]. So, without loss of generality, we assume that
C, = N[A]NC[B)].

LEMMA 2.4. If X ~ N(O,W™1) and C; = N[A] N C[B] and Cy = C[A] are
polyhedral cones in RE, then | X — Py (X | C2)||%, ||[Pw (X | C2) — Pw (X | C1)|%
and ||Pw (X | C1)|3,, conditioned on Py (X | C1) € N[A] N F°{B;] and Pw(X |
Cy) € F°[A;], are independent central chi-squared variables with the degrees of
freedom k—dim(N[A;]), dim(N[A4;]) —dim(N[A]NN[B;]) and dim(N[A]NN[B;]).

PROOF. By Lemma 2.2, the variables in this lemma conditioned on the events
in this lemma are identical in distribution to the variables ||Pw (X | N+[4:])|% .
|Pw (X | N[A]N(N[AINN[B;)5)|% and || Pw (X | N[AJNN[B,])|1%, conditioned
on the three events Py (X | N*[4;]) € CF, Pw (X | N[A;]N(N[A]NN[B;])*) €
CT N F°[A;] and Py (X | N[A] N N[B,]) € N[A] N F°[B;]. But Py (X | N[A]N
N[Bj)), Pw(X | Nt[A)]) and Pw (X | N[4;] N (N][A] N N[B,])*) are independent
and Cf, CT N F°[4;], N[A] N F°[B,] are cones. The desired conclusion follows
from Lemma 2.3. O

3. Likelihood ratio tests

In this section, we consider the LRTs for CLC type hypotheses with polyhedral
cones. As noted earlier, we may suppose that C; = N[A] N C[B], C; = C[A] and
L = N[A]. We consider the two cases of independent random samples and a
random sample from a multivariate population.

Case 1 (Independent random samples). Suppose Y;; for j =1,2,...,n; and
i = 1,2,...,k are independent and Y;; ~ N{pi,02). Let p= (p1,po,. .., )7,

Y = (Y3,Ys,...,Y;)7 with Y; the mean of the i-th random sample and ¥ =
diag(af/nla 0%/”27 ceey O-I%/nk)

Case 2 (A multivariate random sample). Suppose Y; = (Vy;,Ya;,..., Yi)T
for j = 1,2,...,n are independent and identically distributed k-dimensional nor-
mal random vectors with mean u = (uy, pg,. .., ux)? and covariance matrix V.
Then Y = (Y1,Ys,...,Y)T, with Y; the mean of Y;; for j = 1,2,...,n, has co-
variance ¥ = V/n.

Let M(A) be a collection of A;, submatrices of A, for which F°[A;] partitions
C[A] and let M (B) be defined similarly. With W = L1 et P;; be the probability,
under p =0, that Py (Y | C1) is in N[A] N F°[B;] and Py (Y | C3) is in F°[4;].

Variances known. In this section, we consider the two sampling plans de-
scribed above and suppose that ¥ is known. Let x2 denote a chi-squared random
variable with v degrees of freedom and x2 = 0. The test statistic in (3.1) below and
its null distribution are given in Menendez et al. (1992b), but (3.2) below gives
a more explicit relationship between the degrees of freedom for the chi-squared
random variables and the F;;.
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THEOREM 3.1. Let Cy, Co, W and P;; be defined as above and let Hy : pu €
Crand Hy - € Co. If W is known, then the LRT of Hy versus H, — Hg rejects
Hy for large values of

(3.1) T=|Pw(Y | C2) — Pw(Y | C1)lliys

p = 0 is least favorable within Hy, i.e. the supremum of P[T > t] over u € Cy
occurs at p = 0; and under p = 0,

(3:2) PIT >t]= Z PijP(Xﬁim(N[Ai])—dim(N[A]ﬂN[Bj]) > ).
A;eM(A),B,eM(B)

PrOOF. Clearly, the LRT rejects Hy for large values of | Y — Py (Y | C1)||3, —
|Y — Pw (Y | C2)||%, and by conclusion (1) of Lemma 2.1 this equals 7" which is
given in (3.1). Furthermore, it follows from conclusion (4) of Lemma 2.1 that the
distribution of T' with p € C1 is stochastically less than or equal to the distribution
of T with p = 0. Thus, zero is least favorable within the null hypothesis. Because
{F°[A;] : A; € M(A)} partitions Cy and {N[A|N F°[B;|: B; € M(B)} partitions
C1, (3.2) follows from the law of total probability and Lemma 2.4. O

Variances unknown. For independent random samples, i.e. Case 1, one com-
monly assumes that o? = a;0? with a; known and ¢? unknown. Thus with
u; = ngja; for i = 1,2,...,k and U = diag(ui,uz,...,ux), & = o2U"" and
W = U/o?. In Case 2, it is commonly assumed that V = 02X, where X is
known and o2 is unknown. Then W = U/o? where U = nX;". For Cases 1 and
2 respectively, define

k N n
3.3 R=>"53"(v;; -¥»)® and R=13"(v,- 1)TU(Y; - ¥
(33) Yo 2 =) 2 2 = PO - )
and note that the degrees of freedom associated with R are v = ny+ng+---+np—k
and v = nk — k, respectively.

Since ¢? is unknown, one cannot compute distances with respect to the metric
determined by W, however a projection with respect to W is the same as the
projection with respect to U. Thus, P;; is unchanged if the two projections in its
definition are taken with respect to U rather than W.

Let F(a,b) denote a random variable with an F* distribution with parameters
a and b, let v(A;) = dim(N[4;]) and let v(B;) = dim(N[A] N N[B;]).

THEOREM 3.2. Let Ci, Cs, U, Pij, R and v be defined as above and let
Hy:p€Cyand Hy : i € Co. If U is known and o is unknown, then the LRT of
Hy versus Hy, — Hy rejects Hy for large values of

NP | Co) = Pu(Y | COIE
(34 h= R+|Y —Py(Y |C)lE
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=0 is least favorable within Ho; and for p =0 andt > 0,

(3.5) P[Ty >t = Z P;; P {F(V(Ai) —v(Bj),v+k—v(A))
A;€M(A),B;EM(B)
v+k—v(A)
~ v(Ai) —v(By)

where the summation is taken over A; and B; with v(A;) > v(B;).

ProoF. It follows from standard arguments, see Robertson et al. ((1988),
p. 63), and conclusion (1) of Lemma 2.1 that the LRT rejects Hy for large values
of T7 which is given by (3.4). To show that g = 0 is least favorable, let y € C;

and set )
_IPw(X + 1] Co) — Puw(X + | OOl

S(,U) Q(y)+|[X+FL_PW(X+M|CQ)!|%V

where Q(v) ~ x2, X ~ N(0,W~1) and Q(v) and X are independent. Then, by
conclusions (3) and (4) of Lemma 2.1, S(p) is stochastically less than or equal to
5(0). However,

(3.6) 7 = 12wV | Co) = Pw (Y | Co)ly
R/o2 4 ||Y — Pw (Y | Co)ll3y

R/o?* ~ x2, Y ~ N(p,W™!) and R/0? and Y are independent. Hence, u = 0 is
least favorable within the null hypothesis.

Let 1 = 0. Conditioning on Py (Y | C1) € N[A] N F°[B;] and Py(Y | Cs) €
F°[A;], applying Lemma 2.4 to (3.6) and appealing to the law of total probability,
(3.5) is established. O

Remark. Let B(a,b) denote a random variable with a beta distribution and
B(0,b) = 0. It is straightforward to show that the LRT of Hy versus H, — Hy
rejects Hy for large values of

NPu(Y | Co) = Pu(Y | Cu)|)?
(3.1 = RV -R VIO

If T5 is used as a test statistic, zero is still least favorable in Hy and its null distri-
bution is a mixture of beta distributions known as an E-bar-squared distribution.
In particular, for 4 = 0 and t > 0,

68 PLxd= S P |B(3ua)-um),
A;EM(A),B;€M(B)

1 1 1
“u4 2k ——v(A) ) >
5+ 2k 21/(A1)> > t}

where M(A), M(B), P;;, v(A;), v(B;) and v are defined as in Theorem 3.2.



144 XIAOMI HU AND F. T. WRIGHT

Ezxample. We consider a pesticide problem in which the effectiveness of dif-
ferent dosage levels of a pesticide is under investigation. A previous study has
confirmed that p; < o < ps where ui, pe and pg are the mean percentages of
pests killed at three increasing dosage levels. It is suspected that the pests have
developed an immunity to the pesticide, at least at the dosage levels currently
being used. If this is the case, then we now believe that pu1 = ps = ps. We
wish to investigate the response of these pests to the pesticide at the three dosage
levels studied earlier as well as at two larger dosage levels. If an immunity has
been developed, we expect the response at the two new levels to be at least as
good as at the other three, but because we have no information concerning the
two new levels, it is not clear how they are related to each other. Hence, our null
hypothesis is Hy : p1 = po = pg < min(pg, ps). If the suspected immunity has not
been developed, then we believe that p1 < ps < s, but we do not know how py
or us are related to each other or to the other means. Thus, H, : p1 < po < ps.
The two hypotheses are of the CLC type and the linear space between them is
L={peR:u =ps=ps}.

This example illustrates a type of C'LC hypotheses which are a combination of
the type of problems studied by Bartholomew (1961) and Robertson and Wegman
(1978). The null imposes both equality and inequality constraints and the alter-
native is obtained by changing the equality constraints to inequality constraints
in the null hypothesis.

4. Equivalent sets of hypotheses

Two sets of null and alternative hypotheses are said to be (likelihood ratio)
equivalent if the LRTs for these two sets of hypotheses have the same rejection
regions for each significance level o € (0,1). The next result is motivated by the
observation in Menendez et al. (1992b) that the LRTs for situations (A), (C) and
(D) below have the same critical regions.

THEOREM 4.1. IfY is a k-dimensional normal random vector with unknown
mean i and known covariance matriz W1 and Cy and Cy are two closed, conver
cones in R* which are non-oblique, then the following sets of null and alternative
hypotheses are equivalent.

(A) HO:/.LECl,Ha:uECg,

) Hy:peCf Hy:peCF,
Y Ho:p=0,H,:p€CanCYF,
Yy Hy:pe (ConCHYY, H, : u € RE.

PROOF. By Theorem 5.2 of Zarantonello (1971), Cf and C{ are non-oblique
because C; and C, are. Thus, from the work of Menendez et al. (1992b), we see
that u = 0 is least favorable within Hy for each of the testing situations; for the
testing situations (A), (C) and (D) the test statistics are the same; and for the
hypotheses in (B) the test statistic is || Pw (Y | CF)—Pw (Y | C$)||%, which clearly
is the same as for (A). O
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It is instructive to notice that (C) is of LC type, (D) is of CL type. Both are
special cases of C'LC type of hypotheses. Furthermore, if C; C L C Cy, then (A),
(B), (C) and (D) are all of CLC type.
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