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Abstract. Order statistics has an important role in statistical inference. The
main purpose of this paper is to investigate order statistics, and also explore its
applications in the analysis of nonstationary time series. Our results show that
linear functions of order statistics for a large class of time series are asymptot-
ically normal. The methods of proof involve approximations of serially depen-
dent random variables by independent ones. The problems of testing for the
existence of a linear trend and the problem of testing randomness versus serial
dependence are considered as applications.
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1. Introduction

Order statistics has an important role in statistical inference. Not much work
on order statistics has been done in the case where the observations are serially
dependent. Our main objective is to investigate order statistics for nonstationary
time series. The principal motivation for this research is that order statistics
has many applications in time series analysis. Later on in Section 4, we will
discuss two important examples. The first example deals with testing for the
existence of a linear trend. The second example concerns testing white noises
versus serial dependence. This problem has been drawing increasing attention.
See, for example, Hallin et al. (1985, 1987) and Chan and Tran (1992).

Order statistics often exhibit desirable robustness when the population distri-
bution is heavy-tailed, for example, Cauchy distribution or contaminated normal.
Our methods depend heavily on certain properties of serially dependent random
variables. Results involving the limiting behavior of the empirical distributions of
dependent r.v.’s normally require assumptions about their types of dependence.
Throughout the paper, we assume that X; satisfies the absolute regularity condi-
tion, the definition of which will now be given.

Let {X;,—00 < ¢ < oo} be a time series defined on a probability space
(2, A, P). For integers a, b with a < b, let M? denote the o-algebra of events
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666 LANH TAT TRAN AND BERLIN WU

generated by X,,..., Xp. Then {X;} is absolutely regular if
(L) 8 = sup E{sup|P(A4 | M) = P(A) A € M3, } 10

as n — oo.

We assume that 3(n) decays to zero exponentially fast. This assumption is
relatively weak. In fact, many time series are absolutely regular with 3(n) decay-
ing to zero at an exponential rate. These include a large class of autoregressive
moving average time series models and bilinear models as shown, respectively, by
Pham and Tran (1985) and Pham (1986). For some statistical applications involv-
ing absolutely regular time series when an exponential rate of decay for 3(n) is
assumed, see Chan and Tran (1992).

The absolute regularity condition is weaker than many other dependence con-
ditions, e.g. m-dependence, ¢-mixing, W-mixing, but is stronger than the strong
mixing condition. Under more restrictive assumptions, the results can be extended
to the strong mixing case with mixing coefficients decaying to zero at polynomial
rates. However, the proofs are more technically involved and harder to follow.
In fact, Volkonskii and Rozanov (1959) have pointed out that the condition of
absolute regularity is more suitable for research than the strong mixing condition.
The absolutely regular case with exponential rate is thus chosen as a compromise
between generality and simplicity.

In the independent case, the literature on order statistics is extensive. See, for
example, Wellner (1977a, 1977b) and the references therein. Order statistics for
stationary mixing processes have been investigated by Mehra and Rao (1975) and
Puri and Tran (1980). The technique in Puri and Tran is based on approximations
of dependent r.v.’s by supermartingales, whereas more tractable approximations
by independent r.v.’s are employed in the present paper. Approximations by su-
permartingales are too complicated for the nonstationary setting considered here.

Assume X; has a continuous distribution function F;. Denote F,, = (F} + Fa+
-+ F,)/n. Let X;.,, be the i-th order statistic of X1,..., X,. Let cin,...,Cnn be
arbitrary given constants and let g,, : R — R be a measurable function. Consider
the statistic

i=1

Our main results show that 7}, is asymptotically normal under the four Assump-
tions Al1-Ad stated in Section 2. Assumptions A1-A3 are standard in the study
of order statistics. A4 is needed to handle the nonstationary aspects of the time
series. This assumption is satisfied by a large class of time series as shown by the
examples in Section 4. An interesting open question is whether this assumption
can be omitted. The derivation of the asymptotic distribution of 7, employs a
decomposition of (1.2) into a leading term and a remainder term. The asymptotic
normality of the leading term is shown in Section 2. The remainder term is shown
to be asymptotically negligible in Section 3. The main argument relies on some
important properties of empirical distributions, which are also of independent in-
terest. For background material on empirical distributions, the reader is referred to
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Zuijlen (1978) and Alexander (1984). Our results extend those of Zuijlen (1976),
Ruymgaart and Zuijlen (1977) for non-i.i.d r.v.’s to nonstationary time series.
Applications to time series analysis are considered in Section 4. Nonparametric
procedures for time series have been the subject of much recent attention. They
are popular when there is evidence of nonnormality of distributions. Evidence
of nonnormality appears in certain exchange rates and stock market prices. See
Fama (1965), Mandelbrot (1967) and Dufour (1982). For a bibliography on non-
parametric methods in time series, see, for example, Dufour (1982), Hallin et al.
(1985, 1987), or Tran (1988). Throughout the paper, the letter C will be used to
denote constants whose values are unimportant and may vary.

2. Asymptotic normality of the leading term

Let T',, denote the empirical distribution function of Xy,..., X, that is,

(2.1) Tn(t) = (1/n) Y ult - Xu),

=1

where u, the indicator function, is defined later in (2.11). Then 7}, can be written
as the following functional of empirical distribution function:

(22) 7o = [ In(Calt)on (T (2)
where the range of integration is (—oo, 00), and
(2.3) Jo(i/n) = ncip, for 1<i<n.

Following Ruymgaart and Zuijlen (1977), we will restrict our attention to 7}, of
type (2.2) with J,(i/n) = J(i/(n + 1)), g, = g for some functions J, g. Then

T, = / (B ()g()dT (1),

where,
(2.4) T, = [n/(n+ 1)|T,.
Define

(25) hn(s) = g(F, (5)),

where F;l is the left continuous version of F,,. We will occasionally use one or
more of the following assumptions:

Al. The function J may have discontinuities of the first kind at s; for j =
1,2,...,k (where we take sy = 0 and sxy1 = 1), and has a continuous first
derivative on (s;_1,s;) for each 1 < j <k + 1.
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A2, The function g is left continuous and is continuous in a neighborhood of
each t;. Here t; = F;l(sj), and s; is a discontinuity point of J as stated in Al.

A3. There exist positive constants C' and a, b with a + b < 1/2 such that
|J(s)| < CR(s), |J'(s)] < CR**Y(s), and |hy,(s)] < CR’(s) for all large n, where
R(s) = [s(1 — )]

A4. There exists an interval [a,b] and some positive constants Cq, Cy such
that for all 1 <i<o0,1<n <oo,and for all z <aorz>b,

Fi(z)(1 - Fi(z))

— CQ.
G Fe0 - Fa@)

Let
(2.6) o= [ IED)9OTA(0)
Decompose T,, as follows:
(2.7) nM2 Ty — i) = Ap 4 Bn+Cp + R, w.p.1,
where
(2.8) An =2 [ J(EA)gOd(Talt) ~ Fult)
(2.9) B, = n/? / Talt) = Fal)' (Fa(0))9(0)Fn(t),
(2.10) Cy, —nl/QZag Tn(t;) — Faulty)].
Let

u(lz)=0o0rl as z<0orz>0,

(2.11)

212) i = / JE (1) g(t)dF(B),
(2.13)

(2.14)

2.13 Ain = J(Fo(X:)g(X3) — fhins
214)  Bin= / [u(Fa(t) = Fal(X:)) = FulO)T Frn(0)g()dF (),
(215) = z%g JuFalty) — FalX:) = Falty))
Then
(2.16) Ap+ B+ Cp=n1? f:(Am + Bin + Cin),
(2.17) 73Ty = pn) = n~H/? zn:(Am + Bin + Cin) + Rn.

i=1
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LEMMA 2.1.  For some 6 > 0, E|A;,)*t% < C(6)E|RTDCH(F (X))
Proor. Note that

(2.18) E|Ain*™° < E|J(Fn(X)))g(X 2+e

’ ) Hin
O EIT(Fn(Xi))g(X )P + pin )
(O)E|J(Fr(X:)g(Xs)[*+

(8) B[RO (F,(X,)].

IN A A A

c
C
C

LEMMA 2.2. For some § > 0, E|Bjy|*™® < CE|R(/2=9E(F, (X;))l.
PROOF. For any s,t € (0, 1),
(2.19) lu(t —s) —t] < CR(I/Q)—IS(S)R(—I/Z)—O—(S(t)’

where C is a positive constant independent of § (see Lemma 2.2.1 of Ruymgaart
(1973)). Employing (2.19),

(2.20)  E|Bu|**¢
<CE I / RO/8(F, (X)) RV (F (1)

246

T (Fo(£) g(t)dFu (2)
< CE|RVD=5(F, (X;) >
: / REVDH(E, (0)) 7 (Fo(£))g(£)dFn(t)

< CEIRY/D 4 (F, (X))

' / R (5) ) (s)g(F, (3))ds

246

2+6

. 26
< CE|RVD=3(F,(X,))[>

/R—(1/2)+6+a+1+b(s)ds

< CE|RMA=(F, (X)) 1*H,

since | [ R~(1/2)+é+at14b(5)4s(2+¢ is bounded by a constant for § < (1/2)—(a+b).
0

LEMMA 2.3. For some 6 > 0, E|Cy,|*T? < ngzl loig(t;)]2Fe.
Proor. Note that

(2.21) E|Cu*™ < E Zagg Vu(Fo(ty) = Fn(Xy)) = Falty)]
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k
Z a;g(tj)[u(Fn(ty) — Fu(Xs)) = Falty)]

k
Z |2+6
hence the proof of Lemma 2.3 is complete. O

Define ¢2 = Var(A4, + B, + Cy,).

THEOREM 2.1. Let {X;,—00 < i < oo} be a sequence of absolutely regqular

random variables with 3(n) = O(e™%") for some ¢ > 0. Suppose liminf o2 > 0 as
n — oo, and A1-A4 hold. Then

(2.22) 72T, — ) o BN (0, 1).

Proor. Let

i=1

and

We will occasionally drop the subscript n in V;, for simplicity when there is no
fear of confusion. It is not hard to show that

(2.23) E(Sn) = 0.
Thus .
nl/Q(Tn - ,ufn) - n_1/2 Z Vin + Ra.

i=1
Let p and ¢ be positive integers with p = [n%/ (228 /logn] and ¢ = [clogn)]
(with ¢ to be prescribed later on). We now set the random variables Vi, into
alternate blocks of size p and ¢. Let m be the number of blocks of size p. Note
that m = [n/(p + ¢)]. The sum of the V;, is decomposed into three sums, the
sum in m blocks of size p, the sum in m — 1 blocks of size ¢ and the sum of the
remaining random variables. The sum for the large blocks of size p is

m p

(2.24) Sin =) Vi-n@ra+
i=1 5=1

The sum for the small blocks of size ¢ is

m—1 ¢
(2.25) Sap, = Z Zv(i—l)(p-%q)-kpﬂ’
i=1

t=1
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and the sum of the remaining V;,;’s is

n

(2.26) > Vin.

s=(m—1){p+q)+p+1
Hence
n
(2.27) nY2Y Vin =072 (S1n + San + San).
i=1
Then, following the argument in Theorem 2 of Yoshihara (1978), for € > 0 and n
sufficiently large, it is not hard to have the following inequalities
(2.28) P[n=Y2(S5,/0n) <& — €] — Pln=?(Sy, + Ssp) /00 > €] — 2mB(q)
< P[n~Y%S, /oy, < 1]
< PlnY2(S5, Jon) <z + ¢+ Pln™Y2(Sg + San) /o0 > €

+2mp(q),
where S7,, is a sum of m independent random variables Z1, ..., Z,, with
L&
(2.29) Zi~ Z Vi 1)(pt+g)+s-
s=1

By Theorem 3.2 to be proved later in Section 3, R,, tends to zero in probability
as n — 0o. We next show the following:

(i) Pln="/2(S5, 00) <3 — €] — Bz — e),

(ii) Pln=12(S7,/on) Sz +¢] — Bz +e),

(iii) P[n=2(Say, + San)/0n > €] — 0.
The proof of Theorem 2.1 will then follow by letting ¢ — 0 and using the fact that
nf(q) = ne~¢lelsn] — 0 (for sufficiently large ¢). The proof of (i) and (ii) are
similar. We will just prove (i) and (iii).

PROOF OF (i). Let (c})? be the variance of n=1/287 .
Claim 1. [02/(c})?] — 1 as n — co.
Assume for the moment that Claim 1 is true. By the Lyapounov central limit
theorem,
Pin (S5, /0%) <z —d — Bz — )

if

(2.30) lim ==/ (o) =TI N " 7,74 = .

n—oo 4
=1

By Claim 1 and the assumption that liminf, .. 02 > 0, to prove (2.30), it is
sufficient to show

(2.31) lim n~ '~/ N " B 7,*+ = 0.

n—00 -
i=1
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Note that Z; k3 P, Vis—1)(p+g)+s- Thus we need to show
246
(2.32) lim n~1=(4/2) ZE

n—oo
i=1

Z Vii- ) (p+g)+s =0,

s=1

where

Clearly, by the Cy-inequality

- p 245
(233) Y B Vi-t)prares
=1
m p n
< Zp2+5 Z E|V(i"1)(:v+q)+3|2+6 < p2+5 Z E|Vin!2+§~
1= s=1 =1

Now
(2.34) E}V;n*ﬂé E,Am + Bin + Cin — E(Ain + Bin + Cm)|2+5
| C(8)(E|Ain — EAin|**® + E|Byy, — EByp|**?
+ E|Cip — ECi|*T0).
Again by the Cy-inequality, for any random variable X with finite (2+¢) moment,

(2.35) E|X — EX[*™ < C(6)(E|X*™ +|EX|?T) < C(6)E|X|*T°.
Thus by (2.34) and (2.35),
(2.36) E|Vin|*™ < C(8)(B|Ain|** + B|Bi|*™ + E|Cin|*T?).
It follows from (2.35), (2.36), Lemmas 2.1, 2.2 and 2.3 that
(2.37) 2+52E|V 246 < C(5) 2+5Z/|J (O dE;(t)
+C(0)p**° Z E|RYD=H(F o (X))*+
=1
A 2+6
PN > asalty)
i=1|j=1

< C()p**n / T(Fu())g(8) 2T, (1)
+CEn [ |ROD(F ()P dF (0
+C(6)p2+6

< C(6)p**n / 1T()9(F (s))[+ods

+ C(6)p* T+ C(8)p*Ton
< C(5)p*Ton.
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We finally have

p 2+6
Z Vi) @+a)+s < C(6) limn~@¢/D 2+,

s=1

limn—1(8/2) ZE

=1

which tends to zero since p = [n®/(2(29) /logn]. The proof of (2.32) is now
completed.
We now turn to the proof of Claim 1. Note that

(2.38) n(o? — (0)?) = Var(S1n) — Var(Sy,) + Var(Sz,) + Var(Ss,)
+ Cov(S1n, San) + Cov(S1n, S3n) + Cov(San, S3n)-

We will show
(a) n~t(Var(Sy,) — Var(St,)) — 0,
(b) n~1Var(Sy,) — 0,
(¢) n7tCov(S1n, S2n) — 0,
(d) n~*(Var(Ssy,) + Cov(Sin, S3n) + Cov(San, San)) — 0.
Claim 1 will then follow. The proof of (d) is similar to the proofs of (a), (b),
(c) and is omitted. Consider first the proof of (a). Note that by A4 and Lemmas
2.1, 2.2 and 2.3,
sup [|Villa4s < C.
1<i<n

By the Davydov inequality (e.g. see Lemma 3.2 in Yoshihara (1984)), for i # j,
| Cov(Vi, V)| < 10| Villasl| Vi llaws{B(E — 533+ < C{B(Ji — )3+

Also for 1 <t, s <p, |[(k—9)(p+q) + (t—39) > (Jk—1i —1)(p+q)+ g Hence,
for any two distinct blocks ¢ and & of size p,

(2.39) Ep:

s=1t

]~

Cov(Vii—1)(p+a)+5 Vik—1)(p+a)+t)

Il
—

M@

ZC HB((k —i| — 1)(p+q) + )}/ %

¢ (5)p2{ﬂ(q)}§/ @+,

Let h = (6/(2 + 6). Employing (2.39),

IA

(240)  n Y(Var(Si,) — Var(S;,)) < 71220 (6)p°{B(g)}*/ 20

i=1 k=1
i#k

<n7'C(s )meQ{ﬁ(q)}‘s/(“&)
<n7'C(8)pPmie”
SC(&)TL 1p2m e h[clogn]
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which goes to zero for sufficiently large c.
We next prove (b). By the same argument used in the proof of (2.39), clearly
for any two distinct ¢ blocks ¢ and k,

7 q
(2'41) ZZCOV V(Z 1)(p+q)+p+s> V(k 1)(p+q)+p+t)

< CE)P{B((Ik —i| = 1)(p+q) +p)}/ .

Also for the i-th short block of size g,

—

q
(242) Var (Z ‘/(i—l)(p+q)+p+s> < 0(6)q2

s=1
From (2.41) and (2.42), we have
n~! Var(Say,)

Y cwea |k—z|—1><p+q>+p}6/<2+ﬁ>+ch

=1 k=1
i#£k

Following a similar computation as in (2.40), the proof of (b) follows. Note
that n~'(m — 1)¢? < ¢*/(p + q), which converges to zero as n — oo since p =
[n8/(2(2+8) /1og n] and q = [clogn]. Turning now to the proof of (c), for a long
block (of size p) ¢ and a short block (of size q) k, we have

P q
(243) D> Cov(Viimn)(praytss k-1 +a)+p+t)

£ 3 YCEH+ - P < )3 S e

s=11t=1 s=1 t=1
if k=1 or k=14 1; otherwise

P g

(2.44) D> Cov(Viyprgrts: Vib-1)pta)+pet)

s=1t=1
S Z Z O(5>{/B((|k i+ D(p+ q))}5/(2+5) < pqc(é)e—h(p—‘,—q)'

Finally

n"t Cov(Sin, San) <nt 220((5) + Z pqc(g)e—h(p+q)

“HmC(8) +m?pgC(6)e~"PTD)

<n
< C(6)(1/(p+ q) + mPpge "),
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which converges to zero as n — 00.
PRrROOF oOF (iii). Observe that

(2.45) Pl Y2(San + San)/on > €
< Pln~Y28y, /o, > (¢/2)] + PIn"Y285, /0 > (€/2)].

We will only show that the first term on the right hand side of (2.45) goes to zero,
since the proof of the second term is similar. Using an argument similar to that
of (2.28) and (2.29), we have

m—1
n—1/2 Z Y /on > (e/2)| +2mf(p),

=1

(246)  Pln"Y2Sy, /0, > (e/2)] < P

where the Y7,Y5,...,Y,,—1 are independent random variables and Y; has the same
distribution as > ¢, V1) (ptq)+¢-

Finally, by Markov’s inequality and an argument similar to (2.33), (2.37), we
have

(2.47) P + 2m3(p)

m—1
n=1/? Z Yi/on > (€/2)
i=1

12

m—1
<cEn B[S Y‘ + 2mB(p)
i=1
m—1
< C)n7'q Y EIVil? +2mB(p) < C(8)n " gmn®/® + 2mB(p),
=1

which converges to zero as n — oo, O
3. Asymptotic negligibility of the remainder term
The following result will be needed in the sequel.

LeMMA 3.1. (Yoshihara (1978)) Let {&;} be an (not necessarily stationary)
absolutely regular sequence of random variables. Let S, = & + - + &, Sg = 0.
For any z > 0 and any positive integer r (< n),

31 PUSJ 2 <Y PV + Yt + Vi 2 2]+ 4nr).
=1 r

Here, for each j (1 < j <), k; is the largest integer for which j + k;r < n and
{Y;} are independent random variables defined on the probability space (Q, A, P)
such that each Y; has the same d.f. as that of §;.

Ass_Eme X; has a continuous distribution function F;. For i =1,...,n, define
X} = Fp(X;). Denote by F; the distribution function of X; and by T'} the
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empirical distribution function based on X7,..., XY. Note that Fy,..., F} are
continuous distribution functions on (0,1). Define the inverse function of F,, by

F'(s)=imf{t:s<Fo(t)}, 0<s<Ll

Then,

(3.2) Fr(s)=F(F,'(s) for i=1,2,...,n

Let F,(s) = (1/n) .7, Fr(s). It is easy to see that

-1

33) Fils) =+ SO R(F, () = TulF, ) = 5.

Take r = [clogn|, the integer part of clogn, where ¢ is a large constant to be
specified later on.
The following result due to van Zuijlen (1978) is needed:

LEMMA 3.2, Let Z1,Z3, ..., 7, be independent random variables with P[Z; =
1) =1-P[Z, =0 =p;. Letp = (1/n)> i ps. Then, for any a > 1/2, there
ezists a constant C independent of n and § such that for all n

(3.4) i—np| < C{(mp(1-p)*+np(l-p)}

THEOREM 3.1. Let {X;,—0o < i < oo} be an absolutely regular sequence of
random variables. Let € > 0. Assume B(n) = O(e™%") for some ¢ > 0. Then,
(i) for every v € (1,3/2), there exists a 6 € (0,1) such that for all n,

(3.5) P[1—((1-Fn(x))/0)"" <Talz) < (Fulx)/0)"",z € (—00,00)] 2 1~ ¢;
(ii) for every v € (1,2), there exists a 8 € (0,1) such that for all n,
(3.6) Pl —6(1—TFn(x))” >Th(z) > 0(Fn(2)", 7 € [Xim, Xnn)] > 1 — €

PRrROOF.
(i) Note that

(3.7)  Pl,(z) < (Falz)/0)Y", 2 € (—0,0)]
= P[Fn(Xz n) < (Fn( i;n)/g)l/y,l << n]

>1-Y PXin<F, H6(i/n)")

21~ZP{Xi§F;( (i/n)") —1-21{2%21},
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where for each ¢, Z;; (j = 1,...,n) are Bernoulli random variables with p;; =

F; (F;l(H(z/n)”)) The subscripts ¢ of Z;; and p;; will be dropped for simplicity.
By Lemma 3.1, for r = [clog n|, where ¢ is a positive number to be specified later,

(3.8) PN Z;>i| =P | Z;>0i+(1-0)i
j=1 g=1

<> P {Sj > 8; +-(1 ;0)21 + 4np(r),
j=1

where s; = p;j +Dj4r+- -+ Djsk;r (kj is the largest integer such that j+k;7 < n),
S;i =Y+ Yo+ + Y and Yy, Yigr, ..o, Yjpg,r are independent random
variables with the same distributions as that of Z;, Z;1,,..., Zj 4, To justify
(3.8) we need to show Y7, s; < 6. But, it is easy to see that

T . v

Zsj§p1+~-~+pn:n0<l> < 4i.
n

j=1

By Lemma 3.1 (for & = 2), and (3.8)

(3.9) P> Z; =il <) C((1-0)i/r)""(s] +s;) +4nB(r)
j=1 j=1

S {(w(3) ) ()

+ 4ns(r)
< COr®nt=vi 42 4 AnB(r).

Note that s; < p1 +p2 + -+ + pn = n6(i/n)”. Finally, since 1 < v < 3/2,

(3.10) ZP Z Z; >i| < C6(log n)5n1"’ + 4n2ﬁ(r),

i=1 j=1

which tends to zero as n — co.

The proof of (3.5) then follows from (3.8), (3.10) and the symmetric result
that comes from replacing X;., by —Xj.n.

(ii) Obviously,

(3.11) Pl (z) > 0(Fp(x))", 2 € [Xin, Xnn)]
= P{Fn(Xln) Z G(Fn(in))yv 1 S i S n— 1]

n—1 [ 1 i 1/v
>1—-Y P Xim>F, (—
S A ON
[ n

gl—zn:P szzn—z ,
=1

7j=1
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where for each ¢, Z; (1 < j < n) are Bernoulli r.v.’s with p; = 1 — F](F,Zl((z/

On)'/¥)). Note that p = (py +--- +pi)/n =1 — (i/6n)'/¥ and that n(i/n)}/"* > i.
Clearly,

(3.12) n—i—np=n(i/6n)" —i=1[1/0)" = 1n(i/n)"/".

Employing (3.12) and the same argument in the proof of (i)

3

(313) P> Zjzn—i| <P |> (Zi+ +Zjshyr— ;) Zn—i—np
j=1 j=1
< ZP[Sj —5; > (n—1i—np)/r] +4np(r)
i=1

<Y Clrttn-i—np) A1 -P) +n(l - )}

+4nf(r)
< Clndi/n)] [0 i/ (n6))*” + n(i/ (nf))*/]
< COVpdpm2t@v)=2/v 4 AnB(r).

From (3.12)

T n
(3.14) Z P Z Z; >n—i| <08 (logn)>n~ @) 4 4n?5(r)

i=1 j=1

for 1 < v < 2 and large C. The proof of (3.6) is completed by (3.11), (3.13), (3.14)
and symmetry.
We will need the following result of Yoshihara (1978). O

LEMMA 3.3. Let {n;} be an absolutely regular sequence of random variables
with B(n). Let g(z1,...,zx) be a Borel function such that |g(z1,...,zx)| < C for
some constant C, where (z1,...,xy) is a point of R*. Let F(V and F?) be distri-
bution functions of random vectors (M, ..., ni;) and (M., - - -+, ), respectively,
and iy <ig < -+ <ig. Then

Eg(ml,..-777ik)_/'Pék'/g(l'lyn-axjaxﬂ—la---:l'k)

dFO(zq,.. . a)dFP (240, ... z)| < 20805541 — i)

COROLLARY 3.1. Let {X;,—00 < i < oo} be an absolutely regular sequence
of random variables satisfying the conditions of Theorem 3.1. Assume in addition
that Assumption A4 is satisfied. Given € > 0,
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(i) for every v € (1,3/2) there exists 8 € (0,1) such that for alln
(3.15) [1 = ((1 = Fu(2))/0)" < Tu(z) < (Fn(2)/6)'", z € (—00,00)] 21 —¢,
(ii) for every v € (1,2) there exists § € (0,1) such that for all n > 1/6,
(316)  P[1—0(1 —Fn(x))” >Tnlz) > 0(F,(2)", 2 € [Xim, Xpnin]] > 1 — €.

PROOF. The proof of (3.15) is immediate from the definition of I', and (3.1).
From (3.6) of Theorem 3.1, we know that (3.15) holds if the interval [X1.n, Xy
is replaced by [X1.n, Xp:n). It remains to show that

T
n+1

P {1 O - Fo(Xu)) 2 D > e@(xn;n))”] S1-e

But, for 0 < 8 <n/(n+1),

P 20 ()| 2 P | > )| =1

On the other hand, we have

(3.17) P[l—@(l—_ﬁn(){n;n))uz = }

=PI|F

(
_i_p FXM <F. (1 - (W}W)I/ﬂ
=1-P|Xpn <F,' <1 - <m)l/y>}

—1-P Q{mej (1— ((n—il)?)w)”'

Denote s, = 1 — (1/(n +1)8)"/*. By Lemma 3.3,

i]{x <F, )}}

__]_ —_—
PIXy < Fy (80), Xier < T (80)s o, Xipyr < For ' (30)]
< PIXy < By (5)P[X e < T (50) v Xihr < Fon(80)]
+28(r)

k1

< <[ PIXrsir < ' (50)] + 2628(r)

i=1

(3.18) P

—HFL-{—’L’I" n Sn +2k1ﬂ()
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Let zo be such that Fp(zg) = s,. Then (1/(n + 1)8)'/¥ = 1 — F,(xg). Since
s$n — 1 as n — oo, for sufficiently large n,

1 1/v
_ ) >
e 2 (G2 )

by A4. Hence

1 1/v
Fiqir(mo) = 1= (1 = Fipir(@0)) §1—0< ) ,

implying

. 1 1/v
A Fiy,; <1- .
(3 9) l-HTFn (Sn) = 1 C ((’I’L + 1)9)

By (3.18) and (3.19),

ﬁ{xi <F;1(sn)}} < <1~C <(nj1)9>1/y) 1+2k15(r).

=1

(3.20) P

Recall that r = [clogn]. Thus
(3.21) k1 > Cn/logn.

Hence,

(322) log (1 -C <(n j 1)«9)1/V) kl = Flog (1 ¢ <(7%—Ji135)1/>

< —C(n/logn)((n+1)6) 17,

which tends to —oo since v > 1. Again, note that 2k, 8(r) — 0 as n — co. By
(3.18), (3.20), (3.22), the corollary follows. O

COROLLARY 3.2. Assume the conditions of Corollary 3.1 is satisfied. Then,
for every € > 0 and v € (1,2) there exists a constant C' = C(0) > 0, such that for
all n

(3.23) P [R(Dn(3)) < CR (Fn(2)), 7 € [X1in, Xnin)] > 1 ¢,
and
(3.24) P [R(fn(:c)) < CR(Fu(z)),z € [Xl;n,xmﬂ >1- ¢

where R(s) is defined in Assumption A3.
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PRrROOF. Given € > 0, (3.6) of Theorem 3.1 ensures that for v € (1,2) there
exists @ € (0, 1) such that for all n, the event

QV = {w € G(Fn(.’lf))u < F’ﬂ(‘r) <1- 9(1 - FN(I))yam € [Xlzn-/Xn:n)}
has a probability P[€,] > 1 — €. Then, for each w in Q,,

(325)  R(T,) = ﬁ <O 2Fo(l—TFn)) " = CR(F,).

Hence, the proof of (3.23) is completed. 0O

Finally, by using (3.15) of Corollary 3.1, the proof of (3.24) follows along the
line of proof of (3.23).
Lemma 3.4 below is a generalization of Lemma 1.1.1 of Zuijlen ((1977), p. 12).

LEMMA 3.4. Let {Z;} be an absolutely reqular sequence of random variables
with P(Z; = 1) = 1 — P(Z; = 0) = p;. Assume B3(n) = O(e™%") for some ¢ > 0.
For every a > 1/2, there exists C = C(a) € (0,00) such that for every n and for
1/n<p<1-1/n,

(3.26) i —np| < C(logn)** ! (np(1 —p))*.

PrOOF. Let G(t) be the distribution function of

; — np| (np(—p)) /2.

For each j (1 < j <r), denote p; = (p; + -+ +pj4k,r)/(k; +1). Applying Lemma
3.1,

n

|| Sz-m

=1

(3.27) 1-

> t(np(l — ))1/2}

t(np(L - p)*/?

STV 4 Hypae— Gy 107 2 O

—|—4nﬁ(
= ZPHYJ +o o Y — (R + 1055 = (kj + 1)s]
+ 4dnp(r),

where Y;’s are independent random variables such that each Y; has the same
distribution function as that of Z; and s = ¢(np(1 —p))'/2/(k; + 1)r.
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Lemma 3.2 ensures that it is sufficient to prove Lemma 3.4 when p; = .- =
Pj+k;r = P; and 1 < j < 7. By Bernstein’s inequality (see Serfling ((1980), p. 95)),
we have

(3.28) 1—G(t)

- (kj +1)s*
: 22" (‘m) + 4nf3(r)

— - —t2
B ;QQXP (Mkj - 1)5,(1 = 5,)(B(L — 7))L + rt(np(1 —p>>—1/2>
+ 4nf(r),

which, by Lemma 3.1, is bounded by 2r exp(—#2/r(4r + t)) + 4nB(r).
Now, since 1/n <p<1—1/n, we have

iZl—nT?

(g1 -5 < o1 (1 1)_1/2 <n

, n
=1
Then
n 2
(329) E (Z Zi — m’a) (np(1-7))~"/
i=1
= 204/ 120~ 1 — G(t))dt
0
1 T o1 _t2
< a—1, -
_4a7'/0 dt+4ar/1 t eXp<r(4r+t)>dt
n t2
201 _ Ap20+1 .
+4a7"/r t exp( T(4r+t)>dt+ n " B(r)
Since
T e £2 ® e I'(a)(3r)™
2a-1 _ < 2a—1 270, <
/1 t exp( r(4r+t))dt_/0 t exp(—t~/9r<)dt < 5 )
and
n _t2 o0
21 < 20—1 - dt < 9 2¢
/T t exp <—r(4r+t)) dt —/o t exp(—t/4r)dt < T'(2a)(5r)®,

we obtain from (3.29),

(Z Z; m_?) (np(1 - 7)) 1/*

20
<dor + 40475—(@—- + 4arT(20) (57)%* + 4n?*T15(r)

2
E

< CT,20¢+1 4 Cn.?oz—Hﬂ(r) — C[C log n]2a+1 + Cn2a+le—C[c10g nj
< C(logn)?@ti, 0
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THEOREM 3.2. Assume the conditions of Theorem 3.1 are satisfied. Then
R, — 0 in probability as n — co.

With the results of Section 3 presented in the present paper, the proof of
Theorem 3.2 can then be obtained by a long but straightforward generalization of
the results of Section 4 of Ruymgaart and Zuijlen (1977). The details are therefore
omitted.

4. Applications to time series analysis

FEzample 1. (Testing for a linear trend.) Let m be an arbitrary number.
Consider the general time series model

(4.1) Y = Z; + mt + e, —00 < t < 00,

where Z; is a strictly stationary time series, mt is a linear trend term; and {e;} is
a sequence of white noises independent of {Z;}. We assume that Z; is a strictly
stationary times series satisfying the absolute regularity condition with 3(n) =
O(e~¢") for some ¢ > 0. Thus Z; might be a bilinear time series model or an
autoregressive moving average time series model. Here Z;+mt is the actual process
we are interested in. The observed process is Y;. The white noises {e;} account for
errors which may occur as a result of recording the data due to, for example, key
punching or errors in measurement. Assume that {e;} is a sequence of independent
but nonidentically distributed r.v.’s. This assumption is more realistic and general
than the assumption that {e;} is stationary, since, the distribution of the errors
caused by, for example, key punching, may vary with the days of the week. Model
(4.1) is referred to as the additive effects outliers model. See Denby and Martin
(1979). We assume that e;1 p;, has the same distribution as e, for each integer i.
Here P, the period, is a positive integer. We are interested in testing:

Hy:m=0 wv.is. Hy:m>0.

for definiteness, let us assume Z; = 6Z;_1 + ¢;, where 0 < 6 < 1; and where the
€’s are i.i.d. r.v.’s with Cauchy density f(z) = (a/7)(a? + z?)~*! for some a > 0.
For simplicity, assume a = 1/2 so that the distribution of Z; — 7Z;_; has a standard
Cauchy distribution as shown below.

Note that Z; — Z;_; has the same distribution as Zy — Z; = (68 — 1)Z; + €.
The characteristic function of Z; and e; are respectively

¢(u) = exp(—alul/(1 —6)) and  §(u) = exp(—alu|).
The characteristic function of (6 — 1)Z; is
exp(=alu(6 — 1)|/(1 - 0)) = exp(~alu)).

Since Z; and ¢y are independent, the characteristic function of Z, — Z; is
exp(—2alul). Therefore the distribution of Z, — Z; is standard Cauchy since
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a = 1/2. Assume that e;, 1 < ¢ < P, has a Cauchy distribution with density
f(z) = (a;i/7)(a; + z%)~1, where a; is a positive number. Let X; = Y;1; — Y;.
If m = 0, then X; has a symmetric distribution about zero. Assume that we
take n + 1 consecutive observations of Y;, so we have n observations of X, after
differencing as done above. The statistic T, is sensitive to a change in the values
of m. Thus T,, can be used to test Hy versus H4. Assumptions Al, A2, A3 are
standard assumptions which are satisfied by suitable choices of the functions J, g.
We now verify A4. Claim that there exists a constant C' > 0 such that

(1 = Fy(z))Fi(x)

(4.2) “ < UTR@)EE)

< 027

for all ¢, s, and z. Note that
Ft(CC) = P[Xt S $] = P[Zt+1 — Zt +€t+1 —er+m _<_ .TC]

Hence X; can take on at most P distinct distributions. We only need to check
(4.2) for pairs (t,s) with 1 <t¢, s < P. Without loss of generality, consider s = 1,
t = 2. Clearly,

ZQ—Z1+62~61 r—m

F =P
1(3:) a1 +as+1 T a1+ay+1

= —7];1_{(71'/2) + Arctan((z —m) /(a1 + az + 1))],
and

Fy(z) = %[(w/z) + Arctan((z — m)/(az + as + 1))].

Using L’Hopital’s rule,

D Ll R RG) - R/

(a1 +ax+1)[(az +az +1)

| i
(a2 +as+1)[(ar +ag +1)2 + (
=(a; +as+1)/(ag +as +1).

z —m)?]

Similarly

(4.4) fim (L7 A@) ()

2 A= Rk ~ @ Tt/ erarl)

Relations similar to (4.3) and (4.4) hold for all (¢,s) with 1 <¢, s < P. It is now
clear that (4.2) holds for some constants C; and Cy. Assumption A4 can be easily
verified using (4.2).

Ezample 2. LetY; = Z; +e;, —00 <t < o0, be the nonstationary time series
of example 1. The only difference is that we assume that the model has been
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“detrended”. We are interested in testing the null hypothesis that Y; is a series of
white noises versus the alternatives that Y; is positively serially dependent at lag
1. One possibility is to reduce the hypothesis to the problem of testing whether
the location parameter of a nonstationary time series is zero. Let X; = Y;11Y: and
assume that we have n observations X1, ..., X,,. Under the null hypothesis, X; is
symmetrically distributed about zero. A test can be constructed by rejecting the
null hypothesis for high values of T,,. If Z, is absolutely regular under alternatives,
then T, is asymptotically normal under A1-A4.
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