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Abstract. For a Pélya urn model with a continuum of colors introduced by
Blackwell and MacQueen ((1973), Ann. Statist., 2, 1152-1174}, we show the
joint distribution of colors after n draws from which several properties of the
urn model are derived. The similar results hold for the case where the initial
distribution of colors is invariant under a finite group of transformations.
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1. Introduction

Blackwell and MacQueen (1973) extended the Pdlya urn model by allowing
a continuum of colors and derived the Ferguson’s Dirichlet processes as the limit
(n — o0) of the distribution of colors after n draws. This urn model may be
described as follows. A color is initially chosen from a continuous probability
distribution @ (on the d-dimensional Euclidean space R?) and r balls of this color
are put in an empty urn. Then, successively after n draws, with probability
M/(M + nr) a color is chosen from the probability distribution @ and r balls of
this color are put in the urn, or with probability nr/(M + nr) a ball is drawn from
the urn and returned to it with r balls of the same color. Let Xy, Xo,..., X,,,...
be the sequence of chosen colors. Let C(my,...,my : n) denote the set of the first
n trials in which m; colors appear ¢ times, i = 1,2,...,n so that Z?:l Mg = n.
Given (X1,...,Xn) € C(my,...,my : n), let X;1,...,Xim, be the m; colors
appearing ¢ times, ¢ = 1,2,...,n. Note that when @ is a discrete distribution on
the finite set this model reduces to the usual Pélya urn model.

In the present paper the probability Pr{X,; € A;;(i=1,...,n,5=1,...,my),
(X1,...,X,) € C(ma,...,my : n)},where A;; C R? is a Borel set, is inductively
derived. As a corollary, (a) the probability Pr{(X4,...,X,) € C(m1,...,my :n)}
is deduced, (b) the probability function of the number D,, of distinct colors among
X1,..., X, is obtained in terms of the absolute (unsigned) Stirling numbers of the
first kind and (c) the new observed colors Y7, Ys, ... are shown to be independent
and identically distributed random variables. The estimation of the parameters
M and Q is discussed when they are unknown. These are shown in Section 2.

453



454 HAJIME YAMATO

Finally the case with @ a probability distribution invariant under a finite group
of transformations is discussed in Section 3.

2. A Pdlya urn model

The sequence of colors X1, Xs,...,X,,,... in the Pdlya urn model stated in
Section 1 is formalized as follows: for any Borel set A C R?

(A) Pr(X; € A) =Q(4)
and
(B) PriXpt1 € A X1 =21,..., X, = 2n)
= [MQ(A) + 7Y 6x,(A)| /(M +nr),
=1

where @ is a continuous probability distribution on R?, §,(A) = 1if z € A and
= 0 otherwise, M is a positive constant and r is a positive integer. By introducing
parameter M* = M/r, the condition (B) may be written as

(Bx) PI“(XTH_1 EA|X1—_-.7,‘1,...,Xn:;En)
- [M*@(A) £ 36 (4)| O ).

Hence we assume r = 1 in the condition (B) in the sequel. We have the following
theorem.

THEOREM 2.1. Under the Pdlya urn model with a continuum of colors de-
scribed by (A) and (B) with v = 1, we have for any Borel sets A;; C R® (i =
1,...,n, 7 =1,...,my),

(21) Pr{XijEAij(i:L...,n,j:1,..‘,mi),
(X1,...,Xn) € C(mq,...,mp:n)}
n! M T
= T Py Q(Az)
[T, mslime M HE !

where MM = M(M +1)--- (M +n—1).

PrROOF. Let X5, i=1,...,n+1 and j = 1,...,m;, be the distinct colors

among X1,...,Xnt1 (€ C(my,...,Mpt1 : n+1)), where Z?jll im; = n-+1. From
the condition (B) with » = 1 and the continuity of ¢}, we have for any Borel set
ACRY Pr{Xpi1isnewand € A| X1 =x1,...,Xn =0} = MQ(A)/(M + n),
which is independent of the previous observations. Then we have the recurrence
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relation,

Pr{X;‘jEAij(izl,...,nJrl,j:1,...,mi),
(X1, ., Xny1) €C(ma, ... ,;Mp1 0+ 1)}
M
T M+n
Pr{Xy; € Ay =1,...,m1 —1),X;; € Ay
(1=2,...,n,5=1,...,m),(Xy,..., X)) €C(m1 —1,...,mp :n)}

Pr{X,+1 is new and € Aj ., }

-Pr{Xij S AZJ(Z = 1,,’!’&(7é T+ 1),] - 1,...,7712‘),
XT]‘ S Arj(j =1,...,0— 1)7Xr,j+1 € Am‘(j =1,... ,mT),
Xe1j €A, =1 . omep — 1), X € Arfim, s
(X1,...,X,)eC(ma,...,m, +1,mpp1 —1,...,my :n)}.
Using this relation the probability (2.1) is proved by induction. 0
If we take 4;; = RY (i =1,...,n,7 = 1,...,m;), then from Theorem 2.1
we have the following which is essentially equivalent to Proposition 3 of Antoniak

(1974).

COROLLARY 2.1. For the Pdlya wrn model with a continuum of colors, we
have

) n! M2
(22) Pl“{(Xl, . ,Xn) S C(ml, cey, My n)} = H;L:l P . g

Let D,, denote the number of distinct colors among X, ..., X,. For (Xi,...,
X,) € C(miy,...,my : n), we have D,, = > . m;. The sum of the events
{{(X1,...,X,) € Cmy,....,my : n)} over (mq,...,my,) satisfying my + 2mg +
<o+ nmy, =n and my + -+ my, = k is equal to the event {D,, = k}. The
sum of n!/[[[m;1i™] over (my,...,m,) satisfying the same conditions is equal to
the absolute Stirling numbers of the first kind |s(n, k)| (see for example Comtet
(1974)). Thus, from (2.2) we have the following, which is essentially equivalent to
the distribution of Z,, given by Antoniak ((1974), p. 1161).

COROLLARY 2.2. Under the Pélya urn model with a continuum of colors, we
have for k=1,...,n,

k
(23) Pr{Dn = K} = |s(n, Bl S,

where s(n, k) is Stirling numbers of the first kind.

By dividing (2.1) by (2.2) we have easily the following.
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COROLLARY 2.3. Under the Pélya urn model with a continuum of colors, we
have for any Borel sets A;; CR* (i=1,...,n,j=1,...,m;)

3

(24) PI‘{Xij S AZ](’L =1,...,n,j = 1,...,mi) | (Xl,...,Xn)
n M,
e Clma,...,mn:n)} =[] ][ @A)
i=1j=1
Let Y7,Y5,... be the sequence of new colors in the Pdlya urn model with

parameters M and Q. Given (Xi,...,X,) € C(ma,...,m, 1 n) with Y7 m; =
k,Yi,...,Yy are the distinct colors among Xy,. .., X,,. Then we have the following.

COROLLARY 2.4. Under the Polya urn model with a continuum of colors, we
have for any Borel sets A; C RS (j=1,....k and k = S mg),

25)  Pr{Y; € A =1, k) | (X1,..., Xn) € Clma,.. .y 1)}
k
:HQ(AJ)'

PROOF. The equation (2.4) implies that X,;;,¢=1,...,nand j=1,...,m,
are independent and so exchangeable, given (X1,...,X,) € C(my,...,m, : n).
Thus (Yi,...,Y;) are one of all permutations of Xii,..., X1m,, Xo1, Xo2,- .-,
Xoms,, X31, X32,... with probability 1/k!, given (Xi1,...,X,) € C(my,...,m, :
n). Therefore, by (2.4) we have the equation (2.5).

Since the probability (2.5) is the same for any (m1,...,m,) satisfying k =
> my, we have following Corollary 2.5. Corollaries 2.5 and 2.6 are essentially
equivalent to Theorems 2.5 and 2.7 of Korwar and Hollander (1973), respectively.

COROLLARY 2.5.  Under the Pélya urn model with a continuum of colors, we
have for any Borel sets A; (7 =1,...,k),

k
(2.6) Pr{Y; EAj(jzl,....,k)|Dn:k}:HQ(Aj).

COROLLARY 2.6. For the Pdlya urn model with a continuum of colors,
Y1,Ys,... are independent and identically distributed with the distribution Q.

ProOF. Trom (2.3) and (2.6) we have for any Borel sets 4; (7 = 1,...,k),
Pr{Y, € A;(j=1,...,k)}
=Pr{Y, € A;(j=1,...,k), Dy =k}
+ > Pr{Y; € A;(j=1,...,k), Dp =k —1,X,.; is new and € Az}

n=~k

~[Temymt 3 Bt Ul 1T o)),

J=1 n=k—1 j=t
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because of the well-known property of Stirling numbers of the first kind,
S 1s(n, k)| /M = 1/M%+1 (see for example, p. 2545 of Charalambides and
Singh (1988)). Since we have Pr{Y; € A;(i = 1,...,k)} = Hle Q(A4;) for any
integer k (> 2), Y1,Ys,... are independent and identically distributed with Q. O

As an application of the above results, we consider the estimation problem
of parameters M and @ when they are unknown. From (2.1) and (2.3), the con-
ditional probability Pr{X;; € A;;(1 = 1,...,n,j = 1,...,my),(X1,..., X,) €
C(my,...,my : n) | D, = k} does not depend on parameter M. Thus D, is
a sufficient statistic for M. It is easily shown that D,, is complete. The maxi-
mum likelihood estimator M of M is given by maximizing L(M) = MP) /a7
from (2.3). Especially if D(n) = 1, L(M) is monotone decreasing and M = 0,
and if D(n) = n, L(M) monotone increasing and M = oo. Otherwise, put
(M) = log L(M), then we have I'(M) = {D(n) — h(M)}/M where h(M) =
1+ M/(M+1)+---+M/(M+n-1). (M) (M > 0) is a monotone increas-
ing function taking values between 1 and n and I'(M) = 0 has a unique solution
M which is the maximum likelihood estimator. Generally M must be evaluated
numerically (see for example Sibuya (1991)). From (2.4), given (X1,...,X,) €
C(ma,...,my, : n), the distinct colors X,;, ¢ = 1,...,n and j = 1,...,m;, are
independent and identically distributed with the continuous distribution ). Since
from (2.2), (X1,...,X,) € C(my,...,my, : n) does not depend on @, the em-
pirical distribution function based on the distinct colors X;;,4 = 1,...,n and
j=1,...,m,, is a best estimator of Q.

3. A Pélya urn model with an invariant distribution of colors

We consider the Pdélya urn model with a continuum of colors under an addi-
tional condition that @) is invariant under the finite group of transformations on
R* G ={g1,...,9.}. We assume the condition (A) given in Section 2 and the
following condition (B’) instead of the condition (B) given in Section 2:

(B) Pr(Xp1 €A Xy =a1,..., Xn = 2n) = |MQA) + > _ 8%, (A)| /(M +n),
i=1

where 63(A) = (1/u) 375 8g,2(A).

Let O(z) be the orbit of « for the group of transformations G, that is, O(z) =
{1z, ..., gux}. Let X1,..., X, be the sequence of chosen colors. Let C*(my, ...,
my, : 1) denote the set of the first n trials in which m; orbits of colors appear i
times, i = 1,...,n. Given (X1,...,X,) € C*(my,...,my :n), let X;1,..., X; m,
be the m; colors whose orbits appear ¢ times, ¢ = 1,...,n. Then we have the
following theorem similar to Theorem 2.1.

THEOREM 3.1. Under the Pdlya urn model having a continuum of colors
described by (A) and (B') with G-invariant distribution Q, we have for any G-
invariant Borel sets B;j C R (i=1,...,n, j=1,...,m;),

PI‘{Xij EBU(’L.: 1,...,n,7 = 1./...,777,1‘),(X1,...,Xn> EC*(ml,...,mn:n)}
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o T m
=17 im1 =1

Further we have the propositions similar to Corollaries 2.1-2.3 and 2.4-2.6.
These results gives also a characterization of a sample from a distribution having
Dirichlet invariant process (see Yamato (1987)). For the Dirichlet invariant process
see for example Dalal (1979).
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