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A b s t r a c t .  In this paper, we give an ever wider and new class of minimax 
estimators for the location vector of an elliptical distribution (a scale mixture 
of normal densities) with an unknown scale parameter. Then its application to 
variance reduction for Monte Carlo simulation when control variates are used 
is considered. The results obtained thus extend (i) Berger's result concerning 
minimax estimation of location vectors for scale mixtures of normal densities 
with known scale parameter and (ii) Strawderman's result on the estimation 
of the normal mean with common unknown variance. 
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1. Introduction 

In this paper,  we give an ever wider class of minimax est imators for the location 
vector of an elliptical distr ibution involving an unknown scale parameter .  And then 
we consider its application to variance reduction for Monte Carlo simulation. The 
actual  model we shall consider is of the form 

(i.i) f ( z  I0) = f ]~ it.l-l: e-(z-O) 'E-  l (z-O) /2r2 V dF(v) ,  
(2~r2v)p/2 J0 

where 0p×1 and ~_2 > 0 are unknown parameters,  E is a known positive matr ix  
and F(v )  is a known c.d.f, on (0, oc). This distr ibution is often called a scale 
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mixture of normals. It includes important cases such as the usual normal density, 
the e-contaminated normal density and the p-variate elliptical t-distribution (see 
Muirhead (1982)) and consequently the multivariate t-error terms in regression 
(Zellner (1976)). Model (1.1) is a more general model than that considered in 
Theorem 1 of Berger (1975) since it involves an unknown parameter T 2, which 
complicates the problem of finding improved estimators for 0 considerably. 

Various classes of estimators which improve upon the invariant estimator for 
the known scalar case have been found. See Brandwein and Strawderman (1990) 
for an overview and the references therein. For the case with an unknown scale 
parameter, more recently, Bravo and MacGibbon (1988) obtain a class of improved 
estimators for 0 under model (1.1) which also extends Theorem 1 of Berger (1975). 
Bravo and MacGibbon (1990) further develop improved estimators for more gen- 
eral elliptical distributions. Thus Theorem 2 in Berger (1975) is generalized. 
Cellier et aI. (1989) develop improved estimators for a class of elliptical distri- 
butions, but their estimator of the scale parameter is obtained from the residual 
vector and is not independent of z unless z is normal. Also Gleser and Tan (1989) 
generalize Theorem 2 in Berger (1975) assuming the scalar is estimated by an 
estimator which is independent of z and which may or may not be ;~2 distributed. 

Considered in this paper is model (1.1). In Section 2, under the same as- 
sumption that there is an independent estimate of v 2, a new and wider class of 
improved estimators for 0 is given, extending the results in both Berger (1975) 
and Strawderman (1973). The former considers minimax estimation of location 
vectors for densities of the form f ( ( x -  0)'E - l ( x  - 0 ) )  with Epxp known and p _> 3 
and the latter concerns estimation of the normal mean with common unknown 
variance. More specifically, generalizations of Theorem 1 of both Berger (1975) 
and Strawderman (1973) are obtained via estimating the unknown scale parame- 
ter ~_2 by a multiple of a X 2 random variable and using a shrinkage function with 
two arguments (used in Strawderman (1973) for the normal case). A special case 
is that the shrinkage function depends only on the first argument. In this special 
case our class of estimators is however different from that of Bravo and MacGib- 
bon (1988) and it gives adaptive estimators in the control variates problem (see 
Section 4). 

In Section 3, as an application of the result in Section 2, the problem of 
variance reduction in Monte Carlo simulation when control variates are used is 
considered. Consequently improved estimators of the mean response in simulation 
are obtained when control variates are used. This serves on the other hand as an 
example where an independent estimator of v 2 is available, which may not always 
be the case for the elliptical distributions (1.1). In fact, it is well known in the 
spherically symmetric case that a X 2 distributed estimate of 72 can be easily found 
but the independence of the estimates and z is in general no longer guaranteed 
unless z is N(O, T2I) (see Selker ((1970), p. 428)). 

The final section gives a brief discussion on various improved estimators and 
their implications and some other topics of both practical and theoretical interest, 
which partly motivate the consideration of a two-argument shrinkage function. 
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2. Minimax estimators 

Suppose f ( z  [ O) is of the form (1.1) and we want to est imate 0. Since T 2 
is unknown, we suppose it is est imated by w where w = ClWl and T-2Wl is 
distr ibuted as a chi-square r.v. Consider the est imation of 0 under the loss 

(2.1) L(5; 0, T 2) = ((~ - O)'Q(6 - O) 
T2 

where Qpxp is a known positive definite matrix.  When p > 3, we can take ad- 
vantage of the Stein effect and obtain a class of estimators which improve upon z 
in risk. Consequently those estimators are all minimax estimators of 0, since z is 
minimax in the present problem. 

In the known - r  2 case, Berger's E corresponds to our T2E, and Q to o u r  T-2Q. 
Thus, the class of estimators shown by Berger to dominate z in the k n o w n - T  2 c a s e  

is of the form 

( z ' F , - 1 Q - l E - l z ~  
(2.2) (Ip - h \ -~ ] Q , - I ~ - I )  z, 

where the function h is often called shrinkage function. Since ~_2 is unknown, we 
replace r 2 by w, and consider estimators of the form 

(2.3) (~h(Z,W) = (ip_h (Zl~-lQ-wwl~-lz w) Q-l~-l) z 

= Ip -- Z / ~ _ I Q _ I ~ _ l z  Z, 

2 2 1/(m + 2) where w has the same distribution as ClWl with wl ~ r X,~ and cl = 
and the function h(t, w) is a bivariate function from [0, cx~) × [0, co) to [0, c~) and 
satisfies the following three requirements: 

(2.4) 

(i) h(u, w) is nonincreasing in u > 0 for fixed w, 

(ii) r(u, w) -- uh(u, w) is nondecreasing in u > 0 for fixed w, 

(iii) and r(u, w) = uh(u, w) is nonincreasing in w for any u > 0. 

THEOREM 2.1. Suppose that Ez ' z  and E(z'z)  -1 are finite when 0 = O, w and 
T 2 . 2 6h(z,w) are defined in (2.3), w and z are independent, w = ClWl, wl ~,, xm, 

r(t, w) satisfies condition (2.4) and rl  = suPt_> 0 r(t, w) is a constant. Then 5h(Z, w) 
dominates z in risk (and is hence minimax estimator of O) provided that 

2 
(2.5) 0 < r l  = sup r(t, w) < 

- t>o - Eo=o,~2=I(z'E-lz) -1" 
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Note. In fact supt>0 r(t, w) is in many cases a constant free of w. A useful 
special case is when r(t ,w) = r(t), i.e., r(t ,w) is only a function of t. Other 
cases may include the Bayes estimator of 0 under a spherical symmetric prior on 0 
given T 2 and a conjugate prior on T 2 (Strawderman (1973), DasGupta and Rubin 
(1988)). 

PROOF OF THEOREM 2.1. As in Berger (1975), let Aa _> A2 _> . . .  _> Ap >_ 
0 be the eigenvalues of EQ - ] .  Then there exists a nonsingular matrix B such 
that B'QB = Ip, B ' E - 1 B  = A -1, where A = diag(A1,. . .  ,Ap). Transforming 
z ~ B - l z ,  0 ~ B-lO, yields a "canonical" estimation problem in which the 
distribution of z has parameter E : A, the loss function in (2.1) has centering 
matrix Q = Ip, and the estimators 5h(Z, w) have the form 

(2.6) 5h(z,w) -- ( I p - h  (Z'A~w2Z,w) A - 1 )  z. 

Let A(0) be the difference in risks between z and 6h(Z,W), then 

A ( o )  = E o [ ( z  - O)' ( z  - O) - (~h(z ,  w )  - O)' (Sh ( z ,  w )  - 0)]. 

The goal is then to show that A(0) _> 0 for all 0. 
Since w and z are independent, the expectations 

E(WZ). = E~EZl TM. = E ~ E  z. 

Let h~(t) = h(t /w, w). It is then clear that hw(t) (as a function of t) satisfies the 
first two requirements in (2.4), that is, hw(t) is nonincreasing in t E [0, c~), and 
that r~(t) = the(t)  is nondecreasing in t C [0, oc). Since r~(t) = wr( t /w,  w), if 
r l  = suPt_> 0 r(t, w), then suPt>0 rw(t) = r i w .  Now the estimator is 

6h(z, w) = (Ip - hw(z'A-2z,  w)A-1)z.  

Notice that (1.1) can be written as a two-stage model (in canonical form): 

z Iv ~ N(O, T2vA) and v ~ F(v). 

Thus conditioning on w (in fact, since w and z are independent, w can be treated 
as fixed), and conditioning on v and treating v~ -2 as a 2, we have z I v ~ N(O, a2A). 
Then using the integration by parts identity (Lemma A.1 in the Appendix) and 
following the steps on pp. 1320-1322 in Berger (1975) yield that 

/',(0) > E~ ( fo~ (2(p-  2) - riw ) 
_ VT 2 / dF(v)) To(w) 

= 2(p- 2)EWTo(w) - ~EWwTo(w) f l dF(v), 
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where 

(2.7) To(w)  = 

('r2v)-(P-2)/2h ( Z'A~w 2Z, w) exp {-2-~v (Z - O)'A-l(z - O) } dzdF(v)" 
(27r)[A]l/2 

Our goal is then to find an upper bound bo such that 

(2.8) EwTo(w) <_ boETo(w). 

Let Vl = f o ( 1 / u ) d F ( u )  = E(1/v) ,  then 

(2.9) A(0) _> 2 ( p -  2)ETo(w) - ~ - 2 E w T o ( w ) .  

Integration by parts using Lemma A.2 (in the Appendix) for Wl gives (note w = 
ClWl)  

(2.10) EwTo(w) = T2clEwlwlTo(w) 

--_ T2Cl({mEWITo(w) + 2clEwlwlT~(w)})  

= T2(ClmETo(w) + 2EClWlTg(w)) 

= ~2cx(mET0(w) + 2E~Tg(w)). 

Note in fact 

z ,A -2z  "~ 

To(w) = EVEZlVv = EVEZlVvh(s/w, w), 
z~A-2z 

where s = z 'A-2z ,  v and c.d.f. F(v),  and z ] v ~ N(O, vT2A). Since z [ v has 
normal density, the derivative can be taken inside the integral. So 

Z/ 2Z : W I 
ow z tA-2z  " 

Then the usual chain rule of the derivative of a compound function gives 

z~A_2z 

0 w ' 

Ow z ' A - 2 z  
= ~ ~)] 

- - - r ( s / w , w ) + -  r - + r  8 8 
W t 
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(i ---- 1, 2) is the derivative with respect to the i- th argument of the where r(i ) 
function r, then 

/ W2 1 wT~(w) = v h(s /w ,  w) - r(1)(s/w, w) + --~ ~i~)(~/w, w) . 

Then the monotonici ty properties (conditions (ii) and (iii) in (2.4)) of the function 
r ( s / w ,  w) imply tha t  

r { 1 ) ( s / w , w  ) >_ 0 and r i 2 ) ( s / w , w  ) <_ O. 

Therefore, 
E w T ~ ( w )  <_ ETa(w) .  

So 
E~To(w) <_ ~2c1(-~ + 2)ETo(~). 

Meanwhile note the fact when 0 0, v - l z ~ A - l z  2 2 = ~ T Xp, which is independent of 
v. Then 

1 7-2Ev -1 
E ° = ° ( z ' A - l z ) - I  = g ( T 2 v ) - i  ( T 2 V ) - l z ' A - I z  p -- 2 

SO 

V 1 : E v  -1 = (p - 2 ) E e = o ( T - 2 z ' A - l z )  -1 = (p - 2 )Ee=o , r2=I ( z 'A - l z )  -1. 

Combining this with (2.9) yields 

A(0) _> 2(p -- 2 )ETe (w )  - r l v l ( m  + 2 ) c l E T o ( w )  

_> (2(p - 2) - r l V l ) E T o ( w )  

_>0, 

provided tha t  (2.5) is satisfied. [] 

To see the magnitude of the potential  gain in risk, a Monte Carlo simulation 
is used to evaluate the integrals involved. A random sample (of size 300) of a p- 
variate elliptical t-distribution is hence generated, where p -- 5, Exx = / 5 ,  k -- 11, 

2 2 w l / ( k + l ) ,  the mixture distribution v -1 ~ X~, let m = k - 1  and wl ~ T Xk-1, w -- 
then Eo=o,~2=~(z'z) -~ = k / ( p  - 2). Let 5o -- z be the usual maximum likelihood 
est imator and the James-Stein estimator be defined as 

p - 2  w )  
Z. ~I(Z, W) 1 k(t[~---1) z ' z  

It is well known this est imator itself is inadmissible as an est imator of 0. It is 
dominated by the positive-part James-Stein estimator defined by 

( . 2  
b 2 ( z , w ) =  1 k(k + 1) z~ 
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where a + = a if a > 0 and a + -- 0 if a < 0 for any number a. This last est imator 
is also known to be inadmissible, but  serves as an adequate approximation to an 
admissible estimator.  Then the risk of the s tandard  est imator $o = z is E ( z  - 

O)P(z - O) = E V E ~ l V ( z  - O) ' ( z  - O) = p / ( k  - 2). And the risks of the improved 
estimators for various 101 are numerically calculated, normalized so tha t  the risk 
of z is 1, and plotted in Fig. 1. In fact the graph of the risks R(O,  62) versus 101 is 
given in Fig. 1. As what  happened in the normal mean estimation problem, the 
numerical results indicate tha t  when 101 is small, the potential  improvement in risk 
is very large, while as 101 becomes very large the improvement in risk vanishes. 
In other words, if all the 0is are at or near 0, then the shrinkage est imator will 
greatly improve the usual estimator.  

0 5 10 

÷ est imato" fo¢ t<l istr ibution 

15 20 25 30 

norm ol theta 

Fig. 1. Normalized risk versus the norm of theta. 

3. Application to variance reduction in Monte Carlo simulation when control variates 
are used 

Variance reduction has been an important  aspect in Monte Carlo simula- 
tion. Various techniques have been proposed (see, e.g., Nelson (1987) and Wilson 
(1984)). Among them control variates method is one of the most promising vari- 
ance reduction methods  and has been widely used in simulation studies as a means 
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for improving efficiency in the estimation of the characteristics of the output  vari- 
ables (Lavenberg and Welch (1981), Fishman (1989)). This technique collects 
sample data not only on the response (say y) but also on certain ancillary phe- 
nomena whose true means are known. This extra sample information is then used 
to construct an unbiased estimator of the response mean which has smaller vari- 
ance than the estimator ~. For example, consider a r.v. y (a response variable for 
one population) with unknown mean #y which is the quantity to be estimated. Let 
x -- ( x l , . . . ,  xp)' be a random vector with known mean vector #~ = ( # i , - . . ,  lip)' 
which is thought to be correlated with y. The elements Xl, . .  •, xp of x are called 
control variates. 

Since on each independent run of the simulation y and x result from a common 
probabilistic structure (e.g, a multiserver queue), (y, x') '  can often be assumed to 
have joint normal distribution (Lavenberg and Welch (1981)) with mean (#y, #'x)' 
and covariance matrix 

\ (Txy F~x " 

Then n repetitions of the simulation experiment yield statistically independent 
observations 

(yi, xii ,  x2~, . . . ,  Xpi)', i = 1, 2 , . . . ,  n. 

The usual regression (with random regressors) theory gives the LS (ML also) 
estimator of # 

/~(b) = ~ - b'(2 - lix) 

/ Wyy 
W ~ | 

\ Wxy 

where 

n n 

Wyx ) ---- n i----1 i n l  , 

w x x  - 2 )   (xi - - 

i=l i = l  

and b = Wzlwx~ .  This estimator is unbiased and 

(3.1) Var(~(b)) _< Var(~) if n > p + 2 and 2 P 
Py.x > - -  n-2' 

--i ! 1/2 where py.~ = (ay~E~x o ~ / a y y )  is the multiple correlation coefficient of deter- 
mination. 

Also it is worth noting that the problem treated here is in fact the regression 
problem with random regressors (or with concomitant variables), a problem which 
occurs very often in practice. Point estimators of intercepts and slopes for this 
problem have been considered by Stein (1960), Baranchik (1973), Takada (1979) 
and Zidek (1978) under special conditions. 

In addition to the usual variance reduction, the use of the shrinkage method- 
ology further increases the efficiency of Monte Carlo simulation studies in terms of 
reducing the variances of the estimators for the response mean. Let bh -= bh(W)  
be any vector valued function of W, then ;/(bh) = ~ - b~h(2 -- lix) is an unbiased 
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estimator of try as long as the expectation of b ( W )  exists. Then consider any 
estimator of py of the form 

(3.2) p ( b ~ )  = 9 - b'h ( W ) ( ~  - ,=). 

-1 = any(1 - P~.x), then it is Define 0-uy.~ = 0-yy - 0-y~Ez~ a~y and notice that auy.~ 
easy to show that 

(3.3) Var[~(bh)] 10-yy(1 2 [  E ( b h - t 3 ) ~ E = z ( b h - f l ) J  = - p~.~) 1 +  
(7yy . : r  

where t3 -1 = E~x axu. Define the loss function 

(3.4) L(6; 13, % ~ : ,  ~ : : )  = 
C r y y . x  

and note that  any improved estimator b h ( W )  of the slope t3 under this loss function 
gives us estimators for the mean response # with smaller variances than the simple 
control variates estimator fi(b) = ~ - b'(2 - p : ) .  Indeed, Stein (1960), Baranchik 
(1973), Zidek (1978), Takada (1979) and Brown (1990) derive classes of improved 
estimators for/3, and thus for #y. Since in simulation studies using control variates 
it is often the case that the covariance among the control variates is also known 
(Bauer and Wilson (1989)), in the following, we shall assume that  the covariance 
matrix of the control variates is known. Using the results in Section 2, class of 
improved estimators (say, b) for/3 can be readily obtained such that  each of them 
dominates b in risk when p > 3, n > p + 2. Each member of this class thus yields 
an unbiased estimator/2(b) of # which has smaller variance than/2(b). 

Note that define Wyy.: = wuy - w u ~ W x l w ~ :  = wyy - UW:~b.  Then w~y.: is 
independent of (b, Wxz), and 

~ l w : :  ~ N(9, 0-~.=W;)), 
,~  0.2 2 

where W p ( k ,  E) is the Wishart distribution with dimension p, degree of freedom 
k and covariance matrix E. Consequently, when E~x is known, the distribution 
of b is simply a p-variate elliptical t-distribution with n - p degrees of freedom, 
location parameter ~ and scale matrix -1 a y y . : E : x / ( n  - p) (see Muirhead (1982)). 
It has density 

(3.5) f (b )  = 1 + 

The class of estimators of D considered is defined by 

- - n / 2  

,3+ [1 )] ~--- - -  - -  , C l W y y .  x b, 
W y y . x  
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where h(u, w) = r(u, w ) /u  and the functions h(u, w) and r(u, w) satisfy (2.4). 

THEOREM 3.1. Assume that p > 3, n > p + 2. Then if  

~(t ,  w )  < 
2(p - 2) 

( n - p ) ( n - p + l ) '  

bh has risk everywhere (over/3, auu.x ) at least as small as that of b under the loss 
function (3.4). As a result, ft(bh) = 9 -- Uh(W)(2 - #~), the unbiased estimator of 
#z, has variance no more than the variance of 9 -  U ( 2 -  #z). 

Note that the distribution of b is in fact a normal mixture with inverse-chi- 
square. That is, 

- 1  v - 1  2 b lv  ~ N(/3, ayv.xvEzz ) and ~ Xn-p" 

PROOF. Direct application of Theorem 2.1. In fact, make the following cor- 
respondences between the notation of Theorem 2.1 and that of 3.1: 

b ~ z ,  E ~  - 1  ~ E ,  /~ ~ 0, ayu.x  ~ r2 ,  wyy .~  ~ w .  
n - p + l  

Further, the loss function used in Theorem 3.1 has Q = Exx. Then it is clear that 
Theorem 3.1 is a special case of Theorem 2.1. [] 

Interestingly, the estimators of the form ft(b) are adaptive estimators of #u 
when h(., .) is simply a function of the first argument. In fact, as a result of (3.1), 
P~.z needs to be fairly large if ft(b) is to be superior to ~ as an estimate of #u. In 
particular, we would want to use ~ in preference to ft(b) as an estimator of #y when 
Py.z2 = 0 (equivalently, /3 = 0). An appropriate (likelihood ratio) test statistic for 
testing H0 : P~.x = 0 when Ex~ is known is 

b'Exxb 
T - -  - -  

W y y . x  

We reject H0 for sufficiently large values of T. Thus, we might naively try to use 
the value of T to choose between ~ and ft(b) as an estimator of #u" Let 

(1- 
\ wyu.x / 

be any of the estimators (3.2). Then 

(3.7) 

= h ( T ) f / +  ( 1  - h(T))f t (b) .  

2 = 0  Since h(T) is nonincreasing in T, large values of T (indicating that H0 : Py.x 
may be false) cause greater weight to be placed on ft(b) in (3.7). Small values of 
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T cause greater weight to be placed on Y- Indeed, T is stochastically increasing in 
p2y.x. Consequently, each member of the class of estimators [t(bh) defined by (3.7) 
is adaptive to the information provided by the data concerning the magnitude 
of P~u.x-2 This property of these estimators in part explains why some of these 
estimators have lower variance than ~(b). 

To obtain some idea of the magnitude of the variance reduction, define the 
relative improvement in variance ( riv in short) by 

Var[/~(b)] - Var[/5(bh)] 

Var[/2(b)] 

_ n - p - 2 [ p  (bh-~) tExx(bh- /3)] ,  
n - 2 n - p - 2 auu.x 

and in particular consider the somewhat crude estimator 

p-2 ) 
b * =  1 -  (n -p ) (n - - -p+  1)T b, 

which nevertheless dominates b in risk. Then Fig. 1 can be viewed as an illustration 
of the possible r/v of the improved estimator for #y. Furthermore, when/3 -- 0, it 
can be shown directly that the risk of b* is 

2(n - 2) 2(p - 2) + 
( n - p ) ( n - p -  2) ( n - p ) ( n - p +  1) 

and the variance of/5(b*) is 

n-loyy.x (1 + 2) 
( n - p ) ( n - p -  2) 

2 ( p  - 2)  

+ 1) ) " 

Similarly, the variance of/2(b) is 

n-laYYX ( l + n -  p -  ) " 

When the number of replications n is even modestly large, and/3  = 0, the im- 
provement in variance of/t(b*) over/2(b) is small, mainly because of the n -1 term 
appearing in both variances. However, the riv is impressive. In fact, when/3 -- 0, 

r iv= ( n - p - 2 ) ( p - 2 ) n - p - 1  
( n - 2 ) ( n - p )  n - p + l "  

For example, when n = 20, p -- 10, riv = 0.29, indicating a 29% reduction in 
variance. When n -- 40, p = 25, there is a 46% reduction in variance for /2(b*) 
over/2(5). 
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4. Comments 

1. In the special case that r depends only on its first argument, the estimator 
equivalent to that considered in Bravo and MacGibbon (1988) is as follows 

wr(z,E_1Q_1E_lz) ) 
~h(Z,W) -~ Ip-- zt~-lQ -1~-1z Q -  1 ~,,- 1 z.  

This is different from (2.3) (even when r(s, t) is independent of t), since we have 
used w to replace r 2 in the estimator obtained by assuming r 2 is known. 

2. It is worth noting that the variance of the estimator for #y can always be 
reduced as long as estimator for the slope which dominates the least square slope 
under (3.4) is used in (3.2). Therefore, as the referee remarked, other classes of 
improved estimators for the slope ~ obtained by other authors (e.g., Bravo and 
MacGibbon (1988)) can be applied to (3.3). However, other classes of improved 
estimators may not be adaptive estimators which seem to be intuitively appealing 
in the control variates problem. 

3. In simulation studies using control variates, investigators typically report 
a confidence interval for #~, rather than merely giving a point estimator. It seems 
that improved confidence set estimator for #y can also be obtained by using ideas 
from Hwang and Casella (1982). In fact numerical evidence (Tan (1990)) has 
suggested that this is the case. 

4. One advantage to consider the estimator of the form (2.3) is that it offers 
the potential to have a class of improved estimators large enough to allow the 
selection of the appropriate one from the class. For instance, the restricted risk 
Bayes estimators (DasGupta and Rubin (1988)) may be obtained, which is a prob- 
lem of more practical importance but a technically extremely difficult one. Some 
approximation or numerical verification may have to be used in order to show the 
optimality of the improved estimators. The Monte Carlo sampling (or Baysian 
sampling) offers hope for solution. These issues are currently under investigation. 
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Appendix 

LEMMA A.1. (Integration by Parts Identity) Let x ~ Np(O, N), 7 = (71(x), 
. . . ,  ~p(X) )', and ~/(x) satisfy the regularity conditions for  integration by parts (see 
p. 362 in Berger (1985)). Then we have 

E ( x  - O)'~y(x) = g tr(~Jw(x)(x)), 
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where J~(x)(x) = ((O/Oz,)~j(x) ), provided that the integral at the right side exists. 

2 2 LEMMA A.2. Let s ~ r Xz . I f  g(s) is sufficiently regular in s for integration 
by parts, and if Esg(s) exists, then 

Esg(s) = 1T2Eg(s) + 2T2Esg'(s). 
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