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Abstract. Asymptotic risk behavior of estimators of the unknown variance
and of the unknown mean vector in a multivariate normal distribution is con-
sidered for a general loss. It is shown that in both problems this characteristic
is related to the risk in an estimation problem of a positive normal mean un-
der quadratic loss function. A curious property of the Brewster-Zidek variance
estimator of the normal variance is also noticed.
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1. Introduction

In this paper we consider the asymptotic estimation of the unknown vari-
ance 02 and of the unknown mean of a multivariate normal distribution with a
covariance matrix 21,

This is a classical problem of multivariate analysis. The inadmissibility of the
traditional estimator of the mean for dimensions larger than three is known since
1955, when C. Stein discovered this phenomenon, and this field has been an active
area of research since (cf. for example James and Stein (1961), Baranchik (1970),
Efron and Morris (1976)).

The traditional estimator of the variance is also known to be inadmissible
(Stein (1964)). Although somewhat similar these two results are different. For
quadratic loss in the normal mean case one can use the by now popular integration
by parts technique to derive an unbiased estimate of the risk difference between the
traditional and an alternative estimator. It is possible to find a procedure which
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makes this risk difference estimate nonnegative. The same technique applies in the
normal variance case but no nonnegative risk difference estimate exists. Perhaps
related is the fact that in the mean vector estimation problem the relative risk
reduction tends to 1 as the dimension increases. In the univariate problem of
estimating a normal variance the savings do not exceed 4% (Rukhin (1987)).

The goal of this paper is to explore these estimation problems when both the
dimension and the sample size tend to infinity. We show that these problems are
intimately related to the estimation problem of a positive normal mean on the
basis of one observation with unit variance. In particular the largest possible risk
improvement in variance estimation is determined by the corresponding quantity in
the positive mean problem, which also enters the asymptotic expansion of relative
risk reduction of a multivariate normal mean estimator.

The history of normal variance estimation is reviewed by Maatta and Casella
(1990). We mention only a paper by Brewster and Zidek (1974), where an admissi-
ble improvement over the traditional estimator is derived. We study this estimator
in Section 2 and show that the risk function of the Brewster-Zidek estimator has
a maximum at the origin. This is surprising because this estimator is generalized
Bayes with respect to an (improper) prior density with the mode at the origin.

In Section 3 the counterparts of this estimator and of the original Stein esti-
mator in the positive mean estimation problem are found. They turn out to be
the generalized Bayes estimator against the uniform distribution over the positive
half-line, and the maximum likelihood estimator. In Section 4 a similar result is
obtained for the classical mean vector estimators of Stein and of James-Stein.

2. The risk function of Brewster-Zidek estimator

Let X be a normal random vector with the distribution Ny (i, 0%I) and let S?
be independent of X with $2/0? having the chi-squared distribution with m — 1
degrees of freedom.

This is a canonical form of classical problems of multivariate statistical anal-
ysis.

Assume that the unknown variance o2 is to be estimated under a nonnegative
bowl-shaped smooth loss function W(§/5?) with a unique minimum at 1, W/(1) =
W(1) = 0. The estimator dgz due to Brewster and Zidek (1974) has the form

68z(X,S) = S*¢nz(V),

where

V= S(|X|? + 5771

and the function ¢gz is found from the condition

En[W{S%¢pz(v)} |V >v] = min Eq {W(8%¢) | V > v}.

Here E,, refers to the expected value under parameters y and o.
We assume that
Eo|W'{S*¢pz(V)}| < o0,
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so that
(2.1) Eqn[W'{S%ppz(v)}S% |V > v] = 0.

It is known (Brewster and Zidek (1974)) that ¢pz(0) = co, where cyS? is the
best multiple of 2 (the best equivariant estimator), i.e.

(2.2) Eg1W (coS?) = min Eg; W (cS?).
Using the explicit form of the joint distribution of S and V, one obtains from (2.1)
oo pl 1
2.3 [T witsonatuyexs (352
0 Ju
x s™HE=2(1 — o 2)*E=2/2y~k gy ds = 0.

Multiplying both parts of (2.3) by ¢5,(v) and integrating by parts we see that

0= /ooo {./vl exp <_%32/u2> (1- U2)(k_2)/2u_kdu} s AW (52 9Bz (v))
_ /Ooo/ol W{s¢pz(0)} exp <_%32/u2) (1 — u2)k=2/2y~kgmik—4 4, ds
* /000/01 W{s’¢Bz(v)}exp (_%52/112) (1 —v?) (k=2 2y =k gmh=tipds
= —EnW(coS?) + EnW{S%¢pz(V)}.
Thus we have proved

PROPOSITION 2.1. Let S?¢pz(V) be the Brewster-Zidek estimator of the nor-
mal variance under differentiable bowl-shaped loss function W. Then

(24) E01W{S2¢BZ(V)} = E01W(C()52),

i.e. at the origin u = 0 the risk function of the Brewster-Zidek estimator equals
the risk of the best equivariant estimator.

Formula (2.4) is surprising for the following reason: the Brewster-Zidek esti-
mator is known to be minimax,

ELW(S%¢pz(V)/0%) < EueW(coS?/0%) = Egy W (coS?).

Also it is the generalized Bayes rule with respect to a prior of the form

(2w,

a
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where

A(n) = / exp (——————”Z” ) t*/2=1(1 4 ¢)"Ldt.
0

This (improper) density has a unique mode at n = 0, and yet the corresponding
Bayes estimator has its frequentist risk taking the largest value at 7 = 0. This
curious fact, noticed first for the quadratic loss and k = 1 by Rukhin (1987), shows
a difficulty with the traditional interpretation of prior distribution as a parametric
weight assignment which reflects the relative importance of different parameter
values.

To conclude this section we give an explicit form of the Brewster-Zidek esti-
mator for the quadratic loss:

(2.5) ¢pz(v) = (m+1)7! {1

and

’Um_l(l _ ,02)]:/2
(m+k+1) [l tm(1 - 2)k/2-14
co=(m+1)"N.

In the next section we shall use the following analogue of the original Stein
(1964) estimator for a general loss function W'

(2.6) $s(v) = min(co, c1v™2).

Here ¢ is defined by (2.2) and ¢; is determined by the condition
Eo1{W'(c;v™28%)8% | V = v} =0,

which means that

(2.7) / W (c1s%)e " /2s™Hh-24g = 0
0

In particular for quadratic loss
(2.8) bs(v) = min{(m + )7L, (m + k+1)"1v2}.

Some numerical results for the risk of these estimators in the case of quadratic
loss and entropy loss are reported by Rukhin and Ananda (1992).

3. Asymptotic risk behavior of scale-equivariant variance estimators

Keeping the notation of the previous section, we consider here scale-equivari-
ant variance estimators §(X, S) written in the form

(3.1) 8(X,8) = coS*{1 - 9(V)},

where cg is the constant determined by (2.2) and @ is a continuous function.



ASYMPTOTIC RISK BEHAVIOR 303

It is easy to see that the corresponding risk function depends only on ||u||/o =
7, so that in risk evaluations one can put o = 1.

Since the exact form of the risk is not tractable, we study its asymptotic behav-
jor for large dimension k and large “sample size” m. Their rates and the following
limiting formulae (3.4) and (3.5) are suggested by the behavior of estimators (2.5)
and (2.8).

Notice first of all that com — 1 as m — oo. Indeed

(3.2) EqW'(cpS%)82 =0

and with probability one
52 /m — 1.

Since W is bowl-shaped this fact and (3.2) imply that

lim com = 1.
In fact
(3.3) com=1-W"(1)/m+o(m™!).

Indeed, because of the central limit theorem the distribution of
m/2971/2(82 _ )
converges to the standard normal one. Let
com=1+1p.
Then (3.2) shows that
0= lim EqnW'(coS?)S?
= lim mEW'{(1+rn)(1 +2"2Zm™ Y2} (1 + 212 Zm~1/?)

m—00

=W'()EZ% + lim r,m.
Here Z is a standard normal random variable. It follows that

lim r,m=-W"(1).

m—oo

Now we can analyze the asymptotic risk behavior of the best equivariant esti-
mator ¢y S? as m increases.
Indeed one has

. 9 . -
Tim mEqW(oS?) = lim mEW{(1+rm)(1+2"/2Zm™Y/23)} = W(1).
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Also for any estimator (3.1)

lim mE,W{8(X,5)} = W"(1),

so that the first order asymptotic behavior of 6(X, S) coincides with that of cgS?
Therefore the relative risk improvement

r(n) = [E,W(coS?) — E,WH{S(X, $)}/EyW (co5?)

tends to zero as m — oc.
Let us consider now the case when k — oo and

nll?/k — m.
We also assume that
(3.4) ®(vk™1/%) - ®y(v).
Then with probability one
z|? x?
—"—" k“ = Ek] —1+m,

aund for a fixed m, as k — o©

E,W{8(X,8)} = EoWlcoS*{1 — ©p(S(1 +m)~ )}
Suppose now that for m — oo
(3.5) m'/2®o(m1/? — 271/27) — 2'/2x(Z)

and
m1/2n1 —_ 21/29

with a nonegative finite ©.
Then with a standard normal Z

lim mEoW(coS2{1 — ®o(S(1 +m)~Y?)}]
= lim mEW][(1+7y,)(1+2Y/2Zm~1/2)
x {1 = g(m'”2 +(Z - ©) - (2m)~"/)}]
= lim mEW[1+2Y%{Z + x(® — Z)}m~/?
m-—0o0

=W'()E{Z — x(© - Z)}.
Therefore, under our assumptions

(3.6) lim lim r(n) =1— E{Y +x(Y) - 6}%

m—00 k— 00
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Here Y = © — Z is a normal random variable with the positive mean © and
the unit variance.

In other terms the relative risk reduction in the variance estimation problem
converges to the risk improvement over the estimator Y in the estimation problem
of a positive normal mean.

We formulate results obtained so far.

THEOREM 3.1. Let 6(X,S) be a scale-equivariant estimator of the normal
variance under bowl-shaped smooth loss function W such that W(1) = W'(1) =
Assume that as k — oo and m — oo conditions (3.4) and (3.5) hold, and that

(3.7 lim lim |ju)?0~2m/%k~12"/2 = @.
m—oo k—oo
Then the asymptotic formula (3.6) for the relative risk reduction is valid.

Clearly in the limiting problem of the positive normal mean estimation, the
estimator Y, which corresponds to the best equivariant estimator cyS? of the
variance, is not a good procedure. (It does not make any sense to estimate a
nonnegative parameter by a negative number which can happen with Y'.)

However, as we show now, both Stein estimator and Brewster-Zidek estimator
have limiting forms which are important estimators of the positive normal mean.

THEOREM 3.2. Conditions (3.4) and (3.5) are satisfied for both Stein esti-
mator (2.6) and Brewster-Zidek estimator (2.1). In the first case

(3.8) ®o(v) = max(0,1 — ¢;'v™2),  xs(z) = max(—z,0),

in the second case ®y(c) is found from the equation

(3.9) / W [cou?{1 — ®g(v)}Ju™ e 24y =0,

(3.10) xBz (2 / / exp (——tz) dt.

PROOF. If one writes the Stein estimator (2.6) in the form (3.1), then
®(v) = max(1 — ¢;¢5 'v72,0),

where ¢; is defined by (2.7).
As in the case of ¢g, for a fixed m

= (m+k)"+o(k™).

Therefore
®(vk~1/%) — max(1 — ¢5lv2,0) = By (v).
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Also

. 1/2 ol 1/2  9—1/2 )2
"}1_1’noom max{l —¢; (m 27M42)74,0}

= lim max { (——21/2zm + %zzmlﬂ) (m'/? — 2‘1/2z)_2,0}

™m-—00
= 2Y/2 max(—2,0),

and (3.8) follows.
In the case of the Brewster-Zidek estimator make a transformation of variables
in (2.3) to see that

0o k1/2
/ W (cos?{1 — ®o(v)}] exp (—%kszu_z)
0o Jo
x s™TRT2(1 — 2 /k)R/ 21y R duds = 0.

Notice that for fixed u, v
I= / W' [cos?{1 — ®o(v)}] exp (—%kszu_z) sktm+2ds
0

_ /O ” Wlcos?{1 — Bo(v)}] exp {—k (%s2u_2 ~log s) } s™+2ds,

Since the maximum of the function s?u=2/2 — logs occurs at s = u, Laplace’s
method shows that as k — oo,

I~ Wcou{1 — ®p(v)u™+*+2e=5/2(27) 1 /21,

so that (3.9) obtains.
This formula also shows that

W’[CO(ml/Q _ 2—1/2t)2{1 _ 21/2x(z)m_1/2}]

—0o0

X exp {-—%(ml/2 - 2'1/2t)2} (1 — 27 Y2~ 1/2)ym+4gt — 0,

It is easy to verify that

- ‘12‘(7”1/2 — 271212 L mlog(1 — 271/ 2tm~1/2)
= —%m + tml/29-1/2 _ £2/4 — tmi/29-1/2 _ £ /4 + o(1)
= —%m — /2 + o(1),
so that
0= lim ml/? /z W[(1+ 1) (1 — 2Y2tm™1/2){1 = 22x(2)m~/2}]e~*/2dt

= —W”(1)21/2/ {x(2) + t}e " /2dt.
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Formula (3.10) follows now immediately.

Theorem 3.2 shows that the Stein variance estimator corresponds to the max-
imum likelihood estimator max(Y, 0) of the positive normal mean. The Brewster-
Zidek variance estimator corresponds to the generalized Bayes estimator of the
positive normal mean with respect to the “uniform” prior distribution over the
positive half-line (cf. Katz (1961)). Both estimators of the positive mean are mini-
max, i.e. their quadratic risks are bounded by 1. The latter estimator is admissible
(Lehmann (1983), pp. 267-268), and the second is not.

The form of the risk of the generalized Bayes estimator resembles this of
the Brewster-Zidek estimator: it is a unimodal function which takes its largest
(minimax) value at © = 0 and tends to 1 as © — oo. Its minimum equal to 0.584
is attained at © = 1.08.

The risk of the maximum likelihood estimator has a different form: it is a
monotonically increasing function which takes value 0.5 at © = 0 and tends to
1 as © — oo. It is curious that the inadmissible maximum likelihood estimator
provides a larger degree of improvement than the admissible generalized Bayes
estimator.

The problems of finding an explicit improvement over the maximum likelihood
estimator and of determination of the smallest risk value at a point within the class
of all minimax estimators of the positive normal mean apparently are very difficult.
Yet they are not only related to the problem of the largest possible improvement
over the best equivariant variance estimator, but also to that of the mean vector
estimators, as we shall see in the next section.

4. Asymptotic risk behavior of scale-equivariant estimators of the mean vector

In this section we perform an asymptotic analysis of the risk of the mean
vector estimators which have the form

(4.1) §(X,8) ={1-v(V)(m+1)""}X
with a continuous function 4.

This form is motivated by the existing estimators of the multivariate normal
mean, namely, Stein estimator ég with
(4.2) (V)= (k-2)V21-VvH)™
and the positive part of this estimator, the James-Stein estimator §;s, such that
(4.3) 1—(m+1)""ys(V) = max{1 — (m + 1)""s(V),0}.

Assume that the loss function has the form

W (8 u, 0) = w([|6(X, 8) — pl*k~10™2)

with a smooth nonnegative function w such that w(0) =0, w(1) = 1.
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The risk of estimators (4.1) depends only on = u/o, so that we can put
o (lliearly the risk of the estimator X does not depend on 7 and as k — oo
Eow(| X|67") — w(1) = 1,
so that the relative risk reduction p(n) has the form

p(n) =1 — Eqw{||6(X,8) —nl*k—*}.

Assume as in Section 3 that as k — o

[nll*E=" —m
and
(4.4) Y(wk ™) = yo(v).
Then
Jim Eqw{{|é(X, S) ~ Ik} = Jim Eyw{l|X —n - H(S)X |’k
where
(8) = (m+ 1)y {S(1 +m)"1/%}.
One has

IX == (S)X|%?
= {1 =31 e
k
+ PSPk + 2551 = 5(S)) 3K, — nmsk ™"

1

By the strong law of large numbers with probability one
IX — 2k — 1.

Also the normal random variable 3"(X; —n;)n;k~" has zero mean and the variance
Inl>&=2.
Therefore

lim Eqw{|lX - n—3(S)XI?%"} = Bul{l - A9} +mA*(S))
Now we suppose that as m — oo

(4.5) m2{1 — m~Lyg(m1/? — 227V/2)} — 21/ 2k(z)
and
ml/?n, — 21/2@
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with a nonnegative finite ©.
Then

Euwl{1 -5(S)} + m7*(9)]

~ Ew[23(0 — Z)m™ + 2120({1 - 2V/2k(6 — Z)m™/?}?m~1/?)
W’ 2l/2g  2W'(0 W”(0) — 2W’ (0

(m)1/2 " m()E( ()m (0)

-0)%+ 0% + o(m™1)
with a standard normal Z.
We have proved the following result.

THEOREM 4.1. Let §(X,S) be a scale-equivariant estimator of the multivari-

ate normal mean of the form (4.1) such that as k — oo and m — oo conditions
(4.5) and (4.4) hold. If (3.7) is satisfied, then

W'(0)21/26  2W'(0)E{(Y) — 6}
( )= - ml/2 - m

WO WO g oy
m

Here Y is a normal random variable with the nonnegative mean © and the unit
variance.

Theorem 4.1 shows that the estimation problem of the multivariate normal
mean is also intimately related to that of scalar positive mean. However in the
variance estimation problem the quadratic risk of a positive mean estimator enters
the leading term of the asymptotic expansion of the relative risk reduction. For
the vector mean estimation this quantity enters only the third term which has the
order m~!. This facts explains why better estimators of the multivariate normal
mean offer more sizable savings than better variance estimators.

Notice that conditions (4.5) and (4.4) are satisfied for both Stein and James-
Stein estimators (4.2) and (4.3).

Indeed in the first case

35(8) = §%/(m + 1)
and
22ks(Y) = lim m'/*{1 - 3s(m'/? —Y271/%)}
= lim m'/?{1 - (m1/2 _ y2—1/2)2m_1} _ol2y

m—o0

Thus the limiting form of this estimator is not quite reasonable (although unbiased)
estimator which is Y itself.
For James-Stein estimator

F35(S) = min{1,%s(S)}
and
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k3s(Y) = max{0, ks(Y)} = max(0,Y),

i.e. the limit of this estimator corresponds to the familiar maximum likelihood
estimator of the positive normal mean. Clearly max(0,Y) is better than Y. This
corresponds to the fact that the positive part of the Stein estimator is better than
the Stein estimator itself.

The results of the previous section suggest new generalized Bayes estimators
of the multivariate normal mean which are analogous to the Brewster-Zidek es-
timator. However, because of their risk behavior (which is the worst around the
origin) they are of less interest than the James-Stein estimator.

Notice that in the case of the known variance an asymptotic analysis of this
estimator for large dimensions has been performed by Casella and Hwang (1982).
For large sample sizes approximations to the risk functions of a normal covariance
matrix were derived by Sugiura and Fujimoto (1982) and Sugiura and Konno
(1987).

We conclude this paper with the following remark. Our results are true in a
much broader setting than a normal vector X and a chi-squared distributed S2.
In fact, the only facts needed in the proofs of Theorems 3.2 and 4.1 were that with
probability one as k — oo

IX1%7 > 14m if EX|PET - m
and that the asymptotic distribution of m'/2(S2 —m) as m — oo is a normal one.
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