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Abstract. The limit theorem for the minimum interpoint distance between
any pair of i.i.d. random points in R? with common density f € L? was studied
by a method which makes use of the convergence of point processes. Some
one-dimensional examples with f ¢ L? (including the cases Beta and Gamma
distributions) were also considered.
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1. Introduction

Limit theorems for various statistics arising from spacing problems have been
investigated by many authors (e.g. see Lévy (1939), Pyke (1965), Silverman and
Brown (1978), Molchanov and Reznikova (1982), Aly et al. (1984), Onoyama et
al. (1984), Rao Jammalamadaka and Janson (1986), Deheuvels et al. (1988)); a
simple and typical example is the result of Lévy (1939) concerning the minimum
and the maximum of respective lengths of the n + 1 segments into which the
unit interval (0,1) is divided by i.i.d. random variables X;, 1 < &k < n, with
the uniform distribution. Molchanov and Reznikova (1982) discussed the same
problem as above for a wider class of nonuniform densities. Similar problems in
multidimensional spaces seem to be hard to deal with, but if the minimum length
is regarded not from the view point of partitions but simply as the minimum of
the interpoint distances between all pairs drawn from {Xj,1 < k& < n}, some
parts of the results of Molchanov and Reznikova (1982) have been extended to
a multidimensional case; for example, it is known (Silverman and Brown (1978),
Onoyama et al. (1984), Rao Jammalamadaka and Janson (1986)) that the limit
distribution of suitably normalized M., where M,, is the minimum of |X; — X;|4,
1 <i < j < n, is exponential if the X;’s are i.i.d. R%valued random variables
with common density f € L2(RY).
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In this paper we discuss again the limit theorem for M, but with emphasis
on a method which makes use of the convergence of point processes (f € L? is
assumed). Point processes were also used in Silverman and Brown (1978) but our
way of using point processes is different from theirs. We also give some examples
of results in one-dimensional cases where f ¢ L?. When d > 2 we assume f € L?
as in the earlier results; however, our point process method clarifies and improves
some of the earlier results in the sense that the problem was formulated as the
convergence of processes and the limiting process was obtained (Theorem 2.1).
The limiting process is a Markovian decreasing process. We also consider one-
dimensional examples, in which f ¢ L? was emphasized and which include the
cases of Beta and Gamma distributions.

2. Results in the case where f € L*(RY)

Given a sequence of R%-valued i.i.d. random variables X1, X5, ... with common
probability density function f, we put

n? min |X; — Xj|d. t>2/n,
Yo(t)={ 1<i<i<in]
00, 0<t<2/n,

P t>2/n,
Z”(t)_{Xl, 0<t<2/n,

where k = k(t) is the unique integer with 2 < k < [nt] satisfying

2 oy —
nlrgnjilk[Xj Xi|® = Yo(t).

Z,(t) means roughly the place where the minimum distance is realized. In this
section it is assumed that f € L?(R%). Before stating our main theorem, we
introduce a Poisson point process {p(t),t > 0} on (0,00) x R% with compensator
cqtdtdé f(x)%dzr where cq is the volume of a unit ball in R? and write p(t) =
(q(t),7(t)). Then {q(t),t > 0} and {r(t),t > 0} are Poisson point processes on
(0, 00) and R, respectively. For t > 0 we put

Y(t) =ming(s),  Z(t) =r(t),

where t' € (0,1] is determined by ¢(t') = Y'(¢). The processes are seen that

1<j<m

PLY() > & ¥ (om) > 6} = [[ex {~Geal 16~ 2.0) o 6
P(Z(0) € da} = (f(2)* /1 B}

forany t > 0,0 < t; <ty < - <ty and &1,&2,...,&m > 0, where ||f|j2 is the
L?-norm of f. Moreover, for each fixed t > 0, Y'(t) and Z(¢) are independent.
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THEOREM 2.1. If ||fll2 < oo, then the process {(Yn(t), Zn(t)),t > 0} con-
verges in law to {(Y(t), Z(t)),t > 0} with repect to the Skorohod Jy-topology. In
particular, for each fixed t > 0, £ > 0 and an interval I in R4

n—oo

21) Jim PUY,(0) > 6. 2,0) € 1) =exp { ~gaal fI3€} [ 1102 11 B

Before proving the theorem we present some lemmas. Let G be the o-field
generated by X1, Xo,..., Xy for each k > 1 and Ft(n) = Giny)- Define an {ft(n)}-
adapted point process p, = (qn,7) taking values in (0,00) x R as follows: The
domain of definition of p,, is D, = {k/n:k=2,3,...} and

(2.2)  pn(k/n) = (gn(k/n),rn(k/n)) = (n2 1r<r1ink | X, — Xkld,Xk), k>2.
<<
Denote by N, the counting measure corresponding to py, i.e.,

(23) Np ((0,6] x (0,6] x A) = Y 1ogxalpa(k/n)), €>0, AcB(RY),

2<k<[nt}

where 1(g ¢y a(-) denotes the indicator function of (0,£] x A and B(R?) is the
o-field of Borel subsets of R?. When [nt] < 2, the summation over 2 < k < [nt]
(or over k < [nt]) is understood to be 0. The compensator of p,, is given by

(2.4) N, ((0,¢] x (0,&] x A) = Z E[1gxa(pn(k/n)) | Gr-1].
2<k<nt)

LEMMA 2.1. (Onoyama et al. (1984)) Under the assumption f € L?,

% //ﬁ”l—l‘zlse flz1) f(z2) f(z3)dz1dzadas = o(e3Y/?),

|z3—z2|<e

ase | 0.

LEMMA 2.2. Foranyt >0, ¢ >0 and A € B(R?),
. 1
(26) o (0. % (0.8] % 4) 2 Jeat’€ [ f(o)Pd
A

P . .
as n — 00, where “— " means convergence in probability.

Proor. Fort>0and £ >0,

(2.7) N, ((0,1] x (0,£] x A)
= Z FE [1(0’5] <n2 1ISIljiilk |X] - Xkld) lA(Xk) l gk—l]

k<int]

/ 14(2)f(z)dz,
k<[nt] Y V1<i<k B(X;,(§/n)1/4)
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where B(z,7) ={y € R®: |y — z| <r}. Put

Ikz/ 14(z) f(x)dz
Uscj<kB(X;,(6/n?)1/4)

I, = / 1a(z)f(z)dx
* Z B(X;,(€/n?)1/4) () tz)

1<5<k

La(z)f (z)dx

1<j<m<k /;(Xj-@/nz)l/d)nB(Xm,(g/nz)l/d)

Then it is clear that I}, — I/ < I, < I;. Making use of Lemma 2.1, we have that
E[Y i<y I¥] converges to zero as n — oo. Therefore

(2.8) Y n — 0o.

k<[nt]

Next we show that

(2.9) YNoLi—= > ) cal€/n)1alX;)f(X;) 20,

k<[nt] k<[nt] 1<j<k~1

as n — 0o. Put
) = (cab /n?) / 14(9) f(y)dy = (h % dn) (@),
z,(£/n2)1/4)

where h(z) = 14(z) f(z) and ¢n(z) = (Cdg/TIQ)~113(0’(§/n2)1/d)(I). Since

lBnllz = [lh* @nlla < [Iflla and |lhn = hlla =0, (n— o0),

|

it follows that

> Li- Z Y calt/n’

k<Int] k<[nt] 1<5<k

< Z Z Ellca(é/n®){h.(X;) X;)H]

k<[nt] 1<j<k

< Y3 cale/n®)hn — b2l )2 — 0,

k<[nt] 1<5<k

as n — oo. Thus (2.9) holds. Finally an application of the law of large numbers
yields

1
(2.10) Z Z cd(g/n,Q)h(Xj)LEcdt%/Af(x)?dx

k<[nt] 1<j<k
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as n — 0o. Thus (2.6) follows from (2.7)-(2.10). O

We are now able to prove Theorem 2.1 as follows. Since Lemma 2.2 holds, an
application of Theorem 3.1 of Durrett and Resnick (1978) (see also Theorem 5.1
of Kasahara and Watanabe (1986)) implies that

(2.11) Ny, <, Ny,  n— oo,

where N, is the counting measure of the Poisson point process p and « 4.7 means
the convergence in law of random variables taking values in the space M of non-
negative Radon measures on (0,00) x (0,00) x R% which was equipped with the
vague topology (see also Theorem 5.1 of Kasahara and Watanabe (1986)). Since
Y, (t) = mins<: ¢,(3) and Z,(t) = r,(t') where ¢ € (0,t] was determined by
gn(t') = Yn(t), any finite dimensional distribution of {(Y,(¢), Z,(t)),t > 0} con-
verges to that of {(Y(t), Z(¢)),t > 0}. Moreover, in the present case we can show
that the convergence of finite dimensional distributions implies the convergence
in law with respect to the Skorohod J;-topology by using a method similar to
that in p. 211 of Jagers (1974) (see also Lindvall (1973) and Serfozo (1982) for
the Skorohod J;-topology on D(0, 00) and related results which are useful for the
present proof).

Remark 2.1. Y (t) is a temporally inhomogeneous Markov process with state

space (0,00). However, X(t) = Y (¢t'/2) is a temporally homogeneous Markov
process with the generator L defined by

0
(L6)(@) = 5eallf13 | {66 +1) - 6(@)}dy.

Furthermore, it is easy to see that the process M(t) = (X (t))™! is an extremal
process generated by a distribution function F(z) = exp{—(1/2)cq4| f|3/z}, z > 0.
For the detail of the extremal process see Chapter IV in Resnick (1987).

Remark 2.2. Let f be the density function of the arcsine law, i.e.

1
B — for z € (0,1),
flx) =19 my/z(1 —x) .1
0 otherwise.

In this case f ¢ L?(R); however, the above method can also be applied to this
case; that is, if we define a point process p,(t) on (0,00) by

— (2 : L
pn(k/n) = (n*logn) 1I§njl£k | X; — Xkl

then we can prove that its compensator N, ((0,] x (0, €]) converges in probability
to 4n2t2¢ as n — oco. Therefore, we have

(2.12) P{(n2 logn) . rrgn [ X5 — Xl > f} — exp{—4n72%€}, n — oco.

<j<ksn
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Another method for proving (2.12) will be presented in Section 3 (see Example 3).

We next consider the minimum distance between any pair of points of a con-
figuration in R? distributed according to a Poisson distribution. By definition a
locally finite configuration in R? is a subset w of R? such that wN A is a finite set
for any bounded subset A of R%. Let Q be the set of locally finite configurations
in R% and for w € Q and A C R? put

N(A) = N(A,w) = the number of points in wN A.

Given A > 0 and a nonnegative function f € L}oc(Rd) we denote by P, the Poisson
distribution on {2 with intensity measure Af(x)dz, i.e. the probability measure on
1 such that

i) for each A € B(R?) with Ay = A [, f(z)dz < oo, N(A) was distributed
according to the Poisson distribution with mean A4;

i) for any disjoint Ay,..., A, € B(R?) with [, f(z)de < oo (1 <k <mn),
N(A,),...,N(A,) are independent.
For A € B(R%) we put

inf |zx—y|® if N(4w)>2,
z,yEwNA

o0 if N(A,w) <L

Notice that M(A;),..., M(A.) are independent (w.r.t. Py) provided that A4,,...,
A, (€ B(R%)) are disjoint. The following theorem can be proved by using Theorem
2.1 or Theorem 3.1 of Silverman and Brown (1978).

THEOREM 2.2. If [, f(z)dzx < oo and [, f(z)?dz < oo, then for any x > 0
(2.14) Jim PAMNM(A) > z/cq} = e A=,
where u(A) = [, f(z)*dz.
3. One-dimensional examples with f ¢ L%(R)

We consider one-dimensional examples in which the underlying random vari-
ables have a common probability density function f not belonging to L?(R). The
first example covers the case of Gamma distributions.
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3.1 Ezample 1
Let X1, X5, ... be i.i.d. real random variables and assume that X has a prob-
ability density function f such that

(3.1a) f(x)=0 on (—o0,0],
(3.1b) f(x) ~ az*? as z |0,
(3.1¢) /00 f(z)%dz < 0o for any 7 >0,

where a and pu are positive constants and f ~ g means that f/g tends to 1. It is
also assumed that 0 < p < 1/2 and hence

(3.2) / f(z)%dx =occ for any r > 0.
0

We are going to discuss a limit theorem for M,,. Let 71,7,... be i.i.d. random
variables with P{r;, >t} =e~* ¢ > 0, and put

(33) En =T +e+ Tns 5 = Tllgf;(gi{:’l - '}L/M)

It is easy to see that £ is a strictly positive random variable.
Put &, = (p/a)!/HE.

THEOREM 3.1. For anyzx >0

(3.4) lim P{n'*M, >z} = P{€ , > z}.

Proor. We first show that

(3.5) Jim Py {AY4M([0,00)) > 2} = P{éa, >z},

where P, is the Poisson distribution on the space of configurations in (0, 00) with
intensity measure Af(z)dz and M(-) is defined by (2.13). We treat only the special
case f(z) = az*™1, 0 < z < rg, for some 19 > 0. It is not difficult to prove the
general case. Let n, = (u/a)/*A"Vr¢, n > 1, and Ny = max{n : 5, < ro}.
Then we have

: 1/n ; _
(3.6) /\ILIEOP{)\ 1£Iglll<r}v)\(7ln+1 TIn)>x}

T 1/p : 1/p _el/p —
— i P{(u/a)" min (V- €/ > 2| = Pléa, > o}

On the other hand it is easy to see that the configuration w = {n,,n > 1} has the
Poisson distribution with intensity measure )\ax“_ll(o,oo)(z)dx. Furthermore we
note that

3.7 Jim P {M([0,7]) = M([0,7"]) = M([0,00))} = 1.
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Therefore
d .
(0.r). P 2 { iy (i = ). P,
where “%” means the equivalence in law and consequently (3.6) and (3.7) imply
(3.5).

Now we prove (3.4). Take a small ¢ > 0 and let N7 and N7 be Poisson
random variables with means n(1 +¢) and n(1 —¢), respectively. We assume that
{Xp,n > 1} and {N,f, N, } are independent. We put

M: = min 'Xz - Xj,, Mn_ - min le - XJ‘
1<i<G<N,T 1<i<G <Ny
Then

(i) Mf <M, <M, ifN; <n<N}].

(i) lim, 0 P{N, <n < N}} =1

(iii) {ME, P} £ {M([0,00)), Pa14e)}-

(iv) limy_oo P{nVA(1 £ e)V/EME > 2} = P{¢, , > z}.
Therefore

P{n* M >z} < P{nY*M, > z} + 0o(1) < P{n**M; > z} + o(1),
where o(1) converges to 0. Making n tend to oo we obtain

P, > 1+ Yz} < lim P{n**M, >z}

n—oo

< lim P{nl/“Mn >z} < Pléep>(1- 5)_1/“3:}.

n—00

Since € > 0 can be made arbitrarily small, we obtain (3.4). O

3.2  FEzample 2
We consider the case where the common probability density f of i.i.d. Xj's is
given by

=0 for x < 0,
~ agzk! as z |0,
)elL? on [g,1 —¢] for any 0< e < 1/2,
fla): ~a_(1—z# "t  aszll,
~ap(z -1 as x|,
€ L? on [l +¢,00) for any £ > 0,

where a9, a_, a4 are positive constants and 0 < pu < 1/2. To state the result we
need some auxialiary random variables. Let

0.0 ..+ 4+ o= -
TysToye 3Ty 3Ty yee oy T 5T e
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be i.i.d. random variables whose common distribution is the exponential one with
mean 1 and put

53:T{)++Tga

e = totT, =T et

§o = inf{(&n0)"/* = (6"},

& = (€0 - (D) € = mf (&)Y ~ (&)™),

n=((1/a0)'/#€0) A ((n/a+)"/#€4) A ((n/a-)'"E-)
A/ ) VRN + (/o) ED) MY

THEOREM 3.2. For anyz > 0,

(3.8) lim P{n'/*M, > z} = P{n > z}.

n—oo

3.3 Ezample 3

This is the case where y = 1/2 in Example 1. We use the notation in Exam-
ple 1. We treat only the special case where f(z) = az~1/2, 0 < & < 7y, for some
o > 0; the general case where f(x) ~ az~1/2 can be treated easily. Let > 0 and
0 < e <1 and consider the events

. T
A= {15122}%(77”“ =) > A? log/\} ’

) T
Ao = {, i (s ) > e b () < M <m0,

where n_()) = 2)\a1~é/2(1 —€), ny(A) = 2)\ar(1)/2(1 +¢)and 1 < k <n_(X\). Next
we put

— . X
PA,k = P{ min (7771+1 — ’I’]n) > m} y

k<n<n_())

z
P,,=P i - > 7.
=k {kgnrggi(,\) (1 = 1) A2log A }

Then we can prove that

exp{-2a°¢(1+¢)*} < lim lim Py, < lim lim P(Ayx) < lim P(A,)
k—o0 A—oo k— oo A—00 A—o0
< i, PO < Jim Jim P(Asi) < Jim Tz P
< exp{—2a°z(1 —¢)7?}.
Since € > 0 can be made arbitrarily small we obtain

(3.9) lim P(A,) = exp{—2a°z}.
A0
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Once the result (3.9) is obtained we can proceed as in the proof of Theorem 3.1
to obtain the following results:

(3.10) /\lim Py{X2(log \)M([0,7]) > z} = exp{—2a®z}, r >0, z>0,
(3.11) lim P{n2(logn)M, > z} = exp{—2a%z}, z>0.

The case of the arcsine law can be discussed by a method similar to that of Ex-
ample 2. The limit distribution is exponential.

3.4 Ezample 4
Finally we treat the case where the common distribution of i.i.d. X’s is the

Beta distribution with density

Tp+v) . -
flz) = Ww Y1 -z ! for z € (0,1),

0 otherwise,

where p and v are positive constants. The result in this case is a special case
of Theorem 3.1 and Theorem 3.2. Since the limit distribution we are interested
in depends symmetrically on p and v, it is enough to consider the case where
1 > v. Let 4 and n_ be independent copies of (uI'(11)2/T'(2u))Y/* - € where € is
defined by (3.4) and denote by ®, and ¥, the probability distributions of 7 and
min{n4,n-}, respectively. Then the result is summarized in the following table.

Table 1.

Case Normalized random variable Limit distribution
1
3 <p<v n2Mp Exponential distribution
1
3 = H <v n?(logn)Mp Exponential distribution

1 1/
O<u<5,u<u nt/ My e,

1 Y
O<u=rv< 3 n/#* My Y,
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