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Abstract. This paper deals with the joint and marginal distributions of
certain random variables concerning the fluctuations of partial sums N, =
e1+ea+-+er,r=1,2,...,n; No = 0 of independent Pascal random variables
€1,€2,...,En, thus generalizing and extending the previous work due to Saran
(1977, Z. Angew. Math. Mech., 57, 610-613) and Saran and Sen (1979, Math-
ematische Operationsforschung und Statistik, Series Statistics, 10, 469-478).
The random variables considered are A%, ¢, 5, Z,, and max; <,<n(N,—r)
where ¢ = 0,1,2,... and A, ¢/ and Z, denote, respectively, the number
of subscripts r = 1,2,...,n for which N, =r +¢, No.-1 = Nr = r £ cand
N,_1 = N,.

Key words and phrases: Pascal random variables, partial sums, lattice path,
rotation procedure, random walk, composed path, ballot problems.

1. Introduction

This paper is a continuation of two papers (Saran (1977), Saran and Sen
(1979)) and deals with the derivation of joint distributions of certain random
variables concerning the fluctuations of partial sums of independent and identically
distributed (i.i.d.) random variables.

As in Saran (1977) and Saran and Sen (1979), here also we consider the se-
quence €1,€3,...,&, of i.i.d. random variables where ¢, denotes the number of
failures between the (r — 1)-th and r-th successes (before the first success when
r = 1) in a Bernoulli sequence with p (0 < p < 1) the probability of success and
g = 1 — p the probability of failure in a single trial so that

(1.1) ple,=j}=p¢, j=0,1,2,....

Let us denote by
Asf): the number of subscripts r = 1,2,...,n for which N, =r +¢,
(). the number of subscripts r = 1,2,...,n for which N,_; = N, =r +¢,
A:L(c): the number of subscripts » = 1,2,...,n for which N, <r +¢,
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Zyn: the number of subscripts r = 1,2,...,n for which N,_; = N,

where N, = ¢ +ex+ - +¢e,, v = 1,2,...,n and Ny = 0. In this paper we
propose to investigate, for a non-negative integer ¢, the probability distributions
of the vectors {¢v£f), Zn}, {d)ﬁfc), Zn} and {Agc),Zn,ma‘xlsrgn(N,. —r)}, and the
marginal distributions derived therefrom under the condition that N,, = k is fixed,
thus generalizing and extending the earlier work in Saran (1977) and Saran and Sen
(1979). These distributions were derived by employing the Gnedenko’s technique
(Gnedenko and Korolyuk (1951)) of path methods as used by Csaki and Vincze
(1961), Sen (1968, 1969), Saran (1977) and Saran and Sen (1979) and the method
of composed paths introduced by Srivastava (1973) and Vellore (1972). Finally, we
give some applications of these results in deriving the generalized ballot problems
(Takaes (1967, 1970)).

2. Lattice path, random walk and rotation procedure

Let N, =e;+es+--+e,r=12,...,n, Ng=0and N, = k. Then

) n+j—-1 . )
(2.1) P{Nn=J}=< ni] )pnq], i=012,....
Let us represent the sequence €,¢€9,...,&, of non-negative integers by a minimal

lattice path in the following manner: (i) the path starts from the origin; (ii) for
every r, £, represents one horizontal unit followed by e, vertical units. The section
of the path contributed by ¢, starts where the section of the path contributed by
er—1 ended (see Fig. 1). Such a path from (0,0) to (n,N,) is called a minimal
lattice path (see Mohanty (1966)).

0
(

-

Fig. 1. Lattice path for the sequence €1 = 2,e2 =0,e3 =1,64 =2,e5 = 1,66 =0,
g7 =0,eg=1.

One can observe from (1.1) and (2.1) that the sequence €1, €2, . . ., &5 of Pascal
random variables possesses the property of all possible lattice paths from (0, 0) to
(n, k) to be equally probable each with a probability

-1
7 = P n — .
r'q (n_1> {N. =k}
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Let 81,65, ... be independent random variables associated with the outcomes
of a Bernoulli sequence as follows:

g — -1 if the ¢-th trial gives success,
T+ if the 4-th trial gives failure, i=1,2,...,

with P{gz = —1} =D, P{Bz = +1} =q= 1—p. Let S(] = 0, S,; = 91+92+"'+9i,
it =1,2,.... If the points (i, S;) are represented in a plane and each of them is
connected with the next one, we get a “simple random walk” path generated by
the sequence {4;}.

Further, in the following the random walk path defined above is said to have R
runs if the total number of changes from positive direction to negative direction and
vice versa is R — 1. We shall use in the sequel the notion of a “composed path”,
introduced by Srivastava (1973) and Vellore (1972), different from the ordinary
path as defined above. A composed path is made up of runs (6,41 =6;;40=--- =
0i,0., 5 =0,1,...,R— 1, ig = 0) where two consecutive runs are not necessarily
of different kind (i.e., 8;; # 6; 11 need not hold). To specify a composed path, its
runs are to be previously specified (cf. Srivastava (1973), Vellore (1972)).

It is important to note that among the n non-negative variables €1,¢9,...,¢€n,
if exactly m (< n) assumes the value zero at each, then the corresponding lattice
path {(defined in Fig. 1) will have either 2n — 2m or 2n — 2m — 1 changes from
a horizontal to a vertical direction and vice versa according to whether ¢,, equals
Zero or not.

The “rotation procedure” used in the sequel is defined as follows: On the
rotating of the lattice path from (0,0) to (n, k) (Fig. 1) about the origin through
45° in a clockwise direction and referring to the line N, = r as the z-axis, we
observe it is equivalent to a simple random walk from (0,0) to (n + k,k — n)
starting with a negative step, i.e., with S; = —1 (see Figs. 1 and 2).

ol NN
N

(15,-1)

Fig. 2.

We shall also use in the sequel some of the path operations defined by Saran
and Sen ((1979), Section 5).

3. Notations

The following symbols will be used.

Ep.n: arandom walk path (Sy,S1,...,Sm) from (0,0) to (m,n), i.e., with
S =n.

V® point: a point (,5;) of an E. »n path for which S; = ¢t. This is called a
return to the line y = ¢.



776 JAGDISH SARAN

W = ¢-wave: the segment of a path included between two consecutive V()
points.

Wit) (Wit)): a t-wave with S; > ¢ (9; < t) at the intervening positions called
a positive (negative) t-wave.

T® point: a point (i, S;) of an E,, , path for which S; = t and S;_; - S;41 =
t? — 1. This is called a crossing or intersection of the line y = ¢.

S_(:) (S(_t)): the segment of a path included between two consecutive T(?)
points with S; >t (S; < t) at the intervening positions.

Si): an Sg_t) for some t.

Eﬁ,n: an E,, , path having R runs.

ERt (EE7): an ER  path starting with a positive (negative) step.

EfH (Eﬁ;lt . an EEY (EE-) path having I T*) points.

m,n,t
R+,l,p R",l,P . R+,l R—,l . t .
Epnt (Bmnd ) an B0, (Em,n,t) path having p V® points.

FZr+3: acomposed path from (0,0) to (m,n) starting with a positive step,
having r positive runs and j + r negative runs where the last j runs are negative
and the remainder of the runs alternate, and the (j + 1)-th run from the end being
negative.

FZ-: a composed path from (0,0) to (m,n) starting with a negative
step, having r positive runs and j + r negative runs where the first j runs are
negative and the remainder of the runs alternate, and the (j + 1)-th run from the
beginning being negative.

,(nz, r=1)=J. 4 composed path from (0, 0) to (m,n) starting with a negative
step, having r — 1 positive runs and j + r negative runs, where the first j runs are
negative and the remainder of the runs alternate, and the (j + 1)-th run from the
beginning being negative.

F2rbpnd: an F2rii path having | T®) points.

N(A): the number of all possible random walk paths of type A, e.g.,
m+n 1 m-n 1
wezn - ()
! r—1 r—1

Nla,B,...,Ny]): the number of lattice paths from (0,0) to (n,N,) having
characteristics a, 8, ..., e.g. N| £f) = 4, Zn = m, N, = k| = the number of lattice
paths from (0,0) to (n, k) with ¢'* = j and Z, = m.

4. Some auxiliary results

Srivastava ((1973), (3.1), (3.2)), for short hereafter denoted by Srivastava
((3.1), (3.2)), proved that for & > 0,

20,5y _ (k-1 (n—k-1\ (n+k-1)/n—k-1
(4.1) N(Fapako”) (r—l rbj—1 r_9 rri )

We can easily show that for & > 0,

2r+,0,,3 . n+k\/n—-k-1 3 n+k\/n—k—1
(4.2) N(F5 1 akh10) = (r B 1) (r v o v )
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To prove (4.2), we consider the reversed path (i.e. apply the y-operation (Saran

and Sen (1979), Section 5) on an Fggjfg,;{rl,o path) and observe that

2 +y0y‘y' — 27—, 2 T1¥sTy /
N(F2:+1,2kﬂ-1,0) - N(F2::+1,213+1) - N(F27:,‘+lt2k€}-l,2k+1)

where F;;;ifé',’f_l_ly% +1 denotes an For 7 | path crossing the line y = 2k + 1
at least once. Let P be the point of the F;;;ité‘lg-{—lgk +1 bath where its first
(4 + 1) negative runs end. To determine the number of such paths we apply a
transformation at the last point of intersection, say @}, of the path with y = 2k +1.
Change the order of the 8’s of the segment from P to Q (i.e., apply y-operation)
and then reflect the remaining portion of the path beyond @ about y = 2k + 1
(i.e., apply B-operation (Saran and Sen (1979), Section 5)). The result is an

r—1)—,-,,7 . k — —_
Fz(i +1T2)k+’i *1 path and the number of such paths is (n + ) (n k 1). The

r—2 T+7
e . . k —-k-1 )
number of F22n +’1"2’,g +1 Paths is obviously (: -l__ 1) (7; +im 1). This leads to the

required result (4.2).
Combining (4.1) and (4.2), we have the following

LEMMA 4.1. For n >0,

2r+,0,-,7 m+n_1 m—n_l

(4.3) N(an’o”3)= 2 2
w r—1 r+j5-1
m+nw m-—n

(2000

Using (4.3) we now prove the following

LEMMA 4.2. For t > n,

N(Em22")
(mtn m-n .
(4.4) ( 2 t 1)( 5 +t—p 2)
r—1 r—p—1
m+n m-—n
—t—=1\/—/—+t—p—2
—< 2 t )( 2 P ) p>1
.y T r—p—2
m+n_1 m—nﬁl
(4.5) ( 2 )( 2 )
r—1 r—1
m+n m-n
_ 2 -1 5 +t-2 ’ p=0
\ r r—2 ’
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N(E(2‘I‘+l)—,0,p)

m,n,t
( m+n m-—n
—t—1 —p—
(4.6) ( 2 )( g ti-p 2)
r—1 rT—p
m+n m-—n
—t—-1\/——+t—-p-—-2
(T L) e
_j r r—p-1
- m+n m-n
-1 _
(4.7) ( 2 )( P 1)
r—1 r
m-+n m-n
— —+t-2
(70T e
\ Ia r—1

and fort =n > 0,

m+n m-n
—p-1\/—— -1
(7.0
r—p r—1
(4.8)  N(EX 0Py = min g\ men
- 2 , p21
r—p—1 T
L0, p=0

PROOF. To prove (4.4) for p > 1, let 0010203P1Q104P,Q3 - -- R (Fig. 3)
be an Efnr ;:2 *? path (¢t > n) with O, as the point where its first negative run
ends and O, and O3 be the first T(~1) and the first V® points, respectively, thus
dividing the path into four segments, viz., 001, 0102, 0203 and O3R. Now we
apply the following transformation to the segment O R, shifting its starting point
01 to the origin, and then attach the segment OO, at the end of the transformed
segment O; R. The last segment so attached is counted as a separate run (as done

in a composed path).

N,
d N
03 A~ 04 A~ A A s \‘R'(m,Zf-n)
A V7 i VS 74 A

[P

AN

04

Fig. 3.

By reversing the order of 8’s of the segment O,0; (i.e., applying y-operation),
we get the segment 0,0, (see Fig. 4) which does not cross the z-axis. Remove
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0205 and reflect about y = ¢ the segment O3 R (i.e. apply -operation) as shown
by the dotted lines in Fig. 3. Now the segment O3 R thus obtained contains (p—1)
Wf). Let h (0 <h<p-—1)outof (p—1) Wf) be of length two each, i.e., each
having two runs as well. Draw a line y = ¢ + 1 and remove the portions of the path
between y =t and y = ¢t + 1. Then, joining the remaining segments end-to-end

in order, at the end of the segment 020, we get an :L(S: ;tl_):fé"’ol path having

p—h-—1 8" with terminal points at Q1,Q2,-..,Qp—n—1 (see Fig. 4).
+ P

N
‘\{0

»
R (m-2py2t-n-2)

Fig. 4.

We further transform the path so obtained (Fig. 4) as follows. Keep the
segment 0201 P, unaltered. Then after removing the portions P,Qq, P2Qs,.. .,
Py p-1Qp-n-1, attach in order, the remaining segments P2, Q2Fs,...,
Qp—h—2Pp_n—1, and Qp_p_1A4 to the end P;. Then attach to it in order, the
segments Pp_p_1Qp_n_1,...,P2Q2, P1Q1 and AR" (see Fig. 5). Part of the trans-
formed path between the origin and its last turning point is considered to be an
ordinary path (where a “turning point” is a point where the path changes its di-
rection from positive to negative or vice versa). In the remaining part, the run end
points are kept as they are, moreover each straight segment thus attached forms
a separate run. The result is an Fi(i;; )27:’_0;_1"2_ » path (see Fig. 5). A one-to-one
correspondence can be easily established (cf. Srivastava ((1973), p. 215)). Hence,

since any h out of (p — 1) Wf) can be of length two each,

p—1

r—,0, p—1 2(r—p)+.,0,,p—h

NE 8 =3 (P NE S, e
h=0

leading to (4.4) using (4.3). Likewise (4.6) and (4.8) can be established. To derive

(4.5) and (4.7), let Efl_n’; be an ER~ path crossing the line y = ¢ at least once.
Then from results (2.3) and (2.6) of Vellore (1972), we have

m-—n m+n
2r4+1)— % +t—1 -t-1
(49) e = (7 2

and

ay vem=(2 (T2 )
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R (m-2py2t-n-2)

Fig. 5.

respectively. Thus, for p =0
N(E2T-,0,0) — N(E,'zr;’:,;) _ N(E21‘—,* )’

m,n,t m,n,t—1

leading to (4.5) using (4.10). Similarly (4.7) follows immediately from (4.9). This
completes the proof of Lemma 4.2.

In like manner, one can easily prove the following

LEMMA 43. Forn>0,p>0

m+n‘p_2 m—n~1
wiy  NEEn = (72 (o)
r—p—1 r—1
m+n m-—n
—p—29 -
(2,507 7))
rT—p-—2 T
m+n _9 m—n~1
(4.12) N(Eﬁfzf&)*’°‘”>=( 2, )( ; )
r—p r—1

and

(4.13) N(EZ57) = p (n -p- 1) (n - 1)‘

T rT—p

5. Some joint distributions

THEOREM 5.1. Forc=0,1,2,...and0<j<m<n—j,

n+k-1 .
CR LU SRR AR

_ n+c k—c—1
T \n-m-j/\n-m+j-1



SOME JOINT LAWS IN FLUCTUATION THEORY 781

_( n+c. ><k—c—1.>, O<k<ntec
n-m-—j—1/\n—m+]

+k-1 o -

_ k-1 n
T \n-m-j-1/\m—j
k-1 n
— >
(n—m—j—2>(m—j—1)’ k2nte

provided the left-hand sides are defined.

and

(5.2)

Proor. To prove (5.1), we have for 0 < k< n+c

(5.3) N[ = j, Z, =m, N, = k|
= N[¢© = j, Z, = m e, > O, N, = k]
+ N[¢© = j, Z, = m,e, =0,N, = k.

The first factor on the right-hand side of (5.3) involves the enumeration of lattice
paths from (0,0) to (n,k), 0 < k < n + ¢, having exactly j horizontal crossings of
the line N, = r + ¢ and 2n ~ 2m — 1 changes from horizontal to vertical direction
and vice versa (see Fig. 6). Applying the “rotation procedure” (see Section 2) to
the path in Fig. 6, the result is an E:(fk_ ,;"_); ’62’ path (see Fig. 7). In a similar
manner it can be shown that the second factor on the right-hand side of (5.3)

E(2n—2m+1)-—,23'). Hence for 0 S k<n +c

equals N( etk k—n.c

c : 2(n—m)—,2j 2n—-2m+1)—,2j
N[ = j,Zn =m,N, = k] = N(Ens-k,k—)n,cj) + N(Er(z+k,k—:,c) 7),

leading to (5.1) using Srivastava ((4.12), (4.13)) which are given for even n + k
and k — n but can easily be proved to be true for any n + k and k£ — n.

N4 (nsk)

c// c S L (n+ky k-n)
NI \v/ AV

Fig. 6. Fig. 7.
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To prove (5.2), we have for k > n+¢

N($Y = j, Zn =m, Ny =k| = N[${9 = j, Z, = m, e, > 0, N,, = k|
+ N{$ = j,Zp = m, e, =0, Ny, = k]
2(n—-m)—,2j - —,2j
= N(BX[mm= 24y 4 N(BEnima - 2041

leading to (5.2), for k > n + ¢, using Srivastava (4.2) and Srivastava ((4.4) for
j=0). Andfork=n+c

N¢Y) =j,Zn=m,Np=n+c = Ng{) = j, Z, =m,en >0, Ny =n+
+N[¢$LC) :j,Zn =m,ep = 07Nn = n+c]
_ N(Ez(n—m)—,2j) +N(E(2n—2m+1)—,2j+1)’

2n+-c,c,c 2n+c,c,c

leading to (5.2), for £ = n + ¢, using Srivastava ((4.7), (4.9)). This completes the
proof of Theorem 5.1.

Deductions. (i) For ¢ =0, (5.1) and (5.2) verify result (6) in Saran (1977).

(ii) Summing (5.1) and (5.2) each over m and using the summation formula
in Feller ((1968), Chapter 11(12.9)), for short hereafter denoted by Feller (12.9),
we get for c=0,1,2,...

CONEN S TR
n—k+2c+4j+1/n+k+1
= <
ntk+1 (k—c—%)’ O<k<nte
and
k-1
CO I e L R

_k-n+4j+3(n+k+1
T n+k+1 n—2j—-1

), k>n+e,
which respectively verify results (6) and (7) in Saran and Sen (1979) for ¢ = 0.
THEOREM 5.2. Forc=1,2,...

(5.6 <n+k—1

)P{qs;‘c’:j,zn:mlzvn:k}
n—1

_ k-1 n
T \n-m+j5-2/\m+j-1

_( k-1 )(71), 0<k<n-—ec
n—m+j3j—1/\m+j

and
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57) (n +k-1

)P{Qﬁr(z—c):jvzn:man:k}
n—1
_ n-—c k+c—1
T \n-m+j-1)\n-m—j
LA e
n-m+j/\n—-m-j-1
provided the left-hand sides are defined.

Proor. For 0 <k <n—c, we have

(5'8) N[¢£z_c) =7, Zp =m,Ny, = k]
= N[¢7? = §, Zn = m,en > O, N,, = k|
+N[¢9) = j,Z, = m,en = O, N, = k.
The first (second) factor on the right-hand side of (5.8) involves the enumeration
of lattice paths from (0,0) to (n,k), 0 < k < n — ¢, having exactly j horizontal
crossings of the line N, = r —¢, and 2n—2m—1 (2n—2m) changes from horizontal

to vertical direction and vice versa (see Figs. 8 and 9). Applying the “rotation
procedure”, the right-hand side of (5.8) equals

2(n—m)—,2j—1 (2n—2m+1)—,2j-1
N(En-l"-?’k,—(n—k]),-c) + JV(ETH,?I‘:,—('n,—k:),-é7 )’

which applying the S-operation reduces to
2(n—m)+,2j—1 2n—2m+1)—,2j—1
N(En(-l-k,rrz.n-?k,cj ) + N(ET(Lfk,n—k,C) 7 )’

leading to (5.6} using Srivastava ((4.2), (4.3)).

< ;I(n)k) 4( (nyk)
K [ e(
é(

Fig. 8. Fig. 9.

To derive (5.7), there arise the following three contingencies corresponding to
different values of k, viz. (i) k = n—c¢, (ii) n—c < k < n, (iii) k > n. Using similar
arguments as in the proof for (5.6), we have for k = n — ¢,

N[¢‘$l_0) =J,4n =m, Ny =n-c]
_ N(EQ(n—m)+,2j—1) + N(E(2n—2m+1)+,2j)

2n—c,c,c 2n—c,c,c
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and, forn —c< k <n,

N[¢$® = j, Zn = m, N, = K|

2(n—m)+,25 2n—2m+1)+,25
= N(En(rk,;n—)k,c]) + N(ET(L:k,nTk,c)+ J)7

leading to (5.7) for Kk = n — ¢ and n — ¢ < k < n, respectively, using Srivastava
((4.6), (4.8), (4.11), (4.13)).
For k > 1, we have

(5.9) N[#O = j, Zp =m, Ny = k]
= N(EXT M%) + N(ESL 0™,

To evaluate the first factor on the right-hand side of (5.9), let OQ1P,Q2P2Qs - - -

Pyj_1Q2;R (Fig. 10) denote an Eflf,c—;"_);f’c path where Q1,Q2,...,Q2; are the
points of intersection of the path with the line y = —c and P, P,..., Py
as the last turning points of the path before intersecting the line y = —c at
@2,...,Q2;. Let the coordinates of Q; be (g, —c). Now we apply the following
transformation. Concerning the section of the path between O to Q;(g, —c), let
us first alter the signs and then the direction, i.e., we replace 61,0,,...,60; by
—04,—04—1,...,—61. Then, to the end of the transformed segment OQ; attach
in order the segments Q1 P, Q2Ps,...,Q2j-1Pj—1,Q2;R with the signs of the
@’s changed for all such segments lying below the line y = —c. Then attach
to this path, in order, the remaining segments Pp;_1Q2;, P2j_2Q2j-1,- - -, PAQq,
again, such that the direction of all those segments lying below the line y = —c is
changed. As in the proof of Lemma 4.2, part of the transformed path (Fig. 11)
between the origin and its last turning point is considered to be an ordinary path.
In the remaining part the run end points are kept as they are, moreover, each
section attached forms a separate run. The result is an Fjgflk_,:'i ;’lec)g 00252
path (see Fig. 11). By reversing the procedure a one-to-one correspondence can

be easily verified.

R(n+kyk-n)
0k— DL
\/x?‘ 2 /
c PAVAN Y= _c
(q',-c P1 Pz-
i1
Fig. 10.

. 2n—2m+1)—,2j
In a similar manner a one-to-one correspondence between Ev(l k k'_n,t _)c 7 and

Fig’k—,:'i ;J:;lc);' 0231 paths can be established. Thus the right-hand side of (5.9)
equals
2(n—m—j+1)+,0,,25-2 2(n—m—j+1)+,0,,25—1
N(Fn-(l—v;c,lﬁnzl-Qc?O ’ ) + N(Fn+k,kn1nj+20,0 7 )7
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AN
5y
NP NS
: v
oV N

\!

(n+ksk-n+2¢)

Fig. 11.

which, using (4.3) leads to (5.7) for k > n. This completes the proof of Theorem
5.2.

Deduction. Summing (5.6) and (5.7) each over m and using Feller (12.9), we
getforc=1,2,...

n+k-1 e ,
U G S RN
n—k+4j-3/n+k+1
- — < —
ntk+1 (n+2j—1)’ Osk<n-—c
and
n+k-1 _ .
G A LR R R A

k—n+2c+47-1(n+k+1 k>
= n—c.
ntk+1 k+c+2j) =TT

THEOREM 5.3. For0<k<n+e,
<n+k -1

(5.12) o

)P{Aﬁf) =5,A29) =n,Z, =m| N, = k}
((n+c—Fj—1N\[k—-c-1
m+c—-1 n—-m-1
_(n+c—j—1)(k—c~1) i>1
_J m+c n—m
k-1 n
n—-m-—1/\n—m

_(n+e-1 k-c 0
{ n—-m-1/\n—-m)’ J=
and for k =n+c,

2n+c¢—1
n-—1

(5.13) )P{Agﬁ =5, =nZ, =m|N,=n+c}
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n+c—j—1\fn-1
m+c—1 m
= -7-1 -1
_(n+c j )(n >’ i1
m+c m-—1

0, =0

wherec=1,2,... and 0 <m < n —j.

Proor. For 0 <k <n+ ¢, we have

(5.14) NA® =5 A =p Z, =m, N, =k
= NAP = j, A1) =n, Z, = m,e, > 0,N,, = k]
+N[A§f) =j, A;;(C) =n,Zn, =m,e, =0,N, = k.

The first factor on the right-hand side of (5.14) involves the enumeration of lattice
paths from (0,0) to (n,k), 0 < k < n + ¢, having exactly j vertical contacts with
the line N, = r + ¢, (2n — 2m — 1) changes from horizontal to vertical direction
and vice versa, and never rising above the line N, = r + ¢ (see Fig. 12). Applying
the “rotation procedure” to the path in Fig. 12, the result is an Ezgfk_,:"_); ’Co’j path
(Fig. 13). Similarly, the second factor on the right-hand side of (5.14) can be

shown to be equal to N(E,(f_f,c_’,f'f;i)-’o’j). Thusfor 0 <k <n+c

NAY =5,A%9) =n, Z, =m, N, =k

2(n—m)—,0,j 2n—2m+1)-,0,5
= N(BXr I —07) 4 N(ECn ImtD=0d),

leading to (5.12) using (4.4) to (4.7).

@ Q.o Q}
<
{n+kyk—n)
L N N
N N
Fig. 12. Fig. 13.

Now N, = n+ ¢ and A;(C) = n imply that £, > 0. Thus by the “rotation
procedure”
NAY) =5, A =n, Z, =m,N, =n+ |
= N[A® =5, A =n, Z, =m, e, >0, N, =n+ ]
_ N(EZ(n—m)—-,O,j),

2n+c,c,c
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leading to (5.13) using (4.8).

Deductions. (i) Summing (5.12) and (5.13) each over j from 0 to n — m and
using Feller (12.6), we get for e =1,2,...

~1
(5.15) (””“ )P{ max(Nr—r)gc,Zn=m|Nn=k}
n—1 1<r<n

( k-1 n
n—m-—1/\n—m
k—c—1
—( nte )( ¢ ) 0<k<n+ec
n—-m-—1 n—m
n+c—1 n-—1
n-m—-1/\n-m-—1
(n+c—1>(n—l>
- , k=n+c,
L n—m-—2/\n—m
which is in agreement with (12) in Saran (1977).

(ii) Summing (5.12) and (5.13) each over m and using Feller (12.9), we get,
respectively, for c=1,2,...and 0 < k < n+e¢,

(5.16) (n :;f; 1) P{AD) = j, AX©) = n | N, = k}
n—k+]f2c<n+k—j)’ i>1
_ n+k-—j n+c
B <n+k—1> <n+k—1) :
- ?]:O
n—1 n+c
and
-1
(517) <2nn+.c 1 )P{Aﬁf)=j,A:;<°)=n1Nn=n+c}
JLL(zn+c_j), ji>1
=4¢ 2n+c—j n+c
0, j=0.

(iii) Setting j =0 in (5.12) and (5.13), we get for c = 1,2,...

(5.18) ("+k_1>P{ max (N,—r)<c,Zn=m|Nn=k}

n—1 1<r<n

_ k-1 n
T \n-m-1/\n-m
_(n-i-c—l)(k—c), O<k<nitc
n-m-1/\n—m

(iv) Summing (5.15) over m and using Feller (12.9) or summing (5.16) and
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(5.17) each over j from 0 to n and using Feller (12.6), we get for c = 1,2,...
n+k—1
n+c+1

n+k—-1\’
n—1

0<k<n+c

(6.19) P{N,<r+cforr=1,2,...,n| N, =k} =1-

(v) Summing (5.18) over m and using Feller (12.9) or setting j = 0 in (5.16)
and (5.17), we get for c =1,2,...

(n-i—k—l)
(5.20) P{Nr<r+cf0rr=1,2,...,n|Nn=k}=1————nj——c——

n+k—-1\’
n—1

0<k<n+ec

THEOREM 54. ForO<m<n—jand0<k<n,

k-1
(5.21) (”:_1 )P{A,‘f): 5, A0 =p Z, =m| N, =k}
_(n—-j-1 k-1
T \n-m~-j/\n-m-1
() e
n-m-j—1/\n—m
and

(5.22) (2: _11)P{A§f’> =4, A0 =, Z, =m|N, =n}
R ) A R
n—-m\n—-m-j/\n—-—m-—1

PrROOF. Similarly as above, we have by the “rotation procedure”, for
0 <k <n,

NAD = 5,030 =n, Z, = m, N, = k]
_ N(E2(n—m)——,0,j )+N(E(2n—2m+1)——,0,j)

n+k,—(n—k),0 n+k,—(n—k),0
_ 2(n—m)+,0,7 (2n—-2m+1)+,0,5
- N(En+k,n—k,0 ) + N(En+k,n—k,0 )’

by [(-operation, leading to (5.21) using (4.11) and (4.12).
Further, it is obvious that

NAD =4,A30 =n, 2, =m,N, =1
=NAD = j,A:0 =, Z, =m, e, >0, N, =7
n—-m)—,0,4
= N(ngz,O,(;n) J)v
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leading to (5.22), using (4.13).

Deductions. (i) Summing (5.21) and (5.22) each over j from 0 to n — m and
using Feller ((12.6), (12.16)), we get

(5.23) (“““1 )P{max( 1)< 0,2, —man—k}

n— 1<r<

(L)
TSN RS Rperes

Comparing (5.15) and (5.23) we observe that (5.15) holds good for ¢ = 0 too.
(ii) Summing (5.21) and (5.22) each over m and using Feller (12.9), we get,
for 0 <k <mn,

n+k-1 A e
(5.24) ( o )P{A@: 7,850 —pn | N, =k}
_n—k+jfntk—j 50
Cn+k—j n  J=n

(iii) Summing (5.23) over m and using Feller (12.9), we get

3 k(k—1)
n(n+ 1)
for 0<k<n.

(5.25) P{N,<rforr=1,2,...,n| N, =k} =

(iv) Setting 7 =0 in (5.21) and (5.22), we get for 0 < m < n,

(5.26) (anII)P{lrgax (N, —7) <0, 2, —man_k}

_(n-1 k-1

T \n-m/\n-m-1

_( n-1 )(k‘l), 0<k<n.
n-m-—1/\n—m

6. Application of the results in deriving ballot problems

Summing (5.26) over m and using Feller (12.9) or setting j = 0 in (5.24), we
get

(6.1) P{NT<rf0rr=1,...,n|Nn=k}=1—§, for k=0,1,...,n,

verifying Takacs’ lemma ((1970), (1), p. 360) only for i.i.d. random variables, which
is a generalization of the classical ballot theorem formulated below.
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Suppose that in a ballot candidate A scores a votes and candidate B scores b
b
votes and that all possible (a : ) voting records are equally probable. Denote by

o, and G, the number of votes registered for A and B, respectively, among the first
r votes recorded. Let i be a non-negative integer. Define the random variables
ve, 7= 1,2,...,a + b, as follows: v, = 0 if the r-th vote is the cast for A and
vy = (u+1) if the r-th vote is the cast for B. Then 14, v, ..., V44p areii.d. random
variables, taking non-negative integers for which vy + vp + -« + vgqp = b + 1).
Set N, = vy +uve+---+v.forr=1,2,...,a+band Ny = 0. Since N, = (u+1)5,
and r = o, + 3, for r = 1,2,...,a + b, the inequality «, > uf, holds if and only
if N, < r. Thus putting n =a + b and k = b(u+ 1) in (6.1), we get

a— ub
a+b’

(6.2) Plo, >pBforr=1,2,...,a+b| Noyp = b+ 1)} =

for a > pb, thus verifying the classical ballot theorem (Takécs (1967), (1), p. 2).

Similarly other results may also be applied in deriving the generalized ballot

problems, The random variables Agf), sf), q&;—c), A;;(C) and Z, are equivalent to

certain characteristics of the ballot problem as follows:
A£C+)b: the number of subscripts r = 1,2,...,a + b for which a, = pf8, — ¢,

¢fi?: the number of subscripts »r = 1,2,...,a + b for which o, = pg, Fc¢

but a1 = pBr_1 Fc—1and B,_1 = Gy,
A*(c,)]: the number of subscripts r = 1,2, ..., a + b for which a, > p8, — ¢,

a+

Zayp: the number of subscripts r = 1,2,...,a + b for which 8,1 = 3.
Acknowledgements
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