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Abstract. Differential geometrical structures (Riemannian metrics, pairs of
dual affine connections, divergences and yokes) related to multi-step forecasting
error variance ratios are introduced to a manifold of stochastic linear systems.
They are generalized to nonstationary cases. The problem of approximating
a given time series by a specific model is discussed. As examples, we use the
established scheme to discuss the AR (1) approximations and the exponential
smoothing of ARMA series for multi-step forecasting purpose. In the process,
some interesting results about spectral density functions are derived and ap-
plied.
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1. Introduction

Differential geometrical methods in statistics have been clearly established
(Barndorff-Nielson et al. (1986), Amari et al. (1987), Kass (1989)). In Barndorff-
Nielsen et al. (1986), it was pointed out that applications of differential geometry
to time series models raised special problems, and they particularly posed the fol-
lowing questions: are differential geometric notions useful in connection with pre-
diction of future observations and with behavior under incorrect models? Amari
(1984, 1986, 19874, 1987b) discussed differential geometrical structures on a man-
ifold of linear systems. He introduced a Riemannian metric, a system of affine
connections—a-connections, and corresponding a-divergences.

For a stationary zero-mean Gaussian process

(11) Xy = Znuft—m

u=0

where ko = 1, all the k,’s are real, Y oo (k2 < oc and {¢;} is a series of Gaussian
white noise with variance ¢2, it is well known that its spectral density function is

(1.2) S(w) = g—;h(w)
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for w € [-m, 7|, where

00 2

E K:ue—zuw

©u=0

(1.3) h(w) =

The infinite-dimensional manifold L considered by Amari consists of all the {X;}’s
in (1.1) with its spectral density S(w) continuous and satisfying

(1.4) 0 < S(w) < 0.

Since we are only interested in the stochastic properties of {X;}, which are com-
pletely described by its spectral density, our manifold L is identified as the set of
all the continuous S(w)’s which satisfy (1.2)—(1.4). (Here several things are a little
different from Amari’s. In order to relate our geometry to forecasting problems,
we quit Amari’s restriction that ¢;’s variance is equal to 1 and instead assume that
ko = 1. Also we have an extra factor, 1/2m, for spectral density. All these differ-
ences do not affect the geometric structures discussed here.) Amari appropriately

introduced

Jup = 517—1_ Oy log S(w) 8, log S(w) dw

-7
as the Riemannian metric at S(w), where 9; denotes the partial derivative 0/0c;
and {c;} are the coordinates. Thus the spectral density plays a role similar to that
of the likelihood function in the i.i.d. case. Among his a-connections, the most
important two are the +1-connection and the —1-connection. The corresponding
divergences are the +1-divergence

1 (S S.
D1(51,52)=§;/ {g%—l—logs—j}dw

and the —1-divergence

1 7 (8 S
D_l(Sl,SQ):%/ {S—:—l-—loggl—} dw.

-7

Since D1(S1,S2) = D_1(Ss,S1), we only discuss D_; in the following.

One of the primary goals in time series modelling is forecasting. How are
our geometric structures related to forecasting problems? Let orf,q be the one-step
forecasting error variance when S, is used for forecasting of a series generated by
Sp. The ratio 112 = 02,/0%,, called the one-step forecasting error variance ratio
of S, versus S;, equals 1 when S; = S, and is bigger than 1 when S, # S;. And
log 712 is some sort of “distance” measure of Sz from S, which indicates how well
S, approximates S; for the purpose of one-step prediction. As shown by Lemma
1.1 in Xu (1988), we have

(1.5) ianD_l(Sl,Sz) = logrlz,

o}/a3
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where o2 is the noise variance of Sp. Since D_1(S1, S2) depends on cri? and ag only
through ¢2/02, inf,2/,2D_1(51, S2) is the same as inf,2 D_,(S1, S2), and hence
it can be understood as the —1-divergence from 5, of the set of all the systems in L
which are the same as Sy except for possible different noise variances. In this way,
Amari’s +1- and —1-geometric structures are related to the one-step forecasting
problem. In Xu (1988) and Tiao and Xu (1990), we have elucidated that not only
the one-step forecasting error variance ratio but also the multi-step forecasting
error variance ratios play a role in describing the discrepancy between time series
systems. Thus a natural question is whether we can find differential geometrical
connections and divergences on L which relate to the multi-step forecasting error
variance ratios. The present paper aims at giving an answer to this question.

Unfortunately, we can not directly deal with the multi-step forecasting error
variance ratios, because they solely are not necessarily capable of determining
divergences. A trivial example is that the two-step forecasting error variance
ratios between any two zero-mean MA (1) time series systems (see Box and Jenkins
(1976) for the succinct notations AR, MA and ARIMA etc.) are always equal to
1, hence the corresponding divergence, if it could be determined, would be equal
to 0, no matter whether these two systems are the same or not. One possible way
to cope with this problem is to first find differential geometrical connections and
divergences related to

2oy + (1~ Nal)?
/\aﬁ)2 +(1- /\)091)2’

(1.6)

where 0 < A < 1, [ is a positive integer, and a,glq)? is the I-step forecasting error
variance when the S; system is used for prediction of a series generated by S,.
The limiting positions of geodesics and projections as A — 0 are what we need
for I-step forecasting problems. (Here we have an open question: Do the limiting
positions of geodesics and projections exist? In Sections 5 and 6 we will see that
the answer is positive for some interesting examples.) The Riemannian metric,
divergence, a pair of dual affine connections and a pair of dual affine coordinate
systems (Spivak (1979), Amari (1987a), Lauritzen (1987)) corresponding to (1.6)
are called the (I, A\)-metric, the (I, A)-divergence, the (I, A)- and (I, A)*-connections
and the (I, A)- and (I, \)"-coordinates, respectively.

In Section 2, some preparative results are discussed. We introduce the
Riemannian metric related to (1.6) in Section 3, and give the corresponding affine
coordinates, potential functions and connections, justify the divergence and show
the duality in Section 4. Some interesting results about spectral density functions
are derived. They play an important role in establishing our differential geometric
framework and also have their independent interest. Section 5 is devoted to the
problem of approximating a given time series by a specific model, and the method
developed is used to discuss the AR (1) approximations. The generalization of
the geometrical structures to nonstationary cases is discussed in Section 6, with
the exponential smoothing for multi-step forecasting as an example. Section 7
gives some concluding remarks. The yokes and the related differential geometrical
structures are mentioned.
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Throughout this paper, 7 is reserved for the imaginary unit, i.e. v/—1, [ the
number of steps in forecasting and A the weight of linear combinations of the
forecasting error variances. We will use {67, = 0,1,...} to denote the (I, \)-
coordinates, j,k,m,... for their indices, {ns, = 0,1,...} and a,f,7,... the
(1, \)*-coordinates and their indices, and {c;,t = 0,1,...} and ¢,u,v,... the gen-
eral coordinates and their indices. The Einstein summation convention is assumed:
the summation is taken for those indices which are repeated twice in a term, once as
a superscript and once as a subscript. Thus a;67 automatically means Z;io a0

2. Some preparative results

Suppose
of
(21) Si(w) = 22 f(w)
and
o3
(22) Sa(w) = Z2g(w)
are two systems in L, where
o0 ) 2
(2.3) fwy=> &e™™
t=0
and
o0 ) 2
(2.4) gw) =) Cee™
=0

In this section, we are going to give a spectral expression of 0§z2)2, the [-step
forecasting error variance when S> is used for forecasting of a series generated
by S, get some useful properties of spectral density functions and intuitively
derive an appropriate quantity which will play the same role in our geometric
structure related to (1.6) as D_; in the structure related to one-step forecasting
error variance ratio.

The expression in the following lemma can be proved similarly as the one for
I = 1 given in Grenander and Rosenblatt ((1957), p. 261, (2)).

LEMMA 2.1. The l-step forecasting error variance by using Sz for prediction
of a series generated by Sy, where S1 and Sa are given in (2.1)-(2.4), is

w2 _ 0% [T IXh Geem P (W)
(2.5) o= /0 S du.

If we call h(w) in (1.3) the structural factor of S(w), Lemma 2.2 says that the
integral of the logarithm of structural factor of any S in L is 0.
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LEMMA 2.2. Forany S in L,

(2.6) /w log h(w) dw = 0,
0
where h(w) is as in (1.2) and (1.3).

PROOF. Since we have

i3 s
(2.7) o= 27rexp{%/ log S(w)dw} =og? exp{%/ logh(w)dw}
0 0

from Kolmogorov (1941) (see also Grenander and Rosenblatt ((1957), p. 69, etc.)),
(2.5) follows.

By Lemma 2.1, (1.6) equals

I S

)\0.(1)2 +(1 - \ot (1)2
Ae? 4 (1- ,\)aﬁ)2

_ 1 TA+(1-A N Sh_g Cse™ ™2 f(w)
_bg{?r/o A+1-NT e g(w)dw}

A (1= N2 e
-y e

Let us imitate D_; to consider a quantity of the form

1 S 51
(29) ;/0 {Kl-s—z —1—1Og(K25 )}dw,

where K, and K3 do not depend on ¢? and g3. Since

o fw)
/Ologg(w)dw—o,

by Lemma 2.2, the minimum of (2.9) over 0%/02 is

(2.10) log{;A géw; dw} —log K.

Comparing (2.10) with (2.8), we see that in order to make the minimum of (2.9)
equal the logarithm of (1.6), we should choose (We have some other choices of K

T /[A+(1—A)§£§},

]

or

(2.8) log
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and K, which also satisfy this requirement. But there are some other restrictions,
and we will see later that our candidate Dj ) in (2.11) is a right one.)

A (1 N ) G
A+(1— )E::;:OC&2

K, =
and
1-NTmp&
A (1-n Tl e

That is, we should employ

A—{-(l— 122 ICS —'st|2 Sl( )
(2.11) Dia(51,82) = 7T/0 {[ A+ (1-A )ZOS=0432 ]SQ() :

Siw) A+<1—A>Es_o§2}dw

S( ) g/\+(1_)‘)Zs:0€s

which is called the D-function of S; and S; for the moment. When [ = 1 or
A =1, Dy x(S1,S52) reduces to D_;(S1, S2). Therefore, D,  is a generalization of
D_,. Its minimization result, which is formally expressed in the next lemma, is a
generalization of Lemma 1.1 in Xu (1988).

—log

LEMMA 2.3. Let Dy x(S1,S2) be the D-function of S1 and Sa. Then

AoiD? + (1 - A2
/\08)2%—(1 ,\)a§‘1)2

(2.12) inf Dy A(S1, 52) = gl/lfg Dy 3 (81, 5:) = log
o2 CEVAS

Lemma 2.4 will play an important role in our establishing the differential
geometrical structures.

LEMMA 2.4. For any S in L, expressed as in (1.2) and (1.3), we have

-1

E Kse—zsw

§=0

-1

2 _ 1/”
(2.13) 8y K= =)

8=0

2
8 log h(w) dw,

where 9y = 0/0c; and {ct} is any coordinate system of S.

Proor. From (2.12), 0(1)2 8)2 and 0522 > 091)2, it is trivial that
Dy 2(51,82) 20
for any S; and Sz. But D 3(S1,52) = 0 when S; = S3. So we must have

(2.14) 0: Dy A(S, S2)|5,=5 =0
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for any S. Now

LT TA+ (1= ) 5 Cemi® 2] 8,5 (w)
(2.15)  G:DiA(S,S2) = ;/0 {[ A+(1-N) Zs OCs } Sa(w)

_&Sw) (1-X)8 Tk
Sw  A+a-NY) ng}dw’

hence (2.14) is equivalent to

T Jo 8=0

-1 -1
K ]atlogS w)dw = Bth

8=0

E Krs e—zsw

8=0

The left hand side of the above equality is equal to

0

-1
1 kil
2. —
(2.16) )

and Lemma 2.2. Thus (2.13) is shown.

-1

E nezsw

(?t log h(w) dw

—isw

3. Our (I, A)-metric

One of the important properties of D_; is that its second derivatives with
respect to certain coordinate yield a Riemannian metric tensor. We will elucidate
in this section that our D-function also possesses this property, and hence our
(I, \)-metric can be derived. Let us review Amari’s —1-coordinate system and
verify a lemma first. ,

. . -1
Amari’s —1-coordinates c; ), t=0,1,... are

cﬁ'” = S(w)et(w) dw,

-

where
(3.1) eo(w) =1, e(w) = V2coswt, t>1.
The —1-coordinates relate to the autocovariances of X;:
SV =Epx?), &V =V2EX, X)), t>1
Therefore, for any S in L we have

(3.2) 0;0kS =0,
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where 9; = 9/067 and {¢? = c§_1)} are the —1-coordinates of S. This equality,
(2.7) and Lemma 2.4 will be used in proving the following lemma.

LEMMA 3.1.  Suppose that S, 8, and {c;} are as in Lemma 2.4. Then

(3.3) /O "{

-1

§ Ks —isw

=0

8 log h(w) 8, log h(w)

-1 -1

- 0 Zns i 8 log h(w) — Zns wisw (‘3 log h(w )}dw
5=0 s=0

s nonnegative definite, and

T -1 ‘ 2
(3.4) / 8| > kee™| By log h(w) duw

0 s=0

T -1 2
= Oy ke | 8 log h(w) dw.
[y /log h(w)

s=0

Proor. Consider
_ 1[I G S1w) SM}
Gi(51, 52) /0{ il Sw) -1 10g52(w) .

By the same way as dealing with D; (51, S2), we can show that G;(S;,S2) =0
when S = 53,

inf Gu(S1, S2) = inf, Gu(S1,5) = logri3,
o2 91/92

where r(l) %_)2 gﬂ is the l-step forecasting error variance ratio of S; versus
S1, and hence G181, S2) is a contrast function (Eguchi (1983)). So
0 0

(3.5) —5-——567G1(S SN

S'=8

is symmetric and nonnegative definite, where {c;} are the coordinates of S’. The
equality (3.4) is an easy consequence of the symmetry of (3.5). Because of (3.4),
(2.16) and (2.13), it is not difficult to see that (3.5) is positively proportional to

(3.6) d;log 0% 3, log o?

1/{11
+
™ Jo

§ :f‘;s —isw
-1 2
§ : K/se—zsw

Oy log h(w)

-
Znse i 8tlogh }dw/anﬁ

§=

6t log h(w) 0, log h(w)

1
— §3t

L,
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Using co = 0% and ¢; = & for t > 11in (3.6), we see that (3.3) should be nonnegative
definite for this coordinate system, which implies that it is nonnegative definite
for any coordinate system because that it is a tensor.

The following theorem, which will be proved based on Lemma 3.1, makes it
possible for us to introduce our (I, A)-metric.

THEOREM 3.1. Suppose that S, 0; and {c;} are as in Lemma 2.4, {67} are
the —1-coordinates of S and Dy 5 is the D-function. Then

LT A AN TR P Y
&) WA &{p+wr~nzit@]@»}&s(“”

is positive definite, and

: __ 1! H(l—A)IEs 0’*8 etow|? w
(38)  8,8uD1x(S, S3) = 7T/O a{ FENTRT S r }8kS( ) dw

for any Sy in L.

Proor. By (2.6), (2.13), (2.16) and (3.4), (3.7) is the same as

2]

-1
A) Z nse—isw

39 7M+O—;2;%ﬂAWP+U—

-1
0O log S(w) 8ulogS(w)—1 /\Bt Zns B 0 log h(w)
s=0
Ly |t 2
- =50 Z:nse_”“’ 8tlogh(w)}dw

-1

-1 -
+8tlog[)\+ 1-X)) &2 ] 3ulog[/\+(l—/\)zlif}.

5=0 s=0

Using Lemmas 2.2 and 2.4, we see that (3.9) is positively proportional to

1—-X
201 + Qa,
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where Q) is as in (3.3), which is nonnegative definite, and
I-1

/ O log h(w) 9y, log h{w) dw + [)H— 1—)\)2 }aloga 9, log o2

5=0

1-1
+(1 )\)[f)tlogo Ou zn + 0, log o Btz }

s=0
(I-A zatz:h‘/ 82 [)\+ (1~ A 53]
3=0
) -1
= %/ 8¢ log h(w) 0, log h(w) dw + [z\+ (1- A)Zm?]
0 5=0
-1 -1
O log{og [)\ +(1-A) Z ng] } O log{af [/\ +(1-X) Z ni] },
s=0 8=0

which is trivially positive definite. Therefore, (3.7) is positive definite.
From (2.11) and (3.2),

-1

(310)  8,8.D1(S, Ss) = —%aja,c /0 " 1og{ {A +1-0Y nf}S(w)} do.

8=0

The right hand side of (3.10) is the same as that of (3.8) by (3.2) and the fact that
D, » is a contrast function.

Now let us formally define our metric tensor.

DeFINITION 3.1. The (I, A\)-metric tensor {g:,(l,A),t,u = 0,1,...} at §
as in (1.2), is given by (The equality (3.11) can be rewritten as g;,, = —(8/0c;) -
(8/0¢,,)Di,A(S, 8')|g/,_g» Where {ct} are the coordinates of S’. Therefore, this is
the same as the D-metric tensor defined in Eguchi (1983). But we need to point
out here that we can not ensure that the p-metric tensor for any contrast function
p is positive definite. The counterexamples are trivial. So we still need Theorem
3.1 in order to equip ¢ as a Riemannian metric.)

_ 1 A+ (1= N)] ZS~0 Kee 5w |2
(31D gl = 7T/O a{ T T T }auS(w)dw.

4. The (I, M)-coordinates, the (I, A\)-connections and their duals

In this section we will introduce the (I, A)- and (I, A\)*-coordinates and the
(I, A)- and (I, \)"-connections, show their duality and verify the divergence.
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DEFINITION 4.1. For any S € L, its —1-coordinates will also be called its
(I, A)-coordinates, denoted as {67,5 =0,1,...}. That is,

(4.1) 6 =2 /7r S(w)e;(w) dw
0

where ej(w) is as in (3.1). The (I, A)"-coordinates of S, denoted as {7na,a =
0,1,...}, are defined by

__ L [T NITT ke
(4.2) T T o Pt (- N Sk w25 (w) ol

It is trivial that 37726767 < oo and 307 (7afle < 00 from the Parseval’s
identity and the deﬁnltlon of the manifold L. We also need to show that S is
uniquely determined by {n,}. Suppose that S; and S, as given in (2.1)—(2.4),
have the same {7,}. Then

A+ (L= NI Do &e™ 2 A+ (L= N Flp Gem™P?
A+ (- N fw) A+ (1~ )Tl Flew)’

hence \ . o

1 G + 1= : s —isw

1=_7;/ ( )lzs_oil@ | dw
0 A4+ 1-A)> 082
o AN T e dw

gl A+ (-0 T ¢lew)
or
(4.3) Ao1y” + (1= Noga”

My +(1-Nof®
y (2.5). Similarly,

A%+ (1= N0l
A4 (1 - 22

(4.4)

From (4.3) and (4.4), we must have

(4.5) AcD?+ (1= 002 = aolD2 4 (1 - A)oD?
or
(4.6) AcD? + (1= N2 = aelD? + (1 - N2,

because if (4.5) and (4.6) are both false, the left hand sides in (4.5) and (4.6) will
be both greater than their corresponding right hand sides, and either (4.3) or (4.4)
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can not be true. Now S; = Sy can be derived from either (4.5) or (4.6). Thus
{nq} satisfies the conditions for a coordinate system.

The (I, A)-potential functions are defined in the next definition. They are
related to the “(I, \)-entropy” H.

DEFINITION 4.2. For any S € L, as given in (1.2), the (I, \)-potential func-
tions 17 and ¢; ) are given by

(4.7) Yia(S) = —H(S) - g —log 27

and

(48) #u7(S) = H(S) + 3 +log2r,

where
1 T -1

(4.9) HS)==[ logd A+ (1= &2|S(w)pdw
[ prra-n sl

Theorem 4.1 shows that {6’} and {n,} are mutually dual, and 1, and ¢,
are truly the potential functions.

THEOREM 4.1. Let 1/le,\(S), ¢l,,\(S), {0j}, {na} and gjk(l,/\) be the (I, A)-
potential functions at S € L, the (I, \)- and (I, )" -coordinates of S and the (I, ))-
metric at S in the (I, \)-coordinates, respectively. Then

(4.10) YiA(S) + dia(S) — 0" = 0,

(4.11) n; = 0;1A(S),

(4.12) 6% = 0% (S),

(4.13) 9;0k1 A (S) = gjr(l, A) = ng
B8

(4.14) 0 4a(S) = (LX) = 5 -

and

(4.15) (0;,0%) = 6%,

where 8; = 0/067, 8% = 8/0nq, {g** (I, \)} is the inverse of {g;r (L, A)}, (, ) is the
inner product induced by the Riemannian metric giu(l,A) and 6% is the Kronecker
delta.

PROOF. From (4.1), (4.2) and the fact that §%n, = > .o, 67, is convergent,

M+ (1= NS0 mee ™ 2] S (w) & W)es(w) o du
// A+ (1= 2 Xu2p s3] S() ;6() o
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Since
(4.16) Z er(w)es(w') = 6(w — '),
t=0
where §(w) is the generalized function 6, we have
L DY 1— s —isw|2 S
(4.17) 6in, = —-l/ A+ )|Zs Olnl ]S() dw = —1.
T Jo A+ (1 =X s2]S(w)
But
(4.18) YiA(S) + dia(S) = —

from (4.7) and (4.8). Thus (4.10) comes out of (4.17) and (4.18).
Since {67} are the —1-coordinates of S, we have

(4.19) 8;S(w) = e;(w)/2n.

By (4.7), (4.9) and (4.19),

— N9 Yo mt 1 [T ew)

(4.20) 9ipia(S) = - /\_’_ 1_/\)2820 k2 2m? Jy S(w)

But by (2.13), (2.16), (2.7) and (4.19),
=1 2
Z Kee " {6j log S(w) — 0;log af} dw
5 2| &)
27r2/ { —gﬂs}md%

Substituting (4.21) into (4.20) and noticing (4.2), we get (4.11). From (4.10) and
(4.11),

-1
1
(421) 9 Zoni =2/

2
—zsw

0= 0% A(S) + 0%GiA(S) — 0%(0" )

oo .o
(9 7]u+6 ¢IA(S) 0 3 . N,

which results in (4.12). The first equality in (4.13) is verified by (4.7), (4.9), (3.8),
(3.10) and (3.11), and implies the second one by combining with (4.11). From
(4.12),
60
8°0° i A(S) =
77«1

Since {00”/0n4} is the inverse of {Onx/067}, (4.14) is derived. We can easily
verify (4.15) by (4.14) and the fact that {g®?({, )} is the inverse of {g;x(l,\)}.
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Now we can justify that our D-function is the (I, A)-divergence because of the
next theorem.

THEOREM 4.2. Let D;(S,9'), {6°} and {n.,} be the D-function of S and
§', the (1, \)-coordinates of S and the (I, \)*-coordinates of S', respectively. Then

(4.22) Dia(S,8') = Yia(S) + dia(S') — 0y

PROOF. Let

7 —2uw

o?,
S'(w) = ﬁh'(w) and

with x) = 1 and 3.2 k,? < co. By the similar argument as (4.17), we have

u=0

0o LT D= N o meT ] S(w)
(4.23) 0y = - /0 [/\ Y Zs:o &;2] S(w) dw

But from (4.7)-(4.9),

) o) =~ 1 [Mogf [ 1= 0T st}

s=0
-1

o penng e

s=0
which, combined with (2.11) and (4.23), implies (4.22).

In order to get global properties, except for the Riemannian metric g;x(l, A),
we also need to define mutual relations between any two tangent spaces at two
neighboring points. This can be accomplished by defining an affine correspondence
between two tangent spaces, which is called an affine connection (Amari (1985)) in
differential geometry. An affine connection is specified by defining V5,0, the rate
at which 0, “intrinsically” changes in the direction §; or the covariant derivative of
8, in the direction @,. Equivalently, it can be described by its components (Amari
(1987a)) Tty = (V5,0u,0,). The following definition gives the components of our
(1, A)- and (I, \)*-connections.

DEFINITION 4.3. The components of the (I, A)- and (I, \)"-connections for
the coordinate system {c;} are given by

A+ (1= X)) Zs—o Kse 52 } dw

1 kid
(4.24) Piuw = —;/0 B,c‘)uS(w)au{ A (1= ) 025 #2]S(w)
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and

T -1 —isw |2
(4.25) r:o=-1 / atau{ At (=Nl Zs,iﬂfse | }avS(w) dw.
™ Jo =02 k2]S(w)

The above definition is justified by the next theorem, where the facts that {67}
and {7, } are correspondingly the affine coordinates with respect to the (I, \}- and
(I, \)*-connections and L is flat (i.e. the Riemann-Christoffel curvature vanishes
identically) with any of these connections are also shown.

THEOREM 4.3. Ty, and I}, are torsion free and mutually dual connec-
tions. The manifold L is (I,)\)- and (I, \)*-flat. The (I, \)-coordinates {67} and
the (1, \)*-coordinates {n,} are the affine coordinates with respect to the (I, \)- and

(1, A\)*-connections, correspondingly.
PROOF. Since

_8DiA(S,8) wd [t = ODiSS)

r =
e 9c:0c,0¢, |g_g tuv 8c,dc,0cy |gi_g
where {c;} and {c}} are the coordinates of S and S’, respectively, the first claim
is concluded in Eguchi (1983) and Amari ({(1985), p. 98). The second and third
claims can be verified by I';z,, = 0 and Iy =0
Now we have completed the establishing of the differential geometric structures
related to (1.6).

5. Approximation by a model

Given a model M and a system S € L, we want to get S € M which is the
nearest to S in some divergence measure among all the systems in M.

DEFINITION 5.1, If § satisfies D; 1 (S, §) = ming/car Dy a(S, §") or Dy (S, S)
= mingrepr Dy a(S', S), then S is correspondingly called the (I, A)- or the (I, A)*-
approximation of S by M.

By (2.12) and Definition 5.1, it is clear that Dy (S, 5), where § = §(I,)) is
the (I, A)-approximation of S by M, is the minimum of the logarithm of (1.6) over
M (here we take S as S; and any system in M as S;). Therefore, if S‘(l, A) tends
to some S(I) in M as A — 0, S(I) will have the minimum I-step forecasting error
variance ratio, i.e. S(l) is a best approximation of S by M for the purpose of I-step
prediction.

We are going to use M, to denote the submanifold consisting of all MA (q)
systems in L. This submanifold is characterized by

(5.1) ¢ =c"Y=0
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for any j > q. Let Ag”\) be the submanifold characterized by
(5.2) Na =0

for any o > p + [ — 1, where {n,} are the (I, \)*-coordinates. Then all AR (p)

systems are included in A,(,,l”\) . A submanifold is said to be completely flat if the
directions of its tangent spaces remain fixed all over this submanifold (i.e. if the
Euler-Schouten curvature vanishes identically). In the next theorem it is shown

that both Ag"\) and M, are completely flat with respect to the (I, A)- and (I, A)*-
connections.

THEOREM 5.1. The submanifolds M, and Ag A are both completely (1, \)-
and (I,A)"-flat in L.

ProOOF. This is trivial because of the results in Theorem 4.3 and the fact
that both (5.1) and (5.2) are linear restrictions.

The explicit forms of the ([, A)-approximation when our model is Ag’)‘) and
the (I, \)*-approximation when our model is MA (g) are given in Theorem 5.2.

THEOREM 5.2. The (I, A)-approzimation S'p of S by Ag”\) is unique. Its
(1, X)-coordinates {67} and (I, \)*-coordinates {7, } satisfy

(5.3) 67 =@

forj=0,1,...,p+1—1and fla =0 for o > p+1—1, where {67} are the (I, \)-
coordinates of S. The approzimation error evaluated by the (I, X)-divergence of Sp
from S is

A

(5.4) DiA(S,8p) = H(S,) — H(S).

The (I, \)" -approzimation S'; of S by MA (q) is unique. Its (I, \)-coordinates {6*7}
and (I, \)”-coordinates {n%} satisfy

(5.5) 8* =0
for j > q and
(5'6) ﬁ; = Na

fora=0,1,2,...,q, where {n.} are the (I, A)*-coordingtes of S. The approzima-
tion error evaluated by the (I, \)-divergence of S from Sy is

(5.7) Dia(8}) = H(S) — H(3}).



FORECASTING RELATED GEOMETRICAL STRUCTURES 637

Proor. Since

~

Dl,A(S,Sp)= min Dlv)‘(S,Sl) and

srealy
p+Hi—1

Dy a(S,8") = Y A(S) + da(S) - Z 'y,
t=0

by (4.22) and (5.2), where {n;} are the (I, \)"-coordinates of S’, (5.3) is derived
from 9

“p 1
o] 10 (S,S")

and (4.12). The uniqueness comes from the previous theorem and Theorem 3.9 in
Amari (1985), and (5.4) is derived by (4.22), (4.7), (4.8) and @'%; = 6'%; = —1.
The equations (5.5)-(5.7) can be shown similarly.

=0
s'=5,

For a sequence of AS’A) models or MA models, the following theorem shows
that the approximation errors are decomposed additively corresponding to each
dimension of the model. This result can be proved in the same way as for Theorem
10 in Amari (1987b).

THEOREM 5.3. Let {S'p,p =0,1,...} and {S’;,q =0,1,...} be the sequences
of the (I, A\)-approzimations of S by Ag”\) and the (I, \)*-approzimations of S by
My, respectively. Then, S, is also the (1, X)-approzimation of S by Ag N and 5’;
is also the (I, \)"-approzimation of S',’; by M,,, when k > n. The approrimation
errors satisfy the additive relation

Dy a(S, S’n) = Dy A(S, S’k) + Dzyg(gk,gn) and

DiA(S;,8) = Dix(St, 8) + Dia(Ss, 55).

In the rest of this section we are going to discuss the (I, A\)-approximation by
AR (1) ofany Se Lfor 1 =1,2.

Suppose that the autocovariance of S at lag ¢ is v;. Our approximate AR (1)
model is

(58) (]. - (SB)Xt = Q¢,
where B is the backward shift operator, BX; = X;_1. Its (1, \)*-coordinates are

1+ 62 n,_\/ia
9 1 —

7/
L 2
aa, Ja

and 7}, = 0 for a > 1, where o7 is the noise variance of a;, and its (1, A)-entropy
is H = log(02/2r). Therefore, in order to get the (1, \)-approximation of S by
(5.8), we need to minimize

(14 62)vg _ 26u,

2 2
o? o’

(5.9) logo? +
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according to (4.22) and (4.8). It is trivial that the minimizers of (5.9) turn out to
be

U1
5.10 s=41
(5.10) ”
and
2,2
(5.11) o2=20""

Vo

and the approximation error measured by the (1, A)-divergence from S of (5.8)
when (5.10) and (5.11) are taken is

2 2
1 Up — U1
Og 2 ?

o Vs}

where o2 is the noise variance of S. In other words, the smallest one-step forecast-
ing error variance ratio of AR (1) system vs. S is (v — v$)/(0?v). No wonder
that A does not play any role here.

The (2, A)*-coordinates and the (2, A)-entropy of (5.8) are

. 142+ (1- N

=TT 1 - N6
. NoY)

M= 21+ (1= N6
/ \/5(1 _ ’\)62

Ny =

o214+ (1 - A)6?]

and nj, = 0 for & > 2, and H = log{o2[1 + (1 — X)62]/2n }, respectively. Since the
(2, A)-coordinates of S are still its —1-coordinates: §° = vy, 6/ = v/2v; for j > 1,
the parameters of the (2, A\)-approximation of S by (5.8) should minimize

(5.12) log{oZ[L + (1~ )&%} — rigwo — V2v1 — V2502
= log{aﬁ[l +(1— /\)52]}
+ 0'2[]_ + (i _ A)(V] {’UO + Uo[)\ + (1 - /\)52](52

- 2/\’016 - 2(1 - /\)’U262}.
Hence, they satisfy
(5.13)  2[14 (1 — A)6%] = vo + vo[A + (1 — X)6%]62 — 22 w16 — 2(1 — A)v262,

where the right hand side is positive when A is small enough, and § should be the
minimizer of
(5.14) vo A + (1 = A)62]6% — 2) 016 — 2(1 — A)v26?

= vp(1 — A)&* + g — 2(1 — Nwa)6® — 22046,
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It is not difficult to show that as A — 0 this minimizer tends to 0 when vo <0, to
v/V2/vo when vz > 0 and v; > 0, and to —/v2/vo when vg > 0 and vy < 0, and o2
in (5.13) tends to vp —2v26% +vo6%. Here we see that the limiting position of (2, A)-
approximation as A — 0 exists, and this limiting system S’, which is X; = a; when
ve <0, (1 — \/va/voB)X; = a; when v > 0,v1 > 0, and (1 + \/v2/veB)X: = a;
when vy > 0,v; < 0, has the smallest two-step forecasting error variance ratio vs.

S:
Vo : < 0
{1' D (ss’)} Ao
exps lim Ds (S, = 2 2
A—0 Y Y if vy >0,

voo: (1 + KY)

where x? is as given in (1.3).

6. Nonstationary cases

Until now we suppose that our systems are stationary. Occasionally we need
to consider nonstationary cases. Suppose, for example, our two systems are

(6.1) (1-p1B)Y: = X1
and
(62) (]. - p2B))’t = th

respectively, where —1 < p; € 1, -1 < po <€ 1, X34 and Xy are stationary
invertible zero-mean Gaussian time series having S;(w) and Sz(w) in L, given in
(2.1)-(2.4), as their spectral densities, correspondingly, and Y;, X;; and Xs; in
(6.1) and (6.2) are all 0 when ¢ < 0. Then, we are dealing with the systems which
might have a nonstationary unit root +1. Now U; = (1— B)Y; is stationary (in fact
it is asymptotically stationary, but its asymptotic behavior is the same as that of
the corresponding stationary time series, so we just take it as stationary, especially
we use the spectral density function of the corresponding stationary time series
as the spectral density function of this asymptotically stationary time series), no
matter Y; is generated by (6.1) or (6.2) and no matter what the p; value or the
p2 value is. It satisfies

1-B
6.3 U=——X
(6:3) =l
or

1-B
6.4 =
( ) Ut 1 _p2BX2t’

and its spectral density function is, correspondingly,

ll _ e—iw|2

1= pe P

|1 _ e—iw|2
(UJ) or WSQ(UJ)

Let }A’H”t denote the [-step ahead predictor when we use the system (6.2) while
{Y;} is in fact generated by (6.1) and Y;,Ys,...,Y; have been observed, and
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ﬁt+l|t the I-step ahead predictor when we use (6.4) while {U;} satisfies (6.3) and
Uy, Us,..., U, or equally Y1,Ys,...,Y; have been observed. Then

t+1
(6.5) Yorsp = Yo = Y, (Uupe — Ud).
u=t+1

Similar to Grenander and Rosenblatt ((1957), p. 261, (2)), we have

(6.6) Uyje — Uy
~ /7r e’i(u—t)w Zsu;é—l e—isw [Zi=0 Cvp;—’u _ Ei;é (Upg—l—v]

—r cle~w)

~—
—

dz(w),

where “<” means “‘asymptotically’ represented by” (it exactly means that when

u —t is a fixed integer, the left hand side of (6.6) tends to the right hand side in

mean square as t — 00),
'C(C_iw)|2 —_ g((-«.))ll — e—iw|2
T—pee

and z(w) is the spectral process with orthogonal increments corresponding to {U;}.
It is not difficult to get

. g ez’lw Zl"l e—isw ES C pS—u
Y, —Yi =< - 5=0 Lou=0 Y42 jo(w
t+1jt t+l /_ﬂ c(e_“") ( )

from (6.5) and (6.6). Thus

i . > 2
oly” = lim B[Yipu - Yiri]

- —1 S—u —1
_ 0_%/" | Cem0 €™ Taco Culs |1 — pae “EfW)
™ Jo 11— pre~*|2g(w)

(6.7)

?

which plays the same role as (2.5), and the geometrical problems can be similarly
discussed.

The other cases of nonstationarity can be treated in a similar way.

As an application, let us consider the following example. Suppose that {Y;}
is generated by

(6.8) (1- gB)(l - zi:wB“)Yt = (1 - iﬂuB”)at, t>1

denoted as the (g, ¢, ) system, and we use (1 — B)Y; = (1 — pB)e;, t > 1 called
the (1, p) system, to approximate it, where —1 < p <1, —1 < p < 1, all the roots
of

r4 q
1= puz*=0 and 1-Y #,2*=0
u=1 u=1
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are out of the unit disk, {a,,u > 1} and {e,,u > 1} are two white Gaussian
noise series, and Yy, a, and €, are all 0 when u < 0. The (1, p) system provides
exponential smoothing predictors with p as the damping constant. We want to
find the best p, i.e. the best damping constant, in the sense that it attains the
smallest [-step forecasting error variance ratio versus the true system (6.8).

This problem has been discussed in Tiao and Xu {1990), and also in Cox
(1961) for the case when [ = 1 and (6.8) is AR (1). In Xu (1988) and Tiao and
Xu (1990), the special case when (6.8) is ARMA (1,1) was treated in detail and
used to elucidate that not only the one-step forecasting error variance ratio but
also the multi-step forecasting error variance ratios play a role in describing the
discrepancy between time series systems and that the optimal solutions for multi-
step forecastings are different from that for one-step purpose, which is obtained
from the method of maximum likelihood. It was also pointed out there that the
popular ARIMA (0,1,1) model is fairly “robust” with respect to ARMA (1,1)
series, i.e. for any step prediction purposes the ARIMA (0,1,1) model, which gives
the exponential smoothing predictors, provides very efficient forecast for ARMA
(1,1) series over a wide range of parameter space. This explains, from one aspect,
why the Box-Jenkins approach (Box and Jenkins (1976)) is so successful.

Let

2 ]l—e—“"l |1_ 5:1 19]:‘,3—z'tw|2

~oe P - Sy e

(6.9) flw) =

v=0

where & = & (o, p, ) Then the [-step forecasting error variance by using the
(1, p) system when {Y;} is generated by the (o, ¢, ") system is

(6.10) O'§12)2 _ 0-_3/7" ’1 + (1 —p) Zs 16—1sw| f( )dw
0

T |1 — pe~iw|2

according to (6.7). Now we have

-1 8 2 1 ™
5o =54
s=0 ‘v=0 T Jo
corresponding to (2.13), where 8; = 3/0¢; and {c:} are any coordinates system of
S1(w) = (02/27) f(w). The divergence measures which we need to consider are

M (L= ML+ (1= p) T e S (w)
Dl)\(g,(ﬁ,ﬁ P) 71_/(; { 1+(l_1)( )\)(1—;)2 S;(LU) -1

Si(w) A (1= )T &)’
e o) T TR I A NS o) }d“’

-1

s 2
Z e—isw Z gv

s=0

O log f(w) dw

and

AL -NI T eT™ Y 06l Si(w)
Di (o, 0,95 0) = 7(/0{ A+ (1= A) 25_0(21}_0&)2 S1{w)

g S D=
5@ ATy <zvzoa)2}d‘”’
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where Sa(w) = (02/2m)|1 — pe~™|2. The best p for I-step forecasting purpose is
described in the following theorem.

THEOREM 6.1. Let pV) and p*®) € (—1,1] be defined by

(6.11) ri(e, 0,900y = min_ri(e, p,%p)
pe(—1,1]
and

(0,09 0"W) = min r{(0,9,90),
pe(—1,1]

where 11(0, p,D; p) and r} (o, ,9; p) are the l-step forecasting error variance ratio
of the (1, p) system from the (g, ¢, d) system and the l-step forecasting error vari-
ance ratio of the (g, p, V) system from the (1,p) system, respectively, f(w) as in
(6.9). Then

(i) when p€ (-1,1)

(6.12) o =1,
and when ¢ = 1, p*® is the solution of

/" cos w| Els_:t e Zi—_—o §v|2 dw

p+(I-1)(1-p% Jo /W)
(6.13) I+0-11-p%) /” DYSTEED W
0 f(w)

(i) p® is the minimizer of

™ -1 —isw
(6.14) G(p) _/O 1+(1-p) Y e P fWw) dw

- |1 pe=i|?
on (—1,1].

Proor. (i) Here

NS N D o/ e DY | St
i (e, ¢,9;p) = ;/0 [(i F (- 1)(f—p)2]f(w) w

When g € (—1,1), we have

TS g bllmpe P f=00 i pe(-11)
0 f(w) < 00 if p=1.

Hence (6.12) is shown. We can apply Theorem 5.2 to the case when ¢ = 1. Now

L= e
- 1-— P_ te—itw 27
t=1¥

flw)
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and we have (after letting A — 0)

T I+ a-p T e
(6.15) /0 G211 (- 1)(1 = p)2|[l — pe—=]?
- / DD Lo VL
0o 03 [Zi:B(Zf}:o €)?] f(w)
and
T 14 (1-p) T e |2 cosw
(6-16) || i e

/1r l Zl 1 e—isw 22:0 &)12 COS W "
0 ﬁElﬂZLﬁNUW)

from (5.6). But

-1
‘1 +(1-p) Ze“is“’
s=1

2

-1
=1+(1-1)(1-p)’+2(1-p) Y 1+ (1-p)(I—1-s5)]cosw,

T COS W Tp™
/ 5 dw = pz
o 1—2pcosw+p 1-p

when n is nonnegative integer and

Z[1+ (1-p)(l—1-s)]p* = (I —1)p,

hence
— . 2
"1+ (1-p) Tz e
6.1 5= =
(6.17) /o TopeepE %=1
Similarly,

4 -1 _isw)?
(6.18) /0 1+ (1-p) Sy e cosw

™
. dw = l-
1= pe™p A

Therefore (6.13) is derived from (6.15)—(6.18).

(ii) Since
G(p)
3 719; = — 3
e i) = T e

where G(p) is as in (6.14), the conclusion is trivial.

)(1-pM)}

643

o)}
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7. Concluding remarks

There are some ways to create richer families of differential geometrical struc-
tures. Let, for example,

146 1-— 6
ng)v— + Ftuv ——T}

tuv>
where [y, and I}, are as in (4.24) and (4.25). Each connection in this family
still corresponds to the Riemannian metric g4, (!, A) in (3.11), and Pﬁf}v I‘gmf )
are dual.

If, instead of the divergences, we use the notion of yokes, introduced by

Barndorff-Nielson (Blesild (1987)), which are essentially the contrast functions
with positive definite metric tensors, we can choose

and

)\+ 1-)\ Izi 10Cs ~zsw|2
’\+(1_ )Zszogg

and K, =1 in (2.9), and the D-function, which is a yoke, is

Dy (51, 52)
1MV T G R Siw) L Siw)
‘vr/o{[ AN e ]Sz(w) ! 1°gsz(w)}d“"

The corresponding metric, dual coordinates, potential functions and dual connec-
tions are

geu(l, A)
AR
o =~ 1—A)E’_%) / S(w)e; (w) dw,

H(S)= %/ﬂ log S(w) dw,

0

I-‘t'u,v
=_l/wata{ ) }a{“(l— N[ Xemg st “”“"2}@
mlo A+ -ANT k)T S(w)
and
FZ‘U’U

- _%/0 0:u {H(l l‘sz(if)()’gs L }8”{A+(1—S,(\L;)zg;;ng}dw’
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respectively. And Theorems 4.1-4.3 are still valid.

In the i.i.d. case, we have some universality of the a-geometry if we require the
invariance under the transformations of the random variable and the parameter
(Amari (1985)). But for time series case, the invariance under the transformation
of the random variable seems no longer reasonable. Then, which kind of require-
ments should we pose and what kind of geometrical structures can be naturally
introduced? This is one of the problems which we need to further investigate.

The establishing of differential geometrical structures related to forecasting
error variance ratios certainly has meaningful impact on time series analysis. In
Sections 5 and 6, we have discussed the divergences of AR (1) system from any S
in L and the divergences of an (1, p) system from an (g, ¢, ) system. There are
some other popular models. For example, AR (p) model, the double exponential
smoothing model, the seasonal multiplicative ARIMA (0,0,1) x (0,1,1);2 model
and ARIMA (0,1,1) x (0,1,1);2 model. We can get the divergences of these
models from their “neighboring” models by the general formula (2.5). It would be
interesting and useful to know the shapes of these popular models in the manifold
of systems, to know if a smaller set of ARIMA models can for practical purposes
be used as approximations to other model. If a smaller set of more robust ARIMA
models could be developed, it would help in making choices and might help explain
why these models seem to work in practice.

In Xu (1988) and Tiao and Xu (1990), we have shown that the approxima-
tions will be different for different step forecastings. This is also displayed by the
examples in Sections 5 and 6. One problem which we are interested in is then how
the approximation varies as the number of forecasting steps changes. That is, we
need to study the function relationship of the (I, A)-approximations on I.

When the noises are not normal, Amari (1986, 1987b) pointed out that we
should also use higher-order moments to describe the differential geometric proper-
ties. Another open problem is how to introduce metrics, connections, divergences,
etc. in this case.
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