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Abstract. A yoke on a differentiable manifold M gives rise to a whole family
of derivative strings. Various elemental properties of a yoke are discussed in
terms of these strings. In particular, using the concept of intertwining from the
theory of derivative strings it is shown that a yoke induces a family of tensors
on M. Finally, the expected and observed a-geometries of a statistical model
and related tensors are shown to be derivable from particular yokes.
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1. Introduction

The concept of a yoke was introduced in Barndorff-Nielsen (1988a) and has
been further discussed by Barndorff-Nielsen (1987a, 1988b) and Blasild (1987a).
A yoke on a differentiable manifold M induces a whole family of connections on
M. In Section 4, where the definition of a yoke is reviewed, it is shown that the
expected and observed a-geometries of a statistical model introduced by Chentsov
and Amari (cf. Amari (1985, 1987)) and Barndorff-Nielsen (1986a, 1987b), respec-
tively, are particular instances of geometries derived from yokes. Consequently,
these statistical geometries may be studied within a unified framework.

Some quantities derived from a statistical model, for instance the Bartlett ad-
justment factor of the log likelihood ratio statistic, are known to be parametriza-
tion invariant or, equivalently, if the statistical model is considered as a differen-
tiable manifold these quantities are geometrical quantities. Typically, the quanti-
ties are expressed as a sum of invariant terms each such term being a contraction
(product) of tensors. At the end of Section 5 it is illustrated that the most com-
monly used tensors in statistical theory are related to the ezpected yoke or to the
observed yoke, introduced in Section 4. More generally, a yoke on M induces via
the concept of derivative strings a whole family of tensors. The relevant part of
the theory of derivative strings is reviewed in Subsection 2.2. After the defini-
tion of a yoke in Section 4, we show that a yoke gives rise to a whole family of
derivative strings including what we refer to as the a-connection string, which is
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a generalization of the a-connection. Furthermore, we give in Section 4 various
elemental properties of yokes. Examples 2 and 3 are concerned with, respectively,
the expected and observed yokes of a statistical model, which produce the above-
mentioned a-geometries of the model. Moreover, in Example 2 we discuss the re-
lation between the expected geometries and the geometries introduced by Eguchi
(1983, 1985) by means of contrast functions (or functionals), and in Example 3 we
discuss observed geometries similar to those of Eguchi.

Tensors are obtained from derivative strings by means of the concept of inter-
twining. After giving the relevant results concerning intertwining in the beginning
of Section 5, we derive various properties of the tensors corresponding to some of
the derivative strings induced by a yoke. Furthermore, we show in Section 5 that
tensors of statistical interest, such as the skewness tensor, the a-curvature ten-
sor and the tensors entering the invariant expression for the Bartlett adjustment
factor, can be expressed in terms of the tensors derived from a yoke. Finally, we il-
lustrate the well-known fact that the concept of a statistical manifold, introduced
by Lauritzen (1987), is insufficient for the discussion of asymptotical statistical
theory and we comment on a proposal of extending the definition of Lauritzen.

Subsection 2.1 is concerned with notation and local coordinates of the mani-
fold M. The definition and properties of a yoke given in Section 4 are formulated in
terms of general, non-standard operations on functions defined on M x M. These
operations are reviewed in Section 3 in terms of local coordinates. However, using
the theory of derivative strings it is shown that the operations are parametriza-
tion invariant. As mentioned above Subsection 2.2 gives a short review of those
concepts from this theory which are relevant in the present context.

2. Notation, local coordinates and derivative strings

2.1 Local coordinates

Throughout the paper M denotes a d-dimensional differentiable manifold. A
chart around p € M is a pair (U, w) consisting of an open neighbourhood U
around p and a homeomorphism w from U onto an open subset of R?. We speak
of w=(w!,..., w%) as a set of local coordinates and use the letters i, j, k, I,... to
denote arbitary components of w. Since we shall be concerned with local properties
only we often implicitly assume that M can be covered by one chart. The set
of realvalued smooth functions whose domain of definition includes some open
neighbourhood of p is denoted by C;° M. We write 8k, or just 8 for the coordinate
frames, corresponding to w, of the tangent space at p.

We let K, signify a set k; - - - k; of ¢ indices related to the local coordinates w
with the convention that Kj is the empty set. For f € C;°M and ¢, 7 =0, 1, 2,...
we let f/x,(p) and fr,/-(p) or just f/k, and fr,,r be defined by

(2.1) fre.(p) = f1k, = Or f = Oky -+~ Ok, f
and
(22) fKt/T( fKQ/T Z f/K“ ".f/Kg-,d

Kt/'r
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where the right-hand sides are to be understood as f(p) and 1, respectively, if t = 0.
In (2.2) and in the rest of the paper ) signifies that the summation is over all
K./T
ordered partitions of K; = k; - - - k; into 7 (non-empty) subsets K;1,..., K;, such
that the order of the indices in each of these subsets is the same as their order in
K; and such that for 4 =1,..., 7 —1 the first index in Ky, comes before the first
index in K .41 as compared with the ordering within K;. For 7 > ¢ the sum is
to be interpreted as 0. The number of indices in the subset Ky, is denoted |Ky,|.
Let ¢ = (1, ..., ¥%) be an alternative set of local coordinates for which ar-
bitrary components are denoted by the letters a, b, ¢, d,.... Fort, 7 =0, 1, 2,...
and for two sets of indices C; and K, related to the local coordinates ¥ and w,
respectively, we set

1 if 7T=t=0,
(2.3) Wi = Wit WE,, if 1s7<t,
/Ce Cy/T
0 otherwise.

Throughout the paper the Einstein summation convention is adopted and with
this convention one has

(2.4) . Zw 16,0

Finally, we use the generalized Kronecker delta

(2.5) 65 = { 1 if J, =Ky,

0 otherwise.

2.2 Deriwvative strings

The discussion of derivative strings in this subsection has been extracted from
Barndorff-Nielsen et al. (1988) which reviews and extends the papers on that
subject by Barndorff-Nielsen (1986b) and Barndorff-Nielsen and Blesild (1987a,
1987b, 1988).

A derivative string on a manifold M is defined relative to a set of local coor-
dinates w as a collection H of arrays

(2.6) Hip, t=1,...,T, u=1,...,70,

satisfying the transformation law

t

U
(2.7) Z Z Hyg /C¢¢/L 1/1/1 “’/B

7=1v=u

fort=1,...,Tand u=1,..., U. The string H is said to be of tensorial degree
(r, 8) and of length (T, U), and we denote the class of all such strings on M by

TU . We do, in fact, allow that some of the numbers r, s, T and U are 0, in which
case the relevant groups of indices do not occur in (2.6) and (2.7). In particular, if
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U =0and T > 0 we speak of (2.6) as a costring (or a (r, s) costring), while (2.6)
is called a contrastring provided U > 0 and T' = 0. We refer to the indices i, - - - ¢,
and j; - - - Js of (2.6) as tensorial indices and to ki -+ k; and Iy -+ -, as structural
indices. Furthermore, the indices i;---7, and [, --I, are called contravariant
indices in contrast to the indices ji---js and k; ---k; which are referred to as
covariant indices.

A derivative string H is structurally symmetric if the arrays in (2.6) are invari-
ant under arbitrary permutations of structural indices within each group of such
indices.

The transformation law (2.7} generalizes those for tensors, affine connections,
and derivatives of scalars. Accordingly, members of the particular classes S (1,20 and
S are referred to, respectively, as connection strings and scalar strings.

Important classes of derivative strings are the so-called co- and contrastrings
generated by a connection string. If I' denotes any connection string of infinite
length and with F’1 = 6k1, then for r fixed r = 2, 3,... the set of arrays {FI
t=1,2,...}, where

I, zr
(2.8) I = > T¢, Tk,

Ki/r

constitutes a (r, 0) derivative costring of infinite length, which is referred to as the
(r, 0) derivative costring generated by I'. The elements of {Gg;‘: w=1,..., s},
the (0, s) derivative contrastring generated by I, are determined recursively from
the equations

t
(2.9) S 6L =6
S=u
If V denotes a connection on the tangent bundle of M, one has that T' = {I'%,
t=1,2,...}, where I”kt is determined by

Vou, (- (Vo 0k,) ) = I, 8,

is an element of Sgo, with F};l = 6};1 and we refer to I as the canonical connection
string corresponding to V. Similarly, the canonical derivative co- and contrastrings
corresponding to V are the co- and contrastrings generated by r.

Multiple derivative strings are strings with more than one set of structural
covariant or structural contravariant indices. In this paper we consider only double
derivative costrings of degree (0, 0) and of length (T, U), ie. collections H of
arrays of the form

(2.10) Hgom,, t=1,...,T, u=1,...,U

satisfying the transformation law

t

(2.11) He,p, = ZZHK M, w/th%;’u

r=1v=1
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The set of such strings is denoted Sg?T’U) and a double costring is structurally
symmetric if the arrays in (2.10) are invariant under arbitrary permutations of the
indices within each of the sets K; and M,,.

Here we have given coordinate-bound definitions of derivative strings. In
Barndorff-Nielsen and Blaesild (1988) it is shown that (multiple) structurally sym-
metric derivative strings are smoothly varying multilinear forms on spaces which
are suitable products of the tangent bundle of M, the zero-truncated jet bundles
(of various orders) of M and the duals of such bundles.

3. Functions on MxM and related strings

The product space M x M = {(p,p): p € M, p € M} is a differentiable

manifold of dimension 2d. If w = (w',..., w%) and & = (&', . .., &%) denote local

coordinates in neighbourhoods U and U around p € M and p € M, respectively,

then

(w, @) = W', ..., 0% & ..., &%

is a set of local coordinates around (p, p) € M x M, which we refer to as a set of
product coordinates. Taking p = p, w = @ and U = U one obtains, that

(w, w)(g, §) = (w(g), w(9)), (9,9 €U XU,

defines a set of local coordinates around (p, p). This point belongs to the differ-
entiable manifold diag M x M = {(p, p): p € M}. A set of local coordinates on
this d-dimensional manifold is of the form

(w, w)(g, @) = (w(g), w(g)), (g, q) € diagU x U.

For f € C*°(M x M) and for a set of product coordinates (w, @) we let for
t=0,1,2,...andu=0,1,2,...

(31) fKt;Mu (wa &}) = aKtéMuf(w7 “N)) = akt T aklému o 'ém1f(w7 ‘:})

and
(3:2)  fr,m, (W) = frum, (W, w).

Note that the functions ,f are defined on M by considering the restrictions of f,
defined on M x M, to dlagM x M.

Letting v, 1~b denote an alternative set of product coordinates such that ¢ =
¥(w) and ¢ = (&) one has, using (2.4), the following transformation formula

fct;DuzactéDuf:(ZEw/c WP, Ok, 8M>f ZZfK,Mw/C2 /D

T=1v=1 r=1v=1

and consequently

t u
K, M,
(3.3) fe.p. = Z ZfKT;MUw/ctw/Du-

r=1v=1
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It follows from (3.3) that f, = {fy . t,u=1,2,...} ESOOOOO), ie. f isa
double costring of degree (0, 0) and of length (oo oo) and that {fg :t=1,2,...}

and {f,, : u=1,2,...} are elements of S92 Furthermore, by restricting the
length of one of the set of structural indices of f to 1, i.e. by considering

{/fKt;m: t:17 2’} or {fk;Mu: 'U,:].’ 23}

one obtains a costring of degree (0, 1) and length oo, as seen from (3.3).
For later use note that

(3.4) Onf i, nt, = Exc,omine, + Lk, Muun:

4. Yokes

With the notation introduced in Section 3 a yoke is defined in the following
way. A function g € C°(M x M) is called a yoke if for every w we have that

(4.1) dp(w)=0, k=1,...,d
and that
(4.2) the matrix  {—¢, ,,.(w)} is positive definite.

Example 1. In the terminology of Barndorff-Nielsen (1978), let M be a reg-
ular exponential family of order d and with minimal representation

exp{w't;(z) — r(w) - $(x)}.
Then it is easily seen that the function g € C°(M x M) given by
(4.3) 9w, @) = (W= @)'k; (@) = k(W) + K(@)
is a yoke.

The concept of a yoke was introduced in Barndorff-Nielsen (1988a). A yoke
gives rise to a whole family of connections on M as shown below. The ezpected
geometries and the observed geometries of a statistical model may be derived from
particular yokes as demonstrated in Examples 2 and 3 below. In these examples
we also comment on the (expected) geometries of Eguchi (1983, 1985) defined by
means of contrast functions. However, first we derive some basic properties of
general yokes.

For a yoke g one has fort =1, 2,..., that

(4.4) ch; + Z ¢Kt1§Kt2 =0

K:/2
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which was proved in Bleesild (1988) by an induction argument based on (4.1) and
using (3.4).
From (4.4) with ¢t = 2 we obtain

(4.5) dh;kz = —dkl ka;

and formulas (4.2) and (4.5) imply that the matrix {g, , } is a (symmetric)

positive definite matrix whose inverse will be denoted by {¢*'*}.

Furthermore, from Section 3 one finds that
00
(46) ¢;={¢K“Mu ttu=1, 2a"'}€80(00,oo)7

1 1
@) h={d =iy 1=12 e

-1 -1
(4.8) ylz{d]Ktzjj,Kg: t:]., 2,...}68?20,
1

(4.9) goz{;m:g,{“: t=1, 2,...}68820

and

-1 —1
(410) Jo={du—dnt=12. fesh

[0
Since STo, is a vector space, it follows for a € R that the set ¢, of arrays

a 1+al 1—-a-! 1+« l1—-a
(411) di, = byt 4k = 5 drt bk, =12

constitutes a (0, 1) costring of infinite length.

Formula (4.6) implies that the matrix {¢, } is a covariant tensor of degree
2 and, consequently, a Riemannian metric on M. Together with formulas (4.1),
(4.2) and (4.5) this fact implies that the concept of a yoke is a geometrical concept,
i.e. a yoke is invariant under transformations of the local coordinates in terms of

a
which it is defined. Moreover, raising the tensorial index of the string ¢, by means

- a
of the contravariant tensor {¢*’} one obtains a connection string ¢* of infinite
length whose elements are

1+a iij l-«o i
2 997 + de;}{,ﬂ ’.

. a i
(4.12) Ik, =4k 97 =
e 10 % i
Since ¢ € Sp, and g}, = 6} one has, in particular, that
Cc2

a a .
(4.13) $orc, = {dklkzwfglwfz +w}m} V)i

which is recognized as the transformation law for the Christoffel symbols of an

«a
affine connection V, called the a-connection corresponding to g.
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24 o
From (4.11) and (4.12) it is seen that the costrings ¢, and ¢' are structurally
symmetric, i.e. invariant under permutations of the structural indices; conse-

quently the connection % is torsion free.
For g € C°(M x M) let § be defined as

(414) g(w’ ‘;J) = g(w, L:)) - g((‘:), ‘:J)

Clearly, one has that g is a yoke if and only if g is a yoke and in that case we refer
to g as a normalization of g. If g = g or, equivalently, if g is identically equal to 0
on diag M x M we call g a normalized yoke. Furthermore, if ¢ is a yoke one finds,
using (4.1), that

Q;ml(w, L:J) = g;ml (w? ‘IJ) - gm1;(w? ‘:')) - g§m1 (‘:}7 ('D) = g;m1 (w; ‘:}) - g;ml (‘Da ‘:})
and

Gimyma (W, W) = Gimams (W5 @) = Gmyimy (@ @) = Gimyma (@, ).
Consequently, it follows from (4.5) and (4.14) that *¢g € C(M x M) given by
9w, 0) = §(0, w)
is a normalized yoke such that for t =0,1,2,... and v =1, 2,... one has
(4.15) *-¢K,;Mu = ﬁMu;Kt = dMu;Kt'

Applying the formulas (4.7)-(4.15) we obtain that

(4.16) g =41,
(417) =g
and

(4.18) “§o=do.

As the last general result which will be mentioned here we have that a yoke on
M induces a yoke on any (regular) submanifold N of M (for details, cf. Bleesild
(1988)).

In Examples 2 and 3 below we consider two yokes of particular statistical
interest. In these examples we let p(x; w) denote the model function with respect to
a dominating measure y of a statistical model with sample space X’ and parameter
space ). We assume that the model function is positive and we denote the log
likelihood function by [, i.e.

(4.19) I =1l(w) = l(w; ) = logp(z; w).

Note that {lx,: t =1, 2,...} is a costring of degree (0, 0) and of infinite length
which is referred to as the string of log likelihood derivatives.
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Ezample 2. Let I denote the Kullback-Leibler information function
(4.20) 1@, w) = Ex{l(®) - l(w)},
where EF; indicates the mean value under the probability measure corresponding to

@. Assuming that the order of differentiation and integration may be interchanged
and, furthermore, that the ezpected (or Fisher) information matrix, i.e.

Z(w) = {Ew(_lklkz)}v
is positive definite, it is easily seen that
(4.21) 9w, &) = ~I(@, w) = Ba{l(w) - @)}

is a normalized yoke, which is called the ezpected yoke.
As proved in Blesild (1988), one has for t =1, 2,... and u =0, 1, 2,... that

(4.22) gkm. (w, @) = Ea{lk, (), /0(@)}
v=1

and foru =1, 2,... that

(4.23) g.m,(w, w) = i(u — 0)Ea{la, 1o (@)} + Y Ea{(U(w) = 1@))la, o (@)}
v=1 v=1

Notice that the quantities gx,.(w, @) are the moments evaluated at the pa-
rameter value @ of the log likelihood derivatives Ik, (w). These quantities are often
referred to as the non-null moments of the log likelihood derivatives and they
are valuable when assessing the robustness of test statistics depending on these
derivatives (cf. McCullagh (1987)).

Replacement of @ by w in (4.22) yields that the elements of the double string
4. are given by

(4-24) gKt;Mu = VKt;Mu = ZVKt;Mu/U = Z Z VKt7Mu.1,~~~vMuv’
v=1 v=1 M, /v

where v denotes the mized moments of log likelihood derivatives, i.e.

(4.25) VK, Mo Mo (W) = Bo{lk, ()lar,, (W) -+ In,,, (W)}

The double string v, was introduced in Bleesild (1987b). Letting A denote the joint
cumulants of log likelihood derivatives, i.e.

Ak My, My, (@) = Co{lg, (W), Ly, (W), ..., In,, (W)}
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one has the rather surprising result (cf. Blaesild (1987b)) that

u

(4.26) VKM, = AK M, = Z AKo M, o = Z Z AKMy1,o My -
v=1 v=1 M, /v

Consequently, the double strings gj;, v, and ), are identical. Furthermore, one has
that

(427) Irc: = Blin, (@)} = vy = A,
and from (4.23) it follows that

u—1

(4.28) Gorr, = D (u—v)vag, /o

v=1
Using (4.27), (4.4) and (4.24) one has the identity

UM“ = yMu? == Z dMul;Mu2

M, /2
lMu2l

u
- Z Z Z VMu1,Mu2,14 s My2,6 = — E UMu/U
v=2

Mu./2 o=1 Mu.2/0

which gives the following alternative expression for j; M,
(4.29) Gorr, == (0= Dt /0
v=2

1 -1
The elements of the costrings ¢' and ¢!, expressed in terms of the mixed
moments v are, respectively,

1, .
(4.30) Ix, = vk, j,
-1, &
(4.31) $5x =V vk
=1

and it follows that the a-connections corresponding to g are the (expected) -
connections introduced by Chentsov and Amari (see Amari (1985, 1987)).

We conclude this example by showing that the geometries introduced by
Eguchi (1983, 1985) by means of contrast functions are examples of geometries
derived from yokes. Following Eguchi we say that for an arbitrary model param-
eterized by {2, the function

p: 2 xQ— [0, co)

(w, @) = p(w, ©)
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is a contrast function provided p(w, @) = 0 if and only if w = &. As noted by
Eguchi (1983) any strictly convex function w: R, — R with w(1) = 0 generates,
due to Jensen’s inequality, a contrast function p,, given by

puwlw, @) = Eu{w(p(z; ©)/p(z; w))}-
For each such function w we set
(4.32) 2= —w o exp
and define the function ?g: M x M — R by
*g: A xQ—>R
(4.33) (w, @) = —pu(®, w) = Egx{z(l(w) — I(@))}-

Provided *g € C*°(M x M) one has, as shown in Blesild (1988), that *g is a
normalized yoke for which

t

(434) ZjKt; = ZZ(T)(O)UKQ/T’

=1

(4.35) or, =Y, 3 (1) (z)z(”’(O)VM.,/v

v=1o=1

and

(4.36) rom, = Z Z Z(—l)"' (:;) z(””)(O)VKt/T,Mu/v

T=1v=10=0

fort=1,2,...and u=1,2,.... Here z(")(0) denotes the r-fold derivative of z
evaluated at 0.

Ezample 3. Let & denote the maximum likelihood estimator of w. Assuming
the existence of an auxiliary statistic a such that the transformation z — (&, a)
is one-to-one, the log likelihood function may be written as

(4.37) l=l{w; @, a).

In particular applications the statistic a is often ancillary, either exact or ap-
proximately, and in such cases inference on w may be drawn by considering the
conditional normalized log likelihood function given a, i.e.

(4.38) 9w, @) = l{w; &) =lw; @, a) = &; @, a).

It is easily seen that g is a normalized yoke provided that the observed infor-
mation matrix evaluated at © = w, i.e.

J@W) ={ =T, (W)}
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is a positive definite matrix. This yoke, which is seen to depend on the value of
the auxiliary statistic, is called the observed yoke.
Note that the analogy between the expected and observed yoke given by (4.21)
and (4.38), respectively.
Writing
l(w, ®) = lw; @, a)

it is easily seen that for u, t =1, 2,... one has

(439) th; :‘IKH’

(440) d;Mu = - Z /IMuz;Mul
M,/2

and

(441) th;Mu :th;Mu'

The double string [, which was introduced in Barndorff-Nielsen (1986b), is called
the string of mized log model derivatives. The costrings of tensorial degree (1, 0)

corresponding to a = 1 and o = —1 are given by, respectively,
1 1

(4.42) Ik, =Lk, =l 0"

and
-1, -1

(4.43) Ik, = Tk =l )"

The corresponding a-connections were referred to as the observed a-connections
in Barndorff-Nielsen (1986a, 1987b).

Finally, letting w: R, — R denote a strictly convex function with w(1) =0
and setting z = —w o exp one finds that g given by

zg(w’ ‘D) = Z(l(wa JJ) - l(‘:’" L:)))

is a normalized yoke provided *g € C°(M x M). It is proved in Blaesild (1988)
that for t, w = 1, 2,... and with a notation similar to that in (2.2) one has

(449)  dg =D 2Oy sr

=1

(445) g = Z 2(0)d.p1,

i

(446)  “frim =327 O)ZZdK” Y FOMESRLRY o

T=1 K /7 p=1
and

(447 dim, —Zz“” OB DD S IV Ry A

My /v p=1
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Ezample 1. (continued) Since Egt; = x/;(@), it follows from (4.21) that (4.3)
is the expected yoke for a regular exponential family.

The probability density function of the minimal sufficient statistic ¢ =
(t1,..., tq) is of the form

(4.48) p(t; w) = exp{w't; — k(w)}

and the equations x/;(w) = t; establish a one-to-one correspondence between w
and t. Consequently, no auxiliary statistic a is needed in this situation and from
(4.19) and (4.48) one finds that the observed yoke is also given by (4.3).

From (4.3) it is easily seen that for t =2, 3,... and u =1, 2,... one has

(4.49) I, = —K/K,s

(4.50) Frrinr, = B/kUM.
(451) drons, =0,

(4.52) I, = —(u—1r/p,.

5. Tensors derived from yokes

Inspired by an idea in McCullagh and Cox (1986), Barndorff-Nielsen (1986b)
introduced the concept of intertwining which has been further developed in
Barndorff-Nielsen and Blasild (1987a, 1987b). Given a connection string I' with

21 = ,icl this concept establishes a one-to-one correspondence between a deriva-
tive string and a sequence of tensors. More specifically, if, for instance, H is a
double derivative costring of degree (0, 0) and length (0o, 00), it follows from
Barndorff-Nielsen and Bleesild (1987a) that there exists a sequence of tensors
T ={T1y,: 7,v=12,...}, where Ty ;, is a covariant tensor of degree T + v,
such that

t u
(5.1) Hg,m, = ZZTITJUF&F}(}“

r=1lv=1

or equivalently

T

(5.2) T, =YY Him GRGY-.

t=1u=1

In (5.1) and (5.2) the I'- and G-quantities refer to, respectively, the co- and con-
trastrings generated by the connection string ' (cf. Subsection 2.2). Furthermore,
the relations (5.1) and (5.2) specialize in an obvious way to elements of Sgo,. The
elements of the sequence T are referred to as the tensorial components of H with
respect to I and the formulas (5.1) and (5.2) as the intertwining formulas.

1
Letting j; and ¢' denote, respectively, the double string and the 1-connection
string corresponding to a yoke g we now derive and give some properties of the
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(covariant) tensorial components, which will be denoted by T., of ¢. with respect

1
to ¢'. At the end of this section, we comment on the role of these tensors in
statistical theory.

1
The tensorial components T’ of j; with respect to ¢' may be calculated from
(4.12) with @ = 1 and (5.2) and the tensors up to degree four are:

Ti1;J’1 = ¢i1;j1’ Tin’z;jl =0, Tiz;jsz = dil;hjz - dhjz;h’
kiK'
(5'3) Tiliz'ia;h =0, Tiliz;jljz = diliQ;j1j2 - diliz;kék':]&jzd o

— k;k!
Ti1;j1.'i2.7'3 - jiu.hjzja - djljzja;h - (dil;jlk - djlk;il )djzja;k’d {3]

where [ ] refers to the number of similar terms obtained by suitable permutations
of the indices.
In general one has that

(5.4) T,,;=0 if r>2

1 1
To see this, we denote by & the contrastrings generated by ¢'. From (5.2), (2.9)
and (4.12) it follows that

T 11 T 1
m m
TI-r;j = Zth;mGITth = ZdKﬁmGI‘rt&j
t=1 t=1

T 1 K T.1,01 ’
=Y Ik B = ) Sk L =48, =0
t=1 t=1

1
The tensorial components of ¢, = {¢y : t=1,2,...} € S92 will be denoted

by T; ., 7=1,2,.... These tensors may be described in terms of the tensors T
since we have the following formula analogous to (4.4)

(5.5) T+ Tiop, =0

I./2

Conversely, it is not possible to express the tensors T; ., in terms of the tensors
T, ..
IT‘In the light of these facts and in line with the concept of yokes, the tensors
T;,.;, may be considered as more fundamental than the tensors T .

"The identity (5.5) may be proved by an induction argument, using the formulas
(2.9), (5.1) and (5.2) and brute force. However, here we give a proof of (5.5) which
may add to the understanding of the concept of tensorial components.

For an arbitrary structural symmetric connection string I' we consider, in line
with Murray and Rice (1987) and Mora (1988), the extended normal coordinates at
p with respect to T'. These coordinates will be denoted by v and we use the letters
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T, vy, 2,... for arbitrary indices of v. The coordinates v, defined in a neighbourhood
of p, satisfy the conditions

(5.6) ¥ (p) =0, 7, (p)=0 for t=23,...

and so the concept of extended normal coordinates is indeed a generalization of
the concept of normal coordinates of a torsion free connection. Formulas (2.8),
(2.9) and (5.6) imply that

F‘Z’(p) =0 for r>2
and
(5.7) Gy (p) = by~

For the double string ¢., one obtains, using (5.2) and (5.7), that

68 Trm® =S5 drw OFL OEL0) = dx,v, @)

t=1u=1

i.e. the tensorial components of ¢; at p are simply the elements of j; expressed in
the system of extended normal coordinates at p. Similarly, one has that

(5.9) Tx,,p) =4¢x,.,(p)

and consequently, by (4.4), (5.8) and (5.9), that

(5.10) Tx. )+ Y Tx.x.,® =0

X, /2

Since all the terms in (5.10) are covariant tensors of degree 7 the proof of (5.5) is
complete.
From (5.3)-(5.5), one finds the following expressions for the tensorial compo-

1 1
nents up to degree four of ¢, with respect to ¢':
Tiﬂz; = —Til;iz = _jiuiz’
(5'11) Tilizia; = _Tix;izia = dizia;h - di1§i2i37
Til’iz%’siq; = —Til;izi3'€4 - T’ili2§i3i4 [3]
= dizisiﬁh - dizﬂ'ziaiq . ¢i1i2§i3i4 [3]

kik’ -k
+ diliz;kdk';iai4$f (6] — dilz‘z;kdim;k'gk’k (3]-

1 1
Since the strings ¢, and ¢ ! are both structurally symmetric one has generally
that the tensors T = are symmetric. In particular, one has that the tensors

(5.12) ’ril;iz = —Ti]’ig; = jil;’i2

and
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( : ) Th;izis - Til‘izis; —¢i1§":2i3 dizia;il

are symmetric.

Ezample 1. (continued) For a regular exponential family one obtains, using
(4.49)—(4.51), (5.3) and (5.11), the following expressions for the non-vanishing
tensors T; up to degree four expressed in terms of the canonical parameter w:

T’i];iz - T‘iliz; - 5/7‘112’
Til;z’zig = _Tiligig; = K/iyigiss

Til;i2i3i4 - —Ti1i2i3i4; - K/i1i2i3i4'

It is well-known that the difference between the lower Christoffel symbols for
two connections is a (0, 3) tensor. For the a-connections corresponding to a yoke
g, one has according to (4.12) and (5.3) that

0 a -1 1
(5.14) 2 (djklkrz - ﬂjk1k2> =a (ﬁjklkz - Sfjklkz)
= o(d ik, ky ~ Fhrhais)
= aTj?’ﬁkz

In particular, for the expected yoke considered in Example 2 formula (4.24) implies
that

Tj;klkg = Vjkiko T Vjkikz — Vkike,j = Viki ko

In statistical theory this tensor is known as the skewness tensor (cf. Lauritzen
(1987)).
Most tensors in classical differential geometry, for instance the curvature ten-
sor, are expressed in terms of the canonical connection string corresponding to the
[23

connection considered. We now show that the connection strings ¢' corresponding

«x
to a yoke g are not in general canonical. Letting Cdl denote the canonical con-

nection string corresponding to %, the a-connection induced by g, it follows from
Subsection 2.2 that

%akt ( - (%Bkzakl) - ) =c;'kt3i-

In particular, one has that

(5.15) Mrrkaks = Okahiky, T Iky ko Firns-
It is proved in Blaesild (1988) that
a. @, 1+ l-«
(5:16)  cfkikaks ~ Fhakoks = (“Z—Tklkz;ksj + 5 Thajikaks

1—a?

g\
4 Ti';klkzrj'ﬂ'hdz ! )jw




YOKES AND TENSORS DERIVED FROM YOKES 111

which shows the assertion above. Note that for @ = 1 and a = —1 formula (5.16)
turns into
1 1 -
(5.17) Hirkoky = Frkoks = Tklkg;kajdllj
and
-1 1
(5.18) o kikoks — Fkrkoks = Tksj;klkzdw-

[0 [23
The curvature tensor R of V may be expressed in terms of the canonical
connection string as

a o, Q.
— ] )
Rk3k2klj - (Cgklkgkg - Cdklkgkg) ji;j’

so, using (5.16), we obtain

a 1+ 1-a
(5'19) Rekskskij = 9 (Tklkz;ka.’i - Tklk3§k2j) + 9 (Tklij;klkZ _Tkzj;klka)
1— a2 Y
- 4 (Ti/;k1k2Tj’;k3j - Ti’;klkgTj’;kzj)dz 7 )
which for @ = 1 and a = —1 reduces to, respectively,
1
(520) Riakokrj = Tk1k2§k3j - Tk1k3;k2j
and
-1
(5.21) Riakakii = Thojinies — Tragihaka:

In statistical theory the tensors T; up to degree four corresponding to the

expected and to the observed yoke, respectively, appear again and again in discus-
1
sions of invariant asymptotic theory. The tensorial components of ¢, corresponding

to the expected yoke, i.e. the mixed moments of the so-called Mdbius derivatives
of the log likelihood function, were introduced in McCullagh and Cox (1986) and
used to express the Bartlett adjustment of the log likelihood ratio statistic as a
sum of invariant terms. A similar expression in the case of observed geometry was
given by Barndorfl-Nielsen (1986b). The formal analogy between these expressions
was established in Bleesild (1987b) using the analogy between what is now known
as the double strings ﬁ; corresponding to the expected and observed yokes, re-
spectively. More specifically, if w and w’ denote, respectively, the original and the
Bartlett adjusted log likelihood ratio statistic for testing a point hypothesis about
the parameter w, it was shown in Blaesild (1987b) that both for the expected and
observed geometries one has

w' =w(l+ B/d),
where d is the dimension of w and where
(5.22) 12B = {3T 1, + 12T STV T
TET T NS U Y o i
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The tensors T corresponding to the observed yoke also occur in the asymptotic
expansions of the conditional distributions of, respectively, the maximum likeli-
hood estimator and the score vector given an (approximately) ancillary statistic
derived in Mora (1988) (see also Barndorff-Nielsen (1989)). Finally, the tensors T’
corresponding to the expected yoke appear in the asymptotic expansions for the
distributions of the maximum likelihood estimator and the score vector considered
in Amari and Kumon (1983) and Barndorfi-Nielsen (1986a) (cf. also Amari (1985)
and Mora (1988)).

One of the topics in the discussion in Dodson et al. (1987) is concerned with
the need of supplementing the concept of a statistical manifold, introduced in
Lauritzen (1987), in order to be able to handle asymptotic theory within a unified
framework. The tensor T“ igij12 corresponding to the expected yoke was men-
tioned as a candidate. The formulas (5.19)—(5.22) support this proposal. Despite
the formulas (5.20) and (5.21), it does not seem possible to express the tensor

[

in terms of the curvature tensors R. The present author is not aware of

Tiliz;jljz
in terms of classical geometrical quanti-

any interpretation of the tensor T
ties. From (5.17) it follows that

118257152

1 1
Thikaikas = oS skikaks — Sikakaks

showing that the tensor is simply the difference between the third elements of the
1

1
canonical string ¢, and of the string ¢,, i.e. the tensor is easily expressed in terms
of derivative strings.

As a final remark, note that the tensor T , . . = appears in (5.22) and that, ac-
cording to (5.11), this tensor can not be expressed in terms of the tensors T ; . ..
and Til;izis only. Consequently, it is not enough to supplement the concept of a
statistical manifold with the tensor T, , ., ... The basic quantity to consider in
relation to asymptotic theory seems to be the expected yoke itself from which the
Fisher metric, the skewness tensor and the appropriate tensor of higher order may
be derived. Finally, the demand on g being smooth on M x M, i.e. infinitely often
differentiable, may be reduced to g being continuously differentiable a suitable
number of times; for instance in the case of Bartlett adjustments it suffices that g
is four times continuously differentiable.
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