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Abstract. This paper describes the construction of search designs which
permit the estimation of the general mean and main-effects, and allow the
search for and estimation of one possibly unknown non-zero effect
among the two- and three-factor interactions in the general symmetric
and asymmetric factorial set-up.
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1. Introduction

The notion of search designs is originally due to Srivastava (1975) who
gave the basic mathematical formulation of the problem. Srivastava (1975,
1976a) 'and Ghosh (1975) gave comprehensive construction procedures for
the 2" series. Srivastava (1976b) also considered optimality criteria, bias
and some interesting applications of search models. A good number of
construction procedures for the 2" series were suggested by Srivastava and
Ghosh (1977) and Srivastava and Gupta (1979). Anderson and Thomas
(1980) suggested construction procedures for search designs for the P
series, where p is a prime or a prime power. The problems of constructing
search designs were investigated by Gupta (1977, 1981, 1984), Ghosh (1980,
1981), Gupta and Ramirez Carvajal (1981) and Ohnishi and Shirakura
(1985). Chatterjee and Mukerjee (1986) obtained some results on search
designs which permit the estimation of the general mean and main-effects,
and allow the search and estimation of one possibly unknown non-zero
effect among the two-factor interactions in the general symmetric and
asymmetric factorial set-up.

The present paper deals with the construction of search designs for a
general factorial set-up with m factors that allow estimation of the general
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mean and main-effects, and detect and estimate at most one among two-
and three-factor interactions. This problem was earlier considered by
Ghosh (1981) and he gave construction procedures for the above problem
in the 2" factorial set-up. Here our primary objective is the construction in
the general asymmetric factorial set-up. To motivate, we begin with the
symmetric factorial set-up and then extend the same to the general
asymmetric factorials. The suggested designs keep the number of runs
considerably low.

The linear model considered here is similar to that of Srivastava
(1975). Let Y'Y be the vector of observations with E (Y)= Xz, Disp (Y) =
021, where

(1.1) X = [Xl(Nxm)’XZ(anz)]

is the known design matrix and 7= (7}, 75)’, 71 being an n; x 1 vector of
unknown fixed parameters and 7, being an n, x 1 vector of fixed param-
eters, which may be partitioned as:

(1.2) n=(pLps....B;) .

Here 7, is not completely unknown. It is known that at most z among
B, B>,..., B, are non-null where z is small relative to “#”. The problem here
is to search for the non-null vectors of (1.2) and to draw inference
regarding them and 7,. In the general symmetric and asymmetric factorial
set-up, at least one of i, B,,..., B, involves more than a single component,
for in such settings a factorial effect may be represented by more than one
independent parameters; on the other hand, Srivastava (1975) considered a
set-up where each i, B,,..., B, involves a single component. In the present
paper we take z = 1.

Let the partitioning of X corresponding to (1.2) be X> = [Xa1, X, ...,
X»y) and assume that the error variance is negligible (i.e., ¢* = 0). Then the
following theorem holds along with that of Srivastava (1975) (see also
Chatterjee and Mukerjee (1986)).

THEOREM 1.1. A necessary and sufficient condition that the above
search design problem will be completely solved is that for arbitrary
£1,82,...8: (1=<g1< g < < g = i?), the matrix [X], Xag,, ngza'”’ngz;]
has full column rank.

2. Notation and preliminaries

Consider a factorial set-up involving m ( = 3) factors Fi, F,..., F at
81, 82,..., Sm levels, respectively, (s;=> 2, 1 <j < m) where,
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(2.1 S1<$H< < Sm.

A typical level combination would be (i1, iz,...,im) O < <5 — I; 1 <j<m).
Throughout this paper, the v = ITs; level combinations will be assumed to
be lexicographically ordered. The main-effect of factor F; carrying (s: — 1)
degrees of freedom will also be denoted by F, while FiF; and F;F;F, will
represent typical two- and three-factor interactions carrying (si — 1)(s; — 1)
and (s; — 1)(s; — 1)(s; — 1) degrees of freedom, respectively (1 <1, j,t<m,
i<j<u).

Suppose prior information is available regarding the absence of all
interactions involving four or more factors (these interactions will be
assumed to be absent throughout). The following notation will be helpful
in this context. Let for | <j<m, 11" = (1, 1,...,1) and P, be an s; x (s, — 1)
matrix of full column rank such that [s; /*1;, P]] is orthogonal. Define for
1<j<m,

lj if x,~=0;

Pi(x) =
Tl e i x=1.

Letforl<i<m, Z;= >:<1 P,(0w), forl<i<j<m, Z;= >:<1 P.(0ui + J.4) and

for 1<si<j<t<m, Zy= >:<1 P.(0ui + 6uj+ 0uw) and 1= >:<1 1, where X

denotes the Kronecker product and é’s are Kronecker deltas. It is easy to
observe that if one observation is made for each of the v level combinations
of Fi, F»,..., Fn, the resulting design matrix will be of the form

(22) [1, Z1,..., Zm, le, Z13,. vy /. 1,ms Z123, Z124,..., Zm—z,m—l,m] .

where 1 corresponds to the general mean effect and the columns of
Zi, Zij, Zj; correspond to the main-effect F; (1 <i< m), interaction effects
FF(1<i<j<m)and F,FF, (1<i<j<t<m), respectively. Of course,
(2.2) incorporates Z; and Z; only when the associated interaction effects
F.F, and F;F;F, are included in the model. Let Hi=[1,Z, Z,..., Zn];
Hz = [le, Z13,..., me1,m] and H3 = [Z123, Z124,..., Zm—z,m—1,m].

Let S be a subset of N level combinations of Fi, F,..., Fn with the
corresponding submatrices of Hi, H, and H; as, say, Ti = [&, L1, La,..., Ln],
T, =[G12, Gi3ye.., Gm-1,m] and T3 =[Viz3, Vizaye.o, Vin-2,m-1,m), re€spectively.
Then from Theorem 1.1, one observes that S represents a search design of
the above problem if and only if the following matrices

1) [T1, G,y Geg]l Where 1< g1 <g3s<m, 1=g2<ga<m, g3=<gy,
(81, 83) # (82, 84),
i) [Th, Geg Viin] Where 1 < g1 < g <m, 1 < hy < h, < hs < m and
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111) [T1, Vs, Visha ) Where 1 S i <y < hs<m, 1 < h, < hs < hs < m,
hs < he and (h, hs, hs) # (h2, ha, he), have full column rank.

3. Main result in the symmetric case

In order to construct search designs for the above set-up, first consider
the case where s, =5, =:-- =35, =35, say. The following notation will be
helpful in describing the search designs considered here.

Define the m x 1 vectors a; (0 <j<s— 1) such that in a;, all the
elements are j; let A be an m X s array whose columns are given by a; for all
possible j.

For 0 <j<s—1, define the m x 1 vectors b;,; (I1<u<m, 0<i,<
s — 1, j# i) such that in b; ., the u-th element is i, and the remaining
elements all equal j; let B; be an m x m(s — 1) array whose columns are
b; ... for all possible u and i,.

Define the m x 1 vectors ¢ u,u (1<j<s—1, 1 <ui<u;<m) such
that in ¢j ., ., the wi-th and w,-th elements are zero and the remaining
elements all equal j; let C be an m x m(m — 1)(s — 1)/2 array whose
columns are given by ¢ ..., for all possible j, z1 and w,.

For 1 <j<s— 2, define the m x 1 vectors d; u u,i.i. (1 < w1 <z <m,
0 < min (i, i) <j < max (iu, i) < s — 1) such that in d; ..., the u-th
element is 7,,, the wo-th element is #,, and the remaining elements equal J; let
D; be an m x [m(m — 1)j(s — j — 1)] array whose columns are d; ., i, i, for
all possible w1, us, iy, and I,

For 1 <j<s—2, define the m X 1 vectors € ., uw.i.i, (1<u1 <uz<m,
J+1=iu,i,<s— 1)such that in € 4 u,i. i, the ui-th and u,-th elements are
i,, and i,, and the remaining elements equal j; let E; be an m X
[m(m — 1)(s — j — 1)’/ 2] array whose columns are €,u, i, i, fOT all possible
w1, Uz, i,, and iy,

Let

n = total number of runs
=s+ms(s— 1)+ mm—1)(s—1)/2+m(@m—1)s(s— 1)(s—2)/6
+m(m—D(s— (s —2)2s—3)/12

and define the following m x n array:
(31) Q = [A, Bo, Bl,..., BsAl, C, Dl, Dz,..., Ds—z, El, Ez,..., Es—z] .

Example 3.1. lLetm=6ands=4.
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0123 123000000000000000 0231111111111
0123 000123000000000000 1110231 11111111111
0123 ~000000123000000000 _ 1111023111111
01230 B 000000000123000000 H1023111111°
0123 000000000000123000 HTT11111023111
0123 000000000000000123 LITLIITE11111023

B

013222222222222222 012333333333333333
222013222222222222 333012333333333333
222222013222222222 B, 333333012333333333
222222222013222222° ®* 333333333012333333°
222222222222013222 333333333333012333
222222222222222013 333333333333333012

By:

000001111111111000002222222222000003333333333
011110000111111022220000222222033330000333333
~ 101110111000111202220222000222303330333000333
" 110111011011001220222022022002330333033033003
111011101101010222022202202020333033303303030
111101110110100222202220220200333303330330300

002300230023002300231 111111111 E 11T RI 000 0L R RN LLRITTTELEY
2300111111111111111100230023002300231 1111111 T1111THE1TT11111
111123001111111111112300111111111111002300230323111111111111 |
1111111230011 11111111230011111111230011111111002300231111°
[1L111111111230001112111111123001111111123001111230011110023
TILITIT11L1111123001111111111112300111111112300111123002300

Dy:

013301330133013301332222222222222222222222222222222222222222
330122222222222222220133013301330133222222222222222222222222
222233012222222222223301222222222222013301330133222222222222
222222223301222222222222330122222222330122222222013301332222°
222222222222330122222222222233012222222233012222330122220133
222222222222222233012222222222223301222222223301222233013301

D;:

223322332233223322331 1111111101111 01 1011100102111 010EE1111
2323111111111111111122332233223322331111 111111111011 111 L1111
111123231011 101111112323111111111111223322332233 11111 11111EL
PITHI1112323111101111111232311111111232311111111223322331111°
LIIIT1111111232311111111111123231111111123231111232311112233
TIRIINIT1111111123231111111111112323111111112323111123232323

Ep:

333332222222222
322223333222222
. 232223222333222
' 223222322322332°
222322232232323
222232223223233

THEOREM 3.1. The columns of the matrix Q, interpreted as the level
combinations of Fi, F»,..., Fn, give the required search design in n runs.

The proof of the theorem follows from the following lemmas.

LEMMA 3.1. Let P=[po,p,...,Ps-1] be an s x (s — 1) matrix such
that [s '*1, P] is orthogonal. If (p; — pl)@=0,r=1,2,...,s — 1, then ¢ = 0.
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PROOF.  If(pr—pt)e=0,r=1,2,...,s — 1, then it is easy to see that
BP¢ = 0, where the (s — 1) X s matrix B is given by

B:[‘ls-'l Is—l]-

Now by the definition of B and P, BPP’'B’ = I;-1 + Js-1,5-1, which is non-
singular, where /- is an identity matrix of order (s — 1) and J;-1 5-1 is an
(s — 1) x (s — 1) matrix with all elements unity. So the square matrix BP is
non-singular and hence the result is immediate.

It also follows from Lemma 3.1, that the columns of P* with rows
(pr—po), r=1,2,...,s — 1, are linearly independent.

LEMMA 3.2. The columns of the matrix Q, interpreted as the level
combinations of Fi, F,,...,Fn, is a subset of n level combinations of
Fi, F,..., Fy for which the matrix [Ti, Gy, Gggl, where 1 < g1 < g; <m,
1 <g<ga=m, g3=<gsand (g1, g:) # (g2, g4), has full column rank.

LEMMA 3.3. The columns of the matrix Q, interpreted as the level
combinations of Fi, F,..., Fn, are a subset of n level combinations of
Fi, F,..., Fu for which the matrix [T, Geg, Vi), where 1 <gi1<gy<m
and 1 < hy < hy < hs < m, has full column rank.

PROOF. Under the notation of Section 2, consider the matrix
X(g1,gz, h}, hz, h3) = [Tl, Gglgz’ Vh]hzhs] = [8, L1, Lz,..., Lm, Gglgz, Vh,hzhj], where

3.2) lsgi<gxs<m, 1=sh<h<h=<=m.
To prove the lemma, consider
(3.3) X(81,82, 1, h2,h3)0=0
where 6= (6o, 01,..., 0, al, af)’, say. Recalling the definitions of Li, L,,...,

Lo, Gggsy Viunons, (3.3) together with (3.1) gives the equations (3.4) to (3.8).
For example, (3.4) corresponds to the subarray A4 of Q.

(3.4) bo + Z pij0. + (Prj X Pes) @1 + (Phij X Phj X Phoj) 02 =0

where 0 <j<s—1and p;; (1 <v=m, 0<j<s— 1) denote the j-th row of
P,
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3.5) 6o+ X pii6, + PO

ba
+ [Oue. (P, X Pij) + Ougs(Plj X Plsic)

+ (1 = dugi— g )Pl X Pl o
+ [Oun, (Phiin, X Phsj X Phsj) + Ouna(Phij X Phi, X Phj)

+ Oun (Phij X Phyj X Phi)

+ (1 = Suny — Oun, = Ouns)(Phij X Phoj X Phu)] @2 =0,

789

0<j<s—1, Isusm, 0=<iy<s—1, j#i.

Let
p(O) =00+ % 0, + Pl But pl 6.
+ [ {Guer (Piic, X Phaic) + (1 — Oug ) Pluic, X Pli)}
+ (1 = Sug){Oug: (P X Piii)
+ (1 = Gug){Ouss (Do, X Pii) + Ouege( Py X Pic)
+ (1 = Gusgs — Su) (P X Pii) ] o
+ [uin {0t (Phiin, X Phai, X Phsj)
+ Gurt(Phiin, X Phoj X Phsi)
+ (1 = Gushs — Gu)(Phi, X Phoj X Phii)}
+ (1 = uin){Ousm{Oushs(Phij X Phisin, X Phsin))
+ (1 = Oum)(Phij X Phain, X Phyj)}
+ (1 = Sun){Oun (Phj X Phej X Phsin)
+ (1 = Gun){Oushs (Phiin, X Phsj X Phy)
+ Oushs(Phij X Phain, X Ph) + Ouas (Phij X Phoj X Phsiv)
+ (1 = Guahs = Oy = u)(Phs X Phey X P}l 02,
then,

36) ¢@=0 for l=wmi<w=m, i,=0, i,=0 and

Isj<s-—1,
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37 e@)=0 for I<swu<ws<m, 1<j<s—-2,
0 < min (4, b,) <j<max (i, ) <s—1,
38 e@=0 for lswu<w,<m, 1<j<s-2,
Jt1<ip,in<s—1.

Now in view of (3.2), a number of cases may arise. In the above
setting, first suppose g1 = 1 < g2 = ha < h;. We have to prove that (3.3) has
the only solution 8= 0.

For any fixed ¢ (1 <t <m, t # hy, ha, h3), subtracting (3.4) with j =0,
from (3.5) with ¥ = ¢ and j = 0, one gets
(3.9) (ph— P0)0:=0, 1<i<s—1.

From Lemma 3.1 and (3.9), it follows that
(3.10) 0.=0, 1<t<m, t#h,hyh;.

For any fixed r (1 <r <s— 1), subtracting (3.4) with j =0 from (3.5)
with u = hs, in, = r and j = 0, one gets

(3 1 l) (p;hr - p;uO) 0h3 + [p;nO X p;lzo X (p;lar - p;u())] a = 0 .

For any fixed r (1 <r <s— 1), subtracting (3.6) with w; = hi1, u2 = h;
and j = r from (3.5) with j = r, u = h; and ix, = 0, one gets

(3‘12) (p;laf - p;h()) 0h3 + [p;h() X p;tzr X (p;ur _'pll'uO)] a; = 0.

For any fixed r (1 <r<s— 1), subtracting (3.6) with w; = ha, u, = hs
and j = r from (3.5) with j = r, u = h, and i», = 0, one gets

(3.13) (Phr — Phio) On, + [ Phir X Pho X (Phyr — Pho)] 02 = 0 .

For any fixed r (1 <r <s— 1), subtracting (3.6) with wui = h, ua = hs
and j = q from (3.7) with u; = hy, i, = 0, w2 = hs, in, = r and j = g, one gets

(3.14) (Phor = Ph0) O, + [ Pho X Phig X (Phr — Pho)] 02 =0
where [ <g<r<s—1.

For any fixed r (1 =r<s— 1), subtracting (3.6) with u; = hs, 1o = h3
and j = k from (3.7) with w1 = ho, i, = 0, u, = hs, in, = r and j = k, one gets

(3'15) (p;'h’ _pilso)ohs + [p;hk X p;IzO X (P;nr _p;lao)]aZ = 0
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where l <k <r<s-—-1.
For any fixed r (1 <r <s — 1), subtracting (3.5) with u = hy, ir, = q and
j =0 from (3.7) with uy = hu, in, = 0, us = ha, in, = q and j = r, one gets

(3.16) (phr — p;ho) 0, + [p;hO X pilzq X (p;ur - p;uO)] a=0
where I <r<g=<s-—1.

For any fixed r (1 < r <s — 1), subtracting (3.5) with u = hy, i, = k and
j =0 from (3.7) with w; = hu, in, = k, s = ha, i, = 0 and j = r, one gets

(3.17) (Phir — Pho) On, + [ Phik X Phoo X (Phyr — Pho)] @2 =0
where l <r<k<s-—1.

For any fixed r (1 <r<s — 1), subtracting (3.5) with u = hs, i, = 0 and
Jj =rfrom (3.4) with j = r, one gets

(3.18) (Phyr — Pho) On, + [ Phur X Phar X (Phyr — Pho)] 2 =0 .

For any fixed g, r (1<gq,r<s—1, g+#r), subtracting (3.5) with
u=hs, in, =0 and j = q from (3.5) with u = hs, ir, = r and j = g, one gets

(3.19) (Phyr — Phs0) On, + [ Phig X Phag X (Phor — Phio)] 02 = 0 .

For any fixed k, r (1 <r<k<s—1), subtracting (3.7) with j=r,
u = h1, in = k, w=hs and i, =0 from (35) Withj= r, u= hi and i, = k,
one gets

(3'20) (p;ur - p;uO) 9’13 + [p;uk X p;ur X (p;ur - P;uO)] a2 = 0 .

For any fixed ¢, r (1 <r<gq<s— 1), subtracting (3.7) with j=r,
ur = hy, in,=q, u2=hs and iy, =0 from (3.5) with j=r, u=h; and in=gq,
one gets

(3'21) (p;ur _P1’130) Gha + [p;ur xp;lzq X (p;lgr - p;uO)]aZ = O .

For any fixed k,q,r (1<r<qg<k<s—1), subtracting (3.7) with
j=q, ui=hi, in=k, us="hs and i, =0 from (3.7) with j=gq, w1 =h,
in, = k, u2 = h3 and i, = r, one gets

(322) (p;h’ - p;lzo) 0, + [p;nk X p;lzq X (p;ur - p;uO)] a=0.

For any fixed k,q,r (1<r<k<g<s—1), subtracting (3.7) with
j=k, ui=hy, in,=q, uz=h;s and i, =0 from (3.7) with j=k, ui = hy,
in, = ¢, u2 = hs and i, = r, one gets




792 KASHINATH CHATTERJEE
(3.23) (Phyr — Pho) On, + [ Phik X Phag X (Pher — Pho)]@2 =0 .

For any fixed k,q,r (1=qg<s-2, g<k,r=<s— 1), subtracting (3.7)
with j = q, w1 = hi, in, = k, u2 = hs and i, = 0 from (3.8) with j = q, w1 = h,
in, = k, u2 = h3 and i, = r, one gets

(3.24) (Phsr = Ph0) Ons + [ Phitc X Phog X (Phor — Pho)] @2 =0 .

For any fixed k,q,r (1<k<s-2, k<gq,r<s— 1), subtracting (3.7)
with j =k, uy = h, i, = q, u2 = hs and i, = 0 from (3.8) with j =k, u1 = ha,
in, = q, u» = h3 and iy, = r, one gets

(3'25) (p;lsl‘ _p;ho) Oh_; + [p;nk Xp;lzq X (p;ur _p;z;O)] a2 = O .

Now combining the quations (3.11) to (3.25), one gets for any fixed k, q,r
(Isr=ss-1,05k,gss—1),

(3.26) (Phsr — Pr0) On, + [ Pk X Phag X (Phyr — Pho)]02 =0 .

Summing the s equations in (3.26), for fixed ¢,r (1 <r<s—-1,0<¢g<
s — 1), one gets ( phr — Pho) O, = 0. From Lemma 3.1, it follows that

(3.27) 0.=0.

Using (3.27), one gets from (3.26), for any fixed k,q,r (1<r<s-—1,
O0<k,g=s-—-1,

(3.28) [ Phi X Phg X (Phr — Pho)] 2 =0 .

Equation (3.28) implies that [Py X Py, X P¥Ja; =0 where Pf is an
(s — 1) x (s — 1) matrix with rows (ph, — pho), 1 <r<s— 1. Since Py, Ps,
and P; are of full column rank, one obtains a; = 0. Proceeding in a similar
manner, one can obtain 6, =0, 6,,= 0, @ = 0 and 6, = 0. Hence 8= 0.

The proof of other cases follows in a similar way through considerable
algebra. The details of such cases are omitted here to save space.

LEMMA 3.4. The columns of the matrix Q, interpreted as the level
combinations of Fi, F,..., Fn, are a subset of n level combinations of
Fi, F,..., Fn for which the matrix [Ti, Vi, Vi), Wwhere 1< hy < h; <
hs<=m, | <hy<his<hs<m, hs < hs and (h1, hs, hs) # (h2, ha, he), has full
column rank.

PROOF. Under the notation of Section 2, consider the matrix




SEARCH DESIGNS 793

X (hi1, ha, hs, ha, hs, he) = [T1, Ve Vishans) = [€ L1, Lo,y Ly Viihhsy Vishino]
where
l<sh<hi<hs<sm, 1<h<h<h<m,

(3.29)
hs<hs and (h, hs,hs) # (h, ha, he) .

To prove the lemma, consider
(3.30) X(hi, ha, hs, ha, hs, he)0 =0

where 0= (0o, 01, 05,..., 0, ai, @)’. Recalling the definitions of L, Lo,...,
Lon, Vinin, and Vina,, one gets from (3.30) together with (3.1) the equations
(3.31) to (3.35). For example, (3.31) corresponds to the subarray 4 of Q.

m
(3.31) 6+ Elpéjﬂu + (Phy X Phy X Phy) @1 + (Phy X Phy X Phg) 02 = 0
where 0 <j<s—1and pj; are the jthrowof P, (1 sv=m,1<j<s—1).

Qn)%+§m@+mm

vFEU

2
+ ng [5th(p;7wihw X p;’lw+z_/ X p;lwwj) + 5uhw+z(p;le X p;lw*zi;.w,z X p;lw+4j)
+ 5uhw¢4(p},zwj x p;‘lwnj X p;lwuih,,,‘)
+ (l - 6uhw - 5uhw¢z - 5uhw)(P;1wj szmj Xp;:,mj)] Oy = 0

where 0<j<s—-1,1sus<m0<iy<s— l,jaéiu.NeXt,letusdefine

y(0) = 6 + §1 P60, + pl.i. 6. + pli. 0.

VE U, U

2
+z

= [Ouin{Oushas(Phuin, X Phussin.., X Phuesf)
+ Ounys (Phoin, X Phonrj X P;:mp,m)

+ (1 = Gushr — Oushue N Phuis. X Phors X Phue)}

+ (1 = Suh ) Ouhn:{Ouhnee (Phoj X Physsin... X Phueiin...)
+ (1 = Ouhe )(Phuj X Phsii., X Phuij)}

+ (1 = Suhe){Ouhes (Phj X Phovsj X Phoeiiv..)

+ (1 - 5ulhw*4){5uzhw(p;lwih‘ X p;lwzj X p;bij)
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+ Oushn: (Phuj X Phusin,, X Phef)

+ 5“2hw+4(p;1wj X p;luwzj xp;!wuih”,)

+ (1 - 5”2}1\0 - 5uzhm2 - 6U2hw+4)(p/,1wj X p;m:j X p;1w+4j)}}}] ay .
Then,

3.33) y(0)=0 for I<wmi<u<m, i,=0, i,=0 and
l<j=s—-1,

3.34) y(0)=0 for I<swu<uy<m, 1<j<s-2,
0 < min (i, i,,) <j<max (i, i,)<s—1,

3.35) y(6)=0 for I<swi<u<m, 1<j<s-2,
jH1<i,i,<s—1.

Now in view of (3.29), a number of cases may arise. In the above
setting, first suppose that A1 = hy < hy= hs < hs < hs. Then (3.30) has the
only solution 6 = 0.

For any fixed ¢ (1 <t<m, t+# hi, hs, hs, hs), subtracting (3.31) with
j=0from (3.32) with j = 0 and u = ¢, one gets
(3.36) (P, — P08, =0, 1<i<s-1,

From Lemma 3.1 and (3.36), it follows that
(3.36") 0.=0, 1<t<m, t+#hyhs hs hs.

For any fixed r (1 <r < s — 1), subtracting (3.31) with j = 0 from (3.32)
with j =0, u = hs and i,, = r, one gets

(3'37) (p;lsf - p;lso) 0h5 + [p;nO X p;:;O X (p;lsr —pzso)] ar = O .

For any fixed r (1 <r <s— 1), subtracting (3.33) with u; = k1, w2 = hs
and j = r from (3.32) with u = A, i, = 0 and j = r, one gets

(3'38) (p;'ST _p;150) ohs + [p;‘uO X piz:r X (p;lsr - szO)] a) = 0 .

For any fixed r (1 <r <s — 1), subtracting (3.33) with u; = hs, u; = hs
and j = r from (3.32) with u = A3, i, = 0 and j = r, one gets

(339) (pilsr - p;lso) Bhs + [p;nr X P;no X (p;tsr - p;tsﬂ)] a = 0.
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For any fixed g,r (1 < g <r<s— 1), subtracting (3.33) with w1 = A,
u, = hs andj =4q from (334) with uy = hy, i, =0, w2 = hs, in,=r and j=gq,
one gets

(3'40) (pilsf - pl,u()) ohs + [p;nO X p;uq X (p;ur - p;!so)] a) = 0 .
For any fixed k,r (1 <k <r<s— 1), subtracting (3.33) with wu, = hs,

u = hs and j = k from (3.34) with w1 = hs, in,= 0, uz = hs, in,=r and j = k,
one gets

(3.41) (Phsr — Phso) Ons + [ Pl X Phio X (Phe — Pho)]ar =0 .
For any fixed ¢,r (1 <r<gq<s— 1), subtracting (3.32) with u= h;,

in,=q and j=0 from (3.34) with w1 = hi, in =0, o =hs, in,=q and j=r,
one gets

(3-42) (p;ur - p;ls()) ohs + (pilsr - pilbo) Ohb + [p;'lo X p;’ﬂ] X (p;‘ﬂ' - pils())] al
+ [p;nO Xp;nq X (p;lﬁf _p;lco)] az = 0 .
For any fixed k,r (1 <r<k<s— 1), subtracting (3.32) with u=hy,

in =k and j=0 from (3.34) with w1 = h1, in, =k, ua=hs, in,=0 and j=r,
one gets

3.43) (phr— D) On, + (Pher — p;uO) Oy, + [ Phic X Dho X (Pher — p;k())] a;
+ [ Phik X Phio X (Pher — Pho)] 02 =0 .

For any fixed r (1 <r<s— 1), subtracting (3.32) with u = hs, i, = 0
and j = r from (3.31) with j = r, one gets

(344) (p}’uf - p;'so) Ohs + [wa X P;ur X (p;lsr - Pfuo)] a=0.

For any fixed ¢,r (1<gq,r<s—1, q#r), subtracting (3.32) with
u=hs, in,=0 and j = q from (3.32) with u = hs, i», = r and j = g, one gets

(3-45) (p;lsl —p;150)0h5 + [p;nq Xp;uq X (p;lsf _p;lso)]al = 0 .
For any fixed k,r (1<r<k<=<s— 1), subtracting (3.34) with j=r,

ur=hy, in=%k, u= hs and in, = 0 from (332) Withj =r,u1=h and i, = k,
one gets

(346) (p;lsf - p;!sﬂ) ohs + [p;nk X p;lar X (p;lsr - p;ls())] al = 0 .
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For any fixed gq,r (1 <r<g<s—1), subtracting (3.34) with j=r,

Uy = hs, in, = q, u2 = hs and i», = 0 from (3.32) with j=r, u = h; and i, = g,
one gets

(3-47) (p;:sr - p;'l_s[)) 0/15 + [p;llr X plluq X (p;ur - p;uO)] o = 0 .
For any fixed k,q,r (1<r<g<k<s— 1), subtracting (3.34) with

J=¢q, n="hy, in=k, u=nhs and i, =0 from (3.34) with j=gq, w; = hi,
in =k, us = hs and ix, = r, one gets

(348) (p;lsr _szO) ohs + [p;llk XP;zzq X (P;ur _P;uo)] o = 0.
For any fixed k,q,r (1<r<k<g<s—1), subtracting (3.34) with

j=k, wvi=hs, ip, = g, u»=hs and i, =0 from (3.34) with j=k, u1=hs,
In, = q, Uy = hs and i, = r, one gets

(3.49) (Phr = Pho) On + [ Phik X Phug X (Phsr — Pho)lar = 0 .
For any fixed k,q,r (1=g=<s-2, g<k,r<s— 1), subtracting (3.34)

with j=q, w1 = h\, in, = k, u» = hs and in, = 0 from (3.35) with j = g, u; = hy,
in, = k, u» = hs and iy, = r, one gets

(3.50) (Phe — Ph0) On, + [ Phik X Phig X (Phe — Pho)] @1 =0 .
For any fixed k,q,r (1 =k <s5—2, k<gq,r<s— 1), subtracting (3.34)

with j =k, u1 = hs, in, = q, u2 = hs and in, = 0 from (3.35) with j = k, u; = hs,
in, = q, ua = hs and ix, = r, one gets

(3.51) (Phsr — Pho) On, + [p;uk X Phag X (Phsr — Dio)]er =0 .

Now combining the equations (3.37) to (3.41) and the equations (3.44)
to (3.51), one gets for any fixed k,q,r (1<r<s—1, 0<k,g<s—1),
(k,q,r)#(0,g,r)for 1 <r<g<s—1and (k,q,r) # (k,0,r) for | <r<k<
s—1,

(352) (p;'sl‘ _p;ls()) Bhs + [P;uk Xp;uq X (P;15r _p;150)] a, = 0.
Summing the s equations in (3.52) one gets, for any fixed q,r

(I=sg=ss—1,1=<r=<s-1, g=<r), (phr — pho) O, = 0. Then from Lemma
3.1, it follows that

(3.53) 0= 0.

Using (3.53), one gets from (3.42), for any fixed r,q (1 <r<g<s-1),
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(3.54) (Pher — Pheo) On, + [ Phio X Phg X (Phe — Pho)] 1
+ [ Pho X Phiq X (Phe — Pho)] a2 = 0 .

Using (3.53), one gets from (3.43), for any fixed r,k (1 <r<k=s—-1),

(3.59) (Phe — Phi0) On, + [ Phik X Pho X (Phe — Pho)] 1
+ [ Phak X Phio X (Phe — Pho)] 02 =0 .

Using (3.53), one gets from (3.52), for any fixed k,q,r (1<r<s—1,
0<k,g<s—1), (k,q,r) #(0,q,r) for 1=r<g<s-—1 and (k,q,r)#
(k,0,n)forl sr<k<s-—1,

(3.56) [ Phi X Phsg X (Phe — Pho)] @1 = 0 .

For any fixed r,qg (1 <r<gq<s—1), summing the s equations that
(3.54) and (3.56), and then subtracting from (3.54), one gets

(357) [p/,hO Xp;lsll X (p;lsf —p;bO)] a=0.

For any fixed r,k (1 <r<k <s—1), summing the s equations that
(3.55) and (3.56), and then subtracting from (3.55), one gets

(358) [p;uk Xp;h() X (p;‘lsr _p;lso)] a) = 0 .

Equations (3.56) to (3.58) implies that [Py, x Py, X Pr]ai = 0, where P
is an (s — 1) X (s — 1) matrix with rows (ph, — pho), | <r <s— 1. Since Pa,
Py, and Pif are of full column rank, one obtains a; = 0. Proceeding in a
similar way, one can obtain 0, =0, 6,,=0, a2 =0, 6,, = 0 and 6o = 0. Hence
0=0.

The proofs of other cases follow in a similar manner through con-
siderable algebra. The details of such cases are omitted here to save space
but may be obtained from the author on request.

4. Main result in the asymmetric case

The following notation will be helpful in describing the search designs
considered here. Admittedly, the notation is somewhat involved, but it is
expected that the examples stated later in this section would be helpful in
illustrating the plan under consideration. Let so = 0.

For 1<l/<m-—1, if s;-1 <s;, then define the m x 1 vectors a,‘-l’”
(si-1 <j < s — 1)such that in a/"", the first (/ — 1) elements equal 0 and the
remaining elements are j; let A" be an m X (s;— si-1) array whose
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columns are given by a/"” for all possible j. Note that A" is defined only
when s;-1 < 1.

For 1=/<m-2, if sy<si+1, then define the m x 1 vectors a,‘zul,),,
(si<j<smi—1,1<u<l 1<i,<s,— 1)such thatin a’), the u-th element
1s iy, the last (m — l) elements equal j and the remaining elements equal 0;

let A%” be an m x Z (su — 1)(s1+1 — s7) array whose columns are a3’} for all

possible j, u and i,. Note that A*" is defined only when 57 < 51+1.

For 1 =/<m-—2, if 5,1 <s, then define the m x | vectors a?’;’),
i1 =sj=si— L, Isusm,0=<i,<s,— 1, iy #j) such that in aﬂ,,’, the first
(/- 1) elements equal 0, the u-th element is i, and the remaining elements

equal j; let A" be an m x 2:51(&— $1-1)(sx — 1) array whose columns are

a!) for all possible j, u and i,. Note that A®" is defined only when
Sr-1 < Sn.

For 1=/=<m-3, if si<si+1, define the m x 1 vectors aﬁ-‘,‘;,’_)uz,,-u,,,»u,
sisj<siai—L1=wm=sL1<i,<s, 1L I+1<w<m, j+1<i,=<
84, — 1) such that in a}f‘,;,’,)m,,-m,iu,, the u-th element is #,, the remaining of the
first / elements equal 0, the u,-th element is i,, and the remaining elements

+| -1
equal j; let A" be an m X[ (s,,, 1) ][

RINe (su—]—l)]array
whose columns are a} s D i, for all possible j, w1, ua, i, and i,. Note that
A“Y is defined only when 51 < 5/+1.

For 1</<m-3, if si-1 <s), then define the m >< 1 vectors afsuf’,,
(si-1<j<si—1,j#0, I <w <u < m) such that in ai;’,, the first (/ — 1)
elements equal 0, the u;-th and w.-th elements equal 0 and the remaining
elements equal j; let A" be an mx [((m =1+ D)(m = 1)/ 2)(si — s1-1 — 5”)]
array whose columns are a’; o), for all possible j, u; and u,. Note that 4°"
is defined only when s;-1 < s;.

For 1</<m -3, if s;-1 < s, then define the m x 1 vectors a,(-f,;,l,’uz,fu,,,,
(si-1=j=si— 1, j#20, Isumi<w<m, j+1<i,<s,—1, j+1<i,<
Sw, — 1) such that in a},ﬁ,;,l,)uz,.-u,,,,ﬁ, the first (/— 1) elements equal 0, the u;-th
element is i,, the u,-th element is i,, and the remaining elements equal j; let

=1 m

A%D be an mx| = 2 (su, —J— D(sw, —j— 1) | array whose columns
_] S ul
j#0 ul uz

are a}f;f,’uz,i,,,,iuz for all possible j, w1, us, i, and i.,. Note that 4'®" is defined

only when s;-1 < s;.

For 1</<m-3, if ;-1 < s, then define the m x 1 vectors a! D s
Gi-1=sj=ssi— 1, j#0, Isui<w=m, 0=i,<s, -1, 05i, < 50— 1,
min (i, iw,) <j and max (s, iw) >Jj) such that in aﬁf)uz i i, the first (/—1)
elements equal 0, the u-th element is i,, the u,-th element is i,, and the

remaining elements equal j; let 4" be an m x[ Z 21 Z ](Su,‘l‘Suz
_] Siz1 Uy u=1
Jj#0 U <i
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2j — 2) | array whose columns are a’D, . . for all possible j, w1, ua, i, and
i... Note that A" is defined only when s;-1 <s1.

If §$m-3 < Sm-2, then define the m x 1 vectors ¥ (me3<j<
Sme2— 1, m=-2<wm<w<m, 0<i,<s,— 1, 0<i,<s,— 1, min (i, i)
=0, max (iu, Iy,) > j) such that in a®) ..., the first (m — 3) elements equal
0, the u;-th element is i, the uz-th element is i,, and the remaining elements

27 m

are j; let A® be an m x E z . Z (su, + 5, — 2 — 2)] array whose
J=8m-3 i=m—2 wy=m-—
u<u;

columns are a}f‘},,uz,,u i, for all possible j, ui, ua, i, and i,.. Note that A% is
defined only when sp-3 < Sm-2.

If Sp-2 < Sm-1, then define the m x 1 vectors @ X.ui, (Sm-2<j < Sm-1— 1,
Sm2<k<sm—1,j*k 1<u<m-2, 1<i,<s,— 1) such that in @,

the u-th element is i, the last two elements are j and k and the remaining
m-2

elements equal 0; let A® be an m x [( ; (su— 1) ) (Sm-1= Sm-2)($m —

Sm-2 — 1) | array whose columns are a},gk),u,,-u for all possible j, k, u and i,. Note

that 4 is defined only when $m-2 < sp-1.

If Sm-2<sm-1— 1, then define the m x 1 vectors a,k D (sm-2=j<
Sm-1— 1, Sm-2 <k <sm— 1, j# k) such that in a’i”, the last two elements
are j and k and all other elements equal 0; let A"% be an m x [(sm-1 —
Sm-2 — 1)(8m — Sm-2 — 1)] array whose columns are at’ for all possible j
and k. Note that 4"” is defined only when sy-2 < sm-1 — L.

Finally, if s»-2 <sm, then deflne the m x 1 vectors af (Sm-25k=

— 1, k # $m-1 — 1) such that in ai'", the first (m — 2) elements equal 0, the
(m - 1) th element 18 s,-;1 — 1 and the m-th element 15 k let A" be an
m X (Sm — Sm—2 — 1 + &s,.s,.,) array whose columns are al'’ for all possible &,
where &, .5, . is the Kronecker delta. Note that A" is defined only when
Sm-2 < Sm.

Let

n = total number of runs

-2 m

m-1 m-2 1 m
= l; (Sl - SIAl) + 1§1 u;(su - l)(S1+1 - Sl) + 1;1 MZ:I(SI - SI—1)(Su - 1)

+Z[Z(sm l)(

-3 §-

+Z 2 2 Z(su, J=DEw—j—1)

_lj Slolux lu

(Sw—Jj—1 )]

j=s wm= l+1

+ 2 1(on= 1= D0n = Do -1 = 61/ 2)]
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m-3 -1 m m

+ 2 8 33 st s~ 2~ 2)]

I1=1 j=si. =1 =
jj;é'()' Iu.<uzz

Sm-2—1 m m
+ X 2z z [su + 8 — 2f — 2]
J=Sm-3 wi=m—2 ua=m-2

u<uz

m=-2
+ (Sm-1— Sm-2)(Sm — Sm-2 — l)ule1 (su— 1D
+ (Sm—l — Sm-2— 1)(Sm — Sm-2 — 1) + (Sm — Sm-2— 1 + 5sm-1sm-z)
and define the following m X n array:
1,1 1,m-1 2,1 2,m-2 31 3,m-2
4.1  Q=[A"Y,.. AN 4BN R 4G g8me)
AW AW QD 4Gmmd g6 gl6m3)
A(7,1),_“,A(7,m—3),A(8)’A(9),A(10)’A(11)]
(8

where in Q, any subarray of the form 4"” or A” is included provided it is

defined

Example 4.1. letm=6,51=2,5=3,53=4,54=15,5=6,5=17.

01 0 0 0 0 1
01 2 0 0 0 2
an, 01, ), 2, a3, wa, 0 ws), 0 @n, 2,
AVD AT S A s A s A
01 2 3 4 5 2
01 2 3 4 5 2
100 100000 1000000000
012 012000 0120000000
e, 333 0 000123y 0001230000
" 333° © 444444° © 0000001234 °
333 444444 5555555555
333 444444 5555555555
10000000000000000000001 1111 1111111111111 00000000000000000000
012000000000000000000102111111111111111111 01222222222222222222
(-, 0001230000000000000001 110231 LITIIILIILIIIL 5.y 22013222222222222222
© 000000123400000000000111111023411111111111° ©22222013422222222222°
000000000012345000000111111111102345111111 22222222201345222222
000000000000000123456111111111111111023456 22222222222222013456
000000000000000000 000000000000000 111111111
000000000000000000 000000000000000 2222222222
o0, 012333333333333333 o 000000000000000 0.y 3222222222
© 333012433333333333° © 012344444444444° ©2342022022°
333333301245333333 444401235444444 2223452222

333333333333012456 444444444012356 2222223456




A(4,2).

A(S'Z).

A(5~U.

462

A(7<ll.

A(7'3"

A(9).
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111111000000000000 111000000000000000 0000011 11111111
000000121212121212 000121212000000000 011110000111111
333333333333333333 45, 000000000123123123 .y, 1011101110001
433333443333333333° © 444444444444444444° “ 110111011011001 °
345333334455333333 544554444555444444 111011101101010
333456333333445566 456445566444555666 111101110110100
0000000000 000000

0000222222 000000

0222000222 5.3 000333

2022022002’ © 033003°

2202202020 303030

2220220200 330300

PTHU L e e
2222222222222 T L L L T T I I I T T L
23111111111111222333222233332222233333 11111111 11111110 LI IR IR I IR EL LI LT,
112341111111112342341111111111111111112222333344442222233333444441111111111111121L111°
1111123451111111111123452345111111111123452345234511111111111111122222333334444455555
1111111112345611111111111111234562345611111111111123456234562345623456234562345623456

00000000000000000000000000000000000 00000000000
22222222222222222222222222222222222 00000000000
33333333322222022222222222222222222 5.9, 33333333333
34222222233344433334444222222222222° ' 44444333333 °
22345222234534522222222333344445555 45333444555
22222345622222234563456345634563456 33456456456

0000000000000001 1 111TTTILIIILI LI I I I T At i ieItntiatel
2111111111111110020002000020000021 11 T1TTTIITITHITLTEIEI1I11 01010101 11L1E1]
1231011111111112301111111111111110002300002300000231 1111 111111111111 111111L
111234111111111111234011111111111234001111111111111000023400000234111111111°
111111234511111111111123450111111111112345001111111234500011111111000002345
TIT111111123456111111111111234560111111111112345600111111123456000234560000

00000000000000000000000000000000000000000000000000000000000000000000000000000000
01001100011100001111222222222222222222222222222222222222222222222222222222222222

©33222222222222222222001133000111330000111133222222222222222222222222222222222222
" 22343422222222222222343401222222222222222222000111334400001111334422222222222222 °

22222234534522222222222222345345012222222222345345010122222222222200001111334455
22222222222234563456222222222222223456345601222222222234563456010134563456010101

000000000000000000000000000000000000000000000000000000 000000
000000000000000000000000000000000000000000000000000000 000000
012001122000111222333333333333333333333333333333333333 40, 000000
444333333333333333001122444000111222444333333333333333”° 000444 °
333454545333333333454545012333333333333000111222444555 544005
333333333456456456333333333456456456012456456456012012 456560
1000000000 0

0120000000 0

gggégg?ggg; an, g; and  4"%is not defined.

5555555555 5

6666666666 6

THEOREM 4.1. The columns of the matrix Q, interpreted as the level

combinations of Fi, F»,..., Fn, give the required search design in the general
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asymmetric factorial set-up in n runs.

The proof of the above theorem which follows essentially along the
same line of the symmetric case but involves more complicated algebraic
manipulations, is omitted here to save space. The details of the proof may
be obtained from the author on request.

5. Discussion

The paper presented here describes a method for constructing search
designs for general asymmetric factorials that allow the estimation of the
general mean and main-effects, and search for and estimate at most one
among two- and three-factor interactions. The proposed design is worth-
while when m =5, where m is the number of factors. This design also
usually requires a small number of runs compared to the corresponding
regular fractions. The search designs presented in the following examples
require considerably smaller numbers of runs compared to the correspond-
ing regular plans (see Table 1). These regular plans are, indeed, capable of
estimating many more parameters than those considered in this paper.
Anyway, if prior knowledge is available that at most one among two- and
three-factor interactions is present, then such elaborate estimation is not
required and, in such situations, the designs presented in this paper appear
to be economical.

Table 1. Some examples illustrating the number of runs in our plan and in the regular plan.

Serial Number of runs

No. Set-up Our plan Regular plan
1 3¢ 114 233
2 3 150 379
3 3¢ 191 577
4 3P x4t 295 741
5 3 x4 268 788
6 Px4 310 914
7 4 224 376
8 4’ 424 1,156
9 23 x4’ 187 454

10 2x3x4x5x6xTx8x9 2,171 5,119
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