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Abstract. We consider the estimation problem of a location parameter
on a sample of size n from a two-sided Weibull type density f(x — ) =
Cla)exp (— |x—6]°) for —o<x <0, —0<f<ooand 1 <a< 3/2,
where C(a) = a/{2I'(1/a)}. Then the bound for the distribution of asymp-
totically median unbiased estimators is obtained up to the 2a-th order,
i.e., the order n * "> The asymptotic distribution of a maximum
likelihood estimator (MLE) is also calculated up to the 2a-th order. It is
shown that the MLE is not 2a-th order asymptotically efficient. The
amount of the loss of asymptotic information of the MLE is given.

Key words and phrases: 2a-th order asymptotically median unbiased
estimator, 2a-th order asymptotic distribution, 2a-th order asymptotic
efficiency, Edgeworth expansion, maximum likelihood estimator.

1. Introduction

Higher order asymptotics have been studied by Pfanzagl and
Wefelmeyer (1978, 1985), Ghosh e al. (1980) and Akahira and Takeuchi
(1981), Akahira (1986), Akahira et al. (1988), among others, under suitable
regularity conditions.

In non-regular cases when the regularity conditions do not necessarily
hold, higher order asymptotics were discussed by Akahira and Takeuchi
(1981), Akahira (1987, 1988a, 1988b), Pfanzagl and Wefelmeyer (1985),
Sugiura and Naing (1987) and others.

In this paper we consider the estimation problem of a location
parameter 6 on a sample of size n from a two-sided Weibull type density
fix—0)=C(a)exp(—|x—8]") for —o<x<o0, —0<fh<oo and 1<
a<3/2, where C(a)= a/{2I'(1/a)}. 1t is noted that there is a Fisher
information amount and a first order derivative of f(x) at x = 0, but there
is no second order one of f(x) at x=0. It is also seen in Akahira (1975)
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that the order of consistency is equal to n > in this situation. Then we
shall obtain the bound for the distribution of asymptotically median
unbiased estimators of # up to the 2a-th order, i.c., the order n” % '"*, We
shall also get the asymptotic distribution of the maximum likelihood
estimator (MLE) of # up to the 2a-th order and see that the MLE is not
generally 2a-th order asymptotically efficient. Further, we shall obtain the
amount of the loss of asymptotic information of the MLE.

2. The 2a-th order asymptotic bound for the distribution of second
order AMU estimators

Let Xi,..., Xn,... be a sequence of independent and identically distri-
buted (i.i.d.) random variables with a two-sided Weibull type density
f(x—8)=C(a)exp{— |x— 0|} for — oo < x < oo where 0 is a real-valued
parameter, | <a<3/2 and C(a)= o/{2I'(1/a)} with a Gamma function

(), ie., T =, ¥'¢dx (u>0),

We denote by Ps . the n-fold products of probability measure Ps with
the above density f(x — 6). An estimator 8, of 6 based on Xi,..., X, is
called a 2a-th order asymptotically median unbiased (AMU) estimator if
for any # € R', there exists a positive number & such that

. ] I
lim sup _n(“ D2 Poaff,< 0} - — ; =0,
n=% g |8 pi-d 2
. 24— - 1
llm Sup ) n‘L 2 Pﬂ‘n{gn = 9} —_ ‘ = 0 .
R~00 g0 p|-. 2

We denote by A2 the class of all best asymptotically normal and 2a-th
order AMU estimators. For a 8, 2a-th order AMU, Go(1,0) +
n“za_”/zGl(t,B) is defined to be the 2a-th order asymptotic distribution of
Jn (6, —9) (or G, for short) if for any ¢ € R'and each e R'

lim 72| PoafA (B — 0) < 1} — Go(1,0) — n” > V2Gi(1,8)] =0 .

n—oo

In order to obtain the bound for the distribution of 2a-th order AMU
estimators of 6, for arbitrary but fixed 6o, we consider the problem of
testing hypothesis H: 8 = 0, + tn” "* (1 > 0) against the alternative K: 8 = 6.
Then the log-likelihood ratio test statistic Z, is given by

Z,= 2 log (X~ 00}/ (X; = 60 = 1)}

=~ R (X B0l X 00—t ).
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In order to obtain the asymptotic cumulants of Z, we need the
following lemma.

LEMMA 2.1. Ifha(x) = (x + 4)* — x" for 4 > 0, then

[, Hae~ax = “r( 27 %)Az + afo - I)F( 2- %) 4

14y

AZGH A2a+!
T 2a+ 1 ol )

3 « 2
J, Hix)e ™ dx = azf( 3-— ) 4*+ 0%,

where

_ala— DI(a—DI(3-20)
B 2Qa—-1DI'Q2 - a)

PROOF. First we have
@1 [ RmeTdx=] (x+ 4% “dx - 2f7 (e + 4)'xe dx
+ fow xe dx .
Since for >0
(2.2) f: e dx=—r ( ﬁ) ,
it follows that

(2.3) f(x+A)2“ g

AZa+l o a i
T ot " 2a+1f (e + 4" X" e
A2a+l a

T2+l T 2at1

.f0°° { X+ Qa+ DX 4+ aa+ Dx* A

1 ) i
+5 eQa-DQa+ Dx* 74 L e ™ dx + 0(4%
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= 1 F(3+%)+2A+a]"(3—L)A2

2a+ 1 a

1 2 1
+ ~DI3-= )4 - —— p%! 4
y 4@a—1) (3 a)A a4 o

From (2.2), we obtain
7+ aye <
= ‘(;O;(Tf: (r+ )7 - X ) e M dx

afw
- 0

. o, 1 .
x° ‘+(a+1)xA+—2~a(a+1)x '4*

a+1
1 - - —_ P
g da— Diat DX (7 - X" e Y
o * a-1 -x4 4
- [ R dx + 0",

where

+ ot o l a-
R(A) = (x+ )™ = X" = (a+ 1)4x — 5 elat+ AN

3 a-2

- % a(la— D(a+ DA%

Then the remainder term R(4) of the Taylor expansion is represented by
4
RUA)=Kuf, (4 00+ 0%,

where 0 <7< 4 and K. = a(a+ 1) (e — I)(a~2)/6. Since | - x*<e ™ < 1,
it follows that

J G i - e ax < [ R - e
=[ 1 - o) [ 0= e)d

1 o0
4 _
Sfo X dx +f1 x4k
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_ a
" 3(a-1)3-20)°

Sincef(:o (x+ 0" x* 'dx = /" *B(a,3 — 2a), we have

j;)w R(4)x"'e ™ dx =f0°° R(4)x" 'dx —f: R - ¢ ™)dx
L INCRYS {fow(x + 0" %" dx ] dt + o(4™"")

= KuB(@,3 - 20) [ (4 - it + o(4™")

= KaB(a,3 — 20) B2a — 2,4) 4" + o(4**)

__@+D)@-DI@-DIG =20 s, o0y
T Qe+ D@a-DIe-a 4 ToUuT.

Hence, we obtain

@4 [ (AT

=ﬁ[r(3+%)—r(2+%)}
o2 3lrlo- ) rfe- e
e ofrfo-2)-ofa-2)

a(a— DI'(a—1HI'(3 - 2a) 2a+1 2a+1
42+ N2a-DI2-o 4 T4

:ir(2+-l—)+4+( a_l)r(z—i)zﬁ
a a 2 a

1 _ _2) p
+ 5 (a— 1)(a 2)F(2 . )A
a(a— 1D)I'(a— 1)I(3 - 20a)
4Q2a + 1)Q2a ~ HNI'Q2 - a)

A2a+1 + 0(A2a+l) ,

and by (2.2), f: X% dx = I'2+1/a)/a. From (2.1) to (2.4), we have
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o 2 — x 1 2 2 3
J, By “dx=aol (2 — |4 + a@-Dr|2- =] 4
[44 a
d+y

_ A2a+1 + A2a+l
2o+ 1 o),

where y = a(a— 1)I'(a— 1)I'(3 - 2a)/2(2a — )T (2 — a). We also obtain
fow hi(x)e “dx :fom {(x+ 4)" — x"Pe ™ dx
= a3A3f: X7 dx + 0(4%
2 2 3 4
zal"(3-—a—)d + 0(4%) .

Thus we complete the proof.

In the following lemma we obtain the asymptotic mean, variance and
third-order cumulant of Z,, under H and K.

LEMMA 2.2. The asymptotic mean, variance and third-order cumu-
lant of Z, are given as follows: Under K: 8 = b,

I k — o— il — —
EolZy) = — po B per ez o(n (2 1)/2) ,
2 2
Val(Zy) = I — ko e 0(n~(2041)/2) ,

Kool Zn) = o(n 27y |
and under H: 0 = 0o + tn”"*

1 k —(2a- (e
E00+m ":(Zn) - _ 7 [2 + 7 tlaHn (2a~1)/2 + o(n (2a 1)/2) ,

Voo (Z) = It — k2 0 22 o102y
Ksburin i (Zn) = 0(n7(2u~1)/2) i

where

I:Eo“jaé-logf()(—ﬁ) ]2]

2

:—Ee[a—aflogf(X—B)]za(a— DIl - (1/a)/I(l]a)
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and

14
20+ 1

k=a{B(a+l,a+l)+ }/T(l/a)

with
1 u-1 v-1
B,v)=f, ¥ (1-x)"dx  (u,0>0).

PROOF. Without loss of generality, we assume that 6 = 0. Putting
Y,(x) = |x|" - |x— 4|" with 4>0, we have Z,= —E.l ¥,(X;) where 4=

-172

tn '°. Since

X =(x—4)° for x=4,
(2.5) Yyx)={ x*— (4 —x)* for 0=<x<4,
(—-x)"'—(4-x" for x<0,

it follows that
2.6) E[¥s(X)] = C() [ [T+ A - XY dx
A a
+f0 {x" = (4 — x)"}e " dx
+LW {(x = (x— A)“}e_"adx]
=C(a)( + L+ L) (say).
Putting A4(x) = (x + 4)" — x", we have from Lemma 2.1
@7 L+h=—f {(x+ 4 —xYe T dr+f (6~ (x- 4)}e  dx
:f: {(x + 4)° = xHe " — e }dx
=[ ha()te ™ - 13e ¥dx
= —f: Hy(x)e “dx + %f: Hi(x)e “dx + 0(4%

1 1+y 2a+] 20+1
——al|2-— |4+ —% ,
(2- gt gy a ot
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We also obtain
A — &
28 L=J (x-(4 - xle¥dx

:f:{x” —(4 - x)“}{ 1-x"+ —;-xza + 0(x™) } dx

2a+1

4 x \¢ x\e 1
A (_)( __) 1
4 fo -] ot

z{B(a+l,a+l)— }AZ“”+0(A3"”),

20+ 1

where B(u,v) denotes the Beta function. From (2.7) and (2.8), we have

1 5
II+[2+13=—aF(2—;)A‘

4

+ +lhat )+ ——
{B(“ Lot D+ T

l A+ o4y .
Since C(a) = a/{2I'(1/a)}, it follows from (2.6), (2.7) and (2.8) that
29 E[%i(x)]=Cla)i + L+ 1)
ala — I)F( 1 —%)
_ or i)
N afBa+ l,a+ 1)+ (y/2a+ 1))}

or(— |

2

A2a+1 + 0(A2a+1)

From (2.5), we obtain

(2.10) EL¥O01=J (= 0" — (4~ P r(x)dx
] = (@ - 0 fdx
[T - (x - P f(x)dx

=[x G+ AP (x)dx
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= 4 - 0P

0= (- P S () dx
=ClI{+ L+ E) (say).
Since ha(x) = (x + 4)" — x° it follows from Lemma 2.1 that
@10 I+ E=f {x+4)° - xPe dx + [ (x — (x - ) FeVdx
:f: {(x+4)° - xXPle™ + e Mdx
- fo - ha(x){e ™™ + 1}e dx
=2 Hix)eTdx - [, Ki(xe T dx + 0(4")
= 2aF( 2 %) 42 - %H—U“*‘ +o(4*.

Since
I =[: {x*— (4 - x)Ve Vdx
Zf: {x* — (4 — 0P - x)dx + O(4™"")
=fOA {(x* = 2x"(4 = x)" + (4 - 0)*}dx + O(A**")

2A20+l 2a+] a0 x \° X al Ja+l
= - fo(—)(1— )Adx+0(d )

4 4
2A20+1 .
=0T —24*"'Bla+ 1,0+ 1) + O(4**Y ,

we obtain from (2.10) and (2.11)

(2.12)  Eo[Wi(X)]

Cloli + B+ E)

a(a—l)]"(l——(lx—) ,
= 4

()




734 MASAFUMI AKAHIRA AND KEI TAKEUCHI

aofBet la+ )+ (y/QRa+ 1)}

()

A20+I + O(A2a+ l)

From (2.5), we have
@.13) ELP0) = 1~ 0"~ (4 - 0P f(x)dx
- (4 - 0P ) dx
7 - (x-S () dx
=[x~ (x + AP ()
- - 0P
7 - (= P f () dx
—C@Ur+ B+ ) (say).
Since hs(x) = (x + 4)" — x", it follows that
@18) 17+ I =] et A~ xPedx+ [ x" - (x - A)Fe Fdx
=[G+ A - X Pl e dx
=B )te ™™~ 1)e “dx .
Since
7K 0e ¥ dx = {0+ 4 - xYe ¥ dx
=a'4* [ x* e ¥ dx + o(4) = 0(4Y,
it follows from (2.14) that

(2.15) It + I = 0(4%) .

We also have
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(2.16) B= fOA (x*— (4 - X)Pe dx = 0(4*") .
From (2.13), (2.15) and (2.16), we obtain
(2.17) Eo[¥i(X)] = 0(4Y) .
Putting 4 = tn” " with 1 > 0, we obtain from (2.9), (2.12) and (2.17)
Eo[Zs] = — nEo[¥w+(X)]
) ala— I)F(l—%) X
i 2r( i)
a
_ofBla+ La+t D)+ (y/2a+ 1))} et Can 12

or (=)

n O(n—(za—l)/z)
1 k (20— —(2a-
:? 2 —712“”}1 (a-1)/2 | o(n (2a 1)/2) ’

VO(Zn) =Hn Vo(g/m' l’()())

—a(a—l)F(l—%) 2

1
r(%)
_ afBla+ 1,a+ 1)+ (y/(2a + 1))} [, - Qa1

1
(<)
o
+ o(n 2

— It2 . ktza+1n—(2a—1)/2 + O(n—(Za—l)/Z)
Ks0(Zn) = — nKs.o(Wi2(X))
= — nE[{Wu(X) — Eo[ (X )]

-(2a- 1)/2)

=o(n

>

where
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) 2 9
I:Ee[[b?logf(X—H)} ]: —Eo[a—eylogf(X—ﬁ)
=a(a—- DI -(/a)/I(l/a)

and

_ y
k—a[B(a+l,a+l)+ T }/I"(l/a).

In a similar way to the case under K: 8 =0, we can obtain the
asymptotic mean, variance and third-order cumulants under H: 6 = tn "%,
Thus we complete the proof.

In order to get the bound for the 2a-th order asymptotic distribution
of 2a-th order AMU estimators, we need the following.

LEMMA 2.3. Assume that the asymptotic mean, variance and third
order cumulant of Zn, under the distributions Pe.n.(0= 60,00+ tn” %), are
given by the following form.

En(Zn) = p(1,0) + n" 2 Ci(1,0) + o)
Vo(Zy) = v(1,0) + > 202, 0) + o(n P71
Ks.o(Zy) = o(n 7%,

Then
1 ~(2a-1)2
Pon{lZ, <} = “:2‘ +o(n ),

if and only if
@ = u(t,0) + Ci(1,0)n > + o(m Py
The proof is essentially given in Akahira and Takeuchi ((1981), pp.
132, 133).
In the following theorem we obtain the 2a-th asymptotic bound for

the distribution of 2a-th order AMU estimators of 6.

THEOREM 2.1. The bound for the 2a-th order asymptotic distribu-
tion of 2a-th order AMU estimators of 0 is given by

®(1) — Colt|*p()n * " sgn 1+ o(n V) |
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that is, for any 0, € Az
PoofNIn(0, — 0) < 1} < (1) — Cot™p()n 2 4 o(n 27112
forall t>0,
Pon{NIn(6, — 0) <1} = d(1) + Col1]p () " + o(n *71?
forall t<0,

where

_ afBla+ l,a+ 1)+ (y/(2a + 1))}

Co 2191 )

and @(t) and ¢(t) denote the standard normal distribution function and its
density function, respectively.

PROOF. Without loss of generality, we assume that 8, = 0. We con-
sider the case when ¢ > 0. In order to choose o such that

1 —(2a-
(2.18) Povn{Z, < ap} = 7 +o(n (2a 1)/2) ,

we have by Lemmas 2.2 and 2.3

I K el -02a- - 2a-

o = __2_12 +_2_tza Ly (a2 o(n 2 1)/2).
Since
(219) Pov”{z'l = aO} = PO,n{ - (Zn - Itz - a()) < Itz} y
putting W, = — (Z, — I* — &), we have from Lemma 2.2
(2.20) Eo(Wy) = ki 'n P2 4 o (7 o712y |
(221) VO(Wn) — IZZ _ kt2a+ln-(2a—1)/2 + O(n—(2a—1)/2) ’
(2.22) Kao( W) = o(n” 27972

We obtain by (2.19) to (2.22) and the Edgeworth expansion

(2.23)  PoniZi= a0} = Po (W< It}

=11 - % PO yn PV (e
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Here, from (2.18), the definition of Z, and the fundamental lemma of
Neyman-Pearson it is noted that a test with the rejection region {Z, > ao} is
the most powerful test of level 1/2 + o(n ™),

Let 6, be any 2o-th order AMU estimator. Putting A4, = (Vn b, <1,

we have

PIn",n(A(;,,) = P, 1’1.,,{9,, < l‘nil/z} = + O(nf(?_a*l)/?_) .

1
2

Then it is seen that y., of the indicator gf A, 1s a test of level 1/2 +
o(n **""). From (2.23), we obtain for any 8, € Az

PoniNn 0, < 1} < Pon{Wn< It}

k o -(2a- —(2a-
=o(J11) - NI PO yn > 1 o(n PP

that 1s,
(2.24)  PoNInb.< 1} < ®() - Cor’*dp(tyn P 4 o(n )
for all # > 0, where

k afB(a+ La+ D)+ (y/Qa+ 1))}

G 201/ )

Co

Hence we see that the bound for the 2a-th order distribution of 2a-th order
AMU estimators for all > 0 is given by (2.24). In a similar way to the case
t >0, we can obtain the 2a-th order bound for all 1 <0. Thus we complete
the proof.

Remark 2.1. The result of Theorem 2.1 holds for 2/3 < a < 1, where
the information amount / must be expressed as o'T(2 - (1/a)/T(1/). The
proof is omitted since it is essentially similar to the above.

3. The 2a-th order asymptotic distribution of the maximum likelihood
estimator

In this section we obtain the 2a-th order asymptotic distribution of the
maximum likelihood estimator (MLE) and compare it with the 2a-th order
asymptotic bound obtained in the previous section.

We denote by 6 and Ouw the true parameter and the MLE, respective-
ly. It is seen that for real ¢, Owr < B0 + tn” * if and only if
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£ -172
(9/96) X log f(X;— 6o — tn " <0.

Without loss of generality, we assume that 8o = 0. Hence we see that for
each real ¢

G.1) OuyL<m ™ if and only if g (d/dx) log f(X: — tn” ") >0.

—\7_—
Since
d a-1
Ex_ log f(x)= —alx|” sgnx,
we put
(3.2) U, = ﬁ ,Zl(d/ dx) log f(Xi— tn %)
_\7___‘;” )% sgn (X — )

In order to obtain the asymptotic cumulants of U, we need the
following lemma.

LEMMA 3.1. Ifhs(x)=(x+ )" — x" for 4 >0, then

f:x"‘le"‘“hA(x)dx=r(2—i) a1 r( 2—3)42
a 2

a

_

AZu + AZa
2a 0( ) b

(3.3) f: X7 ha(x)dx = r( 3- % ) 4+ —;— (o0 — 1)r( 3- %) A
+o(4%,
G4 [ X ha(x)dx = ( 3 % ) r( 3 —Z—) A+ 04,

o 2
fox“ le"hﬁ(x)dx=a1“(3——a—)dz+O(A3),

35 [ X Hi(x)dx = ol [ 4 - ER N o),
0 a
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(3.6) J X R dx = 0(4Y)
[ X R dx = o4
37 [ X R (dy = 0(4Y).
PROOF. From (2.2), we have
fo - x7e Y ha(x)dx

_ = a_a—1 -x* _ * 2a-1 ~x¢
—fo (x +4)'x" e " dx fo X7 e Tdx

— 1 * a+] . a=2 2a-23 —x i
T fo (x +4)" {(a - )x ax™"“te “dx »
— 1 - a+1 a a(a+ l) 2 a~1
=l [P e par s B g
fla— D" - ax™ e Vdx
a—1 > . w2 g | ;
- 4 -—+ 04
a+ 170 R¥(4)x""e "dx a o4y,

where
R¥M)y=(x+4)"" - x"""—(a+ DAx" - % afa+ DNa*x*".
In a similar way to (2.4), we obtain
[ R¥(4)x" e dx
= % a(a+ a1 (@4-1y ( J z)“"zx“*ze*“dx) di

% a(a+ e—- HBQRa—2,3)Bla— 1,3 - 2a)4™ + 0(4%)
(a+ DI'(a—1NI(3 - 2a)
 4Qa- DI -a)

A%+ o(4™) .

Hence, we have
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f Ow X7 ha(x)

1 * 2a-1 ~x" © 3a- -x*
= {(oz—l)f0 x“ e dx-af0 e dx
t(a=D(a+ Daf 2% dx
~a(a+ D4, P dx
1 27 2a-3 -
+-2—a(a— Ia+ 1)4 fo x“ e dx

1, ® g3 -
~—2—a‘(a+ I)Azfo X 3e’dx}

1 (@-NIe-NI@3d-2a ,, 2a
T 10a-NIa-a 4 Tou)

1 a—1 1 1
— [ . -2+—;(a—l)(a+1)1’(2——a—)A

—(a+1)1“(3~%)d
+—;—(a—l)(a+l)f(2—%)dz
—~;—a(a+l)F(3—%)Az}

1 (a-DI(a-DIQG - 20
a 4Q2a—- NI'R2 - a)

A7+ 04

{ — 1 2
:r(z'—)“ - r(z"“)"z‘ L £+ 0(4™).
@ 2 a 2a
In a similar way to the above, we can obtain (3.3) and (3.4). We also have
f: x* e " hi(x)dx
:j:o (x + A)Zaxu‘ lev_x"dx _ 2./;)00 (x + A)axzu_ le_xadx

® a-1 -x
+f0x e dx
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:fo x4+ 2ax’* "4 + aRa — DX 47X e Fdx

e , 1 .
u a-1 a-2 42 2a-1 -x
_2f0 {x + ax A+7a(a—1)x 47 x7 e T dx
2 3
+—+ 0W)
a
2 2 3
=al 3——a~ a4+ 0y,
and similarly get (3.5) and (3.6). From (2.2), we obtain

mx"*lem"'“hfj(x)dx =f0w X e (ax T Ay dx + o(4Y)

4]
2 3 3 3
:aF(4—;)A + o(4)

=0(4’),

and similarly have (3.7). Thus we complete the proof.

In the following lemma, we obtain the asymptotic mean, variance and
third order cumulant of U,.

LEMMA 3.2. The asymptotic mean, variance and third order cumu-
lant of U, are given for t > 0 as follows:

’

k
Eo(Us) = — It+7

Vo(Up) = I+ o(n” 2V |
Ks.0(Un) = 0(’1_(2{1_1)/2) \

tZan*(Zafl)/Z + O(n—(Za—l)/Z) ,

where I is given in Lemma 2.2 and

o’ {B(a,a+ 1)+ (y/a)}
I'lja)

K =

-1/

PROOF. Putting 4 = tn 2, we obtain

(3.8) Eo[|X — 4] sgn (X - 4)]

= Cla) { [ Ay e dx —f: (4 -x)""e " dx
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0 e-1 —|x|¥
—f_w(A —x) ‘e Tdx
- C(a) { J, e~ [ e+ ) e dx

A4 1 —x®
-fo (4-x)" e dx

- C(a) [ [ e e dx — [ ) - X e dx

SNE x)"‘e"‘"dx]
=Cla)Ji+ .+ J3)  (say).

Putting A4(x) = (x + 4)° — x°, we have from Lemma 3.1
39 Ji= f0°° XU Y gy

A | B
= [, ¥l T haydx + = xR dx + 0(4))

:—r(z—i)A— a_lr(z—i)ztuir(%i)zﬁ
a 2 a 2 a

N

20
1 —1
=—(1—i)r( 1 ——)A + 2 r(z—i)a2
a a 2 a
I N ¥
2a
From (2.2), we obtain
(3.10) . A :fow x4 A e dx —f:xa_le-xadx

Aa h a_a-1 —x" 1
- +] e+ ayx e -

Since by a similar way to (2.4)
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fow (x+ 4)x" e dx

1
o

o

it follows from (3.10) that

A° 1 1 2\,
Gl = —r(z——)a—i(l——)r(z——)d—
o o 2 a o
b=l A oA™Yy
2a
We also have
4 L g
B.12) ~s=[ (4- 0" dx

4
= [0 (4~ x 0 - xdx + O(4™)

_Aa Za[ ;—x—a‘“l ia_l_ 3
- = Afo(l A) (A)Adx+0(d)

a

= ‘; — B(a,a+ 1)4* + 0(4™).

From (3.8), (3.9), (3.11) and (3.12), we obtain

(3.13) Eo[|X — 4] " sgn (X — 4)]

:c(a){—z(aa_l)r(a_l)d

a

+(B(a,a+ 1)+%)A2“}+0(A2“)
ri-(ja)
(/)

af{B(a,a+ 1)+ (y/ )}
2I'(1/ a)

=—(a—1)

A 4 o(47%) .

Next, we have

(3.14)  Eo|X - 4™

+r(z--i)4+ ““lr(z—i)dh—y—fuo(ﬂ),
2 2¢
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= C(a) {f;(x— AP e dx +f 4 -x)""%"dx }
= C(a) {f: X2 gy +f0°° (x + 4" % dx
+f0A(A— 2am2 "dx}
= C(a) [ 2[0 X% dx +f fe " _ MY X 2dx
+f0m {(x+ 477 = X} Vdx

4
+f0 (A _ 2a 2 xdx] -
=C[Ji+ A +Ji+Ji] (say).

From (2.2), we obtain
2 1 2 1 1
r_ 2a— 2 - x4 o\ = . .
3.15) Jr=2] x e dx =~ (2 a)—a(l )F(l )
Since
:f: {e—(x+A)" _ e-x"}xza—zdx
_foo 20-2 —Xﬂ hA(x 1 d
=J, x" e }dx

had - — 0 l ® - —
=~ X T ha(x)dx + —| e Thi(x)dx
0 7 Jo

1 e a-2 -x"
——6—fo X2 By (x)dx + 0(4Y),

it follows from Lemma 3.1 that

2 3 2 3
(3.16) Ji=-T 3—; A+ @-1Dr 3—; 4+ 0.
From (2.2), we have

GA7) Ji =[x+ 47 - e dx
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1 2a-1 o
w14 T

fo (x+A)2a‘1xafle‘x“dx

l 20-1 l (20—‘1)
= — A — —
2 -1 ar a

o
+
2a—1

{f: e dx + (2a - I)Afow X e dx

+(a— D)Q2a - H4* f: X e dx I + 0(4?

:——I—AZ“‘—ir(z—i)+ l r(3—i)
a o 20— 1 o

+F(3~£)A+(a—l)F(3—i)A2+O(A3)
a a

2
a

= AZ“_}+I“(3— )A+(oc—1)1“(3~—;—)A2

T 2a- |
+o(4%) .
We also obtain
(B18) Ji=[ (4" e ¥ dx

= f: (4~ %) dx - fOA X4 = x)" Mdx + 0(4™Y

A% 4 u 20-2 ] )
- — a7 (i)(l——’i) — dxt o)

S 20— 1 o\ 4 4
A2a71

= — Bla+ 1,20 - DA+ 04* Y.
2a— 1

From (3.14) to (3.18), we have
de-2 a—1 ( 1 )
_ —_— 1 - —
Eof| X —A41"7] oI (1/a) | .

a(a—1)
I(1/a)

r(3—i)42+o(42),
a
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hence, by (3.13)

(3.19)  Vo(|X — 4|* ' sgn (X — 4))
a—1 1
) r("?)
a 3
Ha- ”[r(l/a>r(3‘3)

—@-1) {—_“F(lra%a)) }2 ] A+ o(4Y).

Third, we have
(3.20)  Eo[|X — 41 sgn (X — 4)]

= C(a){] (x— Y% dx— [ (4 — %) e ¥dx
P
= C(a) [f: X — e Ydx
—fow {(x+ 477 =X e Vdx

—f(A e v |

=C(a)J!+J5+ Jd)  (say).

Since

:fo x3a—3{e—(x+d)ﬂ_ e-xu}dx:fo xla—Se—x { ~halx) l}dx

= *f: X7 hy(x)dx + —;f: e Hi(x)dx + o(4Y)

it follows by Lemma 3.1 that
(3.21) J”——3(l——1—)F(3——3—)A+OA2
. = - =4+ o).

From (2.2), we have

747
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I A e

=3(a- D4 ¥ dx + o(d)

-3 2o,
a a

and also

4 .
(3.23) —Jv :fo (4 — x)" e dx

A3“"3 [ a x \3e-3 ] _
— g2 (1) (l—l) — dx + O(47?)

T3 2 A 4 A
3a-2
= +0(4*7Y) .
3a—2 O )

From (3.20) to (3.23), we obtain

3(a—-1)

Eo[| X — 4™ sgn (X - 4)] =~ e

F3-2)av o,

hence

(324) Kso(|X—4]" 'sgn(X - 4))
= Fol{|X — 41" "sgn (X — 4) — Eo[| X — 4|" 'sgn (X — H)]}']
= 0(4) .

Putting 4 = tn "* with 1 > 0, we have from (3.2), (3.13), (3.19) and (3.24)

Eo(Un) = avn Eo[| X — tn 4! sgn (X — i)

ri-(ja)
I'(l/e)
az{B(a’ at+ D+ (/o)) PRI
2I'(1/ o)

5

+o(n IR

=—a(a—1)

’

K" 2a -(a- e~
= It+?t2an (2a 1V2+0(n (2@ 1)/2)’

Vo(Un) = & Vo(| X — "' sgn (X ~ tn”"%))
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r(-d/a)
I'(1/a)

=I+o(n ™
3

o e -
Kso(Un) = _\/—ﬁ Kso(| X —1n ”2| ! sgn(X —tn 1/2))

_ O(n—(zaf l)/l)

n O(H—(Za-l)/Z)

=a(a—1)

El

where /=a(a— DI'(1 —(1/a))/T(1/a) and k' = &*{B(a,a+ 1) + (y/ @)}/
I'(1/a). This completes the proof.

In the following theorem, we obtain the 2a-th order asymptotic
distribution of the MLE of 6.

THEOREM 3.1. The 2a-th order asymptotic distribution of the MLE
OwL of 0 is given by

(3.25) Pon{NIn (O — 0) < 1}

= (1) - G| () " sgn it + (m Py
where Ci1=Q2a+ 1)Co with Co=a{B(a+1,a+ 1)+ (y/(2a+ 1))}/
21/ a)}, and also the MLE is not 20-th order asymptotically

efficient in the sense that its 2a-th order asymptotic distribution does not
uniformly attain the bound given in Theorem 2.1.

PROOF. Since the density f(x) = C(a)e " is symmetric about the
origin, we see that the MLE of 8 is a 2a-th order AMU. We consider the
case when ¢ > 0. Using the Edgeworth expansion, we have by (3.1), (3.2)
and Lemma 3.2

Po.n{/n (O — 0) < 1}
= Po.n{U, < 0}

k, a -(2a— -(2a-
= OW/1) =57 PO WTom % 4 o 7,

that is,

(3.26) Po.nf\In (Our — 0) < 1}

k a -(2a— —(2a-
=®d(1) - Y GiLE s d(tyn™? N2y o(n @ ”/Z)
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= @(1) — Cii()n P 4 o BTy

where C, = k’/ {211,
In a similar way to the case ¢ > (), we obtain for 1 <0

(3.27) Poni\In (O — 6) < 1}
= ®(t) + Cilt|d(n 7 + o P

Hence (3.26) and (3.27) imply (3.25). Since k' = o’{B(a, a0 + 1) + (y/ @)}/
I'(1/a)and Co= afB(a+ La+ 1)+ (y/Qa + 1)}/ {212 (1] a)}, it is seen
that C, = 2a + 1) C. Since € > Co for I < a < 3/2, it follows from Theorem
2.1 and (3.25) that the MLE is not 2a-th order asymptotically efficient in
the sense that its 2a-th order asymptotic distribution does not uniformly
attain the bound given in Theorem 2.1. This completes the proof.

Remark 3.1. In the double exponential distribution case, that is, the
case when a¢=1, it is shown in Akahira and Takeuchi (1981) that the
bound for the second order asymptotic distribution of the second order
AMU estimators of 8 is given by

&(1) - —’—6— d(n Psgni+o(n Y,

and the second order distribution of the MLE of 8, i.e., the median of
Xi,..., Xn, 1s given by

(3.28) D(1) — ’7 d(On P sgnt+on ).

The results coincide with the case when a = | is substituted in the formulae
of Theorems 2.1 and 3.1, but note that the proofs of these theorems do not
include the case for ¢ =1 since it does not automatically hold that
HNa)y=(a— HI(a—1)fora=1.

4. The amount of the loss of asymptotic information of the maximum
likelihood estimator

In the section we obtain the amount of the loss of asymptotic
information of the MLE Ay using its second order asymptotic distribution
(3.25). Differentiating the right-hand side of (3.25) w.r.t. 7, we have the
second order asymptotic density g(#) of \/I;(QML — 6) as follows:

@.1) g =i — OQal™ " = [ T + o
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for —o<t<oo.

In general, we obtain for a > 0

* o _ 2 = o 71"/2
(4.2) JIRY b)di == J, e Par

2a/2 o
= fo W gy
Jr

(after transformation u = */2)

2 F(a+l)
- = -

Since, for sufficiently large n,

Z log g(¢) = — t — Ci{2aa — D|t]**7 — Qa + D|1]*%

~(2a-1)/2

. n sgn t + o(n ¥

2

it follows from (4.1) and (4.2) that the asymptotic information amount /uL
of the MLE is given by

IvL = nlf { — log g(1) } g(t)dr

=nl” o7 + Cifda2a — 1)1

—2Ca+ D"+ [0 2 gy

+ O(n(3/2)*u)
at(3/2)
= n[{ | — ﬁ Cl[‘(a + l)n*(Za—l)/2 + 0(n(3/2)—a) .

Hence, the amount of the loss L of asymptotic information of the MLE is
given by

a+{3/2)

N

2"*“/2’(1(20& + DI'(a+ D{B(a+ 1l,a+ 1)+ (y/Qa + 1))} n¥2-
NZT A “/Z’T(l/a)

L=nl-hyw= CIT(a+ l)n(3/2)—a + O(n(3/2)—a)

+o(n®7%).
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In a similar way to the above, it follows from (3.28) that, in the
double-exponential distribution case, namely, when a = 1, the amount of
the loss of asymptotic information of the MLE is given by 2+/2n/n +

o(\/ n),since I = 1.
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