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FOR 

Abstract. We consider the estimation problem of a location parameter 0 
on a sample of size n from a two-sided Weibull type densityf(x - 0) = 
C(a) exp ( - I x - O I  °) for - ~ < x < o o ,  - o o < 0 < o o  and 1 < a < 3 / 2 ,  
where C(a) = a~ {2F(I / a)}. Then the bound for the distribution of asymp- 
totically median unbiased estimators is obtained up to the 2a-th order, 
i.e., the order n t2~-11/2. The asymptotic distribution of a maximum 
likelihood estimator (MLE) is also calculated up to the 2a-th order. It is 
shown that the MLE is not 2a-th order asymptotically efficient. The 
amount of the loss of asymptotic information of the MLE is given. 

Key words and phrases: 2a-th order asymptotically median unbiased 
estimator, 2a-th order asymptotic distribution, 2a-th order asymptotic 
efficiency, Edgeworth expansion, maximum likelihood estimator. 

1. Introduction 

Higher  o rde r  a symp to t i c s  have been s tudied  by P fanzag l  and 
Wefelmeyer (1978, 1985), Ghosh et al. (1980) and Akahira and Takeuchi 
(1981), Akahira  (1986), Akahira et al. (1988), among others, under suitable 
regularity conditions. 

In non-regular cases when the regularity conditions do not necessarily 
hold, higher order asymptotics were discussed by Akahira and Takeuchi 
(1981), Akahira (1987, 1988a, 1988b), Pfanzagl and Wefelmeyer (1985), 
Sugiura and Naing (1987) and others. 

In this paper we consider the estimation problem of a location 
parameter  0 on a sample of  size n from a two-sided Weibull type density 
f ( x -  0 ) =  C(a) e x p ( -  Ix-01 °) for - ~ < x < o %  - o o < 0 < ~  and 1 < 
a < 3 / 2 ,  where C(a)=a/{2F(1 /a)} .  It is noted that there is a Fisher 
information amount  and a first order derivative o f f ( x )  at x -- 0, but there 
is no second order one o f f ( x )  at x = 0. It is also seen in Akahira (1975) 

725 



726 MASAFUMI AKAHlRA AND KEI qAKEUCHI 

that the order of consistency is equal to n -~/2 in this situation. Then we 
shall obtain the bound for the distribution of asymptotically median 
unbiased estimators of 0 up to the 2a-th order, i.e., the order n -t2~-~/2. We 
shall also get the asymptotic distribution of the maximum likelihood 
est imator (MLE) of 0 up to the 2a-th order and see that the MLE is not 
generally 2a-th order asymptotically efficient. Further,  we shall obtain the 
amount  of the loss of asymptotic information of the MLE. 

2. The 2a-th order asymptotic bound for the distribution of second 
order AMU estimators 

Let X~ .... ,An,... be a sequence of independent and identically distri- 
buted (i.i.d.) r andom variables with a two-sided Weibull type density 
f ( x  - O) = C(a )  exp { - Lx - 01 ~} for - ~ < x < ~ where 0 is a real-valued 
parameter,  1 < a <  3/2 and C ( a )  = a / { 2 F ( 1 / a ) }  with a Gamma function 

F(u ) ,  i.e., F ( u )  = x ~- ~e-~dx (u > 0). 

We denote by Po,, the n-fold products of probability measure Po with 
the above density f ( x -  0).  An estimator 0n of 0 based on X1,...,X~ is 
called a 2a-th order asymptotically median unbiased (AMU) estimator if 
for any q ¢ R ~, there exists a positive number 6 such that 

1 
lim sup n(2, 1)/2 Po, n{On ~ O} - ~ = O , 
n ~  0:10 qb--d 

I '1 lim sup n t2~-Z)/2 Po,,,{O~>_ O } - - - f  = 0 .  
n - ~  O: IO t l l  : ,~ 

We denote by A2~ the class of all best asymptotically normal and 2a-th 
o r d e r  A M U  e s t i m a t o r s .  F o r  a 0~ 2a - th  o r d e r  A M U ,  G o ( t , O ) +  
rt -Iza- I)/2G1 (l, O) is defined to be the 2a-th order asymptotic distribution of 
x /n  (0~ - 0) (or 0, for short) if for any t ~ R 1 and each 0 ~ R ~ 

lim n 12" 11/2lpo, n { x f n  (O, - O) ~ t} - Go(t ,O)  - n-12~-l)/ZGl(t,O)l = 0 . 
~7~oe 

In order  to obtain the bound for the distribution of 2a-th order AMU 
estimators of 0, for arbitrary but fixed 00, we consider the problem of 
testing hypothesis H: 0 = 00 + tn-1/2 (t > 0) against the alternative K: 0 = 00. 
Then the log-likelihood ratio test statistic Z, is given by 

Z .  = ~] log { f ( X i  - O o ) / J ' ( X ,  - O o  - tn  1/2)} 
i = I  

n 

= - E , ( I X i -  001 ~ -  I x , -  00 - tn 1/21~). 
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In order to obtain the asymptotic cumulants of Z~, we need 
following lemma. 

LEMMA 2.1. I f  ha(x)  = (x  + d )  a - x~ f o r  d > O, then 

(x)e  d x  = aV  2 - - -  + ct([1- 1)V 2 - 
O~ 

1 + y Zl2a+i + O(Z:12~,+~ ) 
2 a +  1 

h~(x)e  " dx  = a2F 3 - - -  + O(d  4 ) ,  
Og 

where 

a ( a -  1)F([1- I ) F ( 3 -  211) 
Y = 2 ( 2 a -  1)F(2 - a) 

PROOF. First we have 

(2.]) fo fo 2 -x ~ 
h z ( x ) e  d x  = (x  + d)2~e ~°dx - 2 (x  + d)~x~e-X°dx 

~oo 2a - x u r  
+Jo x e a x .  

Since for fl > 0 

(2.2) 
[1 

it follows that 

(2.3) (x  + A)2ae-X°dx 

d 2a+l a (X + d)>'+lxa-le-X°dx 
2 a +  1 + 211+ 1 

A2a+ 1 [1 

2 a +  1 211+ 1 

" f o  { x3~ + (2a + 1)X3a-lLJ q- a(2a  + l)x3~-2A 2 

1 1)x3a_ 3z~3 } + - ~  a (2a  - l)(2a + e-,,°dx ql- O(ZJ 4) 
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2 a +  1 
') ( ' )  - -  - -  + 2 3 + a F  3 - - -  3 2 
a 

+3-1 a ( 2 a - 1 ) F ( 3 -  2 )  2 3 - a  2a+l  1 _ _  220+1 q_ O ( z j 4 )  , 

From (2.2), we obtain 

f o  (x + 2)" f f  e-~°dx 

(X ~- 2 ) a + l ( x  °-1 --  X 2a l)e-X°dx 
a + l  

a xa+l  1 1~2 a + ~  + (a + 1)x~2 + -~ a(a + 1)x ~- 

+ -~ a(a - l ) (a  + 1)x~-233 (X 2a-1 - -  x~-~)e-X°dx 

a R(A)x~_le_XOdx + O(24 ) 
a + l  ~ 

where 

1 
R ( 2 )  = ( x  ~ - -2 )  a+l - x a+l - ( a  -[-- 1)3x ~ - ~ -  a(a + l)AZx ~-a 

1 
6 a(a-- 1)(a + 1)A3x ~ 2. 

Then  the remainder  te rm R(A) of  the Taylor  expansion is represented by 

R(2 )  = K~ (3 - / ) 3 ( x  + t)a-3dt, 

where 0_< t <_ A and K~ = a(a + 1 ) ( a -  l ) ( a -  2)/6. Since 1 - x" < e -x°< 1, 
it follows that  

f o  (X ÷ l) ~ 3X~-l(I e-~'~)dx%foX2a-4(1 -x ° - - e  )dx 

( 1  2a-4~1 -x a 
=3o x t~ - e  )dx+fl  x2~-a ( l -e -X°)dx  
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a 

3(a -  1)(3 - 2a)" 

fi Since (x + t)~-3x~-ldx =/2a-3B(a,  3 - 2a), we have 

a- i - , o  ~ - f ? R ( A ) x ~ - l ( l  e ) dx  fo R(a)x e dx= fo R(Z)x°-'dx --*~ 

= Kof: ( z -  o' {fo(X + O°-'x°-'dx l at + o(Z >') 

= K=B(a, 3 - 2 a ) f f  fl~-3(A - t)3dt + o ( a  2~+') 

= K~B(a,  3 - 2a)B(2a  - 2, 4)A 2"+1 + o(A 2~+1) 

(a + l )(a  - 1)F(a  - 1) r (3  - 2a) d2 . .  1 o(A2a+l) 
4(2a + l ) ( 2 a -  1 ) F ( 2 -  a) + " 

Hence,  we obta in  

(2.4) (x  + A)~x~e-X°dx 

o+,'{( , ) (  F 3 + - -  - F  2 +  

1 +--(a(a 1) 2 - V (  

+ a ( a -  1 ) V ( a -  1)r(3  - 2a) A2~+~ o(a2~+,) 
4(2a + 1)(2a - 1)F(2 - a) + 

= - -  ~ + L / +  F 2 - 1 -  A 2 
a gt 

' ( ) + ~ ( a - 1 ) ( a - 2 ) F  2 -  2 33 

+ a(a  - 1)F(a  - 1)F(3 - 2a) A2,+ 1 o(A2~+,) 
4(2a + 1)(2a - 1)/ '(2 - a) + ' 

and by  (2 .2) ,  t'= 2a -x a-  
• 10  X e a x  = F(2  + 1/a) /a .  F r o m  (2.1) to (2.4), we have 
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f ° h 2 ( x ) e  X " d x = ° t I ' ( 2 - ~ ) A 2 + ° t ( ° t -  1 ) 1 " ( 2 - 2 )  

1 + 7 ,~j2u+l q_ O(Zj2a+ l )  , 

2 a +  1 

where y = a ( a -  1)F(a - 1)F(3 - 2a) /2 (2a  - 1)F(2 - a). We also obtain 

3 -x  u fo h (x)e dx=fo {(x + 3)~-x"}3e-X"dx  

= a333foX3~ 3e-X°dx + O(34) 

=a2f f (  3 - 2 t 3 3 + a  0 ( 3 4 )  

Thus we complete the proof. 

In the following lemma we obtain the asymptotic mean, variance and 
third-order cumulant of Z., under H and K. 

LEMMA 2.2. The asympto t ic  mean,  variance and  third-order cumu-  
lant o f  Z .  are given as fo l lows:  Under K: 0 = 0o, 

I t2 k t2~+ln 12~ 11/2 Eoo(Z.) = ~ - - - ~  + o(n 12~-,i/2) , 

Voo(Z.) = It 2 - ktZa+ln -~2~ 1~/2 + o(n-12~-w2) , 

K3,oo( Z.) = o ( n - ( 2 a - l l / 2 )  , 

and  under  H: 0 = Oo + tn-i/2 

I t2 k Eo . . . .  "~(Zn) = T + - 2  t2a+ln-(2a-l)/2 + °(r/-(2u-1)/2) ' 

VOo+,.":(Z.) = It 2 - kt2~+ln 12~-11/2 + o(n-12~ 11/2) , 

K3,o,,+,n "'(Zn) = o(n  (2a-1)/2) , 

where 

I= o[{ ologI x o, l 2] 
= -  Eo ~ l o g f ( X -  0 )  = a ( a -  1 ) F ( l  - (1 /a) ) /F( l /a )  
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and 

with 

{ k = a  B(a+ l , a +  l )+ 2 a + l  

B(u,O=folXU-l(1 - - X ) V - l d x  (U,O > 0) . 

PROOF. Wi thou t  loss of  generali ty,  we assume that  00 = 0. Put t ing  

gG(x) = ]x] ~ -  ] x - A ]  ~ with A > 0 ,  we have Z . =  - ~] ~a(Xi)  where 3 = 
i=1 

tn- 1/2. Since 

(2.5) ~a(x)  = 

it fol lows that 

(2.6) 

x ~ - (x - A) ~ for  x ~ d ,  

i f -  (A - x) ~ for  0 ~ x < A  , 

( - x)" - (d - x) ~ for  x < O, 

fo° - x } e  dx Ro[~'~(X)] = C(a)  - {(x + a)  ° o -xo 

+ f ~ { x  ° (a - -x)}e~ -x°dx 

+£®{x ~ (x o -xo ] - - a )  l e  dx 

= C(a)(I1 + 12 + 13) ( say) .  

Put t ing  ha(x) = (x + A) ~ - x ~, we have f rom L e m m a  2.1 

(2.7) 1I + /3  = - f ?  {(x + A) ° -  x~}e-X°dx + £ ~ { x ~ - ( x  - A)~}e-X°dx 

oo 
- e  } d x  =fo {(x + 3) ° -  x~}{e -~x+~r -xO 

= f ?  ha(x){e -h~lx) - 1}e-X°dx 

= _ f ?  h2 (x)e_X~dx + I f ?  h3 (x)e_X°dx + O(Z~4) 

( 1 ) d 2  I + Y  dz=+' - - -  aF 2 - - -  + + o ( d  2~*~) . 
a 2 a +  1 
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We also obtain 

(2.8) 12 : f o  { f f  - (d - x)~}e-~"dx 

{ ,x2o } -- fo {XU - (A - x )  a} l - xa + y + O(x 3a) dx  

A2a+ 1 

1 } A2a+ 1 + O(A3ct+l)  , 
= B ( a + l , a + l )  2 a + l  

where B(u, o) denotes the Beta function. From (2.7) and (2.8), we have 

I I + I 2 + I 3 = - a F ( 2 -  1 ) A 2 - a  

~ } A2"+1 + B ( a +  l , a + l ) +  2 a + l  + o(A 2°+1) , 

Since C(a) = a/{2F(1/a)},  it follows from (2.6), (2.7) and (2.8) that 

(2.9) Eo[~J(x)] = C(a)(I~ + 12 + 13) 

( ' )  a ( a -  l )F  1 - - -  
a A2 

2 (1)o 
+ a{B(a + 1, a + 1) + (y/(2a + 1))} A2~+1 + o(A2a+l) 

From (2.5), we obtain 

(2.1o) Eo[~)(X)]  = f]~ {( - x)" - (A - x)"}2 f (x )dx  

+ f o  {x~ - (A - x)~}2 f ( x ) d x  

+ ~oo { x~ _ (x - A)~}Z f ( x ) d x  

= f ?  {x ~ - (x + A)~}Z f ( x ) d x  
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+f~  {ff - (A - x)"}2f(x)dx 

+ £~ {ff - (x - zl)"}2 f ( x ) d x  

= C ( a ) ( I ;  + t '  2 + A') (say) 

Since ha (x) = (x + zl) a - x ~, it follows f rom L e m m a  2.1 that  

(2 .11 )  I{ + t ; : f o  {(x + 3 )  ~ -  ff}Ze-X°dx + £ = { x a -  (x - d)"}2e-X°dx 

=fo{(X + z) ° -  xa}2{e -x° + e-tX+Z)°}d x 

= foh~(x){e-h"<*) + 1}e-X°dx 

2fo  2 -x ~' 3 -x = a(x)e  d x -  a(x)e d x + O ( z l  4) 

= 2 a / ' ( 2 -  1 )  d 2 2 ( l + 7 )  d2=+l+o(d2a+l ) 
a 2 a +  1 

Since 

l~ = f o  {xa -- (A  - x )a}2e -X"dx  

=f0 a {x ~ - (3 - x)~}2(1 - f f )dx  + 0 ( 3  3"+1) 

=fo{X 2a - 2x°(a - x )  ° + ( 3  - x ) 2 ° } d x  + O(A 3°+1) 

2~2a+ 1 

2 a +  1 

2zlza+ I 

2 a +  1 
2A~a+lB(a + 1,a  + 1) + 0 ( 3  3a+[) , 

we obta in  f rom (2.10) and (2.1 I) 

(2.12) Eo[gJJ(X)]  = C(a)(I{ + I~ + I;) 

Ct j2 
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From (2.5), we have 

(2.13) 

ct{B(a + 1, ct + 1) + (y/(2a + 1))} A2~+~ + o(32~+t) 

= C(a)(I{ '  + I "  2 + I ; ' )  

Since ha(x)  = (x  + 3)  ~ - x ~, it follows that 

(2.14) 

Since 

E0[~)(X)] =f0 {( _ x )  ~ _ ( 3  - x ) ° f  f ( x ) a x  

+ f f  {x ~ -  (3 - x)~}3 f ( x ) d x  

+ fo~ { x~ _ (x  - A)~}3 f ( x ) d x  

= f o  {xa - (X + zJ)~'}3f(x)dx 

+ f ~  {x ~ - (A - x)~}3 f ( x ) d x  

+ fa°~ {x ~ - (x  - A) '~}3f(x)dx 

(say).  

o; 3 x 'l L"+  13" = -  f~ {(x + 3) '~- x } e d x  + f~ {x ~ -  ( x -  3)~}3e-X°dx 

= f o  {(X + 3 )  a - -  X a } 3 { e - ( X + 3 )  " _ e-X°}dx 

=f0 = h3 (x){e  -h"lx) - 1 ]e X"dx . 

f o h 4  (x)e-':"dx = f o { ( x  + J )  '~ - xa}4e-~°dx 

4 . 4  l °~ X4a 4 e X°dx = a /I "10 -~ 0 ( 3 4 )  = O(Z~4) 

it follows from (2.14) that 

(2.15) I{' + 1~'= 0 ( 3  4) . 

We also have 
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(2.16) I~' : f o  {x~ -- (A  - x )a}3e-X~dx  : 0 ( A 3 ~ + 1 )  . 

F r o m  (2.13), (2.15) and (2.16), we obtain 

(2.17) Eo[CP2(X)] : O(A4).  

Putt ing A = tn -1/2 with t > 0, we obtain f rom (2.9), (2.12) and (2.17) 

Eo[Z~] = - nEo[~, .  ',~'(X)] 

,) 
: ~ 12 

a 

a{B(a + i, a + 1) + (y / (2a  + 1))} t2~+1n_12~_l)/2 

+ o(n-12o ~1/2) 

I t 2 k 12a+lFl_(2u_ll/2 
- 2 - - 2  + °(n-lZ"-W2)' 

Vo(Z.) = nVo(~',o '2(x))  

_ a{B(a  + 1, a + 1) + (),/(2u + 1))} 12a+ln_(2a_l)/2 

+ o ( n  -12a-ll/2) 

= I t  2 _ kt2~+ln-(za-t) /2 + o ( n  -12~-W2) , 

K3,o( Zn)  = - nK3,o( ~P~, ',~-( X ) ) 

= -  nEo[{ ~, .  , ,2 (x) -  Eo[~',. ,~'(X)]/3] 
= o(n-12"-lv2), 

where  
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02 
l=  Eo[{ - -~ l o g f ( X -  O) }2 ] = - E o [ - ~  l o g f ( X -  O) ] 

= ct(a - l ) r (1  - (l/ct))/F(l/ct) 

k = a  B(a+ l , a +  l)+ 2a+ l 

In a similar way to the case under K: 0 =  0, we can obtain the 
asymptotic mean, variance and third-order cumulants under H: 0 = tn-1/2. 
Thus we complete the proof. 

In order to get the bound for the 2a-th order asymptotic distribution 
of 2a-th order AMU estimators, we need the following. 

LEMMA 2.3. Assume that the asymptotic mean, variance and third 
order cumulant of  Z,, under the distributions Po.,(O = 0o,0o + tn-'/2), are 
given by the following form. 

Eo(L) = lt(t, O) + n-(2a-l)/2Cl(t, O) + o(n-tZa-l)/2) , 

Vo(Z,) -- 02(t, O) + n-12~-l)/Zc2(t, O) + 0(n-12~-1)/2) , 

K3,0(Zn) = o(n -t2~-1)/2) , 

Then 

1 Po,,{Z, <- ao} = ~-  + o(n -~2~- t}/2) , 

if and only if 

ao =/z(t,O) + Cl(t,O)n -12~-11/2 + o(n-12~-w2) . 

The proof is essentially given in Akahira and Takeuchi ((1981), pp. 
132, 133). 

In the following theorem we obtain the 2a-th asymptotic bound for 
the distribution of 2a-th order AMU estimators of 0. 

THEOREM 2.1. The bound for the 2a-th order asymptotic distribu- 
tion of  2a-th order A M U  estimators of  O is given by 

q~(t) - Coltl2~cb(t)n -12~ 11/2 sgn t + o(n -12~-w2) , 
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that i s , for  any On ~ A2~ 

where 

737 

Po, n{x/r~(O~ - O) <_ t} <_ qb(t) - Cot2~dp(t)n -(2~-1)/2 + o(n -(2~-1)/2) 

f o r  all t > 0 ,  

Po.n{X/~(On -- O) < t} >-- qb(t) + Colt12%h(t)n -(2~-1)/2 + o(n -12a-1)/2) 

f o r  all t < O, 

a{B(a  + 1,a + 1) + (7/(2a + 1))} 
Co = 2I~+11/21F(1 / a) 

and q~(t) and  oh(t) denote the s tandard normal  distribution func t ion  and  its 
density func t ion ,  respectively. 

PROOF. Without  loss of generality, we assume that 00 = 0. We con- 
sider the case when t > 0. In order to choose ao such that 

1 
(2.18) P,,'",n{Zn <-- ao} = -~- + o(n-12~-1)/2), 

we have by Lemmas 2.2 and 2.3 

I t2 k t2~+ln_12~_l)/2 ao = -  -~ + - i  + °(n-12°-'~t~)" 

Since 

(2.19) 

putting Wn = 

(2.20) 

(2.21) 

(2.22) 

P o , . { z o  _> a o }  = P o , . {  - ( Z .  - I t  2 - ao )  _< ITS}, 

- (Zn - It 2 - ao), we have from Lcmma 2.2 

Eo(Wn) = kt2°+ln -12~-ll/z + o(n -12~-w2) , 

Vo(Wn) = It 2 - kt2°+~n -12°-~1/2 + o(n-12~-lln) , 

K3,o(Wn) = o ( n - l Z a - l ) / 2 )  . 

We obtain by (2.19) to (2.22) and the Edgeworth expansion 

(2.23) Po, n{Z. >- ao} = Po, n{ W. <_ It 2} 

= qb(X//-[t ) k t2%h(V/Tt)n_(2~_l)/2 + 0(n_12~_1)/2 ) 
2x/7 
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Here, from (2.18), the definition of Zn and the fundamental  lemma of 
Neyman-Pearson it is noted that a test with the rejection region {Z, _> a0} is 
the most powerful test of level 1/2 + o(n-I2~-1)/2). 

Let 0n be any 2a-th order AMU estimator. Putting Ao, = { , fnOn <_ t}, 
we have 

1 
P,n ',,(A0,,) = P,,, "~,,{On <- tn ~/2} = T -}- O(n (2~ 1)/2) . 

Then it is seen that XA,~, of the indicator of Ao,, is a test of level 1/2 + 
o(n-12a-11/2). From (2.23), we obtain for any 0n ~ A2a 

PO, n{X/fi& <-- t} <-- Po,.{ Wn <-/t 2} 
k 

= q~(x/~t)  2V/ -  i- t2aqb(V/II)n -(2a-1)/2 + o(n  (2a 1)/2) , 

that is, 

(2.24) Po, n { X / ~  O,, <- t} <_ O(t)  - Cot2~ch( t)n (2a-1)/2 ~_ O(FI (2a-1)/2) 

for all t > O, where 

k a { B ( a  + l , a  + 1) + (y/(2a + 1))} 
Co - 2I~+(1/2) - 2I~+(I/2)F(1 / a) 

Hence we see that the bound for the 2a-th order distribution of 2a-th order 
AMU estimators for all t > 0 is given by (2.24). In a similar way to the case 
t > 0, we can obtain the 2a-th order bound for all t < 0. Thus we complete 
the proof. 

R e m a r k  2.1. The result of Theorem 2.1 holds for 2/3 < a < l, where 
the information amount  1 must be expressed as aZF(2 - ( 1 / a ) ) /F ( l / a ) .  The 
proof is omitted since it is essentially similar to the above. 

3. The 2o-th order asymptotic distribution of the maximum likelihood 
estimator 

In this section we obtain the 2a-th order asymptotic distribution of the 
maximum likelihood estimator (MLE) and compare it with the 2a-th order 
asymptotic bound obtained in the previous section. 

We denote by 0o and 0ML the true parameter  and the MLE, respective- 
ly. It is seen that for real t, 0ME < 00 + tn 1/2 if and only if 
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(0 /30)  ~ l o g f ( X i  - Oo - tn -1/2) < O. 
i=1 

Without loss of generality, we assume that 0o = 0. Hence we see that for 
each real t 

1 ,~l(dl dx) l o g f ( X i  - tn 112) > 0 (3.1) 0ML < tn-l/2 if and only if x/ff = 

Since 

we put 

(3.2) 

d 
dx  logf (x )  -- - alxl  ~-1 sgn x ,  

l n 

U. = - ~ i~ l (d ldx)  l o g f ( X i  - tn -1/2) 

_ a ;£ IX  i -  tn-ll2l~-i sgn ( X i -  tn-1/2) 
i=1 

In order to obtain the asymptotic cumulants of Un, we need the 
following lemma. 

(3.3) 

(3.4) 

(3.5) 

LEMMA 3.1. I f  ha(x) = (x + A) ~ - x~ f o r  A > O, then 

x l e -X~h~(x)dx=F 2 - 1  A +  F 2 - - -  
a ~ a 

~' A2o + o(A 2°) , 
2a 

J0 ° ( ) , ( ~)~ x2a-2e-X°h~(x)dx=F 3 - 2  A +  ( a - l ) F  3 -  
a T 

q- o ( A 2 )  , 

So ° ( 3)(-) , x3a-3e-X:ha(x)dx = 3 -  F 3 -  3 A + O(3 2) 
£Z 

So o ( ) xa-le-X°h2(x)dx = aF  3 2 A2 + O(d3 ) 

x2a-2e -x hZ~(x)dx = a F  4 - -  + O(A 3) , 
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(3.6) 

(3.7) 

MASAFUMI AKAHIRA AND 

f ;  x -~-~e-~'h~(x)dx = O(A2) , 

f~x~- le-X°h3~(x)dx = O(A3) ,  

f m 20 2 -xa~3. x ~  x e n 4 t x ) a x  = 0 ( 3 3 ) .  

KEI TAKEUCHI 

where 

PROOF. F r o m  (2.2), we have 

x e h.~(x) d x  

= ~7 (x + dl)aXa l e X~dx - f o  X2a- l e-X~dx 

fo  z¢~ 1 (x + 3)~+J{(a - l ) x  ~2 - ax2'~-2}e-X~dx - 1 
a + l  ct 

_ 1 x "+~ + ( a  + l ) A x  ° + a ( a  + I) a + 1 2 zJ2Xa-1 

• { ( a -  l ) x  ~-2 - ax  >' 2}e-':"dx 

a -  1 R,(A)x~_2e_~Odx_ 1 - -  + O(LI 3) 
a + l  a ' 

R*(A) (x + J)°+' °+' 1 : - x - (a + 1 ) J x  ~ - - ~  a (a  + l)d~'x ~ 

In a similar way to (2.4), we obta in  

f (  R * ( A ) x  ~' 2e-':"dx 

l a,o 1 , , o  ,, jo t) ( j :  + ,,o x ) 

1 
= - 7  a (a  + l ) ( a -  l ) B ( 2 a -  2 , 3 ) B ( a -  1 , 3 -  2a)A2" + o ( d  2~) 

Z 

(a  + l ) F ( a  - 1)/"(3 - 2a) 320 + o ( A 2 a )  . 

4 ( 2 a -  l )V(2 - a) 

Hence,  we have 



ASYMPTOT1CS FOR WEIBULL TYPE DISTRIBUTION 741 

fox"- (x) 

{ C £ 1 (a - 1) x 2"- ~e-X"dx a x3,~-i -x ° .  a + ~  - e ax  

2 a - 2  - x  ~ 
+ ( a -  1)(a + l)3fo x e dx  

- a(ot  + l ) d f ~ x 3 ~ - 2 e - X ~ d x  

l l ) d 2 f ? x 2 a _ 3 e _ X . d x  + - f  a (a  - l )(a + 

- 1 a2(a + 2  l)zj2f~x3a-3e-X°dx } 

l (a - l ) F ( a  - 1)F(3 - 2a) A2 ~ + o(A2~) 
4 ( 2 a -  1)F(2 - a) 

_ -  1 { a - I  
c t + l  a 

+ - ~ - ( a - 1 ) ( a + l ) F  2 - - -  d ~ 
a 

1 a ( a + l ) F ( 3 - 2 ) A 2 }  
2 

(a  - l ) F ( a  - 1)F(3 - 2a) A2 ~ + O(d3 ) 
4 ( 2 a -  I ) F ( 2 -  a) 

= F 2 - 1 a  d + - - T -  F 2 - ~ct - 2a + ° ( A 2~ ) " 

In a similar way to the above, we can obta in  (3.3) and (3.4). We also have 

f o ° X a- 1 - x ° 2 e h~(x )dx  

= f ~  (x  + d)2~x~- 'e-~°dx-  2 f o  (x  + d)~x2~-le-~°dx 

+ f o  x3a-  le -X~dx  
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= f ;  {x 2~ + 2ax 2a 1A + a(2a - l)x2a-2A2}x~-le-X°dx 

2 + - -  + O(A 3) 
Og 

and similarly get (3.5) and (3.6). F rom (2.2), we obtain 

f<~ x ~ le-¢ 'h~(x)dx = f ;  x ~ 'e-~"(ax~-ld) 'dx + o(A s) 

= O ( A 3 ) ,  

and similarly have (3.7). Thus we complete the proof. 

In the following lemma, we obtain the asymptot ic  mean,  variance and 
third order cumulant  of U,. 

LEMMA 3.2. The asymptot ic  mean, variance and third order cumu-  
lant o f  Un are given f o r  t > 0 as follows: 

k' .2a (2a Eo(U,) = - It + --f t n 1),'2 + o(n-(Za-1) /2)  , 

Vo( U,) = I + o(n-(2~-1)12), 

K3,o( Un) = o(n-(Za-1)12) , 

where I is given in L e m m a  2.2 and 

k'  = a>'{B(a' a + 1) + (7~1 a)} 
r ( l  / a) 

PROOF. Putt ing d = tn-~12, we obtain 

(3.8) E 0 [ I X -  AI ~-' sgn ( X -  A)] 

= C ( a ) I f j ~ ( x  - A)~-le-~°dx - f ~  ( A -  x)a-le-<~dx 
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__ f~O (A - x )  ~ le-lXl°dx } 

= C ( a ) { f ; x ~ - l e - ( ' ~ ) ~ d x - f o ( X +  Z l ) a - I  e X"dx 

1 
= C(a)[f;xa-l{e-(X+'~'°-e-X"}dx-f?{(x+ A)°-i_x°-i}e-X°dx 

~J 
~. a 1 - x C ' l  ] -fo (A - x) e axj  

= C ( a ) ( J ,  + J2 + .]3) (say). 

Putting ha (x) = (x + A) ~ - if, we have from Lemma 3. I 

. a - l t z ( x + d ) "  (3.9) dl =So -~ le - e-~°}dx 

=fo x° le-X"{e-h~(x)-- 1}dx  

£o o_ 1 f ;  xO_,e_XOh~ = - x le X°h,J(x)dx + -- f  ( x ) d x  + O(A 3) 

= - F ( 2 -  1 ) d - a  a - 1  ( 2 7  F 2- - -a  2 )d2  2 ( +  F 3---a2) d2 

+ 2-~ A2~ + °(A2°) 

= - ( 1 - - - a l ) F (  1 - --al ) A + ~ F (  2 - --a2) A2 

+ -fTa a-'" + o(A 2~) . 

From (2.2), we obtain 

So ° fo~° o-,  -x o (3.10) - J2 = (X + A)° - l e  ~ ° d x -  x e d x  

~° fo ~ - + (x  + A)~x ° le-X°dx 1 

Since by a similar way to (2.4) 



744 MASAFUMI AKAHIRA AND KEI TAKEUCHI 

f ? ( x +  A)~x~-le-~°dx 

- - -  + 2 -  A + - - ~  F 2 - --a - -~a +° (d2~) '  

it follows from (3.10) that 

(3.11) J 2 -  /~ 2 - - -  z / -  I -  F 2 - - -  
a a T 0~ 

+ Y A ' - " + o ( A  2~). 
2a 

We also have 

(3.12) - J3 = f ~ ( ~  - x ) a - l e - X ° d x  

=fo~ (ZI -- X)a - l ( l  -- x a ) d x  + O(zJ 3u) 

A ~ 
- B(a,  a + I ) A  2a + O(A3a)  . 

Ct 

From (3.8), (3.9), (3.11) and (3.12), we obtain 

(3.13) E o [ L X - A L  ~ 1 sgn ( X -  A)] 

=c(a){ 2(a-l)v(a-~-al)~a 

/ ' ( 1  - ( 1 / @  zl 
= - ( a  - 1 )  F(1 / a) 

+ a{B(a,  a + 1) + (y/a)} A2~ + o(A2~). 
2F(1 / a) 

Next, we have 

(3.14) Eo[IX - A 12~-z] 
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{:: l = C ( a )  ( x  - d ) z~-2e -X°dx  + ( d  - x)Z~-2e-lXl°dx 

{So o So o = C(a) x2~-2e-I~+~l°dx + (x + d)2~-ae-:dx 

+ f~ (d - x)2°-2e-X°dx } 

= C(a)[ 2f:x2°-2e-X°dx+f:{e-'X+'J'°-e-X°}x2~-2dx 

+ f o  {(x + 3)2o-2 _ x2O-2}e-XOdx 

+ f :  (3 - x)a~-2e-:dx ] 

= C(a)[ J: + J~ + J; + Jd] (say). 

From (2.2), we obtain 

(3.15) J:=2f:x2a-2e-X°dx= 2--or F (2 - - -a l  ) = _ _  2 ( l a  _ I ) F ( I _ I ) .  

Since 

j; = f o { e  -Ix+~: - e-X°}x2,~-2dx 

f .  ¢~ . 2 ~ - 2 ^ - x ° 1  " - h a [ x )  =Jo "~ e ~ - 1}dx 

2 a - 2  - x  2 = -fo xa~-2e -x h~J(x)dx + --2L hA(x) dx X e 

- 6 f :  x2a-2e-X°h3 (x)dx + O(A3), 

it follows from Lemma 3.1 that 

(3.16) J ~ = - F ( 3 - 2 ) z l + ( a - 1 ) F ( 3 - 3 ) d ~ + O ( A 3 ) .  

From (2.2), we have 

(3.17) J3' = f :{ (x  + d) 2'~-2 - x2a-2}e-X°dx 

745 



II 

I 
t~

l.-
 

, 
~ I 

I 
I 

~ 

I 
N 

+ 
# I 

i 

li 
II 

÷ 
J 

+ 
J 

r-,
. 

r.
. 

I-
,) 

+ 
N

 

~ 
N 

II 
bl 

+ 
J 

J 

÷
 

~
 

~
 

~ 
~ 

~ 
I 

I 

I 
~' 

I 
d I 

J 

÷
 

L,
. 

t-O
 

I 

8 

I 
÷ 

i 

+ 

o 8 

÷ 

I i 

> > >.
 

> ;=
 

> > z
 

> rn
 

= 



ASYMPTOTICS FOR WEIBULL TYPE DISTRIBUTION 

hence, by (3.13) 

(3.19) ro(IX-  AI °-1 sgn(X-A)) 

C/ 3) 
_(a_ l){ r(1-(1/a)) } 2 + 

Third, we have 

(3.20) 

Since 

Eo[ IX-  AI 3"-3 sgn ( X -  A)] 

= C(a) { f f f  ( x -  A)3'~-3e-X°dx-fo ( A -  x)3a-3e X°dx 

_ f,_o ( A -  x)3a-3e-'"'°dx } 

= C(a)[fox3~-~{e-(X+~'°-e-<}dx 

-- f ?  {(X -}- A )  3a-3 - x3a-3}e-X"dx 

(A x3a-3 - X " l  
- - x )  e ax 

= C(a)( Jr' + J£ + Jf') (say). 

J{'=foX3'~-3{e-(X+~'°-e-X"}dx=foX3'~-3e -x~ {e -h~'x) - 1}dx 

f o  x | /-oo 3 a - 3 - x " 1 2 , ,  . .  = - x3" 3e-~°h'J(x) dx + -~.1o x e n,~tx)ax + o(A2), 

it follows by Lemma 3.1 that 

From (2.2), we have 
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(3.22) -- j2 n : f o ~  {(x q- z~) 3u-3 _ x3.-3}e-X~dx 

fo ~ = 3(a - 1)A X 3" 4e X"dx + O(A) 

a a ' 

and also 

(3.23) - J_<' = f / ( A  - x)  3~ 3e-X°dx 

33a-2 
3 a -  2 

2:: (_; ). ( , _ o. o-2  
33a-2 

3 a -  2 
+ 0 ( 3 4 " - 2 ) .  

F r o m  (3.20) to (3.23), we obtain 

E o [ I X -  313"-3 sgn ( X -  3)] -  ff£ r 3 -  + o ( 3 ) ,  

hence 

(3.24) K3,o(IX- 31 = 1 sgn ( X -  3))  

= E o [ { l X -  ~l  ~-1 sgn ( X -  A) - E 0 [ I X -  A["-lsgn ( X -  LJ)]} 3] 

= 0 ( 3 ) .  

Put t ing A = tn 1/2 with t > 0, we have f rom (3.2), (3.13), (3.19) and (3.24) 

Eo(U,,) :- a x / n E o [ l X -  tn 1/21~-1 sgn ( X  - tn-1/2)] 

r ( 1  - ( l / a ) )  
= - u ( u -  1) t 

F(  1 / a) 

+ a2{B(a,  a + 1) + (y/a)} t2~n_12,_1~/2 
2F( 1 / a) 

+ o ( n  -12"-w2) 

k '  t2aFl_(2._ l)/2 = - It + ~ + O(/../-12a-11/2) , 

Vo(U,)  = a2V0([X - tn i/2[, ~ sgn ( X -  tn-1/2)) 
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= a ( a  - 1) F(1  - ( I / a ) )  + o(n_(2a_l)/2 ) 
r ( l  / a) 

= I +  o(n (2, 1)/2), 

Cg 3 
K3,o(Un) - V / ~  K3,o(IX-  m 1/21~-1 sgn ( X -  tn-U2)) 

= o(n-12~ 11/2) , 

where I =  a ( a -  1)F(1 - ( 1 / a ) ) / F ( l / a )  and k ' =  a2{B(a,a + 1) + (7/a)}/  
F( I /a) .  This completes the proof. 

In the following theorem,  we obtain the 2a-th order asymptotic 
distr ibution of the MLE of 0. 

THEOREM 3.1. The 2a-th order asymptotic distribution o f  the M L E  
0ML of O is given by 

(3.25) Po, o{X/-/-d(0ML - 0) _< t} 

= qb(t) - Ctlt[2%h(t)n -(2~ 1)/2 sgn t + (n -(2~-1)/2) , 

where  C 1 = ( 2 a +  l )Co wi th  C o =  a { B ( a +  l , a +  1 ) + ( y / ( 2 a +  1))}/ 
{2I~+tl/2)F(l/a)}, and also the M L E  is not 2a-th order asymptotically 
efficient in the sense that its 2a-th order asymptot ic  distribution does not  
uniformly attain the bound  given in Theorem 2.1. 

PROOF. Since the density f ( x ) =  C(a)e -J'l'' is symmetric about  the 
origin, we see that  the MLE of 0 is a 2a-th order AMU. We consider the 
case when t > 0. Using the Edgeworth  expansion,  we have by (3.1), (3.2) 
and L e m m a  3.2 

PO,.{,/~(OML -- O) <__ t} 

= Po,,,{U. <_ O} 

k' 
= <~(x/Tt) 2x/- i  t~%(x/7t)n-(~-~)/~ + °(n-~°-~)/~)'  

that  is, 

(3.26) Po,°{VYd(OML -- O) <_ tl 

k' 
= qb(t) 2ia.tu2) t2~( t )n  -(2~-Iv2 + o(n -t2~-11/2) 
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= ~ ( t )  - Clt2aqb(t)n -12a 11/2 + o(n-(2a-ll/2), 

where C1 = k'/{2I~+(1/2)}. 
In a similar way to the case t > 0, we obtain for t < 0 

(3.27) eo , . {v%(OML - o) <_ t} 

= qb(t) + C11tlzacb(t)n -12~- l~,,: + o(n-12~-11/2). 

Hence (3.26) and (3.27) imply (3.25). Since k ' =  a2{B(a, a + 1)+ (71a)}l  
F ( 1 / a )  and Co = a{B(a  + 1, a + 1) + (7/(2a + 1))}/{2la+lt/2)F(1/a)}, it is seen 
that Cj = (2a + 1)(70. Since C1 > Co for 1 < a < 3/2, it follows from Theorem 
2.1 and (3.25) that the MLE is not 2a-th order asymptotically efficient in 
the sense that its 2a-th order asymptotic distribution does not uniformly 
attain the bound given in Theorem 2.1. This completes the proof. 

R e m a r k  3.1. In the double exponential distribution case, that is, the 
case when a =  1, it is shown in Akahira and Takeuchi (1981) that the 
bound for the second order asymptotic distribution of the second order 
A M U  estimators of 0 is given by 

12 
~ ( t )  - --~ ch(t)n -1/2 sgn t + o ( n - m )  , 

and the second order distribution of the ML E  of 0, i.e., the median of 
X1,..., Xn, is given by 

/,2 

(3.28) ~b(t) - ~ ch(t)n -1/~ sgn t + o(n-1/2).  

The results coincide with the case when a = 1 is substituted in the formulae 
of Theorems 2.1 and 3.1, but note that the proofs of these theorems do not 
include the case for a = 1 since it does not automatically hold that 
F(a)  = ( a -  l ) F ( a -  1) for a -  1. 

4. The amount of the loss of asymptotic information of the maximum 
likelihood estimator 

In the section we obtain the amount  of the loss of asymptotic  
information of the MLE 0Me using its second order asymptotic distribution 
(3.25). Differentiating the right-hand side of (3.25) w.r.t, t, we have the 
second order asymptotic density g(t)  of v/~(0Mc - 0) as follows: 

(4.1) g(t )  = 4~(t){1 - Cl(2al t l  2~-1 - ]t]2"+l)n -12~-1)/2} + o(/7-(2a-l)/2) 
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for - ~ < t < ~ .  

In general, we obtain for a > 0 

(4.2) f j~ t t l ~ c h ( t ) d t - -  2 f o  t% f/2dt 

2~/2 
x / ~  fo ulIa+l)/21-1e-Udu 

(after transformation u = t2/2) 

2 ~/2 [ a + 1 

r t - - 7 )  
Since, for sufficiently large n, 

d 
dt log g(t) = - t - Cl{2a(2a - 1)ltl 2~-2 - (2a + 1)[tl 2~} 

• rt -(2'x-1)/2 sgn t + 0(17 -(2a-1)/2) , 

it follows f rom (4.1) and (4.2) that the asymptotic information amount  IML 
of the MLE is given by 

IML---- nI  ~ - -~  logg(t) g(t)dt 

= nI  ~6(t)[t 2 + G { 4 a ( 2 a -  1)ltl 2a-~ 

- 2(3a + 1)ltl 2~+1 + Itl2~+3}n-12a-l)/2]dt 

+ o(n 13/21 ~) 

2,,+(3/2) 
= h i  I - -  C ~ F ( a  + l ) n  -(2c'-1)/2 } + o(n  (3/2)-a) . 

Hence, the amount  of the loss L of asymptotic information of the MLE is 
given by 

2a+13/2) 
L = n I -  IML -- ~ CIlF(a + 1)n 13/2)-~ + o(n 13m-~) 

2~*lv2)ot(2a + 1)F(a + 1){B(a + 1, a + 1) + (?/(2a + 1))} 

+ o(n  (3/2)-a) . 

vI~ I~-II/2)F(1 / a) 
n(3/2)-a 
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In a similar way to the above, it follows from (3.28) that, in the 
double-exponential distribution case, namely, when ct = l, the amount of 
the loss of asymptotic information of the MLE is given by 2V~--/rc + 
o(vrn-), since I =  1. 
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