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Abstract. Explicit formulae for prior distribution moments through
values of the Bayes estimator of binomial probability are obtained. These
are used to derive a new admissibility criterion.
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1. Introduction

Consider the classical problem of estimating an unknown binomial
probability 6. Let X be a binomial random variable with parameters » and
6, and assume that 8 is estimated by §(X) under quadratic loss.

Johnson (1971) (see also Brown (1981)) has shown that every admis-
sible estimator 0 must be of the form

[0 x<r,

fol 0):'r(1 _ 0)S—X‘1dﬂ(0)
fol Hx—r—l(l _ 0)s~x—ld’u(g)

(L)  6(x) =

r+lsx<s-1,

\ 1 xX=s.

Here — 1 <r<s<n+ 1, and u is a probability measure such that
n{0yU{IH<1.

(This condition implies that the corresponding Bayes rule is well-defined

not only for x = 0 and x = n (cf. Lehmann (1983), p. 246).)
In other words, every admissible estimator has the form of a Bayes

*Research supported by National Science Foundation Grants #DMS-8702620 and #DMS-8802359.

699



760 MORRIS SKIBINSKY AND ANDREW L. RUKHIN

procedure on the “middle” part of the range of X. It is easy to show that
estimator (1.1) depends only on the first s — r — | moments of x.

Kozek ((1982), Theorem 6) obtained the “analytic counterpart” to
Johnson’s Bayesian characterization of admissibility. Let o be an estimator
of 4 based on X with values in (0, 1). Define

(1.2) Tae1.4(0) = kn; SR/ -6K)), i=1,2,....n+1.

In establishing the equivalence of his criterion to that of Johnson, Kozek
demonstrated that J is Bayes (hence admissible)—i.e., has the form given
by (2.1)—1if and only if there exists a probability measure # on [0, %) and a
non-negative constant K such that

an»[,i(é) :fooozidq({L 1= 1#27~"77Z s
and
Tn+1n+1(0) Z_[:I"Hdn(t) + K.

Thus, if ¢ has the form (2.1), then straightforward calculation (Kozek
(1982), Remark 4) shows that

2q0,=J""" - oy aw®) [ f (- oy aue),  1=0,

while

K=uli) /[, (1-6y"'du®).

The converse follows from a moment space theorem of Karlin and Studden
(1966).

In this paper (Section 2), we derive a new admissibility criterion
expressed in terms of the inverse Bayes rule map: Bayes estimators —
moment (n + 1)-tuples. We define the inverse explicitly (see (2.12)). Benefits
which are derived thereby include the ability to distinguish those admissible
estimators that determine the prior, relative to which they are Bayes (these
priors of necessity have finite support) from those that do not. (There are
then uncountably many priors relative to which the admissible estimator is
Bayes.)

In Section 3, the structure of the class of Bayes estimators is given in
complete detail for n =3, together with illustrative examples. Explicit
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criteria for an estimator to be Bayes are also given for n=4. Proofs of
technical lemmas and the main theorem are given in the Appendix.

We note that a characterization of prior distributions by linear Bayes
estimators was obtained by Diaconis and Ylvisaker (1979) and complete
class results for double sample estimation were given by Cohen and
Sackrowitz (1984).

2. The inverse Bayes estimator map

In this section, we shall study the inverse mapping for Bayes estimators
of 6. To be precise, we view such an estimator as an image under a
mapping B+

Brvit My _’I?n+1 .
Here 7 is an arbitrarily given integer > 1; we interpret R™*' as the space of
functions 0:{0, 1,...,n} — R; and take M, to be the space of the first n + 1
moments for probability distributions on [0, 1] with support not confined

solely to the endpoints (the Bayes estimators of § with respect to these
prior distributions are uniquely defined). For such a distribution u, we take

| B
a=[, 6'du(®), i=0,1,..n+1.

It is well known that the Bayes estimator depends on u only through
1, C2,..., Cn+1. Indeed, for each

c=(c1,C2,...,Cne1) € Mysy
one has
@1 B =], 01 -0y 'au®) [ [ 61 - 0y du(o)
=N i=0,1,..,0,

where
22 = i=01,...n+1-j j=12...n+1,
with

C(O)

i = Ci, i=0,1,....,n+1.

(See Skibinsky (1968) for a more explicit rendering of (2.1) in terms of ¢.)
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We note in passing that (2.1) affirms the conjecture of Cheng (1982) to
the effect that the Bayes estimator of 6 relative to a Beta (a, ) prior is
Bayes also relative to distributions of finite support on [0, 1]. Indeed, by
(2.1) it is Bayes relative to each of the uncountable infinity of such
distributions whose first n + | moments coincide with those of Beta (a, ).

In keeping with our interpretation of R™*', we shall write J; for (i),
i=0,1,....,ns0 that d = (Jg, 1...., On).

LEMMA 2.1. Let
M1 =10 €R"0<S<d < <0< 1},
Then
Bus1t(Mni1) C odnsr .

n-1i

Let M, denote the collection of all (n -+ 1)-tuples ¢ such that a =
0,i=0,1,...,n, i.e., for which the right-hand side of (2.1) is well defined.
Note that M,%,, hence M,.,, does not contain any sequence all of whose
components are the same. We denote the extension of B,«i to M+ by B1.
Thus (deleting subscripts)

MCM* and B=B*u.
LEMMA 2.2. Bk is one-one on M.
Let 6 €. #,+1 and put
(0)

(2.3) V=6, i=0...n Oui=1 (by convention) .

Forj=1,2,...,n, recursively define

] O‘i(f"”
(2.4) = ———=r, i=0,l..,n—j+1,
1 —/‘Li'
where forj=0,1,...,n
(2.5) MW=l =Y i=0,1,...,n—].

Note that by our convention in (2.3)
(2.6) Sa=1. j=01,.,n.

Hereafter, we shall also write A; for A0 = 0,1,...,n.
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LEMMA 2.3. Forj=1,2,....n, we have for § € My,

/1(1 1)(1 _5(J+11))+/'LJ 1)(5(1 1)

()
(2'7) lij (1 2’(j l)) i(} 1) s

i=0,1,....,n—j.

Note that by (2.5) and (2.6), whenever i = n — j, (2.7) is reduced to

-1
j~n—j+1

(}) ()
i - l ln—j— i—1
-0

j=12,...,n.

LEMMA 2.4. For 8 € M1 and j=0,1,....,n, 3Y is positive, non-
decreasing, and less than 1 on {0, 1,...,n — j}; equivalently,

>0, V=0, i=0,1,..n—j-1; 2;>0.

Also,
. n-j .
o+ Z A’ =1
i=0

Moreover,

0<d<do<sP< - <o"<1,
O<h<hhishh<-<i<l.
Some insight into computations deriving from these recursions (e.g.,
see Lemmas 3.1 and 3.2) is gained by observing that fori=0,1,...,n—j - 1,
j=12...,n,
/ﬁ'j) =0=20i=0i+1 == 5i+j+1 ;

a consequence of (2.7) and the above lemma.
For each 6 € #,+1, define

(2.8) v,,ﬂ,((S)_ 5‘" M oi=1,2..n+1,
and put
2.9 Vel = (Vne 1.1, Vne 125005 Vit Lnt 1) -

Now we apply the analogues of the definitions (2.2) to the n+ 1
components of v,.; given by (2.8). Thus, for i=0,1,...,n+1—-j, j=
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1,2,...,n+ |, we define functions on .4, 1:
Viﬁl‘i - VLJ;]],Z' - Vy:ﬁi'ﬂ
with
()

Vn+l.i = Vn+ iy i=0,1,....n+1, verro=1.

LEMMA 2.5. For each 0 € M+, and for each pair of non-negative
integers i, j such that i + j < n,

vi,jll,m(é)/vf,jll,i(é) = 5,‘("‘]"” .
COROLLARY 2.1. For each 6 € Mn+r, B 1(Vas1(6)) = 6.

PROOF. By Lemma 2.5, setting i + j = n, we have, using (2.1) and the
definition of B, that

6i= 8" = Vi (3)/ Vit i(0) = Bl (Va1 (3)(0)
fori=0,1,...,n and é € .#,.. But this is the desired result.

The inverse of the mapping .#,+1 —R™"' given by (2.9) and the
inverse of the Bayes estimator mapping M,+1 — #,+1 defined by (2.1) are
specified in the following theorem. Note that the first inclusion statement
of this theorem is just Lemma 2.1.

THEOREM 2.1.

Bn+1(Mn+1) C o4 n+1, M, C Vn+1(gﬂn+1) C M;:k+1 )

the inverse mapping v.s\ is the restriction of Bici 10 Vari(Mn+1); the
inverse mapping Bnt1 is the restriction of Va1 10 Byt (M 1).

We proceed by defining »n + 1 disjoint subclasses of functions in «#,+1
as follows. Let @, ¢ denote the collection of all § € R""' such that

0i=0, a, or 1,

according as 0 <i<r, i=r or r <i<n, for some integer r, 0 <r=<n and
some a, 0<a<1. For m=1,2,...,n, denote by &, the collection of all
J € R™' such that

5,‘:0, B,,H(c)(i—r), or 1,
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according as 0<i<r, r<i<m+r or m+r<i<n, for some integer r,
0<r<n—mandsomece M.
Thus, a typical function in &, , is of the form

0i=0, (ct—c)/(1—c1), c2fci, or 1,
according as 0<i<r,i=r,i=r+1, or r+ 1<i<n, for some integer r,

0<r<n-1, and some (¢1,c) € M, (i.e., for some ¢i, ¢; such that ¢f <
c2 < ¢1, 0 <1 < 1). At the other extreme,

@n,n = Bn+l(Mn+I) s
the class of all Bayes rules relative to prior distributions whose support is

not confined to the endpoints of [0, 1].
If we now put

@n - C:JO @n.m ’

we may reformulate Johnson’s theorem referred to in the introduction.

JOHNSON’s (1971) THEOREM. @, is precisely the class of all admis-
sible estimators of 8.

Observe now that by Theorem 2.1, &, ,, may for m=1,2,...,n, be
described as the collection of all functions & € R™"' such that

5,‘ = 0, 5,’-,, or 1
according as 0<i<r,r<i<m+r, or m+r<i<n, for some integer r,
N -1
0<r<n-m,and some 0 € Vm+1(Mn+1).

Thus in particular, &, is partitioned in a natural way by the
elements of

V' (M) = {6 € tt: v3.1(0) < v2.2(8) < v2.1(8), 0 < v2.1(8) < 1} .
In fact, this class is .#, itself (see Lemma 3.1). At the other extreme
Dpn = Vit 1t (Mns1) ,
which for n = 3 is a proper subclass of .#,+, (see Theorem 3.1).

Johnson’s criterion for admissibility may now be given in terms of
estimator-dependent determinants of Hankel matrices
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(2.10) Asyy, dsoy t=1,2,....8; s=23,....n+1.

Here, for positive integers k, we define A, ., for 2k <s (ds24+1, for
2k + 1 =) to be the determinant of the (k + 1)-square matrix with entry
Vsi+j-2 (Vsi+j-1) in its i-th row and j-th column; i,j=1,2,...,k+ 1.
Similarly, dsa-1, | <2k — 1 <5 (ds.24, 2k < 5) denotes the determinant of
the k-square matrix with entry V(s,11)+j72 (A1.,-1) in its i-th row and j-th
column; i,j=1,2,....k.

Direct application of Theorems 17.2 and 17.3 (Karlin and Shapley
(1953)) yields the following useful result.

THEOREM 2.2. Let 6 € M1 then 6 € D, (equivalently 6 € Byi1(Mns1);
equivalently v,+1(9) € My+\), if and only if one of the following two
conditions holds.

I dne1.1(0) >0, Aniik(6) >0, k= 1,2,...,n+ L.

2. Forsomeintegerk,2<k<n+ 1, either An+1.4(8) = 0, Aps1.4(S) >0
or An’rl‘k(é) > O, Zn+l.k(5) =0 and

all A(6Ys of index =s=kare =0.

Note that each € &, , which satisfies condition 1 of the above
theorem is the Bayes estimator with respect to each of the uncountably
many distributions g on [0, ] whose first 7 + 1 moments coincide with
v2+1(6). On the other hand, each d € &, , which satisfies Condition 2 is the
Bayes estimator with respect to precisely one distribution x. This distribu-
tion has finite support, being the lower or the upper principal representa-
tion of (vu+1.1(8),..., Vo 1.k-1(0)), according as the first or the second pair of
inequalities obtains (see Propositions 1-6 of Skibinsky (1986)).

To see the connection between Kozek’s criterion for admissibility and
our own, observe first that if J € .#,+, (hence takes all its values in (0, 1)),
we may, by an easy inversion of (1.2), express its values in the form

51' = 'Cn+1‘,'+1(5)/(1'n+1,i(5) + ‘L'n+1.i+1(5)), i= 0, 1,...,n .
Substitution into (2.4) and induction yield
SO =) S), i=01,...n—j, j=0,1,.,n,

where, viewed as functions on .#,+1,

k=0

. J ]
ri(J): Z (-I]C) Tn+l.i+k, i:O,l,.--,n+ 1 “js j:Oa 1""’n+ 1.

By (2.8), therefore,
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(n+l1-i), (n+tl)

(211) Vn+1,i = 1 /!‘0

ml-ifp+1—i ntlin+1
= kZ‘O ( k )Tn+1.i+k/k§0( k )TnH,k-

Note that by (1.2), the inverse Bayes rule map (2.9) is now explicitly
defined. Thus, for each J € .#,+) and fori = 1,2,..., n,

ntl-ifp 4] —f\itk-!
2 )L @t - 60

k
(2.12) Var1i(0) = —— N
2" Tera-ay

On the other hand, if we restrict é to Bn+1{M,+) (by Lemma 2.1, a
subclass of .#,+1)—equivalently, if v,.1() € M,+1—we have by (2.1),
following Kozek ((1982), Remark 4), that

., . 1
tri@) = [ 0 =0y au®) | [ (1 - 0y du(@), i=1,2.,m41.

It follows that everywhere on B.+1(M,+1) and fori=1,2,....n+ 1,

nid-i +1—i +1
(213) Tn+l,i = kZ (— l)k(n k I)Vn+1.i+k/ (_1) (n )Vn+1,k.

One may also obtain this result directly via formula (4) in Skibinsky (1968).
Clearly, the (n + 1)-tuples with components (2.13) and (2.11) restricted to
Bayes estimators are composite maps on By+1(M,+1); say

T+l = l[ln+1(Vn+1), Vn+1 = Cn+1(‘tn+1) .

Note first that

(—1) (n+l)v,,+1(k) / _0(”Zl)zn+1.k.

It is now easily established that yp«; = (i1

3. Admissible estimators, n = 3,4

We illustrate our method of development by making use of the
notation and results of Section 2 to explicitly exhibit the class of all
admissible estimators, n = 3. Thereby we show that not all estimators in
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M. are admissible, a fact already noted by Kozek ((1982), Remark 1). In
this process, moreover, we are able to characterize the class of all prior
distributions, relative to each of whose members any specific admissible
estimator is Bayes (e.g., see Lemma 3.3). In particular, we can identify
those admissible estimators for which the prior is unique, and if necessary
exhibit this prior in terms of the estimator (see Examples 1 through 4).

Finally, for n =4, we characterize by explicit inequalities the esti-
mators in .#s which are Bayes and display (Example 5) .4 estimators
which are not.

We are concerned, first of all, with the class

3
(@‘4 = U g@]y.m .
m=1

By Johnson’s theorem and Theorem 2.1, it will suffice to characterize
B M) =1{0 ¢ .#s vi(d) e M}, s5s=23,4.
We begin with Kozek’s observation that
LEMMA 3.1
Bi(My)=.#,, s=2,3.

PROOF. Let 6 = (do,01) € A (2.4), (2.5), Lemma 2.3 and (2.8),
together with defmmons for (2.10), takmg n=1 throughout yield
£o1(0) = 80, Zon(8) = 2, 42,2(8) = 6828 2o, d22(8) = 857 Ay, The A7 are
defined by (2.5). By Lemma 2.4 with n =1, 4,:(d) = 0 (equality holds if
and only if Ay = é1 — Jo = 0), and the 3 remaining determinants are positive.
By Theorem 2.2, our lemma holds when s=2. Thus, if n=1, every
estimator in .#; is Bayes.

Now let 6 = (Jo,d1,02) € .#;. Following the same route, but now
taking n = 2 throughout, one finds that

43,1(5):5(()2), 23,1((5):/152)
A3.2(8) = 65250 A4, 23.2(5)=532'/1“’

A@ e
£236) = G VA D, Faad) =2 f_ﬁl % o

By Lemma 2.4 with n =2, both order 1 determmants are positive.
43,2(d) = 0 (equality holds here if and only if Ay =0, equivalently, if and
only if Ao = A, = 0. Note, therefore, that 4;.(J) = 0 implies that A3 3(6) =
A3.3(8) = 0). 43.2(8) >0, 43.5(5) = 0 (equality if and only if 1, = 6, — §; = 0),
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43.3(6) = 0 (equality if and only if A= & — do = 0). Thus, by Theorem 2.2
our lemma holds when s = 3; i.e., if n =2, every estimator in .#; is Bayes.

By the discussion following Theorem 2.2, it is apparent that the
formulae above enable us to determine precisely which estimators in .4
and .#; are Bayes only with respect to a distribution of finite support, and
which are Bayes with respect to uncountably many prior distributions.

LEMMA 3.2. Letd= (50,51, 02, 53) € 4. Then

44,1(0) = Ki(9),
A12(8) = K> (8) - A5,
Aa3(8) = K (8) - A,

44,1(8) = Ki(d) ,
A42(0) = Ka(6) ,
A43(8) = K3(5) - A",

A4.4(0) = Ka(0) - (hoA262(1 — 81) — AiAsSo),  d4.a() = Ka(S) - Ar,

where Ki, Ki, i = 1,2, 3, 4 are the strictly positive functions on .#4+ which are
defined below.

Ki(d)= 5(3) K1(5) /1(3)
K:(0) = "2, K:(9) =872
K@) = @V OPAY, Ry = BAAU=9)

(=01 =4
(@) 45 01" A7 (1 — 81"

Ki(0) =
K0) (1= A" = )1 = A1 — A2)
Ruo) = GOVOTANA — 8
) -1 -4y
PROOF. Factorization of the Hankel determinants proceeds in a

straightforward manner as in Lemma 3.1, but now takirig n =23, through-
out. The strictly positive nature of the coefficients K;, K; follows directly
from Lemma 2.4.

LEMMA 3.3. Letd€ s If A1 =

0 (equivalently, if 61 = 0,) or if

(3.1) M>0  and Ikl =)= GoAids,

then O is the Bayes estimator of 8 with respect to exactly one prior
distribution for 8 and this prior distribution has finite support. Specifically,
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Ao=0, A,=0, itis degenerate at the
constant value of ¢

>0, A,=0, it is the lower principal
representation of

(va.1(6),v4.2(6)) ;

Ao=0, A>>0, it is the upper principal
representation of

(v4.1(6), v4.2(9)) ;

A0>0, 4,>0, itis the upper principal
representation of

(va.1(6), v4,2(6), v4,3(9)) ;

if A=0 and

if (3.1) holds, it is the lower principal representation of (vs.1(6),Vva.2(d),
V4,3(5)).
If on the other hand,
(3.2) M>0  and  AAdr(l ~ 81) > dodids,
then ¢ is the Bayes estimator of 0 with respect to each of the uncountably
many prior distributions for 8 whose first 4 moments coincide with vi(J).
Finally, if 6 does not satisfy any of the above conditions, then it is not

a Bayes estimator for 8 and must of necessity belong to the class specified
by the following theorem.

THEOREM 3.1.
AHN\Bi( M) = {0 € Ma: XoA202(1 — 51) < 114360} .
PROOF. By Lemmas 3.2 and 2.4,

420, 4,20, i=1,2,3; 44>0; everywhere on ./, .
Moreover, as the classification in Lemma 3.3 indicates, one or the other
condition in Theorem 2.2 is satisfied for each J € .#, such that 44(6) = 0.
Of course, neither condition is satisfied if 44(5) < 0. Therefore,

AN\ Bs(M3) = {0 € M4 44(6) <0} .
The result now follows from the expression for 44(d) given in Lemma 3.2.

The minimal complete class for n=3 may now be characterized
explicitly as follows.
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THEOREM 3.2. S €R’ is admissible if and only if it takes the form
(0,a,b,¢) or (a,b, c, 1) for some triple a, b, ¢ such that

0<a=<b=c=l1,
or else belongs to
(3.3)  Bu(Mi) = {5 € Ma (61 — 60)(1 — 51)(S3 — 02)82 = 80(2 — 1) (1 — )} .

The inequality in (3.3) is of course the inequality of Kozek ((1982), Remark
1).

Example 1.
o0=(a,b,b,b), 0<a<b<l.

Here, A1 =0, Ao = b — a, A, = 0. Therefore, J is admissible. It is Bayes (only)
with respect to the lower principal representation of (v4,1(d), vs,2(9)).
Specifically, J is Bayes only with respect to the prior distribution whose
support is at 0 and b with mass a/[1 — (b — a)(b’ + 3(1 — b))] at the latter
point.

Example 2.

o=(gel—6l-¢), 0O0<e<l/2.

Here, Aod262(1 — 61) = 0. But doAids = (e(1 — 2¢))* > 0. Hence, by Theorem
3.1, 0 € 4\ Bs(M,), i.e., J is inadmissible.

Example 3.
0=1(¢2¢3¢6,4e), 0<e<l/4

satisfies (3.2), so is admissible and Bayes with respect to each of the
uncountably many distributions whose first 4 moments coincide with vs(J).

Example 4.
o0=(a,b,1-b,1-a), O0<as<b<l/2.
Here, A, =1—-2b>0, and

AoA28:(1 — 6) =[(1 - b)b — a)) =[a(l - 2b) = doAlds ,
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according as
(1-b)b-a)za(l-2b);

i.e., according as

_ bd-b)
= 3
Note that
b(1 - b) i
0<—2—3b <b, all b<2.
Thus, by Lemma 3.3 if
b(1 - b)
4 < —
3.4) 0<a TR

then J is the Bayes estimator with respect to the infinitely many prior
distributions whose first 4 moments coincide with

vw)(l 1-b+a 1-b u—@a—bw
* 2°2(1-b+3a) 2(1—-b+3a)° 20 -b+3a) )’
Note that the condition (3.4) implies v4(J) € int Ms.
If
_b(1-b)
C2-3b

then J is the Bayes estimator only with respect to the prior distribution
given by the lower principal representation of

1 l-b+a 1-b )

(““5L”“&”“w»:(3"zufb+3@’2u—b+3@

This prior distribution is uniform with two-point support at

‘[Lif:blifﬁl

If the third possibility,
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b(1 - b)

>3 <a<b

holds, J is not a Bayes estimator, hence is not admissible. In particular,
(1/4, 1/3, 2/3, 3/4) is neither Bayes nor admissible.

Finally, as an additional application of Theorem 2.2, we give an
explicit characterization for Bs(M5).
When »n = 4, an estimator

o= (50,...,54) € Ms

is a Bayes estimator of @ if and only if it satisfies both of the following
inequalities.

(52 - 51)(1 — 52)(54 - 53)53 = 51(53 - 52)2(1 - 54) ,
(01 ~ So)(1 — 8:1)(03 — 82)82 = Jo(62 — 81)*(1 — J3) .
Classification of these estimators as in Lemma 3.3 is easily carried out.

Example 5.
8=(ab,b,c,c)e s

is not a Bayes estimator of 4.
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Appendix

We give proofs here for Lemmas 2.1, 2.2, 2.5 and Theorem 2.1. The
proofs of Lemmas 2.3, 2.4 and 3.3 are straightforward and so are not
included.

PROOF OF LEMMA 2.1. Let ¢ € M,+1. By definition of M,., there is

a probability measure on [0, 1] which assigns positive probability to the
open interval (0, 1), such that

1
a=J au®), i=1,2...n+1.
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It follows that of necessity
O<epii<en<< - <er <1,
But then
B, i(e)(n) = caii/cn < 1.

For i=1,2,...,n— 1, the following assertions are easily seen to be equiv-
alent.

Bi1(0)(i) = Busr(e)i + 1) .

(n—1i) (n i- 1) (n—1) (n—i-1)
Ci+v1 Ci+1 C Ci+2 .
(n—i- 1) (n -1}y (n-i- 1 (n—i) {n—i-1)
[C,+1 Ci+2 ]Cz+1 =G Ci+2 .
n-i-1).2

(n—i-1) (n-i-1)
(C;H Y < ¢i+2 Ci .

The last inequality follows from the Cauchy-Schwarz inequality. Finally,
Buoa(eX0) = [, 0(1 — 0Y'du(6) | [ (1 ~ 0 du(9) >0,
because u is not solely supported by the endpoints of [0, 1].
PROOF OF LEMMA 2.2. We must show that the equality
(A.D) BY1(c) = BX.\(d)

for points ¢,d in M), implies that ¢=d. Let p,q be arbitrarily given
integers such that

p=1l, ¢g=0, p+g=n+1,

(q)

and denote by x, the condition that

(A.Z) Cl(’q) qu ~d(q)/d(q) .

A little algebra shows that conditions K(p+1 and k (q v together imply

(q). Also, if k; *) is true for all integers i,k such that iz, k=0,i+k=
n+ 1 —j, for some integer j<n — 1, then the same condition holds if j is
replaced by j + 1.

By (2.1), the hypothesis (A.1) is equivalent to the above condltlon with
j=0. Thus, induction shows that (A.l) implies the truth of x ® for all
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integers i,k such that i>1, k=0, i+ k<n+ 1. In particular, it implies
that x\" holds for i= 1,2,...,n+ 1. By (A.2), this is equivalent to the
equalities

Cns1/dni1=Cpldn=-=ci/di=coJ]do =1,
which is the desired conclusion.

PROOF OF LEMMA 2.5. By (2.13) and Lemma 2.4, the statement of
Lemma 2.5 is true when j = 0. Let J be a non-negative integer, J < n, and
suppose this statement holds when j=J — 1. We show that it must then
also hold for j = J. Indeed, for i =0, 1,...,n — J (deleting the first subscript
for v, which is always n + 1, as a notational convenience),

w2 (8)/v(6)
= [ @) = w2 @1/ E) - v )]
= @)@ - 3 @)L @I - 05 @) v O]
=6 = 8T =677 by induction hypothesis
=",

PROOF OF THEOREM 2.1. As a notational convenience, the subscript
n + 1 which should be understood as attached to M, M*, B, B* .# and v
will be deleted throughout this proof.

By Lemma 2.2, B(M) C .#. Hence

(A.3) V(B(M)) C v(A) .

By Corollary 2.1, B* is well defined at v(J) for each & € .# so that
v(d) € M™ for each § € .#. Equivalently,

(A.4) v(#)C M* .

To show that v

show that

= B*|uw.4), it will suffice in view of Corollary 2.1 to

v(B*(c)) =¢, foreach cev(#).

Thus, let ¢ € v(.#). There must then exist J € .4 such that ¢ = v(J). By
Corollary 2.1, it then follows that B*(c) = B*(v(d)) = 6. But then v(B*(¢)) =
v(d)=c.

To show that B™' = v/, we must show that
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v(B(c))=¢, VeeM and B(W(b)=0J, VdeBM).
Thus, let c € M. By Lemma 2.2, B(c) € .#. Hence, by Corollary 2.1
B*(v(B(¢)) = B(c) = B*(c) .
But then by Lemma 2.1,
v(B(c))=c.

Now, let 6 € B(M); then there exists ¢ € M such that d = B(c). But then
v(0) = v(B(c)) = ¢. Hence, B(v(d)) = B(c) = 6.
We now know that

v(B(M))=M.
Thus, combining (A.3) and (A.4), we have

MCv(#)yC M*.
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