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Abstract. For a multivariate density f with respect to Lebesgue measure
4, the estimation offJ(f)fdu, and in particularffzd,u and —ff log fdu,

is studied. These two particular functionals are important in a number of
contexts. Asymptotic bias and variance terms are obtained for the

estimators J = f J(f)dF,and T = f J(f)f du, where f is a kernel density

estimate of f and F, is the empirical distribution function based on the
random sample X\,..., X, from f. For the two functionals mentioned
above, a first order bias term for I can be made zero by appropriate
choices of non-unimodal kernels. Suggestions for the choice of band-

width are given; for J = f fdF,, a study of optimal bandwidth is possible.

Key words and phrases: Kernel density estimation, multivariate density,
empirical process, entropy.

1. Introduction

This paper is concerned with the nonparametric estimation of a func-
tional of a multivariate density of the form 7(f) :fJ(f)fd,u, where fis a
p-variate density with respect to Lebesgue measure # and J is a smooth
real-valued function. Of particular interest are I;(f) = f fidu and L(f) =
- f f log fdu. L(f) is important in nonparametric inference (Bhattacharya

and Roussas (1969) and Schweder (1975)) and is called a projection index
by Huber (1985) in his paper on projection pursuit. The entropy function
L(f) is a measure of dispersion of the density fand negative entropy is also
used as a projection index in Jones and Sibson (1987). The author’s
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motivation for this research is the estimation of relative entropies of a
multivariate density with respect to products of marginal densities; for

p
example, f f log [ f / {I] f,] du, where f; are the univariate marginals of the

p-variate density f. This and other relative entropies are proposed as
(probabilistic) measures of dependence and conditional dependence in Joe
(1987, 1989). Sample estimates would provide measures of dependence for
data. Some theory for the estimation of I(f) is a starting point for
estimation of relative entropies.

The estimation of /i(f) and /2(f) or the more general /(f) have been
discussed in the statistical literature only for the univariate case, and
mainly asymptotic results have been obtained. Relevant references for
estimation functionals of a density are Bhattacharya and Roussas (1969),
Dmitriev and Tarasenko (1973, 1974), Schuster (1974), Schweder (1975),
Ahmad (1976), Ahmad and Lin (1976), Prakasa Rao (1983), Pawlak (1986)
and Silverman (1986). Schweder (1975) includes a method for choosing a
bandwidth for the kernel density method. In this paper, the kernel density
method is studied for finite samples; this method is easier to study
analytically than other density estimation methods. Two estimators, / and
I, in (2.3) and (2.4), respectively, are considered—the first one avoids
numerical integration and the second one does not. Asymptotic expected
values and variances up to second order terms arc derived after repre-
senting the estimators in terms of the empirical process. From these, it can
be seen that for 7i(f), it is possible to eliminate a bias term by subtracting
a deterministic quantity or by choosing a suitable kernel, and for I»(f), a
choice of a kernel satisfying certain conditions will decrease the order of
bias and mean squared error. It is indicated how to estimate the asymptotic
variance to obtain a standard error. For /1(f), a method for choosing a
bandwidth based on a theoretical optimal bandwidth is given. Also, a
method is given for choosing a bandwidth for 7»(f). For functionals like
Li(f) and L(f), estimates can vary a lot as the bandwidth changes. Also,
the “best” bandwidth depends on the functional.

Representation in terms of the empirical process and a lemma for
computation of asymptotic expected values and variances based on this
representation are given in Section 2. The specific functionals /,(f) and
L(f) are studied in detail in Sections 3 and 4, respectively. All results and
recommendations of estimators have been guided by some computer
simulations and considerations of computational efficiency.

2. Estimation based on the kernel method

Let Xi,..., Xn be a random sample of size n from the p-variate density f
with distribution function F. We consider estimation of
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2.1) 1=1(/) =), J(/) fdu=] I (/)dF

based on a kernel density estimate, where § may be a bounded or
unbounded set. The kernel density estimate of f(x) with bandwidth 4 > 0 is

2 f@) =) Ekx- X)) =n" L k(x - X), xe R,

where k is a p-variate density and kn(v) = h "k(u/ h).

Assumptions that are used are all summarized here for easier reference.
A, B, C2, D and E are assumed throughout (unless stated otherwise) and
C4, F and G are used for some results. Assumption A means that

fﬂ,, J(f)fdu is finite, so that it can be approximated arbitrarily closely by

fs J(f) fdu for a compact or bounded set S. This means that we can ignore

the “tails” where f'is small for certain expansions.
A. S is a bounded set such that f'is bounded below on it by a positive

constant and [ J(f)fdu~ [ .+ J(f)fd.

B. The p components of X; have approximately the same scale (for
some functionals /(f) such as for the two particular functionals mentioned
in Section 1, this can be assumed without loss of generality because the
data can be scaled first and scaling affects 7( /) by a known factor).

Cm. f has continuous derivatives up to and including the m-th order.

D. Jis thrice differentiable and sz(f)fd/z exists.
E. The kernel satisfies k(u) = k( — u).
F. k(u) 1s a kernel of the form k(u) = k(u,..., up) = IT ko(w;), where ko
J
is a symmetric univariate density satisfying f v'ko(v)dv = 1.

G. f=f(x1,...,x,) has continuous first and second order derivatives
and |9 f/dx;|. |8’f/dx3|, j=1,...,p, are all dominated by integrable func-
tions.

Let F, be the empirical distribution of Xi,..., X,. Then f (x)=

[kn(x = )dF(y). Two estimators of (/) are

(2.3) I=1(f)=[,J(HdF.=n" I I(F(X))

and

(2.9) I=1(H=[,)())fdu.
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I replaces the right-hand side of (2.1) with a density estimate, and an
empirical distribution and numerical integration is not necessary. I replaces
the center term of (2.1) with a density estimate. The amount of computation
for I increases in the square of the sample size n and linearly in p, whereas
the amount of computation for I increases linearly in n and exponentially
in p. For n in the range of 50 to a few hundred, 7 may be faster to compute
for p = 1, but [ is generally much faster to compute for p = 2.

In order to study the asymptotic expected values, variances and bias
terms of [ and T, we define a few quantities and state a lemma. The terms
in the expansions are with the bandwidth 4 fixed and the sample size n
increasing to oo. The h order of the terms are then obtained by letting
h — 0. In the expressions below, an integral without a region specified will
be assumed to be an integral over *.

Let fu(x) = Ef(x) = [kn(x — Y)AF(y). Let Un(x) = n"*(Fi(x) = F(x))
and let Vu(x) = n"(f(x) = fi(x)). Then, Vi(x) = f kn(x — »)dUx(y). To study

I, an asymptotic expansion (with Assumption D) is
[ =[ J(mdF +[ 1))~ J(dF +n " [ J(fidU,
£ 2 [ ()~ J(fiNdU,
= [ JdF+ 1 [ () VadF

) 1 )
£0.507 [ I VIdE + — n P [ T VIdF + "2 [ J(f)dU,

Z n
+ ’flfs J(fi)VadUy +0.507" fs JVidU, + o(n™)

where S is bounded if necessary so that the Taylor series expansion is valid
(for example, if J(¢f) = - log ¢, S must be bounded for the expansion to
make sense, but for J(z) =, S can be unbounded). For studying I, let
L(2) = tJ(¢). An asymptotic expansion for Tis

T=[ Lipdu+ [ L)~ Lifidu
[ L(pydu+ n P [ L Vadp+ 0507 [ L7y Vadp

1 Y
+ —6— n 3/‘fs L"’(ﬁ,)V,?d,u + o(n 3/2) .
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Let ys(x) be the indicator function for the set S. After some algebra,
we can write

@5) T =[ J(fdF+n"? [ A)dUx) +n” [ [ Bi(x, p)dU(x)dUn(y)

+ 2 [ [ [ Cix, », AULDAULNAUZ) + o(n™?)

where

A = [ TRy = 0dF(9) + T i) |

Bi(x,5) =05, s T2z — X)kn(z = y)AF (2) + J'(fulx))kn(x — y)ys(x)

and

Ci(x 3, 2= [ Ok = Dhaw = 3)hoow — AF )
+0.5J7(fr()kn(x — Ykn(x — 2)rs(x) .

Similarly,

@6 T=[ L(idu+n" [ Axx)dUx) + n”" [ [ Ba(x, dUx)dU(»)

+ 2 [ [ [ Cox, y, 2)dUnx)AUL)dUz) + 0o(n™) ,

where Ax(x) = [, LAY = x)dy, Ba(x,3) = 0.5 [ L'(H@)ka(z — 9z
—y)dz and Ci(x, y, z) = (1/6) fs L"(fu(wW)ku(w — X)kn(w — y)k(w — 2)dw.

To obtain asymptotic expected values and variances, the following
lemma for working with U, is needed. The details are straightforward but a
bit tedious, so that they will not be provided here.

LEMMA 2.1. Assume that all integrals given here are well-defined
and finite.

(i) Let a(x) be a function on R*. If the integral f a(x)dF (x) exists,
then E f a(x)dUx(x) = 0.
(ii) Let a(x,y) be a function on FF x AF. Then

E[ [ a(x, »)dU(x)dU() = [ a(x, 0dF () — [ [ a(x, p)dF (x)dF () .
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(i) Let a(x, y, z) be a function on RF x AP x R*P. Then
E[ [ atx, v, dUx)d U 1)dU2)
— [ [atx, x, x)dF(x) - [ [ a(x, x, 2dF(x)dF(2)
[ [ atx, v, DdFdFG) - [ [ ax, v, »)aFAF )
+2f[[atx, y, dF(x)dF(»)dF (2) ] .
(iv) Let alw, x, y, z) be a function on LRF X RF X RF x RF. Then
E[[[[atw, x, v. 2dUw)dUn(x)dUn(»)dUn(2)
= [ [Tatw. w. v, 5) + atw, y, w. 3) + a(w, y, y, WIdF(w)dF ()

~fff [a(w, w, x, ¥) + a(w, x, w, ) + a(w, x, y, w)

+ a(w, x, x, v) + a(w, x, ¥, X)

+a(w, x, vy, IdF(W)dF(x)dF(y)

+3[[[[latw, x, y. DdF(W)dF(x)dF()dF(2)] + O(rn™) .

By applying Lemma 2.1 to (2.5), Ef = 0, + a\(h)n”" + ax(h)n”* + o(n?),
where 6, = [, J(fi)dF.

@27 alh)=h" [ 0.5K: [ FIO)"NAF() + kO) [ T () dF(») ]

- [ 0.5 [, SHI"ONAF ) + [ TGN HEF () ] ,

Ko = [I3(x)dx, i) = k)] Ko, f¥(p) = B7 [ Iy — %)/ h)dF(x) and ax(h) =
O(h'?). The O(h™®) term of a\(h) comes from fBl(x, x)dF(x). Also, E(f —

0n) = bu(h)n”" + by(h)n™ + o(n’?), where by expansion with & — 0, bi(h) =
O(1) and by(h) = O(h *) + O(h™). The O(h™) term of by(h) comes from
many sources when applying Lemma 2.1, and the O(h™) term of ba(h)

2
comes from [fBl(x, x)dF(x)] . With Assumption C2, 6, — I is oh), so



ESTIMATION OF FUNCTIONALS OF A DENSITY 689

that by combining all of the above, in general, the mean squared error is

(2.8) EJ —IV=EJ -0y +26,— DEU — 60) + 0n—I)
=0n")+ O’ H*) + On*h™?) + O(n 'H*7)
+ O+ OhY) .

It will be shown in Sections 3 and 4 for J(¢) = t and J(¢) = — log ¢ that (2.8)
and the order of bias can be improved on, because f Bi(x, x)dF(x) can be 0

in the former case and O(h") in the latter case by choosing kernels that
satisfies certain conditions. In general, improvement is not possible.
Similarly, by applying Lemma 2.1 to (2.6), EI = nx + cx(B)n”" + cao()n> +

o(n™), where 1, = || L(f)du,
eh) = 0.587Ks [ WL (flyDdy — 0.5 [ FRO)VL(filp))dy

and ca(h) = O(h'*?). The O(K*) term in ci(h) comes from f Bi(x, x)dF(x).
Also, E(J —n)?=dihn™" + ds(h)n” + o(n™®), where by expansion with
h— 0, di(h) = O(1) and dy(h) = O(h™*") + O(h™?). The O(h™) term of da(h)
comes from many sources when applying Lemma 2.1 and the O(h*?) term

2
of d> comes from [fBz(x, x)dF(x)] . The O(n"'h?) bias term cannot be

improved by an appropriate choice of k. It can be estimated and then
subtracted off from 7, but it can be shown that this would not eliminate the
O(n*h ") term from the mean squared error, and it may increase the mean
square4d error. In general, then, E(J — I’ = O(n™") + O *h™™) + O(n 'H*™P)
+ Oh).

3. Estimation of the integral of the square of the density

In this section, we let 7(f) :ffzd,u. With J(f) =t and L(f) =/, S can

be taken to be Z2” and the higher order terms in (2.5) and (2.6) are 0. Let
Wi = kn * kn be the convolution of k; with itself. It is straightforward to

show that 7 = f Fix)dx=n"Z X wi(X; — X;), which is the same as [ with
i

the kernel wy, (Jones and Sibson (1987) mention that for the normal kernel,

I with bandwidth 4 is the same as 7 with bandwidth \/Eh. This is because

if kx is the normal density with covariance matrix A’l,, wy is the normal

density with covariance matrix 2A’l,, where I, is the identity matrix of
order p). Therefore, we will deal only with [ in this section.
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From Section 2,
Ef=(1 - i) fi)dF(x) + (k) 'k(0) ,

since C, = 0, so that an adjustment of 7 to eliminate some bias is

(3.1 I'=n[I — (nh") 'k(0)]/(n — 1) = I — (nh")"'k(0) .
Alternatively, this bias can be removed by choosmg a kernel satisfying
k(0) = 0. By using (2.2) in (3.1), I" = [n(n — D]’ EZ k;,(X, X;), which is a
U-statistic forffh(x)dF(x) I’ can also be ertten as n Z f( X)), where
fiXy=n—1y E kn(X; — Xi) 18 a cross-validatory estlmate off(X, .

The remaining bias term depends on A. Suppose Assumption F holds
in the remainder of this section; then, fi(x) = f(x) + 0.5k tr f"(x) + o(h),
where f/”(x) is the Hessian matrix of second derivatives at x. Therefore,

(3.2) El'=[ fidF =] fdF + 0.5k [ tr f7dF + o(i) .

Using the results of Section 2, it can be shown that subtracting off an
estimate of the O(h’) bias term from 7’ leads to an estimate with a larger
mean squared error. However, an estimate of the bias can still be used with
an estimated variance to get an estimate of the mean squared error.
Assuming that k¢ has support on the entire real line and that ko is twice
differentiable (cf. Schuster (1969)), an estimate of f”(x) is f"(x) =
n' 211 ki(x — Xi), where ki(z) = H " 2k"(z). After substitution of this into

the O(A%) bias term in (3.2) and making an adjustment, an estimate of it is

(3.3) [n(n — D] X tr k(X — Xi) .

Given the assumptions on k& and f, the expected value of (3.3) isftrf”dF+

o(l),as h — 0.

From Section 2 with substitution of £(0) = 0, or from the formula for
asymptotic variance of a U-statistic (see Serfling (1980), p. 183), the
asymptotic variance of I’ is

3.4)  4n’ [ [ fidF - ( | ﬂdF)2]+ 2 PK, [ fdF + o(n*h™)

where K> :fk2(u)du. An unbiased estimate of y =ff;2,dF 18 §=[n(n-—
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ijy’ distinct

D=1 X k(X — XDka(Xi — X)) =[n(n - D(n - T' X {(]Z. k(X
2 I ]
- X)) ] - ;Z.’_kﬁ(Xi — X)) (. Hence an estimated variance for [ is

(3.5) 4n'[5 — (I + 20 °hP KL

Now we discuss the choice of the bandwidth 4. The asymptotic mean
squared error of [’ is the sum of (3.4) and the square of the bias term in
(3.2). Therefore, some simple algebra will show that the asymptotically
optimal bandwidth is

(3.6)

b

( 2pK29)1/(p+4)
h= >
pn

2
where § = f fidp and f = ( f tr f"dF ) . With this choice of bandwidth, the

mean squared error of I’ is O(n") + O(m™¥”**) and the O(n™") term
dominates for p < 4. It can be shown that (3.6) is scale equivariant, that is,
a change of the density by a scale factor will change the optimal bandwidth
by the same factor. The factor § suggests that for a unimodal density, the
optimal bandwidth depends on the peakedness or concentration of mass
near the peak.

We come up with a rough rule for a bandwidth based on computation
of the optimal bandwidth for some densities. Let IQR denote the inter-
quartile range. For common unimodal densities with a second derivative,
(8/)**/1QR ranges from 0.9 to 1.26 (it is 1.26 for normal, 0.94 for logistic,
0.95 for Cauchy, 0.99 to 1.21 for Gamma (3) to Gamma (12), and 1.26 to
1.15 for Weibull (3) to Weibull (20)). For a multivariate normal density
¢(x; 2) with zero mean vector and correlation and covariance matrix X,
8/p=2""n"?| X} 1(tr 7Y if Ay,...,A, are the eigenvalues of Z, then
1212t 279 = (Ai---4,)*/(Z 4')%, so that the optimal bandwidth de-
creases with more dependence (eigenvalues more spread out). Provided | X
is not too close to zero, a rough approximation to (8/£)""** is

[ e ]I/W) 0.5~ ¢(x; Z)dx
4 0.5-0.5

where R =[ — 0.674, 0.674])". From combining all of the above, a suggested
bandwidth for a unimodal density is

(3.7)

[ 2P 3P K, ]1/(p+4) IQR 05-4
Y R

pn’ T 1.348 1 0.5-05°"
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where ¢ is between 0.75 and 1, IQR is the average of p interquartile ranges
(assumed to be of the same order), ¢ is the proportion of data in the
rectangle x %=1 [q1).q3;] and q1j, gs; are the lower and upper quartiles; for

. P 95 -
the product normal kernel k() = (21) ™ exp ( -0.5 Zl uj ) K> = (2\/n)™.
I=

The last term of (3.7) is omitted for p = 1. The use of (3.7) and (3.5)
worked well for simulations for the densities mentioned above, and also for
densities of transformations of multivariate normal random vectors with
univariate marginal distributions all equal to a distribution function G. For
a non-unimodal density, measures of scale and concentration should be
used relative to a mode. The suggestions here are like those in Silverman
((1986), Subsection 3.4.2).

4. Estimation of the entropy function ~ff log fdu

In this section, we study estimation of the entropy function /(f) =
fs J(f)fdu with J(1) = — log t. The results developed here will be useful for

estimating the relative entropies mentioned in Section 1. Using the results
of Section 2, it will be shown that a kernel satisfying certain conditions can
lead to [ having improved bias and mean squared error. This improvement
is not possible for 7 and since 7 is computationally more difficult for p = 2,
we study only 7 in this section.

From (2.7) and Lemma 2.1,

El = —fs log fudF + ai(hyn”" + ax(h)n”> + o(n’)
where

@1 ah) =05 K7kO) [, fifidu+0.5h7Ks [ f¥ S,

1 (x) =fl;,(x =) f(»dy, l(u) = h"l(u/ h) and [ is defined following (2.7),
4.2)  a(h)y=h" [ 0.5k%0) [ fifidu — % K f ¥ fifidu } + O(h™),

F*50) = [ mulx = Sy, mi(2) = KPm(z/ ), m(u) = K u)/ K> and K; =
f k3(u)du. Also, with the use of Lemma 2.1,
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(4.3) [Ef + fs log f;,dF]z = n“{ fs[ —log fu(x) + d(x)dF(x)

2
- (fs [~ log fi(¥) + d(x)]dF(x) ) }
+ O h?y + O(n°h ),
where d(x) = = [ [ /i) 'ki(y — x)dF(y). The O k™) term in (4.3) is too
complicated to write down. The O(n k%) term comes from ai(h)/n’.

Suppose Assumptions C4 and F hold in the remainder of this section.
(4.1) can written as

ai(h) = 0.5+ [0.5K: — kW™ [ f1fidu + 0.5Keh™ [ (f% ~ fi) f1f3ddue,

and with Assumption C2,

i) = 1) = [ Ty = 30 = by = 01 ey
= [ Th(w) ~ 161/ Cx + wh)du

= 0.5 tr f"(x) [ 1~ f v’ lo(v)dv ] +o(h),

where lo(v) = ki(v)/ Koz and Ko = f ké(v)dv. Therefore, ai(h) = 0.5 + O(h*?)
if

(4.4) 27 Koy — ko(0) =0 .

Furthermore, with Assumption C4, ai(h) = 0.5 + O(h*™?), iff|v|4k0(u)dv
exists, (4.4) is satisfied and

(4.5) [ vk3v)dv) Kon = 1.
Similarly, (4.2) can be written as

ah) = — [K>/3 = 05K [ f1fkdu

-3 K™ [ (5% — )1+ O™)
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and ax(h) = O(R**)) + O(WP) if

(4.6) (1.5)""Kos — ks(0) =0,

where Koy = [ k3(v)dv,

For a unimodal density ko, 2°"" Ko, < Ko» < ko(0), so that a non-
unimodal density is needed in order for (4.4) to be satisfied. Equations (4.4)
and (4.6) together imply Kos = (0.375)”Kz.. But Kg = [ [ ko(w)-ko(v)dv ]2 <
[ f k%(u)-ko(v)dv ] . [ f 12k0(1))du ] = Ko; by the Cauchy-Schwarz inequality, so

that (4.4) and (4.6) cannot be simultaneously satisfied. Hence we find
kernels satisfying (4.4) and (4.5) to improve on the O(n™") bias term. Table
1 below gives kernels satisfying (4.4) and (4.5) for p =1 to 4. These have
the form

a; + a2)v], vl =
ko(v):{ ool ol =4,
as—asvl, Bi<|vl<pr.
Table 1.
ﬁl ﬂz a) [24] Qs s

1.17747 1.86016 0.15584 0.24042 1.19597 0.64294
1.31849 1.85802 0.21082 0.13485 1.33829 0.72027
1.40397 1.84445 0.23335 0.09345 1.52649 0.82761
1.46008 1.83165 0.24568 0.07153 1.72603 0.94227

Ao —

Suppose Assumption G now holds. The remaining bias term, in (4.7)
below, depends on h. With Assumption C2, fu(x) = f(x) + 0.5k tr f"(x) +
o(h?), where f”(x) is the Hessian matrix of second derivatives at x, and

(4.7) [ Tlog /i log f1dF = 0.56" [ tr f"dp + o(K) .

With Assumption C4 and if f lv|*ko(v)dv exists, the two o(h’) terms can be
replaced by O(hY). From Assumption G,f%p tr f”du = 0; this can be shown

by embedding f(x) in the location family f(x;v)=/f(x1 — vi,...,Xp — Vp),
taking derivatives with respect to v;, interchanging integration and differen-
tiation—also needed is that if the j-th univariate marginal density f; has a
finite endpoint of upper or lower support x*, then the continuity of the
first derivatives of f imply df(x1,..., X1, X, Xj-1,--., Xp)/ 0x; = 0. Therefore,

if §1s such thatf%,is tr f”du is negligible, we take —fs [log fr — log f1dF
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to be O(h*)—that is, the O(h’) is negligible relative to the other bias terms.
By combining the variance and bias terms, and using a kernel satisfying
(4.4) and (4.5), the bias of [ is O(n 'h*?) + O(n *h ) + O(h*) and

48) E(T-D'=0mw"+0m’K P +0mn’h?)+0n"'n?
+0(nh Y+ ORY) .

The number of terms here, some of which cannot be simplified, makes the
study of a choice of an optimal bandwidth impractical. We now restrict
p <=4 (partly because the sample size n required for estimation grows
quickly with increasing p) and propose to choose a bandwidth order such
that the O(n') term in (4.8) is dominant and such that the bias terms are
o). If h=0@m"""°"""), then the bias is O(n ¥*°?**) and the second
dominating term in (4.8) is O(n % *; with this choice of the order of A,
an estimate of the O(n™') variance term can be used for a standard error. In
addition, simulations show that the bandwidth should decrease with more
dependence for a multivariate density.
From these considerations, we propose the rule

Spsprl) vAm 05 —d
“ QR o
where ¢ is between 0.75 and 1, IQR and @ are defined as at the end of
Section 3, and the last term is omitted for p = 1 (comments at the end of
Section 3 concerning unimodality of the density apply here as well). This
rule was found to work quite well in simulations for p < 4 with the kernels
in Table 1, for various univariate densities satisfying Assumptions C4 and
G, multivariate normal densities and densities of transformations of multi-
variate normal random vectors with univariate distributions all equal to a
distribution function G. The kernels in Table 1 led to estimates 7 that
varied much less with 4 than unimodal kernels. Of course, as p increases, n
needs to be larger in order to get reasonable estimates. For example, for
p =1, ncan be as small as 50, whereas for p = 3, at least n = 200 is needed
for good estimates.

Finally, an estimate of (4.3) is n”'s”, where
2

s=n" = [~ log fX)+dX))Y - 1+n'! P d(X) )

and d(x)= —n"' XZEIS ki(x — X))/f(X;). This estimator, which estimates the

dominate term of the asymptotic variance, was found in the simulations to
be generally 10% to 25% smaller than the variance of /.
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5. Discussion

In this paper, we have shown how representation by an empirical
process can be used to study estimation of a functional of a multivariate
density based on the kernel density method. The estimation of the integral
of the square of the density is easier to study than other functionals. For

the entropy function ’fflogfdu, non-unimodal kernels satisfying certain

conditions can reduce the bias and mean squared error. For other func-
tionals, or with fewer assumptions on f for entropy, subtracting estimates
of the first order bias term may reduce the mean squared error. Analysis
and simulations show that the sample size needed for good estimates
increases rapidly with the dimension p of the multivariate density, but the
methods in this paper do work well for small p. This paper just begins to
study the area of estimation of a functional of a multivariate density and
further research, possibly with other density estimation methods, should
lead to improvements.
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