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Abstract. Fisher information generally decreases by summarizing ob-
served data into encoded messages. The present paper studies the amount
of Fisher information included in independently summarized messages
from correlated information sources; that is, the amount of Fisher
information when sequences x" and y" of N independent observations of
random variables x and y are encoded (summarized) independently of
each other into messages mx and my. The problem is to obtain the
maximal amount of Fisher information when the size of the summarized
data or Shannon message information is limited. The problem is solved
in the case of completely compressed symmetric data summarization. An
achievable bound is given in the general case. Information geometry,
which is a powerful new differential geometrical method applicable to
statistics and systems theory, is applied to this problem, proving its
usefulness in information theory as well.
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1. Introduction

Let X and Y be two mutually correlated information sources subject
to a joint probability distribution p(x, y). Let us consider a situation where
N independent observations x" = x;--- xy are obtained at one location and
yN = y1---yn are obtained at another location, where (xi;, i), i=1,2,..., N,
are independent pairs of correlated random variables. A usual statistical
problem is to make a statistical inference concerning the unknown proba-
bility distribution p(x,y) from N independent pairs of observations
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Ministry of Education, Science and Culture of Japan.

623



624 SHUN-ICHI AMARI

(x1, ¥1),...,(xn, yv). When the possible candidates for probability distribu-
tions are parameterized by a parameter 7, we have a statistical model
M ={p(x,y;1)}. Statistical estimation is the problem of obtaining the
estimated value 7 of 7 based on x" and y". The statistical test is the problem
of deciding whether a hypothesis Ho: ¢ = to is acceptable or not, where the
alternative 1s Hi: ¢ # to. It is known that, when N is large, the performance
of the asymptotically best estimator or best test is uniquely characterized
by the amount of Fisher information g(¢) at the true r or 7 =1, Fisher
information indeed represents the expected amount of statistical informa-
tion which is included in observed data (x", v'").

We are forced, in a multi-terminal situation, to encode or summarize
x" and y" into messages mx(x") and my(»") independently and send them
separately to a common location. When the transmission rates are restrict-
ed, the amounts of Shannon information included in mx and my are
compressed. This reduction of Shannon information gives rise to a reduc-
tion of the amount of Fisher information which is utilized for statistical
inference. In the present paper we study the amount of Fisher information
included in the encoded messages mx and my under the restriction of the
amounts of Shannon information. This is a typical problem of mult-
terminal information theory, because the loss of Fisher information is
caused by encoding x" and " separately, instead of encoding the pairs
).

This problem was proposed by T. Berger, and has recently been
studied intensively by many researchers. Amari (1986) studied the maxi-
mum Fisher information in the case of complete data compression.
Achievable bounds are given by Zhang and Berger (1988) and by Ahlswede
and Burnashev (1989) in the general case.

The problem can be studied from another point of view, where we
evaluate, instead of Fisher information, the asymptotic power exponent of
a test Ho: ¢ =ty against an alternative Hi:¢=1t,. Ahiswede and Csiszar
(1986) gave an achievable bound. Han (1987) gave an improved bound and
obtained the optimal power exponent in the case of complete data compres-
sion. Amari and Han (1989) applied a new differential geometrical method
called information geometry (Amari (1985, 19874, 1987b)). They not only
elucidated the geometrical structure of the present problem but also gave
an explicit solution in the symmetric complete data compression case.

The present paper explains how the differential geometrical notions
are connected with Fisher information. By using the geometrical method,
we give the maximum amount of Fisher information included in sym-
metrically encoded, completely compressed data. A good achievable bound
in the general case is also given by this approach.

This paper elucidates the intrinsic structure of the present problem
from the geometrical point of view. It also demonstrates that the new
geometrical method, which has already been proven to be important in
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statistics (Amari (19824, 19825, 1985, 19874, 1987b), Nagaoka and Amari
(1982), Amari and Kumon (1983), Kumon and Amari (1983), etc.) is useful
in information theory, too (see also Campbell (1985)).

2. Statement of the problem

2.1 Statistical model

Let X and Y be two mutually correlated information sources with
finite alphabets Ax ={0,1,...,n} and Ar=1{0, 1,..., m}, respectively. Let x
and y be random variables taking values on Ax and Ay, respectively. Then,
the joint probability distribution of (x, y) is specified by a matrix P = (py),

pi=Probix=iy=j}, i=0,L,..,n j=0,1..,m.

A pair of the correlated information sources (X, Y) is characterized by this
matrix.

Let Sxr be the set of all the pairs of information sources, or their joint
probability distributions which characterize the pairs,

Sxy:{Pll>pij>0,2pij= 1}.

The set Sxy is an open simplex in an {(n + l)(m + 1) — 1}-dimensional
Euclidean space, because X p; = 1 holds. We exclude distributions P whose
entries p; include 0. Let (x1,v1),(x2,y2),..., (xn, yn) be N pairs of letters,
which are independently emitted from a pair of fixed correlated informa-
tion sources. The sequences of letters are abbreviated as

N _ N
X = X1X2°° XN, y _ylyZyN

Statisticians are interested in estimating, or testing, the true joint distribu-
tion P from which the data (x", ") are produced. To this end, a statistical
model

M={P(1)}, PeSxy

is sometimes assumed, which is a parameterized family of probability
distributions. When ¢ is a scalar parameter, M forms a curve in Sxy. When
the true distribution P belongs to M, it is specified by the value of the
parameter ¢. Hence, an estimator 7 of 7 is used for estimating the proba-
bility distribution, P= P(f). In the case of a test, a hypothesis of the form
Ho: P = P(to) is tested against the alternative Hi: P # P(1).

A statistical model M may be higher-dimensional, where the para-
meter ¢ is a vector. It can be identical even with Sxy itself, if we
parameterize Sxy by an (n#m + n + m)-dimensional parameter, say ¢ = (py;
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i#0 or j#0), because poo is calculated from the others. However, we
mainly treat the scalar parameter case for the sake of simplicity of
presentation. The vector parameter case is studied in a quite similar
manner, so that we state only results.

2.2 Fisher information
Let us denote a probability distribution P by

(2.1) p(x,») = Zpidi(x)5(y) ,

where di(x) =1 when x=1i and d;(x) =0 when x#i. Given a statistical
model M = { P(1)}, let us put

(2.2) I(x,y;1) = log p(x,¥;1) .

Then, the Fisher information g(¢) at point P(¢) is given by

(2.3) g = E[{l(x,y;0}],

(I3

where implies d/dr and E denotes the expectation with respect to
p(x,y;1), 1.e.,

Ela(x, 9] = £ p(x.y:a(x,).

The Fisher information, when N independent repeated observations
(x", yV) are available, is given by using the probability distribution

N
p(" N0 =1 p(xiyis0) .

The result is just N times the Fisher information g(r) in one observation,
showing additivity of Fisher information.

Let f and 4 be mappings, or encoders, f: X~ — Mx, h: Y~ — My. That
is, mx =f(xN) and my = h(yN), mx € Mx, my € My, are encoded messages
of x" and y", respectively. One may say that data x" and y" are compres-
sed and encoded into the messages mx and my, respectively. The joint
probability distribution p(mx,my;t) of mx and my, when the original
distribution is given by p(x, y; ?), is easily calculated by using the functions
f and A. The amount of Fisher information per letter which the encoded
data (mx, my) carry, is then defined by

2 =N'E {11 - }2]
(2.4) gu(l) = [ " ogp(mx,my;1) ¢ |.
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It is easy to prove
(2.5) gy =gum(1) .

Fisher information g(¢) in the vector parameter case, is a matrix whose
(i,) entry is given by

©9) 50 = E[| 3 oo f{ 5 o ]

where ¢ = (¢',..., ) is the parameter.

Fisher information represents the amount of statistical information
which observed data are expected to carry. It plays a fundamental role in
the asymptotic theory of statistical inference (Amari (1985)), as is shown in
the following theorems, which hold under some mild regularity conditions.
Let 7 = f(mx, my) be an unbiased estimator based on messages mx and my.
Here, an estimator is said to be unbiased, when E[7] = ¢ holds for any z.

THEOREM 2.1. The mean square error of an unbiased estimator is
bounded by

(2.7) NE[(F- 1= gu(n)".

The equality holds asymptotically (i.e., for large N) for the maximum
likelihood estimator tmie. (Which is asymptotically unbiased).

Let us consider the problem of testing hypothesis Hy: ¢ = 1, against

H,: t # to. The power function usually approaches 1 as N tends to infinity.
To evaluate the power of the test more accurately, we put

u
2. u = +—,
( 8) 4 to \/]V

and study the power at #,, which is very close to #, when N is large. The
power function in a neighborhood of # is then defined by

Pn(u) = Prob {Hy is rejected, when the true distribution is P(1,)},
where N denotes the number of observations. The function

2.9 P(u) = }l\(i{g Pn(u)

is said to be the (first-order) asymptotic power function.
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The significance level o of a test is the probability that H is erroneous-
ly rejected when the true probability is 0. A level a test satisfies

PO) < a.

Among all the level a tests, a test is said to be asymptotically uniformly
most powerful, or efficient, when its asymptotic power function satisfies

P(u) = P(u)

at all u compared with the power function P(u) of any level a test. We
search for the efficient test based on the encoded messages. The following
theorem shows that Fisher information g, represents the characteristic of
the efficient test.

THEOREM 2.2.  The asymptotic power function of the efficient test is
given by

(2.10) P(u) = D (s ~ \Jamu)

in the one-sided case and

.11 P(u) = ®(ur — Vgmu) + D + Veguw)

in the two-sided case, where gu = gu(to) is Fisher information at to, uy is
the one-sided 100a% point (u: is the two-sided 100a% point) of the unit
normal distribution, and ©(t) is

D(1) :flm(Zn)“l/2 exp { - —12— u } du .

The above two theorems show that Fisher information gy represents
the amount of statistical information involved in the encoded messages mx
and my. The characteristics of the best statistical inference is determined by
Fisher information gu, at least locally (a geometrical theory of the global
testing problem is studied in Amari and Han (1989)).

2.3 Restriction of Shannon information

Let us consider the following situation where x" and y" are encoded
into messages myx = f(x"), my=h(y"), and the cardinalities |Mx| and
| My| of the message signals are bounded above by 2" and 2"*| respec-
tively. In other words, data x" and y" are compressed into mx and my,
whose transmission rates are Ry bits and Ry bits per letter, respectively.
This can be rewritten as
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1 N 1 N
(2.12) FIX“ MY <Ry S I(Y": M) <Ry,

where [ is the Shannon mutual information.

Problem. To find the (asymptotic) maximum amount of Fisher
information

(2.13) gu(t; Ry, Ry) = lim sup gu (1) ,

where the supremum is taken over all the encoders satisfying the rate
constraint (2.12) of Shannon information.

When the cardinalities satisfy
(2.14) log |Mx| = O(log N), log|My| = O(log N),

we have }]ifn Rx= Ilvlpolo Ry = 0. This special case is called the complete data

compression. We mainly treat this case in this paper.

3. Geometrical preliminaries

3.1 Tangent space and dual bases

We present here differential geometry of the set of all the probability
distributions on a fixed (finite) number of atoms. Its global characteristics
are shown in Amari and Han (1989). This is a special example of
“information geometry”, which is constructed upon differential geometry
of a general family of probability distributions (Amari (1985, 19874)). It
gives a powerful new method for studying statistics, systems theory,
information theory, etc.

Let x be a random variable taking on a finite number of values
{0, 1,..., n}. A probability distribution is written as

(3.1 p(x)= X pidi(x), pi>0,

where p; = Prob {x = i} = p(i). The set S, of all these probability distribu-
tions forms an open n-simplex. We introduce two special coordinate
systems 0 = (#',68%,...,8") and n = (771, 12,-.., m1n) to specify points in S,. The
coordinate system # is simply given by

3.2) ni=p, i=1,2...n,
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1., we use the last n elements of (po,..., p»), where po is determined from
(3.3) poM=1-Z pi=1-Xn.

Here, po is regarded as a function of #.
The other coordinate system 8 is defined by

(3.4) 6 =log (pi/po), i=1,..n.

Conversely, the probabilities are given by
pi6) = poexp (8,
po(8)={1 +Zexp (@)} ".

The probability distribution specified by 8 is written as

p(x.0)= 3, pi(0)8(x).

It is known that S, is an exponential family, and # is called the
canonical parameter (coordinate system) of Sy, and # is called the expecta-
tion parameter (coordinate system) of S,.

Let T» be the tangent space at point P of S,. It is an n-dimensional
vector space spanned by n vectors {ei,e,...,ex}, where e; is the tangent
vector along the coordinate curve #'; i.e., it represents the direction in
which 6’ increases but all the other 8 are fixed. Mathematicians traditional-
ly denote this tangent vector e; by

9i=19/9".
Any vector A € Tpis written by its linear combination,
A = ZAiei .

Let us consider the following random variable (a function of x)
0
(3.5) dil(x,8) = 7 log p(x,8),

defined at point P=(p(x,0)). This represents how the log probability
changes as 6 changes in the direction of the coordinate curve 8'. Since d;/’s
(i=1,...,n) are linearly independent, we can identify the tangent space 7p
with the vector space spanned by the n random variables d:/. Then d./ is
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regarded as the random variable representation of the tangent vector e:.
Any tangent vector 4 = X A'e; can be represented by a random variable

A(x) =X A'3:1(x,0)
and vice versa. The basis vector d:/ is explicitly given by
(3.6) e: = 0il(x,0) = di(x) — pi .

Let ¢* be the tangent vector along the coordinate curve #: of the #-
system. Then, fe*',...,e*" forms another basis of T». Its random variable
representation is given by d'/(x, ), where 8' = d/dn;. Therefore,

di(x) B Jo(x)

(3.7 e*' = (3/9n:) log p(x,n) = n S

Let us introduce an inner product in T by the usual way,
3.8) (4, B) = E[A(x)B(x)],

where A(x) and B(x) are the random variable representations of A€ T»
and B e Tp, respectively. Then, the matrix g = (g;) defined by

(3.9 gi = e, ;) = E[3:19;]]

is called the metric tensor. Since this is the Fisher information matrix, it is
called the Fisher metric. The inner product of two vectors is written by the
bilinear form

(A,By=Xg;A'B’, A=XA'es, B=XBe
by using their components A’ and B’. The metric tensor g; is calculated as
(3.10) gi(0) = p(0)d; — pO)pi(0) ,

where J; is the Kronecker delta (i.e., the unit matrix).
The metric tensor g” in the basis {¢*} is defined by

1 1

3.11 i(p) = ¢e®,e¥> = E[0'19°]] = 3 .
(3.11) g'(n)=<e™,e¥>=E[ 1 ) +p0(q)

Let M = {p(x, 1)} be a statistical model. Since p(x) € S, is parameteriz-
ed by 0 or 7 in the whole S,, the model is represented by the curve
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=00 or n=n()

in the respective coordinate systems. The tangent vector e, of the model
curve M is given by

d
€ = di l(x, [) s

where /(x, 1) = log p(x, 8(1)) = log p(x, 5(1)). 1t is rewritten as
er=20'()ei = Zi(ner

where “ " denotes d/dt. The Fisher information g(¢) of the model is the
magnitude of the tangent vector.

(3.12) g(t) = E[{l(x,)}] = e, ey = L gy6'0" = Zg"nuny .
We now study the dualistic properties of the manifold S,, which can
be understood from the general theory of information geometry (Amari

(1985)). The following is a consequence of the e- and m-flatness of S,,.

THEOREM 3.1. The two bases {e;} and {e*'} are mutually dual or
reciprocal systems:

(3.13) e ™S = 6] .

The Fisher matrix (g") is the inverse of (gy), and the two bases are related
by

(3.14) ei=2gie, eV=2gle.
PROOF. We give here a direct proof. For i # j, calculations give
(e, ¥y = E[3:107]]

- [ 1600-pt{ -0 - oo |] =0,

and {e, e*> = 1, proving (3.13). By multiplying g with both sides of (3.13)
and summing up with respect to j, we have

<ei, > gue™ > =Yg =gu,
J
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which together with (3.9) proves (3.14). It is easy to prove that (g™ is the
inverse of (gj).

We give some results from the general theory given by Nagaoka and
Amari (1982) (see also Amari (1985)). This theory guarantees that there
exist two potential functions y(6) and ¢(#) such that the metric tensors are
given by their second derivatives. We have indeed

(3.15) w(0) = —log po(0),

which is the logarithm of the cumulant generating function, and

(3.16) p(n) = — Hin)= X piln) log piln) ,
which is the negentropy. The metric tensors are given by
(3.17) gi=3d0y(8), g'=a'dp(n),
where

3:;=9/060', 3'=3/dm.
The coordinate transformation between # and 7 is given by

(3.18) 6'=3dp(n), ni=dw(b).

This is a Legendre transformation, and

(3.19) w(0) + () —Z0'n=0

holds.

We can introduce two mutually dual affine connections, the e- and
m-connections. The manifold S, is flat with respect to these connections,
although it is curved with respect to the Riemannian connection. There
exists an invariant divergence function in such a dually flat manifold; the
divergence function reduces in the present case to the Kullback-Leibler
divergence

(3200 D(PLPY=Zpulog P, Pi=(pu) Pi=(pw),
2i

and the generalized Pythagorian theorem holds in S, (see Nagaoka and
Amari (1982), Amari (1985), Amari and Han (1989)). This plays a funda-
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mental role in the global theory of hypothesis testing in the multi-terminal
information-restricted situation. It suffices to note that the divergence
reduces to the square of the Riemannian metric in the present local case,

N .
(3.21) D(P, P+ dP):é"EgijdgldGJ:7 lao|l-,

where the coordinates of P and P+ dP are 6 and 8 + d#, respectively.

3.2 Projection

It is useful to divide the base {e:} = {e),..., e} into two parts, say
fel,..., ex; ex+1,..., €n). We use indices a, b, ¢ to denote the former part, {e.},
a=1,2,..,k; and we use indices k, 4, u to denote the latter part {e.},
k=k+1,...,n. The dual base {*'}, i=1,...,n; is also divided into two
parts, {e*'} = {e*“ ¢*}. The Fisher metric g; is accordingly partitioned as

Bab  Bax
(3.22) g = ,
&b Gix

where

Zab = {€a, €y,  Lax = €a, €x),

glb = <€la eb>5 gAK = <el, eK>

are partitioned minor matrices. Similarly, we have

) gab gax
(3.23) g’ = l l .

Ab Ak

g &

It is useful to adopt the mixed base {e,;*"} or

k
* +1, *n} ]

{el,ey,...,ex e -
Let T\ be the subspace spanned by {e.} = {ei,...,ex}, and let 1> be the
subspace spanned by {e*"}={e**"',... e*"}. Then, T and T, are the
orthogonal complements of each other at every point of S,, and the tangent
space Tr is decomposed into the orthogonal direct sum,

Th=T®T.

Let us decompose the tangent vector e, = I(x, ) of the statistical model
into the sum of its Ti- and T>-parts. To this end, we define two matrices
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(g*) and (g.) which are the inverses of the minor matrices (gz) and (g),
respectively. It should be noted that (%) is different from the (g°*) which is
the minor matrix of the entire inverse (g”) of (gy), and (g«) is different
from (g«:).
LEMMA 3.1. Let
X=2XX%,+XX"e=Z Xse™ + XL Xce™*

be the representations of a vector X in the basis {e}} = {e,; ex} and {e*'} =
{e**;e*}. Then, its mixed representation in the basis {e,, e*"} is given by

(3.24) X=2(ZX.g%)er + Z(Z X*gic) ™.
The square of the magnitude of X is decomposed as
(3.25) NX1P =X X Xo8" + X "X 5s .
PROOF. We put
X=XY% +2XYie*.
By taking the inner product of X and e,, we have
(e X)=Z Y ea, e =L Y'ga ,

because of (e,,e**)=0. On the other hand, because of (e, e*"> = 52, we
have

(s, X) = X .
Therefore, we have

Y'=% X.g”.
Similarly, we have

Y,i=2X"gu.

The orthogonality of T\ and T yields
I1XIP=2Y°Y’gw + Z VaYug™,

proving (3.25).
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In the case of the tangent vector
e, = 0%, + L', = Zhe* + e,
the decomposition yields
(3.26) e=2(Z7.8%)er + (X0 g ) e** .
Hence, the Fisher information is decomposed into the sum
(3.27) g(t) = Lhapg® + 206 g .

3.3 Multi-terminal source

We now return to the multi-terminal situation. The manifold Sxy of all
the probability distributions is identical with Syn+m+s, if We renumber the
pairs (x,y) from 0 to mn + m + n. However, taking the multi-terminal
situation into account, it is better to use the following #- and #-coordinate
systems. The 5 coordinates are defined in this case by

Y, XY

’7:(’7?1'71'"7:1' ), i=l..m j=1..m,
where

X

ni =pi= Zopi,: Prob {x = i},
i

W =pi= Zpy=Probiy=jj,
i =pi.

Obviously, the first part (7", 1) represents the marginal distributions of P,
while 77" is partly responsible for their correlations.
The 6-coordinates 8 = (0x, O; fxy) are defined by
O = log (po/ poo) ,
b= log (poj/ poo) ,

B%r = log (Pipoo] Popoy) -

Then, we can prove that the basis
xi kf. ki

{ex, €y exy

which are the tangent vectors of the coordinate curves of #, and the basis
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X XY
{el', e/ ef"}

which are the tangent vectors of the coordinate curves of 6, are mutually
dual or reciprocal.
The mixed coordinate system

i " 050

is adequate for the analysis of the multi-terminal situation. The first two,
ie., 77, n/, represent the marginal distributions, while the last, f%r,
represents the purely correlational properties. When fyy =0, the two
random variables x and y are independent. The mixed coordinate system
has nice global properties given in Amari and Han (1989).

Let us consider a small change of probability distribution from P to
P+ dP. 1t is represented by a vector

dlog P=Xdn’eX + Tdne¥ + Zdnitedy

in terms of the n-coordinate system. The directions in which the marginal
distributions do not change (i.e., dn’ = dn,Y—O) but the correlations
change are hence represented by the vectors e%y. Dually to this, the
directions in which the correlations do not change (i.e., df%, = 0) but the
marginal distributions do change are represented by the vectors ¢ and e,
The subspace T\ spanned by {ef, ¢/} is orthogonal to the subspace T»
spanned by {eXv}. The subspace T represents the directions in which only
the marginal distributions change, and the subspace 7> represents the
directions in which only the correlations change. In this sense, it is very
convenient for investigating the intrinsic structure of correlations to use the
mixed basis

X Y, ki
{el s ej Lexy

We denote the {ef, ¢} part by {e.}, and the {e}'}ij}} part by {e**}. Then, the
decomposition (3.26) of the tangent vector of the model M, as well as the
decomposition (3.27) of the Fisher information, holds without any change.

4. Statistical preliminaries

4.1 Loss of information

Given a statistical model M = {p(x,#)} in S,, the Fisher information
g(?) is the squared norm of the tangent vector e, or I(x,7). When x is
encoded in m by a function
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the Fisher information gu(z) carried by the statistic or message m is, in

general, smaller than g(¢) because of the data compression. Its amount is
calculated from the probability distribution pu(m, t) for m:

ACP

pu(m, 1) = 1_:m(le)
or its logarithm
Iu(m, t) = log pu(m, t) .

Let .# be the g-algebra generated by the random variable m(x), i.e.,
the set of all the random variables which are functions of m. Then, the
conditional expectation of a random variable r(x) conditioned on m is a
function of m defined by

(4.1) E[r(x)lm] = Zr(x)p(x|m)

where p(x|m) is the conditional probability of x given m. This is the
projection of r(x) to .#. A simple calculation verifies

(4.2) Iu(m, 1) = E[l(x, 1)|m] .
Its squared norm ||/|” is the expectation of /.

THEOREM 4.1, Fisher information g(t) = W1|? is decomposed into
the sum

g(oy= |11 = hull* + 111 = Inll*
where
gu(t) = || Iul* = | E[{|m]||*

represents the amount of Fisher information carried by the encoded
message, and the latter is the amount of loss of information.

4.2 Repeated observations and asymptotics

Let x" = x;---xy be N independent random variables subject to the
same probability distribution p(x, ). Then, their joint probability is given
by

, N
(4.3) pu(x";0) = T p(x:,0) ,
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so that its logarithm is
N
4.4  Ix";0)= s; I(xs5,0)
N n . n .
-2 Lese-vo |-nEws-vor,
where

N
(4.5) %= X 8i(x)

is the relative frequency that the letter i is observed (i.e., x=1i) in N
observations x". The vector x = (x1,..., Xn) 1s called, in information theory,
the type of the observed sequence x". Equation (4.4) shows that the
probability distribution of x" depends only on the type vector x. This
implies, in terms of statistics, that x is a sufficient statistic and that all
Fisher information is included in x.

It is known that the geometrical structure of the manifold S, is the
same as that of the manifold based on N sequence x", except that the
Fisher information or metric is enlarged N times in the latter space.
However, the probability distribution of the random variable d;/y(Xx, €) has
a simple asymptotic form in the latter case, because the central limit
theorem can be applied.

We use the normalized tangent vector e

(4.6) e = -\/1-]7 diln(x",0)

in the case of N sequences x”. Then, its squared norm gives the Fisher
information gy per letter,

gi(0) =<el', &> = e e,

which is exactly equal to the Fisher information of a single letter. The
normalized basis vector can be explicitly written from (4.4) as

(4.7) e =NG&E-p)¥%.
It is easy to prove that

E[%]=0, E[X%]=2g4(0).
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Because of the central limit theorem, the vector
(4.8) X=(X,....5)

is (asymptotically) subject to the multivariate normal distribution with
mean 0 and covariance matrix g = (gy).
The dual basis

(4.9) = 7——— 9' log p(x 1)

can be written as
(4.10) =gl =3g'% .

The tangent vector of a statistical model M = {p(x",7)} based on N
observations is given by

=Y0'x%

when the model is specified by 8 = 6(z).
Let us consider the multi-terminal situation Sxy based on N observa-
tions. The tangent vectors are given by

[”Xz \/7()(1 Pz ,
e =5=ING-ps),

XY o~

o7 - .:Tﬁ((s,-(xs)dj(ys%py)
_ \/_(MJU U

where we neglected the suffix N. The term
1 ¥
Wi = Xf S;I 0i(x5)0;(ys)

represents the relative frequency of jointly occurring x =i and y =j. The
quantity w = (wy) is called the joint type.

The triplet (%, 5, w) is jointly asymptotically normally distributed. The
dual basis vectors ex, ey, exry are defined similarly, and are also normally
distributed.
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5. Fisher information under complete data compression

We study the case where two sequences x" and y" are summarized or
encoded separately into the respective type vectors x and y. Since the
cardinalities of the sets of the type vectors are

IX|<(N+ D™, Y[ <(N+ D)™,
when these type vectors are used as messages to be sent,
I(XN:MX)ZO(log N), I(YN:My):O(log N).

Therefore, this is a typical example of complete data compression. Let
gm(?) be the Fisher information included in the compressed data x and y.
This is called the marginal Fisher information, because it represents the
Fisher information included in the marginal data x and y.

It is easy to show that any symmetric function f(x") of xi,..., xy can
be expressed as a function of x. Therefore,

gn(t) = gm(1)

holds for any symmetric encoding with complete data compression.
The marginal Fisher information gn(7) is given by

(5.1) gn(0) = | EL %7117

When the number N of observations is large, the random variables /, &,
and j; are all asymptotically jointly normally distributed. The following
lemma gives us a good means of calculating gn(f) in the asymptotic
situation.

LEMMA 5.1. Let s, t,..., tk be jointly normal random variables with
zero means. Then, the conditional expectation of s conditioned on t; is
given by a linear combination of t;,

(52) E[sltl,...,tk]:Zc,-ti.

The conditional expectation in this normally distributed case is given
by the projection of s to the linear subspace spanned by 71,..., tx. We note
that /, %, 7 and W; are asymptotically jointly normally distributed and are
tangent vectors of T». Let T, be the subspace spanned by e = % and
e/ = 7, which ~we call the marginal subspace. Let T, be the subspace
spanned by exy = w", which we call the correlational subspace. Then, the
tangent space T» is decomposed into the orthogonal sum,
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(5.3) Tp=T.BT..

The score function i(xN, yN; t) € Tp is decomposed as
(5.4) I=E[lT.+ E[lT],

where I, = E[/|T,] is the projection of / to T, and is given by the
conditional expectation. We have from (3.24)

In= E[1| T] = (218" ) e ,
= E[IT]=2(Z60'g.)e* .

where Roman indices a, b, etc. stand for the indices of the basis vectors
{el, e/} of the marginal subspace T, and the Greek indices «, 4, etc. stand
for the indices of the basis vectors {e;k(yy} of the correlational subspace. The
relations (3.27) or Theorem 4.1 give the main theorem.

THEOREM 5.1. The maximal Fisher information under symmetric
complete data compression is given by

(5.5) gn(t) = Z a8
and the loss of Fisher information is given by
(5.6) g(t) =200 g .

The asymptotically best estimator 7 based on x and y is obtained by
solving the projected likelihood equation

(5.7) In(x,y;0) = E[I|T] =0 .
In order to study the characteristic of 7, we put

(58) 9_'0 — Egu})ﬁh .
5.9) f=t+e¢,

where 7 is the true parameter. Then, the likelihood equation is rewritten as
I =2 0%t + &)[Xa — nalt + 2)]

where X, represents (x;,);). By expanding this and neglecting the higher
order terms, the error ¢ is obtained with X, = (X, 7j) as
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(5.10) e=(1/VN)gn' 2(0°%,),
because of
gn= X 9_.gf7a =X 3aing™ .
The mean square error of the estimator 7 is easily calculated as
lell? =N 'gn',

proving that 7 is indeed the best estimator satisfying the Cramér-Rao
bound.

6. Composition of the best estimator f from partial data

Let us consider the best estimator fx based only on x. It is obtained
from the marginal model, and so is the best estimator 7y based only on }.
Let gx and gy be Fisher information of the marginal models { px(x; f)} and

{pr(y; 1)}, respectively,
px(x;1) = 2p(x,y30)
pr(y;) = Zp(x,y:0).
They are given by
gx(n=11I%, @ =17,

where /x = log px and Iy = log py. The Fisher information included in x (3)
only is given by gx (gy). It is easy to show

(6.1) Ix=E[l|%], Iv=E[ll7].

The estimators fx and 7y are the maximum likelihood estimators of the
marginal models, and their errors ex and ey

(6.2) fX=I+€X, fr=t+ey
are written as
(6.3) \/]V&X = g;}l Eg;(f;, \/JVEY = g}l Zé{',}/j s

where
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ji j.X kY
03<22gx77i, 6 :zg/ﬂ?k

are the f-coordinates of the marginal models. The matrix g¥ (g’;() is the
inverse of the minor matrix

g = E[%%), gt = E[5] .

Although 7x and 7y are the best estimators based on x only and y only,
respectively, their combination does not give the best one, 7, based on both
x and y. This implies some information is lost by separately summarizing x
and y into the best estimators 7x and {y, respectively.

It should be noted that ¥ and 7x have the same amount of Fisher
information. Hence, the lost information is included in some asymptotical-
ly ancillary statistic.

We first show the best estimator 7 obtained from 7y and 7y. Let ¢(¢) be
the correlation of Ix and Iy,

(6.4) c(1) = E[lx(x;0)iv(v:1)] .

Let G be a 2 x 2 matrix

gx ¢
(6.5) G=
C gy
We define ax and ay by
ax | &
(6.6) =@ .
ay gy

THEOREM 6.1. The best estimator obtained from tx and fy is their
weighted sum,

(6.7) I=(axgxix+ argyiv)/(axgx + argy) ,
where
| 8%
(6.8) 8= axgx t+ argr=[gx,gv]G
gy

is the amount of Fisher information included in (ix, fy).

The proof is not difficult and is omitted. It is also not difficult to
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prove

This is because , cannot in general be represented by a linear combination
of Ix and Iy. However, in the binary case where n=m =1, i.e., x and y
takes on {0, 1}, T, is two-dimensional, and is spanned by /x and Iy. Hence, 7
gives i and g;=gm in this case. This shows that it is inadequate to
summarize the data x and y into 7x and 7.

We have another method of data summarization, which causes no loss
of information. Let us rewrite /, = X 8%, by decomposing e, into the x
part and y part explicitly. We then have

(6.9) I =Tx + Iy,
where
(6.10) L=X8x%, Ir=28lj.

Here, fx can be written as

Oy =X gin’ + Zaenl

etc., where
—ij  —ik
gx Exvy
—ab —
—mj —mk
grx Ly

is the partitioned form of the inverse g°° of gz. We call 7y and Ty the quasi
marginal likelihoods.
The quasi marginal likelihood equations

(6.11) Ix(x,1x)=0, Tr(y,in=0

give two estimators 7x and 7y which are determined from X only and y only,
respectively,

THEOREM 6.2. The two estimators Tx and Ty together include the full

amount gn of Fisher information. The efficient estimator 1 is reconstructed
from them by

(6.12) i=(gxIx + gviv)/ gm ,
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where
(6.13) Ex=20%n", Fr=26y .
PROOF. It is easy to prove that the respective errors, defined by
(6.14) Ix=t+8, Ir=t+3%y

are asymptotically written as

(6.15) VNEx =5 20x%, IN&v=gi' 20,
and
(6.16) gm=gx+ gy

hold. The resuit (6.12) is easily obtained from the relations (6.13) ~ (6.16).
Since the variance of 7 is asymptotically equal to g.', they together include
an amount g, of Fisher information.

It should be noted that ||&x||” < ||&x||%, so that 7x and fy are worse than
ix and fy, respectively. However, they together include more information
than 7x and 7y do. This is included in the statistics fx — ix and fv — fy, which
are asymptotically ancillary, including no Fisher information by them-
selves. However, they include conditional Fisher information conditioned
on ix and 7y.

It is obvious that we can construct many efficient tests, such as the
likelihood ratio test, the Wald test, the Rao test, etc. by utilizing the full
amount g, of Fisher information from x and y. In some cases, 7 or 7x and
7y are again sufficient to construct such a test.

7. The Fisher information based on noisy data

Let us consider two noisy memoryless channels Cx and Cy, with input
alphabets X and Y, and output alphabets U and V, respectively. The
channels are specified by the conditional probability distributions p(u|x)
and p(v|y). When data x and y are transmitted letterwise through these
channels, respectively, the amounts of Shannon information included in
the output letters u and v are given by the transmission rates

Rx=[(X;U), Ry=IY;V),

where I(X; U) is Shannon’s mutual information between X and U, and so
on. We study the amount of Fisher information involved in the transmitted
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noisy data u" = u---unx and v" = v;---vy. This problem is interesting not
only in its own right, but because its solution gives an achievable bound of
the Fisher information under the rate restriction within Rx and Ry of the
Shannon information.

The geometrical method is applicable to this problem. A probability
distribution P = (p(x,y)) naturally induces a joint probability distribution
0 = (g(x, y, u,v)) over four random variables X, Y, U, V as

(1.1 q(x, y,u,0) = p(x, P)pulx)pvy) .
(The four random variables satisfy the Markovian condition
U—X—Y—V
in the above case. It is important to study the case with
U—X—Y, X-—-Y—V
in order to obtain a good achievable bound.) A statistical model p(x, y; t)
induces an enlarged model g(x, y, u,v; ).

We can study the geometrical structure of the manifold consisting of
all the Qs in a similar manner. Refer to Amari and Han (1989) in more
detail. We define the observable space Tp at each point of Q, which is a
subspace of the tangent space Tp. It is spanned by the vectors ey, ey, eyr,

To = {vectors spanned by ey, ev, eyv} ,
where ey etc. stand for vectors

eU=3/89§j, ey = 8/89{/, €UV:3/50§J}V-

Since we have type vectors u, v, and a joint type vector uv from the
transmitted messages u" and v", we have the following theorem.

THEOREM 7.1. The Fisher information based on u" and v" is given
by

(7.2) go=IE[|To]ll* .

Let T3 be the subspace spanned by Ty, ex and ey. Since X and y can be
sent with asymptotically zero rates when coding is admitted, we have the
following achievable bound.

THEOREM 7.2. An achievable bound of Fisher information under
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the rate restriction is given by
(7.3) g(Rx, Ry) =sup |E[/| TE]|I° ,

where the supremum is taken over all the channels with given rates Rx and
Ry.
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