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Abstract. Consider both the classical and some more general invariant
decision problems of estimating a continuous distribution function, with

the loss function L(F,a)= f (F(t) — a()*h(F(1))dF () and a sample of
size n from F. It is proved that any nonrandomized estimator can be
approximated in Lebesgue measure by the more general invariant esti-
mators. Some methods for investigating the finite sample problem are

discussed. As an application, a proof that the best invariant estimator is
minimax when the sample size is | is given.

Key words and phrases: Admissibility, admissibility within Uj, invariant
estimator, minimaxity.

1. Introduction

Since Aggarwal (1955) found the best invariant estimator of an
unknown continuous distribution function F(¢), under the loss

(L.1) L(F,a) = [(F()) - a@)Y*h(F(t))dF (1),

different methods have been used in investigating the decision theoretic
properties of the best invariant estimator do. One interesting fact is that
when h(7)=¢"'(1 —1)7', the best invariant estimator is the same as the
empirical distribution function F(¢).

The asymptotical method has been used in approaching the problem.
For instance, Dvoretzky et al. (1956) studied the asymptotical minimaxity
property of the best invariant estimator for some loss function; and Read
(1972) considered the asymptotical admissibility property of the best in-
variant estimator. However, this method does not describe the decision
theoretic properties when the sample size 7 is finite.
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Some considered the problem in another way. They considered the
loss

(1.2) L(F,a) = [(F(t) - a(@y*h(F(1))dW (1),

where W is a nonzero finite measure, instead of (1.1). For example, Phadia
(1973) and Cohen and Kuo (1985) considered this problem in this way. The
decision theoretic properties of F(¢) in this set-up are, of course, interest-
ing. However, the loss function is no longer invariant. So it is not
surprising that the conclusion in this set-up is different from that in the
classical set-up.

Brown (1988) carefully formulated the discrete analogues of the con-
tinuous nonparametric estimation problem. Besides investigating the deci-
sion problems themselves, he also hoped to approximate the classical set-
up by the analogues. This effort does not seem to be successful, since the
property of the best invariant estimator in discrete problems does not
coincide with the one in continuous problems for the special case with the
loss

(1.3) L(F,a) = [(F(t) - a(@))*dF(r) .

The most important breakthrough in this finite sample continuous
nonparametric estimation problem is made by Brown (1988). He found an
estimator to improve on the best invariant estimator when the loss is (1.3).
It turns out that Brown’s estimator belongs to a set Un = Un(sy,..., Sm) (s€€
(2.8)), of nonrandomized invariant estimators of more general invariant
decision problems. Yu (1986, 1987 and 1989b) extended Brown’s result
and formulated a sequence of more general invariant decision problems.
This seems to be a good methodology in investigating the classical finite
sample invariant estimation problems and leads to some important results,
e.g., F(r) is admissible iff the sample size is 1 or 2 with the loss (1.1), where
h=r'(1-97".

So it is worthwhile to study properties of the sets Ux. In Section 3, we
prove that for any nonrandomized estimator d, there is a sequence of
estimators {di} such that di — 4 in Lebesgue measure and each dx belongs
to some Upn(s1,...,5m). In Section 4, we show that for the sample size n = 1,
the best invariant estimator is admissible iff it is admissible within U;. We
also show that for the sample size n = 2, under some assumptions on h(f)
in the loss (1.1) similar to A(¢) = £ '(1 — £)", the best invariant estimator is
admissible iff it is admissible just within Ui instead of U.. We conjecture
that in general for the sample size n>1 the best invariant estimator is
admissible iff it is admissible within U, (within U, would probably be too
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strong to be true).

The discussion of the sets U, is necessary both for theoretical and for
practical reasons. The admissibility of the best invariant estimator has not
been solved completely even for the special form of the weight function
h(t) = (1 — ©)” in the loss (1.1). On the other hand, estimators in U, are
useful since it is relatively easy to compute the risk, especially when m = 1.

Yu (1989a) considered a subset Qs of (0,1) (see (5.1)). It plays an
important role in determining the admissibility of do for n= 1. As pointed
out by Yu (1989q) it leads to an important fact: there is no continuous
estimator which is as good as do when n =1 (so even when dj is inadmis-
sible, we cannot expect to find a continuous estimator which can improve
on do, though we are estimating a continuous distribution function). In
Section 5, it leads to a proof that do is minimax for n= 1, too. Since Qu
cannot be generalized to the case n > 1 directly, we formulate a subset Qu
of (0, 1) (see (5.1")), and provide a sufficient condition of the minimaxity of
do. Also we propose to consider the minimaxity of do within a class of
estimators in Section 5. In proving Theorem 5.4 related to Qu, we illustrate
the method for constructing a continuous distribution function F for given
estimator d and given ¢ >0 such that R(F,d)= R(F,do) — ¢ (a similar
continuous distribution function was constructed in Yu (1987) in proving
the admissibility of F(f) for the sample size n = 2). This is a useful idea in
considering the minimaxity of do.

It is well known that the decision problem of the invariant estimation
of a continuous distribution function with the support on ( — e, + 0) is
equivalent to that with the support on (0, 1) (for example, see Brown
(1988)). Thus for convenience we consider the latter problem in this paper.

2. Notations and formulation
Let © denote the parameter space. Here
2.1 @ = {F; Fis a continuous distribution function on (0, 1)} .
Let Xi,..., X be a sample of size n from Fin 6.
Let A = {a(?);a(?) is a nondecreasing function from (0, 1) into [0, 1]}

denote the action space.
Let

(2.2) L(F,a) =f(F(t) — a())*h(F(2))dF(2)

be the loss function, where A(f) is nonnegative Lebesgue measurable on
1
0,1) and [, 1(1 ~ Dh(Ddr < + oo,
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Let s1,52,...,5m €[0, 1], 51 < -+ < §pm,

(2.3) Go = {g; P(x) = (g(x1),..., 8(xn)), g() < g(5)
if t < s and g((0, 1)) = (0, )},
(2.4 Gn(51,....5m) ={Pg € Go; g(s)=si,i=1,...,m}.

Under the above assumptions and notations, the decision problem
(0, A, L) with the distribution family © over (0, 1) is invariant under the
group of transformations Go. Then (see Aggarwal (1955)) the nonrandomiz-
ed invariant estimators are of the form

2.5) )= Sul(Yi<1< Vi),

where 1(FE) is the indicator function of E, Yo=0, Y,e1 =1, Vi< - < Yn
are the order statistics of the sample Xi,..., X». The best invariant esti-
mator, denoted by do(f), has the form (2.5) with

folt”‘(l —~ 0" h(t)dt
f;lti(l - 0" h(t)dt

(2.6) Ui

, i=0,..,n,

and has constant risk. Since G, is a subgroup of Go, under the above
assumptions and notations, for each m =0, 1,..., and s1,..., s, the decision
problem (6, A, L) with the distribution family @ over (0, 1), is also invari-
ant under the group of transformations Gn(s1,..., Sm).

The form of nonrandomized invariant estimators d of the decision
problem (0, A4, L, Gn(si,...,5m)) can be described as follows. d assigns
weight w;, depending on the ranks 7 of si,...,s» among (Xi,..., X»,0,1,
S1,...,8m), to the order statistics Yd,..., Yiemer of (Xi,..., Xn,0,1,51,..., 5m),
ie.,

2.7) (Y, n = ,~§0 uy 1Y/ <1< Y,

where [ is a random vector, I=(/,...,I), defined by 1=max{j=0:
Yi=sil=1,..,m So
{i=k}={YVi<si< Yin}, k=0,..,n.
Y; if 0<j=<l;
' ={ s if j=h+1;
Yoo f L+1<j=sn+2;
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e i 0<j<s b+ k,
yio ) = s if j=ha+k+1,
YVW®  if L+ k+1<j<sn+k+2,
fork=1,...m-1.
Given I=i=(ii,...,Im), ur;=ui; is a constant, 0<w;<u;j«1<1, m=
1,2,...,j=0,1,...,m + n— 1. The nonrandomized invariant estimators de-
noted by Un(sy,...,Sm) of the decision problem (6, A, L, G») are essentially

complete within the class of randomized invariant estimators. Abusing
notation, write

(2.8) Un = Un(s1,...,5m)

where U is the set of classical invariant estimators. Given m = 1, define a
mapping f from U; to {(uy)in+ )xn+2); Uy < Uijs1,i = 0,...,n, j=0,...,n} by
n+l

(2.9) f: j;ou,,jl{n’s t < Y} = Udmenxme) .

The risk functions of d in Up and U are interesting. If d € Uy, then

(2.10) R(F,d) = éo fol(t — w)*h(z) ( " ) (-0 tdr .

i
If de Ui, then

n

(2.11) R(F,d)=2ZX

i
i=0j=0

[} a=wno (%)

(5 27) =07 - pra

n nt+l

+2 X fpl(t—“if)zh(’)(jfl)

i=0 j>i

~

i— 1 . o
(75 a-oe-prar,

where p = F(s1). For the whole discussion above, refer to Yu (19865).

DEFINITION 2.1. Let U be a subset of the space 2 of all estimators.
If d belongs to U and no estimator in U can improve on d, then we say that
d is admissible within U.



508 QIQING YU
Given the sample size n, let

N be the collection of all nonrandomized Lebesgue

(2.12) ' "
(in (0, 1)""") measurable estimators;
and let
(2.13) U: mL=)0 (slmnh{(o’l)Um(sl,...,Sm) ) .

3. Relation between N and U

We are going to discuss the relation between several sets in the coming
sections. Recall that do € N. As discussed by Brown (1988) and Yu (1986),
for some special weight function A(?), in order to investigate the admissi-
bility of the best invariant estimator, it suffices to study its decision

theoretic properties within Lgl Un(s1,...,Sm). Theorem 3.1 tells an interesting
fact about the relation between N and U (see (2.12) and (2.13)).

THEOREM 3.1. Let X = (X\,...,Xs) be a sample of size n. Let Y =
(Y1,..., Y) be the order statistics of X. ¥V d(Y,t) e N, 3 {di} C U such that
dv — d in Lebesgue measure m""'.

ntk
PROOF.  As we know that d € Us(si,..., s iff d = T urj 1 (¥ <1< Vi)
-

(see (2.7)), i.e., d is constant for 1 € (¥, ¥/+1), where ¥;"s are the order
statistics of 0,1, Yy,..., Y, and si,...,5. Furthermore, if the orders of
0,1, Yh,..., Yx and si,..., sx do not change, neither do u;,’s. So it suffices to
show Ve, >0, 3 finite many points s,..., Sk, integer m and a step
function d. such that

(@) for t e (si,Siu+1), X1 € (Si,Si+1),..., Xn € (80, 8i,+1), de(x, 1) is constant
and assumes one value of 0,1/m,..., I;

(b) d:(x,1) is nondecreasing in ¢;

() m"'{|d.—d|l>d}<e.
In the following 4 steps we try to simplify our consideration step by step.

(1) Suppose d is an arbitrary estimator of F. Let

dm = ii(i/m)l((Y, 1HNeB).

where Bi={(Y,t):de[i/m,(i+ 1)/m)}, i=0,...,m. Then dn — d uniformly
on (0,1)""" as m — oo,
(2) By (1), we can assume, without loss of generality, that d assumes
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0,1/m,...,1 only. Let

E={y:dy,t)=i/imVte©,1)}, i=0,.,m;
E..={y:d(y,t) =(i/m) 1t < t) + (i/m)1(t, < 1)},

where ¢, is not 0 or 1 and dependson y, 0 < i1 < i, <mj...
Eo,..m = {y: d(y, t) assumes exactly m + | distinct values} .

Let A be the symmetric difference. V > 0, 3 finite union O, ....; of disjoint
subsets with the form 7, x --- x I, where [’s are intervals, satisfying:

m"(O; A E) < n and define
dy=ilm for yeO, i=0,.,m;
m" (O, A Ei, ) < n and define

Gi/m)1(t< 1D+ ()m)1(=1/2) if yeOi\Eni,
" dy, 9 if  yeOunN Eun:

where 0 < i1 < i, < m;

| Ewmiezgeme ) it yeon B,
=1 "'

d(y,t) if yeOQu.mnNEs. m.

By construction d, — d as # — 0 in Lebesgue measure on (0, 1)"*'. Note

(*) d, assumes exactly j values i1/ m,...,i;/m fory € O, ...

(3) By (1) and (2), we can assume, without loss of generality, that d
satisfies (). Noting that the jump points depend on y and might be
infinitely many, we try to simplify to the case where there are only a finite
amount of jump points. It suffices to consider d(y,1) = (iy/m)1(t<t) +
(G/m)l(t=t)forye O= 1 x --- x I,, where I’s are intervals.

Ve>0, 3by,...,br, where k depends on ¢ such that Vi, 3 b€
{b1,..., by} satisfying |1, — bi| < &. Let b = min {bs: |1, — bs] < ¢} for the given
y € O and define ds(y, t) = (iy/m)1(¢ < b)) + (i2/m) 1(¢ = by); for y not in O,
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define ds(y, 1) = d(y,f). Then ds — d in Lebesgue measure on (0, 1)""' as
0—0.

(4) By discussion in (3), we can assume, without loss of generality,
that d satisfies (%) and the set of possible jump points are finite, though
they still depend on y. Consider again that for ye O=1I, X --- X I, where
I’s are intervals, d(y,t) = (ii/m)1(t < b)) + (i2/m)1(t = b)) and there are
only k b/’s.

Let E: = {y € O: The jump point is b;}. Note that E; might not be a nice
set such as a finite union of disjoint subsets like O. However, V&> 0, 3
finite union O; of dli(sjoint subsets with the form I, x -+ x I,, where I’s are

intervals such that l_k:Jl 0:= 0, mO; A E;<¢/(k + 1). Define

(L/ml<b)y+(@/m)l@=b) if yeO, i=1,.k;
ds(ys t): .
d(y,?) otherwise .

Then d. — d in Lebesgue measure on (0, 1)""' as ¢ — 0.

This procedure can be generalized to general cases that for y € some O
defined similarly as above, d(y, ) assumes exactly h values ii/m,...,in/m
with jump points only at b;s. Note that this d: satisfies the condition (a),
(b) and (c) in the beginning of the proof ({b,...,bx} contains all jump
points and endpoints of intervals I’s mentioned above) and thus finishes
our proof. [

4. Uy and admissibility of do

When the sample size n = 1, the best invariant estimator is

Uo if 1< X,
4.1 do(t) = {

U if =X,

where uo =folt(l - t)h(t)dt/fol(l - Hh()dt and w =f01t2h(t)dl/folth(t)dt.

For convenience, define
4.2) V=1{d(). R(F,d)< R(F,dy)V Fe 6}.

When the loss function is of the form (2.2), with h(f) = (1 — 1)’
a,f= — 1, and the sample size n=1, Yu (1989a) pointed out that do is
admissible iff it is admissible within U,. In fact, it is true for general h(?)
under the assumptions on A(?) given in Section 2. It is not hard to simulate
the argument in Section 3 of Yu (19894) and get the following proposition.
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PROPOSITION 4.1. Suppose t(1 — f)h(?) is integrable and the sample
size n = 1. Then do(t) is admissible iff do(t) is admissible within U..

As an application of Proposition 4.1, look at the following example.

Example 4.1. Suppose h(f)=(sin#)"' and n= 1. Then the best in-
variant estimator do is admissible.

ProOOF. It suffices to show that dp is admissible within U,.

0 if <X,
w if t=2zX,

do(t) 2[
o P b -1
where u; =f0 t(sin ¢) dt/fO t(sint) dt. If de VN Uy, then

f(d)=(u00 Uo1 uoz):(uoo 0 u1)

Uie Ul Un 0 w un

by (29) Note 0 < ugo < uor = 0, S0 ugo = 0. Let w2z =ty + 2(‘, since ui = u;
implies ¢ = 0. Now by (2.11)

1
R(F,d) - R(F,do)=p fp [t — w1 — 26 — (t — w) R (1) dt
1
=pJ [ -4t —w - Oh(ar
and
lim p'[R(F,d) — R(F,do)]
. 1 . -1
= })1{101];] [dc(ui + O)]sin¢) dt = + >0,
if ¢ > 0. So d = do. This means dj is admissible within U;. O
When the sample size n = 2 we conjecture that do is admissible iff dy is

admissible within U,. In fact, by simulating the argument in Section 3 of
Yu (1987), we can get the following conclusion.

PROPOSITION 4.2. Suppose the sample size n = 2. Assume t(1 — t)h(t)
1 1
is integrable, but [ th()dt = oo and [ (1~ h()di = co. Then the best

invariant estimator is admissible iff it is admissible within U,.
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Example 4.2. Suppose h(t) = [(sin £)(1 — sin £)]"’ and the sample size
n = 2. Then the best invariant estimator is admissible. The reader can verify
it by referring to the proof that the best invariant estimator is admissible
for the sample size n = 2 and for the case h(f) = t_l(l - t)_1 in Yu (1987).

5. Qg and the minimaxity of do

In this section we are going to investigate some methods for attacking
the minimaxity of dy, instead of as a by-product of its admissibility, since
in most cases we know so far, do is inadmissible.

Yu (19894) introduced the notion (J; for given de V (see (4.2) and

(5.1)).

5.1 Oua={x€(0,1): ljgl d(x,t) = uo, and l,iﬁl d(x,t) =w},

where o and u; are as (4.1). An interesting fact is that the set J; plays an
important role in justifying the admissibility of do(f). We are going to
investigate the relation between (; and the minimaxity of do. It is not
surprising to see that this leads to a proof of the minimaxity of the best
invariant estimator for the sample size n = 1.

DEFINITION S5.1. Suppose re(0,1] and [/ is a positive-Lebesgue-
measure subset of R. A distribution function F(¢) is said to give mass r

uniformly to I if F(t) — F(a) =fal[l(x e Ir/imlI}dx for t € (a,b), where

a=cess.inf I and b=esssup/ If r=1 in the above formula F is the
uniform distribution on I.

THEOREM 5.1.  Suppose h(t) is nonnegative, t(1 — H)h(1) is integrable
and the sample size n = 1. If mQ4> 0, then

sug R(F,d)= R(F,dy) .
Fe

PROOF. Without loss of generality, assume that A(¢) is integrable.
Since m@,> 0,V 6> 0, 3 a subset B of J,, satisfying:

(1) asttx,d(x,t)converges to uo uniformly for x € B;

(2) astlx, d(x,t) converges to u; uniformly for x € B;

(3) mB>0andsup B—inf B=up;

4) |d(x,t)—uol <o,VxeBand0<x—1t<m;

5) |d(x,)— | <o,VxeBand0<z—-x<7.

Let F be the uniform distribution on B, then

|R(F,d) - R(F, do)| <25, h(t)d .
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Since ¢ is arbitrary, the result follows. O

COROLLARY 5.1. Under the assumptions of Theorem 5.1, the best
invariant estimator is minimax for the sample size n = 1.

PROOF. By simulating the proof of Theorem 3.4 in Yu (1989a), we

have that d € ¥ implies mJ, = 1. So the minimaxity follows from Theorem
5...0

Since the minimaxity of the best invariant estimator remains open for
general sample size n > 1, it is natural to consider some extension of J, to
the sample size n > 1 case. For this purpose, we introduce a new notion Qy
as follows,

(5.1)  Qi={xe(0,1):Ve>0,36>05 |d(y,1) - do(y,1)| <&
for almost all (y, ) € N((x,...,x),0)},

where y is an n-dimension vector, and consider the minimaxity within the
family of estimators d satisfying

(5.2) d(x, t) is nonincreasing in x; given ¢ and other x;’s fixed,

i=1,.,n.

As we can see that this notion can be used in the higher dimension.
The connection of these two sets for the case n =1 can be seen from the
following theorem.

THEOREM 5.2. Suppose the sample size n = 1. Given an estimator d,
then mQu =1 implies mQy = 1.

The proof of Theorem 5.2 appears in the Appendix.
The importance of the notion of Qy for given estimator d can be seen
from the following theorem which is also proved in the Appendix.

THEOREM 5.3.  Suppose h(t) is nonnegative, t(1 — )h(t) is integrable.
For the sample size n> 0, if for any d € V we have that Qq is not empty,
then dy is minimax.

Now we have a sufficient condition for checking the minimaxity of the
best invariant estimator do. Of course, mQ,=1 if de V satisfies the
condition. As we know, if £(f) = ¢ '(1 — )", d € V and the sample size is 1
or 2, then mQu = 1. We can also show that the condition that d € ¥ implies
Qu 1s not empty is true for general A(z) when n = 1, if d satisfies (5.2) (thus
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we have a sufficient condition for checking the minimaxity of do within the
family of estimators satisfying (5.2)). We need some lemmas before we
prove it. The proofs of these lemmas are given in the Appendix.

LEMMA 5.1. Suppose di has finite risk for all Fe ©® and de V.
Y e¢>0, 306 >0 such that

|R(F,d) — R(F,di)| <&
if  |dx,t)—di(x,0)| <5 ae (dF)".
Remark 5.1. Under assumption (5.2): if 3 H C R” such that
ld(x,1) —u| <6V (x,) e H and mH>0,

then there are two points (b, p) and (a,q) in H such that a< b and p < g;
furthermore,

ld(x,t) —ul <o, V(x,0)e(a,b)x(p,q),
since u — o< d(b,p)<d(x,t)<d(a,q) <u+ 6.

LEMMA 5.2. Suppose d satisfies (5.2). Given n and x€(0,1), 30 =<
< h<2"such that ¥V 6 >0 3 closed intervals I and I, in (0, 1) of positive
measure satisfying:

(@ NLULCN(x,0),inf L=sup I

() dx,0e[l/2",(I+1)/2Y)if(x,t)e L x I;

() dx,0)e[h/2",(h+ 1)/2")if (x,t) e I X L.

So by Lemma 5.2, 3 h; = maximum of all possible 4 as above;

3 h, = minimum of all possible /4 as above;

3 5 = maximum of all possible / as above;

3 /, = minimum of all possible / as above.

In other words, for the x given above, 3 some h = (hi,..., hs), and
= (l,..., 1), satisfying:

(*) V>0 3 closed intervals I; and I», in the neighborhood N(x,d)
of x with radius J, satisfying

(a) ml;>0,and inf [ =sup [, i=1,2,j=1,...,4;

(b) d(x,1)e[h/2",(hi+ 1)/27),if (x,1) € I X I;

() dx,0)e[l/2",(;+ 1)/2"),if (x,0) € [ x L1, j=1,...,4; and

(**) 3 Jo > 0 such that

h\ .
w0, NG b, d( ¢ 35 5 <
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ord(y,t)¢ %,%)ify>t]=0.
Let
(5.3) B = {x € (0, 1): x satisfies () and (%)} .

The sets defined in (5.3) will be used in the proof of Theorem 5.4.

THEOREM 5.4, Suppose the sample sizen=1. Let d(x,t) e V. Let Qu
be as (5.1"). If d satisfies (5.2), then Q, is dense in (0, 1).

PROOF. Fix n, and [ao, bo] C (0, 1). Since [ao, bo] is a compact metric
space and [ao, bo] = H(Bny, M [ao, bo]), by the Baire Category Theorem, there

is an open interval (an, b») and Buih, wWhere b= (li,...,ls,) and h, =
(Ainy..., han), such that Bus, M [ao, bo] is dense in (an, bs). Given x € [an, bnl,
there is a sequence {xm} of Bu.s such that x, — x. So V é > 0 3 m such that
Xxm € N(x,0). Since xm € Bus,, 3 measurable closed intervals [ and [ in the
neighborhood N(xm, dn) C N(x,d) of x,, with radius dn, satisfying

(@) mli>0,andinf [p=>sup [,i=1,2,j=1,...,4;

(b) d(x,1) €[] 2", (Bjn + 1)/ 27), if (x, ) € L X Ii;

©) dx,0)€[ln)2",(n+ 127, if (x,0) € lpx L1,j=1,...,4.

This means that any x in (a., b,) satisfies () for the given I, and A,.. On
the other hand, 3 z in (ax, b») satisfying (x*), i.e.,

(**x) 3 2d0 > 0 such that

th hln
2n ’ 2n

m* (v, 1): 9,1 € N(x,250), d(y,1) ¢ ) ify<t,

l4n l3n

0rd(y,t)¢[7,7)ify>t]=0,

and (z — 2do, z + 260) C (an, b»). So any x in [z — do, z + do] satisfies () and
(##) for I, and h, given above. That is [z — o, z + o] C Buis..

Without loss of generality, we assume B contains [an, b.] (note
bn — an > 0). For the same reason, there is [@n+1, bn+1] C [, bx] satisfying

[an+1,bn+1] C B, e, ’
[hjn+1 A1 + 1 )C[ hn hin+1
2n+l k) 2n+1 2'! ’ 2’!

l‘n+ l'n+ +1 l'n ln+
[ e[ 45

(5.4)

) and
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So there are w = (w1,..., ws) and b = (vy,..., v4) such that [,/2" — w and
h,/2" — vasn— oo,

If wi=wuo and v; =y, i=1,...,4, we are done by (#x), (5.3) and (5.4).
Otherwise one of the following four cases would be true:

(D vi>u; (2 u<uy B) wi>u, (4) ws <uo.

Suppose case (1) is true. Consider an estimator

U1 if i=x,
di(x,t) = .
wi  otherwise .
Note d; € U, so
(5.5 R(F,d)) — R(F,do) =3¢>0.

It can be shown that d, has finite risk. Note d € V and R(F,d) < o, so
by Lemma 5.1, given ¢ as above, 3 6 > 0 such that

(5.6) |R(F,di)— R(F,d)|<e if |d(y,t)-di(y,0)| <5 ae. (dF).

There is n large enough such that 1/n<d. For such n, 3 closed
intervals I1; and 512 C [an, b.] satisfying

(@) ml;>0,i=1,2, and inf I, = sup I1;;

(b) d(p,?) €[hin/2",(hin+ D/ 2Y)if (,1) € In X T12;

©) dy,t)ellin/2",(hn+ 1)/ 2% if (,0) € [12 X L.

2 2\ 2
Thus |d(y, 1) — di(y, )| <1/nif (y,1) € (JL:J]IU) \jL:Jl(Ilj)Z.

It can be shown that there are closed intervals I,y and Ipj-1 C
[as, bs] N 1 satisfying

(@ mh;>0,j=1,2,3,4, and inf L2 = sup h.i-1;

(b) d(y,1) €[hin/2",(hin+ 1)/2Y) if (y,1) € b.2i-1 X b,2;

() dy,nelln/2,(hn+ D2 (3, 1) € boi X hoi-

2
Thus, |d(y, ) —di(y, )| < 1/nif (y,1) € ( U Iz,) \\ U (43)° by (b) and (c) in
step I and 2.

Similarly, we can construct a sequence of closed intervals {/i}. Let F
give mass 2°° uniformly to Iy, j=1,...,2" (see Definition 5.1). By the
construction we have
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m Ro=/ [é I(xe ij)/z"mlk,] dx ;
(57) (2) dFi(t)dFi(x) has support only on (}2% ij)z;
G3) 14,0 -di(y, )l <1/n if (y,t)e(ijJlij)z\(ijJlIé).

By the continuity of the integration w.r.t. (dF )’, 3 6, > 0 such that
58 J[[F@) — dx,0) - (F() - di (v, )V I(F@) dF ) dF () <,

it [| dF()dF(x) < 61,
.

Let B= L:)l I, then there is k large enough such that f deFk(t) dFi(x) <

. Since |d(y,1) — di(y,1)| < 1/n ae. (dF)* in B° by (1), (2) and (3) of
(5.7), where B is the complement of set B, by (5.6) and (5.8)

5.9) | R(Fy,d\) — R(Fi,d)|
< (ffB +], ) [CF(t) - d(x, 1) = (Fe(®) — di(x, )]
h(E()dF(t)dFi(x) <e+¢.
By (5.5) and (5.9), we have

R(Fi,d) — R(Fr,do) = R(Fi,d\) — R(Fi,dv) + R(Fi,d) — R(Fi,d))
>3e—2e=¢>0.

Contradiction: This means case (1) is not true. Similarly we can show
that cases (2) through (4) are not true. (]
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Appendix

PROOF OF THEOREM 5.2.  Suppose that given an estimator d, mQu =
1 but m@, < 1. Then m{(0, N\ Qa} > 0. So
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mQi N {(0, 1)\Q~d} >0.

There is a closed subset G C Qs M {(0, 1)\ 04} of positive measure such
that d(x, r) converges uniformly on G as ¢!t x and as ¢t | x. Given x in G,
V n 3 6, such that |d(y, 1) — do(p, )| < 1/n for almost all (y, 1) € N((x, x), 6x)
since x € Qa.

So {N(x,0x):x€ G} is a cover of G. Thus, there is a finite cover
N(xi,6x), i=1,..., k. In other words, 3§ > 0 such that [d(y,?) — do(y, 1| <
1/n for almost all (y,¢) in {(y,7): y € G and |t — y| < J}. This implies that 3
closed subset G, C G of positive measure such that |d(x, ) — do(x,2)| < 1/n
for all x € G, and |t — x| < 6. Furthermore, we can assume Gr+; C G,. So
there is x € Q G, satisfying

lli1rg dix,)=uy and l,i,“} dix,t)=u .

This contradicts that G N J, is empty. [

PROOF OF THEOREM 5.3. Since do has constant risk, it is not hard
to see

inf sup R(F,d) = inf sup R(F,d).
d F deV g

1 1
We consider three cases: (1) fo th(t)dt = oo; (2) fo (1 - h(n)dt =o=; (3)
1
fo h()dt < e,
1
Suppose (2) is true but fo th(f)dt < 0. Let d € V, and note (2) is true,

so d(Y,t) =0a.s. in {(Y,1): Y1 > t}. By assumption Q is not empty. So I x
in Qs. Thus V ¢>0 3 J > 0 such that for almost all (y,¢) € {(y,0): [|(y,?) —
(x,...,x)|| <&}, where ||(x1,..., Xn+1)|| = sup |xi|, we have

n 1 . .
|d(p, 1) — do(y, )] <£/i§12 ( . )fo (11— 0" h(e)dt .
Let G be the uniform distribution on (x — J, x + J), then

|R(G,d) ~ R(G,do)| < Ef, I(G(t) - d1)) — (G(t) — do(0))*|H(G(1))dG(2)

n

22 ( j )folti(l — oy Rt

i

<2E[, H(G()dG(D)e /

=¢&.



METHODOLOGY IN INVARIANT ESTIMATION 519

Now sup R(F,d)= R(G,d) = R(G,dy) — ¢ for any &. Note that d, in
F
fact, is arbitrary. This implies R(G, do) = }n{/ sup R(F,d). This means db is
€Y F

minimax. Similarly, we can get the same conclusion for the case that (1)
and (2) are true and the case that (1) or (3) is true. L]

PROOF OF LEMMA 5.1. [th(t)dt = (orf(l ~ Dh(t)dt = oo), and d
and d, have finite risk for all Fe @ imply that d=d, fort < Y1 (ort > Y,).
So we assume, without loss of generality, that f h(f)dt < eo,

Ve>0let d=¢/2 [h(t)dt, if |d— di| <6 ae. (dF)"™", then

|R(F,d) — R(F,d\)]

= EfI(F(t) —d(Y,0) ~ (F(1) - di(Y, )| h(F())dF (1)
< E[26h(F(1))dF(2)
<e. a
PROOF OF LEMMA 5.2. By (5.2),
d(y—1/2k,y+ 12k <d(x,0) <d(y — 1 /k,y + 1/k)
if (x,) e hxh=[y—1/k,y—1/2k]x[y+ 1/2k,y + 1/k], and
dy+1/k,y—-1/k)<d(x,)<d(y+1/2k,y—1/2k),
if (x, ) € [, x I,. Also there are a and b such that
dy+1/k,y—1/k)ta and d(y—1/k,y+1/k)\b,

as k tends to +oc. Without loss of generality, we can assume that
ae(l/2",(I+1)/2" and b € [h/2",(h + 1)/2"). So there is ko such that

d(y+1/ko,y—1/ko)>1/2" and
d(y —1/ko,y+ 1/ko) < (h+1)]2".

We can check that 6 = 1/ ko, I and I, (k > ko) satisfy condition (a), (b) and
(c). O
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